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Homework #9
a) Summary of finite different equations.
1D pressure equation,
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The expanded 1D pressure equation is,
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The production rate is calculated with the following expression as a function of well index,


[image: image3.wmf](

)

n

well

n

i

o

n

i

i

T

P

P

WI

q

-

-

=

+

1

,

,


Where the well index is given by,
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Substituting into the expanded 1D pressure equation for the nodes with a producer,

[image: image5.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

n

well

n

i

n

i

cwo

n

i

cwo

n

i

wx

n

i

cwo

n

i

cwo

n

i

wx

i

i

i

o

n

ox

w

n

wx

i

i

i

o

n

ox

w

n

wx

n

i

o

T

i

i

n

i

o

n

i

Tx

n

i

o

n

i

T

i

i

n

i

Tx

n

i

Tx

n

i

o

n

i

Tx

P

WI

P

P

T

P

P

T

D

D

T

T

D

D

T

T

P

t

C

VR

P

T

P

WI

t

C

VR

T

T

P

T

-

þ

ý

ü

î

í

ì

-

-

-

+

þ

ý

ü

î

í

ì

-

+

-

-

+

+

D

-

=

+

ú

û

ù

ê

ë

é

+

D

+

+

-

-

-

+

+

-

-

+

+

+

+

+

+

+

-

+

-

-

1

,

,

2

1

,

,

1

,

2

1

,

1

2

1

1

2

1

,

1

1

,

2

1

,

1

,

2

1

,

2

1

,

1

1

,

2

1

,

g

g

g

g

f

f


Total transmissibility,
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Water transmissibility,
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Oil transmissibility,
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1D saturation equation,
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The expanded 1D saturation equation is,
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The pressure equation can be solve implicitly, and then the saturation equation can be solve explicitly using,
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In this work the pressure equation was solve using the Thomas algorithm for tri-diagonal matrices, based on the LU decomposition of the matrix and taking advantaged of the matrix structure. A Matlab script was written to implement the solution of the pressure and saturation equation for a 1-dimensional porous medium with 10 blocks in the x direction, and is presented at the end of this report.
b) Plot of Sw vs. x for various times

Figure 1, shows a plot of the water saturation profile as a function of distance along path of flow at every five time steps. 
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Figure 1. Water saturation profile as a function of x coordinate, for every five time steps
Figure 2 shows a comparison between the solution shown in Figure 1 and the solution of HW #3 Case 3. In this figure the solution every eight time steps is shown, it can be observe that the solution of HW #3 corresponds to a more spread saturation profiles, because of the numerical dispersion of the fully implicit formulation, while the new solution shows a shaper front.
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Figure 2. Water saturation profile as a function of x coordinate, for every eight time steps, showing the solution obtained in this homework and the solution of HW #3 Case 3
c) Plot of Recovery Factor vs. time
Figure 3, shows a plot of the recovery factor as a function of time. The total recovery factor at 10 days is 51.45 % OOIP.
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Figure 3. Recovery factor as a function of time
MATLAB script used for the calculations
%===== PEGN513_HW9_v0.m
%
% 1D solution of pressure equation implicitly and saturation equation
% explicitly
%
%
% by Luis Zerpa
% Nov 2009
%
clc,clear all,close all
dt = 0.1; % days
tmax = 10; % days
nTimeSteps = tmax/dt+1;
% GRID
IMAX = 10; % ft
dx = 10; % ft
dy = 10; % ft
dz = 10; % ft
VR = dx*dy*dz;
% ROCK PROPERTIES
krw_ast = 0.1; krow_ast = 0.7; nw = 1.5; now = 2.5; Sorw = 0.3; Swr = 0.25;
alpha = 0.8; Swx = 0.5; Pcwo_max = 5; Pcwo_min = -5;
porosity = 0.2;
permeability = 100; % md
% FLUID PROPERTIES
water_visc = 0.6; % cp
oil_visc = 2.4; % cp
gamma_w = 0.433; % psi/ft
gamma_o = 0.433*0.8; % psi/ft
% INJECTION RATE
qt = 200; % ft^3/day
% INITIAL AND BOUNDARY CONDITIONS
Pi = 2000; % psia
Pwell = 1900; % psia
Swi = 0.25;
% COMPRESSIBILITIES
Cphi = 3e-6; % 1/psi
Cw = 4e-6; % 1/psi
Co = 10e-6; % 1/psi
% INITIALIZATION
Po = Pi*ones(1,IMAX);
Sw = Swi*ones(1,IMAX);
So = 1-Sw;
% CAPILLARY PRESSURE
Pcwo = getPcwo(Sw,alpha,Sorw,Swr,Swx,Pcwo_max,Pcwo_min);
Pw = Po-Pcwo;
% WELL INDEX
[krw(1,IMAX),kro(1,IMAX)] = getRelPerm(Sw(1,IMAX),Sorw,Swr,nw,now,krw_ast,krow_ast);
water_mob(1,IMAX) = krw(1,IMAX)/water_visc;
oil_mob(1,IMAX) = kro(1,IMAX)/oil_visc;
WI = 0.006328*permeability*(water_mob(1,IMAX)+oil_mob(1,IMAX))*dy*dz/(dx/2);
WIw = WI.*water_mob(1,IMAX)./(water_mob(1,IMAX)+oil_mob(1,IMAX));
for n = 1:nTimeSteps
    Ct(n,:) = Sw(n,:)*Cw + (1-Sw(n,:))*Co + Cphi;
   % SOLVE PRESSURE EQUATION
   for i = 1:IMAX
       if i == 1 % First node
           [krw(n,i),kro(n,i)] = getRelPerm(Sw(n,i),Sorw,Swr,nw,now,krw_ast,krow_ast);
           water_mob(n,i) = krw(n,i)/water_visc;
           oil_mob(n,i) = kro(n,i)/oil_visc;
           Tt_R = 0.006328*permeability*(water_mob(n,i)+oil_mob(n,i))*dy*dz/dx;
           Tw_R = Tt_R*water_mob(n,i)/(water_mob(n,i)+oil_mob(n,i));
           D(i,1) = 0;
           E(i,1) = -(Tt_R + VR*porosity*Ct(n,i)/dt);
           F(i,1) = Tt_R;
           R(i,1) = -VR*porosity*Ct(n,i)*Po(n,i)/dt ...
               + Tw_R*(Pcwo(n,i+1)-Pcwo(n,i))...
               - qt;
       elseif i == IMAX % Last node           
           Tt_L = Tt_R;
           Tw_L = Tw_R;
           Tt_R = 0;
           Tw_R = 0;
           D(i,1) = Tt_L;
           E(i,1) = -(Tt_L + VR*porosity*Ct(n,i)/dt + WI(n,1));
           F(i,1) = 0;
           R(i,1) = -VR*porosity*Ct(n,i)*Po(n,i)/dt ...
               - Tw_L*(Pcwo(n,i)-Pcwo(n,i-1))...
               - WI(n)*Pwell;   
       else % Intermediate nodes
           [krw(n,i),kro(n,i)] = getRelPerm(Sw(n,i),Sorw,Swr,nw,now,krw_ast,krow_ast);
           water_mob(n,i) = krw(n,i)/water_visc;
           oil_mob(n,i) = kro(n,i)/oil_visc;
           Tt_L = Tt_R;
           Tw_L = Tw_R;
           Tt_R = 0.006328*permeability*(water_mob(n,i)+oil_mob(n,i))*dy*dz/dx;
           Tw_R = Tt_R*water_mob(n,i)/(water_mob(n,i)+oil_mob(n,i));
           D(i,1) = Tt_L;
           E(i,1) = -(Tt_L + Tt_R + VR*porosity*Ct(n,i)/dt);
           F(i,1) = Tt_R;
           R(i,1) = -VR*porosity*Ct(n,i)*Po(n,i)/dt ...
               + Tw_R*(Pcwo(n,i+1)-Pcwo(n,i)) - Tw_L*(Pcwo(n,i)-Pcwo(n,i-1));           
       end
   end
   Po(n+1,:) = tdma(D,E,F,R);
   %=======================================================================
   % SOLVE SATURATION EQUATION EXPLICITLY
   for i = 1: IMAX
       if i == 1 % First node
           [krw(n,i),kro(n,i)] = getRelPerm(Sw(n,i),Sorw,Swr,nw,now,krw_ast,krow_ast);
           water_mob(n,i) = krw(n,i)/water_visc;
           oil_mob(n,i) = kro(n,i)/oil_visc;
           Tw_R = 0.006328*permeability*(water_mob(n,i))*dy*dz/dx;
           Sw(n+1,i) = (Tw_R*(Po(n+1,i+1)-Po(n+1,i)) - Tw_R*(Pcwo(n,i+1)-Pcwo(n,i))...
               + qt)*dt/(VR*porosity)...
               - Sw(n,i)*(Cphi+Cw)*(Po(n+1,i)-Po(n,i)) + Sw(n,i);
       elseif i == IMAX % Last node           
           Tt_L = Tt_R;
           Tw_L = Tw_R;
           Tt_R = 0;
           Tw_R = 0;
           Sw(n+1,i) = (- Tw_L*(Po(n+1,i)-Po(n+1,i-1)) ...
               + Tw_L*(Pcwo(n,i)-Pcwo(n,i-1))...
               - WIw(n,1)*(Po(n+1,i)-Pwell))*dt/(VR*porosity)...
               - Sw(n,i)*(Cphi+Cw)*(Po(n+1,i)-Po(n,i)) + Sw(n,i);
       else % Intermediate nodes
           [krw(n,i),kro(n,i)] = getRelPerm(Sw(n,i),Sorw,Swr,nw,now,krw_ast,krow_ast);
           water_mob(n,i) = krw(n,i)/water_visc;
           oil_mob(n,i) = kro(n,i)/oil_visc;
           Tw_L = Tw_R;
           Tw_R = 0.006328*permeability*(water_mob(n,i))*dy*dz/dx;
           Sw(n+1,i) = (Tw_R*(Po(n+1,i+1)-Po(n+1,i)) - Tw_L*(Po(n+1,i)-Po(n+1,i-1)) ...
               - Tw_R*(Pcwo(n,i+1)-Pcwo(n,i)) + Tw_L*(Pcwo(n,i)-Pcwo(n,i-1)))*dt/(VR*porosity)...
               - Sw(n,i)*(Cphi+Cw)*(Po(n+1,i)-Po(n,i)) + Sw(n,i);
       end
   end
   Pcwo(n+1,:) = getPcwo(Sw(n+1,:),alpha,Sorw,Swr,Swx,Pcwo_max,Pcwo_min);
   Pw(n+1,:) = Po(n+1,:)-Pcwo(n+1,:);
   % Well index
   [krw(n+1,IMAX),kro(n+1,IMAX)] = getRelPerm(Sw(n+1,IMAX),Sorw,Swr,nw,now,krw_ast,krow_ast);
   water_mob(n+1,IMAX) = krw(n+1,IMAX)/water_visc;
   oil_mob(n+1,IMAX) = kro(n+1,IMAX)/oil_visc;
   WI(n+1,1) = 0.006328*permeability*(water_mob(n+1,IMAX)+oil_mob(n+1,IMAX))*dy*dz/(dx/2);
   WIw(n+1,1) = WI(n+1,1).*water_mob(n+1,IMAX)./(water_mob(n+1,IMAX)+oil_mob(n+1,IMAX));
end
figure
plot([dx/2:dx:dx*IMAX-dx/2],Sw([1:5:100],:),'linewidth',2)
xlabel('X coordinate (ft)')
ylabel('Water saturation (fraction)')
axis([0,IMAX*dx,0,1])
axis square
qo = WI.*(Po(:,IMAX)-Pwell).*oil_mob(:,IMAX)./(water_mob(:,IMAX)+oil_mob(:,IMAX));
cum_oil = 0;
for i = 2:length(qo)
    cum_oil(i,1) = qo(i-1)*dt + cum_oil(i-1);
end
OOIP = sum(VR*porosity*(1-Sw(1,:)));
RecoveryFactor = cum_oil/OOIP*100;
figure
plot([0:dt:tmax],RecoveryFactor(1:101,1),'linewidth',2)
xlabel('Time (days)')
ylabel('Recovery Factor (%)')
Sub-routines
%===== getRelPerm.m
%
% by Luis Zerpa
% Nov 2009
%
function [krw,kro] = getRelPerm(Sw,Sorw,Swr,nw,now,krw_ast,krow_ast)
for i = 1:length(Sw)
    if Sw(i) < Swr
        krw(i) = 0;
    else
        krw(i) = krw_ast*((Sw-Swr)/(1-Swr-Sorw)).^nw;
    end
    if 1-Sw(i) < Sorw
        kro(i) = 0;
    else
        kro(i) = krow_ast*((1-Sw-Sorw)/(1-Swr-Sorw)).^now;
    end
end
%==== getPcwo.m
%
% by Luis Zerpa
% Nov 2009
%
function [Pcwo] = getPcwo(Sw,alpha,Sorw,Swr,Swx,Pcwo_max,Pcwo_min)
for i = 1:length(Sw)
    if Sw(i) <= Swr
        Pcwo(i) = Pcwo_max;
    elseif Sw(i) >= 1-Sorw
        Pcwo(i) = Pcwo_min;
    elseif Sw(i) < Swx & Sw(i) > Swr
        Pcwo2 = -alpha*log((Sw(i)-Swr)/(Swx-Swr));
        Pcwo(i) = min(Pcwo2,Pcwo_max);
    else
        Pcwo1 = alpha*log((1-Sw(i)-Sorw)/(1-Swx-Sorw));
        Pcwo(i) = max(Pcwo1,Pcwo_min);
    end
end
%===== tdma.m
%
% Thomas Algorithm for linear systems with tri-diagonal matrix
%
%  Luis Zerpa
%  January 2004
%
function [x] = tdma(e,f,g,B)
n = length(B); 
% Descomposicion
for k = 2:n
    e(k) = e(k)/f(k-1);
    f(k) = f(k) - e(k)*g(k-1);
end
% Sustitucion hacia adelante
for k = 2:n
    B(k) = B(k) - e(k)*B(k-1);
end
% Sustitucion hacia atras
x(n,1) = B(n)/f(n);
for k = n-1:-1:1
    x(k) = (B(k) - g(k)*x(k+1))/f(k);
end
U(1,1) = f(1); U(1,2) = g(1); L(1,1) = 1;
L(n,n-1) = e(n); U(n,n) = f(n); L(n,n) = 1;
for i = 1:n-1
    L(i,i) = 1;
    L(i+1,i) = e(i+1);
    U(i,i) = f(i);
    U(i,i+1) = g(i);
end
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