
PEGN 620A: Naturally Fractured Reservoir
Homework 10 : Solution

Given Equations

1. Fracture pressure equation:

∇·{kf,eff [λntf∇Pn+1
of − (λnwfγ

n
w+λnofγ

n
o )∇D−λnwf∇Pncwof ]}−τn+1

t + q̂n+1
tf = (φct)f

∂Pof
∂t

(1)

2. Total transfer function:

τn+1
t = σkm[λntf (Pn+1

of −P
n+1
om )+

σz
σ

(λnwf/mγ
n
w+λnom/fγ

n
o )(hnwf−hnwm)+λnwf/m(Pncwom−Pncwof )]

(2)

3. Total matrix flow:

τn+1
t = (φct)m

Pn+1
om − Pnom

∆t
(3)

4. Saturation equation:

(a) Option 1: IMPES

∇·
{
kf,effλ

n
wf

[
∇P [n+1]

of − γnw∇D −∇Pncwof
]}
−τ [n+1]

w +q̂wf = φfS
n+1
wf (cφ+cw)f

P
[n+1]
of − Pnof

∆t
+φf

Sn+1
wf − S

n
wf

∆t
(4)

(b) Option 2: Partially Implicit

∇·
{
kf,effλ

n
wf

[
∇P [n+1]

of − γnw∇D −
∂Pncwof
∂Swf

∇Sn+1
wf

]}
−τ [n+1]

w +q̂wf = φfS
n+1
wf (cφ+cw)f

P
[n+1]
of − Pnof

∆t
+φf

Sn+1
wf − S

n
wf

∆t

(5)

5. Water transfer

τ [n+1]
w = σkm

[
λnwf (P

[n+1]
of − P [n+1]

om ) +
σz
σ

(λnwf/mγ
n
w)(hnwf − hnwm) + λnwf/m(Pncwom − Pncwof )

]
(6)
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6. Water matrix flow:

τ [n+1]
w = φmS

n+1
wm (cφ + cw)m

P
[n+1]
om − Pnom

∆t
+ φm

Sn+1
wm − Snwm

∆t
(7)

Re-call HW 9, Pressure equation can be discretized for 1D problem and rearrange as follows

DPn+1
of,i−1 + EPn+1

of,i + FPn+1
of,i+1 = RHS (8)

Using Tayler’s series expansion as Pn+1
of,i = Pnof,i + ∆t

∂Pof,i
∂t ,

Discretize above equation we get Pn+1
of,i = Pnof,i + ∆t

Pn+1
of,i

−Pnof,i
∆t .

Let’s define ∆tPof = Pn+1
of,i − Pnof,i, thus Pn+1

of,i = Pnof,i + ∆tPof . Using this definition we can
rearrange Eq (8) as follows

D∆tPof,i−1 + E∆tPof,i + F∆tPof,i+1 = RHS −DPnof,i−1 − EPnof,i − FPnof,i+1 (9)

where
D = Tn

x,i− 1
2

F = Tn
x,i+ 1

2

E = −

Tnx,i+ 1
2

+ Tn
x,i− 1

2
+ Vi

(φct)f
∆t

+ VR
ασkmλ

n
tf

1 +
ασkmλntf∆t

(φct)m



RHS = TransferTerm+GravityTerm+ CapillaryTerm− VR
(φct)f

∆t
Pni,of − qtf

TransferTerm = VR
ασkm

(1 +
ασkmλ

n
tf

∆t

(φct)m
)

[
−λntfPni,om +

σz
σ

(λnwf/mγ
n
w + λnom/fγ

n
o )(hnwf − hnwm) + λnwf/m(Pncwom − Pncwof )

]
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GravityTerm = (Tnxwγ
n
w + Tnxoγ

n
o )i+ 1

2
(Di+1 −Di)− (Tnxwγ

n
w + Tnxoγ

n
o )i+ 1

2
(Di −Di−1)

CapillaryTerm = Tn
xw,i+ 1

2
(Pncwof,i+1 − Pncwof,i)− Tnxw,i− 1

2
(Pncwof,i − Pncwof,i−1)

Tn
x,i+ 1

2
= α(kf,effλ

n
tf

∆y∆z

∆x
)i+ 1

2

Tn
x,i− 1

2
= α(kf,effλ

n
tf

∆y∆z

∆x
)i− 1

2

Tn
xw,i+ 1

2
= α(kf,effλ

n
wf

∆y∆z

∆x
)i+ 1

2

Tn
xw,i− 1

2
= α(kf,effλ

n
wf

∆y∆z

∆x
)i− 1

2

Tn
xo,i+ 1

2
= α(kf,effλ

n
of

∆y∆z

∆x
)i+ 1

2

Tn
xo,i− 1

2
= α(kf,effλ

n
of

∆y∆z

∆x
)i− 1

2

α = 0.006328
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A OPTION 1:IMPES

To solve saturation equation, multiply Eq (4) by VR, where VR = (∆x∆y∆z)i,j,k and rearrange
as follows

Pressure−term︷ ︸︸ ︷
VR∇ · kf,effλnwf∇P

[n+1]
of −

Gravity−term︷ ︸︸ ︷
VR∇ · kf,eff (λnwfγ

n
w)∇D

−VR∇ · kf,effλnwf∇Pncwof︸ ︷︷ ︸
Capillary−term

−VRτ [n+1]
w + q

[n+1]
wf

 =

Accumulation−term︷ ︸︸ ︷
VRφf

(
Sn+1
w (cφ + cw)f

P
[n+1]
of − Pnof

∆t
+
Sn+1
w − Snw

∆t

)

(10)

Discretize Eq (10) for 1D problem term by term we get

• Pressure Term

Tn
wx,i+ 1

2

(
P

[n+1]
of,i+1 − P

[n+1]
of,i

)
− Tn

wx,i− 1
2

(
P

[n+1]
of,i − P

[n+1]
of,i−1

)
• Gravity Term

(Tnwxγw)i+ 1
2

(Di+1 −Di)− (Tnwxγw)i− 1
2

(Di −Di−1)

• Capillary Term

Tn
wx,i+ 1

2

(
P

[n+1]
cwof,i+1 − P

[n+1]
cwof,i

)
− Tn

wx,i− 1
2

(
P

[n+1]
cwof,i − P

[n+1]
cwof,i−1

)
• Accumulation Term

Sn+1
wf VR

(
φf (cφ + cw)f

Pn+1
of − Pnof

∆t
+
φf
∆t

)
− φfVR

Snwf
∆t

Substitute all terms into Eq (10) we get

PressureTerm−GravityTerm−CapillaryTerm−VRτ [n+1]
w +q

[n+1]
wf = Sn+1

wf VR

(
φf (cφ + cw)f

P
[n+1]
of − Pnof

∆t
+
φf
∆t

)
−φfVR

Snwf
∆t

Rearrange above equation we get

Sn+1
wf,i =

PressureTerm−GravityTerm− CapillaryTerm− VRτ [n+1]
w + q

[n+1]
wf + φfVR

Snwf,i
∆t

VR

(
φf (cφ + cw)f

Pn+1
of

−Pn
of

∆t +
φf
∆t

)
(11)
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where

PressureTerm = Tn
wx,i+ 1

2

(
P

[n+1]
of,i+1 − P

[n+1]
of,i

)
− Tn

wx,i− 1
2

(
P

[n+1]
of,i − P

[n+1]
of,i−1

)

GravityTerm = (Tnwxγw)i+ 1
2

(Di+1 −Di)− (Tnwxγw)i− 1
2

(Di −Di−1)

CapillaryTerm = Tn
wx,i+ 1

2

(
P

[n+1]
cwof,i+1 − P

[n+1]
cwof,i

)
− Tn

wx,i− 1
2

(
P

[n+1]
cwof,i − P

[n+1]
cwof,i−1

)
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B OPTION 2: PARTIALLY IMPLICIT

To solve saturation equation, multiply Eq (5) by VR, where VR = (∆x∆y∆z)i,j,k and rearrange
as follows

Pressure−term︷ ︸︸ ︷
VR∇ · kf,effλnwf∇P

[n+1]
of −

Gravity−term︷ ︸︸ ︷
VR∇ · kf,eff (λnwfγ

n
w)∇D

−VR∇ · kf,effλnwf
∂Pncwof
∂Swf

∇Sn+1
wf︸ ︷︷ ︸

Capillary−term

−VRτ [n+1]
w + q

[n+1]
wf


=

Accumulation−term︷ ︸︸ ︷
VRφf

(
Sn+1
wf (cφ + cw)f

P
[n+1]
of − Pnof

∆t
+
Sn+1
wf − Snwf

∆t

)

(12)

Discretize Eq (12) for 1D problem term by term we get

• Pressure Term

Tn
wx,i+ 1

2

(
P

[n+1]
of,i+1 − P

[n+1]
of,i

)
− Tn

wx,i− 1
2

(
P

[n+1]
of,i − P

[n+1]
of,i−1

)
• Gravity Term

(Tnwxγw)i+ 1
2

(Di+1 −Di)− (Tnwxγw)i− 1
2

(Di −Di−1)

• Capillary Term(
Twx

∂Pcwof
∂Swf

)n
i+ 1

2

(
Sn+1
wf,i+1 − S

n+1
wf,i

)
−
(
Twx

∂Pcwof
∂Swf

)n
i− 1

2

(
Sn+1
wf,i − S

n+1
wf,i−1

)

• Accumulation Term

Sn+1
wf VR

φf (cφf + cw)f
P

[n+1]
of − Pnof

∆t
+

φ

∆t

− φfVRSnwf
∆t

Substitute all terms into Eq (12) we get

DSn+1
wf,i−1 + ESn+1

wf,i + FSn+1
wf,i+1 = RHS (13)

Using Tayler’s series expansion as Sn+1
w,i = Snw,i + ∆t

∂Sw,i
∂t .
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Discretize above equation we get Sn+1
w,i = Snw,i + ∆t

Sn+1
w,i −Snw,i

∆t .

Let’s define ∆tSw = Sn+1
w,i −Snw,i, thus Sn+1

w,i = Snw,i + ∆tSw. Using this definition we can
rearrange Eq (13) as follows

D∆tSwf,i−1 + E∆tSwf,i + F∆tSwf,i+1 = RHS −DSnwf,i−1 − ESnwf,i − FSnwf,i+1 (14)

where

D =

(
Twx

∂Pcwof
∂Swf

)n
i− 1

2

F =

(
Twx

∂Pcwof
∂Swf

)n
i+ 1

2

E = −

(Twx∂Pcwof
∂Swf

)n
i− 1

2

+

(
Twx

∂Pcwof
∂Swf

)n
i+ 1

2

− VR

φf (cφ + cw)f
P

[n+1]
of − Pnof

∆t
+
φf
∆t



RHS = PressureTerm−GravityTerm+ φfVR
Snwf
∆t
− VRτ [n+1]

w + q[n+1]
w

PressureTerm = Tn
wx,i+ 1

2

(
P

[n+1]
of,i+1 − P

[n+1]
of,i

)
− Tn

wx,i− 1
2

(
P

[n+1]
of,i − P

[n+1]
of,i−1

)

GravityTerm = (Tnwxγw)i+ 1
2

(Di+1 −Di)− (Tnwxγw)i− 1
2

(Di −Di−1)

Tn
xw,i+ 1

2
= α(kf,effλ

n
wf

∆y∆z

∆x
)i+ 1

2

Tn
xw,i− 1

2
= α(kf,effλ

n
wf

∆y∆z

∆x
)i− 1

2

Tn
xo,i+ 1

2
= α(kf,effλ

n
of

∆y∆z

∆x
)i+ 1

2
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Tn
xo,i− 1

2
= α(kf,effλ

n
of

∆y∆z

∆x
)i− 1

2

α = 0.006328

∂Pcwo
∂Sw

=



dPcwo,max, Sw ≤ Sw,pcmax

dPcwo,min, Sw ≥ Sw,pcmin

dPcwo1, Sw,pcmax < Sw ≤ Swx

dPcwo2 Swx < Sw < Sw,pcmin

where,

dPcwo,max = − α

Sw,pcmax − Swr

dPcwo,min = − α

1− Sw,pcmin − Sowr

dPcwo1 = − α

Sw − Swr

dPcwo2 = − α

1− Sw − Sowr

Sw,pcmax = Swr + (Swx − Swr) e−
Pcow,max

α

Sw,pcmin = 1− Sowr − (1− Swx − Sowr) e
Pcow,min

α

Pcow1 = αln

[
1− Sw − Sowr
1− Swx − Sowr

]
,

Pcow2 = −αln
[
Sw − Swr
Swx− Swr

]
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