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Homework #6
a) Derive the numerical dispersion for the 1-D dispersion equation with advection/conduction only.


[image: image1.wmf]t

C

x

C

u

¶

¶

=

¶

¶

-


(1)
Using finite difference to approximate the partial derivatives,
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(2)
The goal is to compare (1) with (2) to determine the extra term that appears in the numerical solution which represents the numerical dispersion.
Applying Taylor series (backward difference) to expand in space and time, an expression for the partial derivatives can be obtained, as follows,
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(3)
Solving for the first order derivative of C with respect to x,
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(4)
For the expansion in time,
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(5)
Solving for the first order derivative of C with respect to time,
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(6)
Using (4) and (6) to substitute the derivatives in (1)
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(7)
Reordering,
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(8)
An expression for the second derivative with respect to time can be obtained from (1) as follows,
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(9)

Substituting (9) into (8)
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(10)
Reordering,
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Then the numerical dispersion, DNUM, for the implicit formulation is,
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b) For the three-node 1-D Buckley-Leverett problem, show that the following formulation is not conservative. Use one boundary node for injection at the left edge, with a different (x at each node. Use (x1 for the first node, not (x1/2.
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Approximating the partial derivatives of water saturation with finite differences,
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Reordering,
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For node 1:
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Assuming 
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Then for node 1 the equation is,
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For node 2:
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For node 3:
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Adding the equations for the three nodes,


[image: image25.wmf](

)

(

)

(

)

(

)

(

)

n

w

n

w

T

n

w

n

w

T

n

w

n

w

T

n

w

n

w

n

w

w

n

w

n

w

n

w

w

S

S

t

u

x

S

S

t

u

x

S

S

t

u

x

S

S

S

f

S

S

S

f

3

,

1

3

,

3

2

,

1

2

,

2

1

,

1

1

,

1

1

2

,

1

3

,

1

2

1

1

,

1

2

,

1

1

ˆ

ˆ

-

D

D

+

-

D

D

+

-

D

D

=

-

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

-

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

-

+

+

+

+

+

+

+

+

+


To simplify this expression, the following notation is used,
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And the equation becomes,
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Reordering and multiplying by the cross-sectional area, A = (y(z,
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The accumulation term is not equal to the input minus the output, so the formulation in non-conservative, and the material balance error is equal to,
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DNUM









5/5

_1316618129.unknown

_1316619088.unknown

_1316620051.unknown

_1316694126.unknown

_1316696334.unknown

_1316696379.unknown

_1316696501.unknown

_1316694133.unknown

_1316620260.unknown

_1316620291.unknown

_1316620248.unknown

_1316620028.unknown

_1316620040.unknown

_1316619711.unknown

_1316618386.unknown

_1316618795.unknown

_1316618918.unknown

_1316618599.unknown

_1316618253.unknown

_1316618385.unknown

_1316618201.unknown

_1316616701.unknown

_1316617435.unknown

_1316617559.unknown

_1316616758.unknown

_1316617384.unknown

_1316616321.unknown

_1316616448.unknown

_1316615925.unknown

