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Abstract. A new way of reconstructing wave fronts is de-
veloped for testing the validity of the great circle approxima-
tion in dispersion analysis of surface waves. Phase and time
delays between pairs of stations of an array are used to re-
construct the wave fronts or surfaces of equal phase. This
technique is applied to fundamental mode Rayleigh waves
recorded at the NARS stations during the ILIHA (Iberian
Lithosphere Heterogeneity and Anisotropy) project. The re-
sulting wave fronts are compared with the theoretical ones,
ie. calculated assuming that the waves have traveled along
the great circle path with a constant phase velocity, and the
angle between both fronts is calculated. Waves traveling
mostly through a laterally homogeneous oceanic path before
arriving to the Iberian Peninsula are analyzed for the fre-
quency range of 10 to 60 mHz. These show angles up to 8
degrees between the theoretical wave fronts and the wave
fronts reconstructed using the delay data. This implies that
we make a relative error less than 1% when calculating path-
averaged phase velocities ignoring the deviation of the ar-
rival of the wave from the great circle direction.

Introduction

One of the goals of modern seismology is to map the lat-
eral heterogeneity in the Earth. The analysis of surface wave
data is particularly valuable for studying lateral variations of
the crust and upper mantle. Standard surface wave tomogra-
phy relies on the great circle approximation which states that
surface waves are only influenced by the integral of the local
phase or group velocity over the source-receiver minor arc.
However, the great circle approximation cannot be used if
lateral variations have produced strong deviations of the sur-
face wave ray path and if the structure is not smooth on a
scale of a wavelength.

The goals of this research are (1) to test whether the ob-
served wavefield arrives in the great circle direction, and (2)
to evaluate the bias in phase velocity calculations in case a
deviation is observed. For this purpose a new way of calcu-
lating wave fronts is developed. This is applied to data from
the NARS network, recorded during the ILIHA project. An
array enables the measurement of the azimuth of the direc-
tion of arrival of the wave. The phase velocity C.., mea-
sured along the great circle can be related to the real local
ONE Cq DY the eXPression Cpeqy = Ce/ €08 @,  being the de-
viation of the ray path from the great circle direction. Phase
delays for the fundamental mode of the Rayleigh waves are
calculated between the stations for different frequency bands.
The wave fronts are represented by lines connecting equal
phase delays. The angle « between the observed and the the-
oretical wave fronts (corresponding to waves traveling
through a homogeneous medium) is calculated. This angle
provides information about the deviation of the path of the
true wave from the source-receiver minor arc; it can thus be
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used as a criterion of validity of the great circle approxima-
tion and as an indication of ray bending effects. Earlier
works have already been done to compute phase velocities
and the approach azimuth of the wave train for a given peri-
od, by means of a triangular network [Evernden, 1954]. Al-
though the tripartite phase velocity method was designed to
handle surface waves incident upon the array from any az-
imuth, the results of Knopoff et al.[1967] showed that when
the direction of propagation does not lie along one of the legs
of the network, the phase velocities computed may be in sig-
nificant error. Schwab and Kausel [1976] proposed the exten-
sion to quadripartite networks to solve this limitation. With
only 3 stations of a tripartite array one must assume plane
wave fronts; in order to allow for curvature of the
wavefronts, a fourth station is included in the array. In the 4
station’s method, the wave front is approximated by the arc
of a circle diverging from, or converging toward a fixed point
on the free surface. In the method proposed in this paper, the
form of the reconstructed wave front is not fixed a priori. The
difference in curvature between the reconstructed and the
theoretical wave fronts gives us information about lateral
heterogeneities in the lithosphere and upper mantle both be-
low the array and along the whole path along which the wave
has traveled.

Reconstruction of wavefronts: method

In the geometrical optics approximation the wavefield
can be expressed as u(r,») = A(r,@) e ” ™ in the fre-
quency domain, Wave fronts are surfaces of equal phase
¢ = x 7(r,w). The Eikonal equation IVzI> = 1/c® deter-
mines the wave fronts, since it gives a constraint on the func-
tion 7(r, @). In the right-hand side of the Eikonal equation
for dispersive surface waves, ¢ is the local phase velocity.

To reconstruct the wave fronts we first measure the phas-
es of the fundamental Rayleigh mode as a function of the
frequency. The phases are measured using the residual dis-
persion analysis method described by Dziewonski et al.
[1972]. The travel time function for each station is calculat-
ed by dividing the measured phases by . For each event
the station with the shortest epicentral distance is taken as a
reference, and the difference between its travel time and the
travel time of the other available stations is calculated. After-
wards the time delays are averaged over frequency bands of
6 or 8 mHz, between 10 and 60 mHz.

Next we perform weighted fitting of the phase plane by
both forcing the delay time function to satisfy the delay time
data while being as close as possible to a solution of the
Eikonal equation. Our null hypothesis is that waves come in
along the great circle and travel through the region of study
with a fixed phase velocity c;,. From all the functions z(r)
that fit the measured delay time data, we want to find the one
closest to our initial hypothesis, i.e. satisfying the Eikonal
equation V7l = 1/cZ, with c, the phase velocity corre-
sponding to a realistic laterally homogeneous model. We ap-
ply thus a regularization based on the Eikonal equation: this
criterion allows the reconstructed wave fronts to deviate from
the ones in the laterally homogeneous reference model only
when this is required by the data. The Mercator transforma-
tion is used

y=In(tan(®/2)) , x=¢ (6))
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with ® and ¢ the colatitude and longitude. An optimum fit is
achieved by minimizing the sum:

(1-¢) 1
S= f T @) + TS J vt - 1 dxdy @

where d; represents the delay time data, 7(r;) the delay time
after inversion and c;, the input phase velocity or the theoret-
ical phase velocity we assume for a homogeneous structure
of the region of study; y and 8 are scaling factors such that
both terms in the expression (2) are of order unity. All the
stations have the same weight. As initial phase velocity we
used values determined by Payo [1970] in the Iberian shield
by means of a Long Period Triangular Array. The second
term incorporates all our a priori notions about the solution
into z(r;). 0< £ <1 weights the relative importance of the
two terms: if ¢ is close to 0, the phase function is a solution
of the Eikonal equation but with a relatively bad fit to the da-
ta, and vice versa if ¢ is close to 1. As (2) is non-linear in
7(r;) an iterative approach is needed. The minimization is
performed by using a conjugate gradients method. The sum-
mation in the function S is over the pairs of stations. The
gradient of the phase function is parameterized as follows:

O 7= X ayy Ty(®) Trn(y) i,
ay T= Z bnm Tn(x) Tm(y)

=0,...,Nm=0,... M3

where T, (x) represents the Chebyschev polynomial of order
n and direction x. The condition

0,(9, 7) = 9,9y 7) @

links the coefficients a,, and the b, so that the coefficients
b.m With 7n>0 can be expressed in the a,.

The wave fronts are represented by lines connecting equal
time delays. Note that in the 2nd term of the function S, the
regularization term, there is no information about the direc-
tion of the gradient of the phase, but only about its norm. In
other words, with this method we can obtain information
about the direction of propagation of the waves without an a
priori assumption for this direction. The area comprised be-
tween 36° N and 44° N and between 8° W and 2° E is the
area represented in figure 2 and 3. However, the inversion is
only performed in the region covered by the stations from
which the data are used. We calculate the angle a;(x;, y;) be-
tween the theoretical wave fronts (i.e. computed assuming
the waves had traveled through a homogeneous medium with
a phase velocity c;, and the experimental wave fronts (i.e.
calculated using phase differences). For this we use the com-
puted phase gradient vectors for both wavefields. The values
obtained in the region covered by the stations, are averaged
to give a mean value of the angle:

1 n
a==Y ax,y) o)
n i=1

where n is the number of grid points (x;, y;) used for the in-
version. In our inversion a grid of 20 x 20 points has been
used. By definition, a clockwise rotation of the experimental
wave fronts with respect to the theoretical ones gives neg-
ative angles, while an anticlockwise rotation implies positive
values. The standard deviation of the values is calculated as

1 & -
oa = (= X (@(x, 39) ~ 8} ®
=l
Data
The data used in this study are the fundamental mode of

the Rayleigh waves recorded by the NARS stations during
the ILIHA project [Paulssen,1990].

We have selected earthquakes for which the surface
wavetrain has been recorded at a minimum of 4 stations. The
frequency-band of the analysis is 10 to 60 mHz, but for most
events the data are available in a more narrow band. This is
due either to a decrease of signal over noise ratio inside the
frequency band of interest, either to interference of different
wavetrains which prohibit the measurement of a reliable
phase at a number of frequencies. Among the earthquakes
that were initially selected, the ones that gave very irregular
phase velocities were rejected so that only the nine earth-
quakes in figure 1 have been used.

Discussion of results

With the phase data available we reconstructed wave
fronts for the events listed in table 1, for frequencies between
10 and 50 mHz and for frequencies up to 62 mhz for the
Azores event (nr.1). We tried both 2nd N=2,M =2) and
4th (N=4,M=4) order polynomials to adapt the phase
function by iteration. For the number of points available (we
had a maximum of 7 pairs of stations per event), not much
difference is observed after both inversions, using different
values of ¢ in the range between 0.25 and 0.75. The results
are given for the 4th order polynomial inversion and for £ =
0.5. In figures 2 and 3 two examples are shown for events
with a north-west (event nr. 4) and north-east (event nr. 2)
back-azimuth respectively. All the events studied show a
reasonable agreement between the theoretical and the experi-
mental wave fronts, i.e. to a great extent it seems that waves
arrive in the great circle direction. We should point out that
changes on the starting velocity c;, of about 0.1 km/s gave
variations of less than 2 degrees on the mean value of the an-
gle. Two kinds of deviations from the shape of wave fronts in
an homogeneous model are observed in the reconstruction of
the wave fronts: a difference in the direction of arrival of the
wave, and a difference in the curvature of the fronts. Waves
crossing the Iberian Peninsula carry information both about
the structure below Iberia and about the path followed before
reaching this region. A difference in the direction of arrival
indicates a deviation of the path of the true wave from the
source-receiver minor arc, possibly due to refraction, scatter-
ing or/and multipathing effects before arriving to Iberia; a
difference in curvature is an evidence of lateral heterogeneity
both below Iberia and along the entire path.

On averaging the angles we have mixed these two ef-
fects. The value of the standard deviation can be helpful to
distinguish one effect from the other: a relative high standard
deviation implies a difference of curvature between the two
kinds of fronts, which may correspond to any value of the
average angle; a low standard deviation indicates that the
curvature of the wave front is similar to the geometrical one,
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Fig. 1. Great Circle paths for the events used. Circles repre-
sent the epicenters; the triangle the location of the seismo-
logical network. N is the number of stations used.
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880811, fm=380.3 mhz, c=3.85 km /s
z Ref:NE26

data fit
149.2 149.6
129.3 129.5
113.6 113.8
NE22 179.1 178.8
NE25 193.7 193.6
o=-0.8
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Fig. 2. Reconstruction of the wave fronts for the event 4, for
a center frequency of 30.3 mHz. Solid lines give the wave
fronts obtained from the inversion of the measured phase de-
lays; dashed lines give the wave fronts corresponding to a
homogeneous model with a reference phase velocity of 3.85
km/s. The inversion has only been performed in the region
covered by the stations. The mean value for the angle in this
region is —0.8 * 3.2 degrees. The circles represent the loca-
tion of the stations used. Only the direction and the spacing
of the lines are relevant, since they have been reconstructed
using phase differences.

880806, fm=21.8 mhz, c=3.90 km /s

T Ref: NE25

data fit

\ NE17 99.1 98.2
NE21 152.8 152.9
NE26 128.9 128.8
NE27 191.6 192.1

a=79
o= 0.6’

Fig. 3. Same as Figure 2 for the event 2.

and suggests a systematic deviation of the reconstructed
wave fronts due to a different arrival direction. Figure 2
shows a typical example of wave front curvature difference,
whereas figure 3 shows an example of a larger difference in
direction of arrival. Figure 4 show the angles measured as a
function of frequency. In figure 4(a) results for events with a
pure oceanic great circle path are presented, whereas figure
4(b) shows the results for events with a great circle path part-
ly oceanic and partly continental. Event 2 is the only event
with a pure continental path.

For the events 1,4,6,9 in figure 4(a) a difference in curva-
ture is the dominant feature for all frequency bands, with val-
ues of the average angles much closer to zero than for the
events in figure 4(b). In this case waves have been traveling
along a relative short homogeneous oceanic path before
reaching the Peninsula. This small deviation of the wave
fronts from the great circle direction in the range of frequen-
cies used, was already observed by Payo [1970] and Badal et
al.[1990] and explained as an effect of the continental mar-
gin. For the event nr. 9, a general increase of the value of the
angle and a decrease of the standard deviation with the fre-
quency is observed. This means that for higher frequencies
the deviation from the great circle path becames more impor-
tant, This is what we in general would expect, since higher
frequencies sample shallower depths with a more complex
structure. However, this is not what we observe for all the
events. For the Azores event (nr.1), for which a wider fre-
quency band has been studied, the behaviour of the curve is
quite irregular. This was already observed by Payo [1970]
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who indicated that these differences in the behaviour of the
curves may be due to differences in the structure along seis-
mic paths. For the events with a8 north and south back-
azimuth (events 3,7,8 in figure 2), a difference in curvature is
dominant for frequencies up to 30 mHz whereas for higher
frequencies a clear deviation from the great circle path is ob-
served: in general higher angle values and smaller standard
deviations are observed for higher frequencies. For these
events the waves have crossed several continental margins to
the North (North of Scotland and Bay of Biscay, events nr.3
and 8) and to the South (Coast of West Africa and Alboran
Sea, event nr.7). This last region is characterized by a com-
plex lithospheric structure due to the active tectonic history
[Paulssen,1990]. The fact that for some events the deviation
increases at lJower frequencies may come from less precise
phase measurements. For the Chile event for which waves
have traveled through the South American plate and along
the Atlantic Ocean, an irregular pattern is observed: for fre-
quencies around 25 and 35 mHz it seems that there is a clear
deviation from the great circle direction, with high values for
the average angle and low standard deviation; for lower and
higher frequencies a difference in curvature between the ex-
perimental and the theoretical wave fronts is observed. For
the Thailand event (see figure 3) the reconstruction of the
wave fronts suggests that the waves have traveled along an-
other path than the great circle. This event gives the highest
value (about 8 degrees) for frequencies between 10 and 25
mHz. This event has complex waveforms; this is not surpris-
ing since the waves have traveled through complex continen-
tal structures;this notwithstanding it is surprising that simple
wave fronts are obtained. Only frequencies up to 25 mHz
could be used for this event, due to the difficulty in obtaining
reliable phase measurements for higher frequencies.

From the curves on figure 4 we see that the angles are
small, up to 8 degrees, giving a relative error of less than 1%
in the path-averaged value of the phase velocity:
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Fig. 4. Angles between wave fronts averaged in the region
used in the inversion. Vertical bars indicate the standard de-
viation. In the legend the number refers to Figure 1.
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The observed deviation of the direction of the wave front can
in principal be related to horizontal gradient of the phase ve-
locity using the theory of Woodhouse and Wong [1986]. If
the great circle approximation is valid, the direction of the
observed wave fronts should match the polarization of the
surface waves [Paulssen et al.,1990; Levshin et al.,1992].
The small relative error obtained implies that for the studied
events and frequency bands, the great circle approximation
can be used for dispersion measurements. However, the fact
that a good agreement between the reconstructed wave fronts
is achieved does not imply that the structures are smooth on
a scale of the wavelength: one should not forget that because
of the regularization in the equation (1), we select the solu-
tion that satisfies the Eikonal equation as good as possible,
among all the ones that satisfy the data. As pointed out by
Snieder [1988], S-velocity models reconstructed using sur-
face wave scattering theory bear a close resemblance to mod-
els constructed largely based on surface wave dispersion
measuremeiits, with horizontal length scale comparable to
the wavelength of the surface waves used, in which case
scattering and multipathing may occur. Apparently, tradition-
al methods for measuring phase velocities are rather robust
to violations of the requirement that the heterogeneity is
smooth on a scale of the wavelength. It seems that for a net-
work of the size of ILIHA, the distance between stations is
too small with respect to the wavelengths involved in this
study, for the wave fronts to carry accurate information about
the structure below Iberia. It follows that for the periods used
we find smooth wave fronts satisfying the phase reasonably
well, even though this doesn’t mean that the structure is
smooth. Having more wavelengths inside the network, i.e.
working at higher frequencies, we would expect more com-
plex wave fronts, giving more detailed information about the
structure below Iberia. The problem is to find phase data at
these frequencies; at periods smaller than 20s for oceanic
paths the multipathing is very strong, and we found it very
difficult to get results as method-independent as possible.

Conclusions

In this study it has been found that for surface waves
traveling mostly through oceanic paths before reaching the
region of study, and for frequencies between 10 and 60 mHz,
a good agreement is achieved between the direction of arrival
of the fundamental mode of the Rayleigh waves and the great
circle. Angles up to 8 degrees have been obtained between
the true and the theoretical wavefront, which represents a rel-
ative error of less than 1% in the path-averaged value of the
phase velocity. This very good fit of the phase data with
simple wave fronts (see figure 2 and 3) shows that the tradi-
tional methods for measuring phase velocities of surface
waves are rather robust. One should not forget that few data
have been used: only low frequencies for waves traveling
mostlyulthrough an oceanic path before reaching the Iberian
Peninsula.
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