
PEGN 620A: Naturally Fractured Reservoir
Homework 12:Solution

1. OPTION3:FULLY IMPLICIT ITERATIVE

Given Equations

(a) Fracture pressure equation:

∇·{kf,eff [λ
[n+1]
tf ∇Pn+1

of −(λ
[n+1]
wf γ[n+1]

w +λ
[n+1]
of γ[n+1]

o )∇D−λ[n+1]
wf ∇P [n+1]

cwof ]}−τn+1
t +q̂n+1

tf = (φc
[n+1]
t )f

∂Pof
∂t

(1)

(b) Total transfer function:

τn+1
t = σkm[λ

[n+1]
tf (Pn+1

of −P
n+1
om )+

σz
σ

(λ
[n+1]
wf/mγ

[n+1]
w +λ

[n+1]
om/fγ

[n+1]
o )(h

[n+1]
wf −h[n+1]

wm )+λ
[n+1]
wf/m(P [n+1]

cwom−P
[n+1]
cwof )]

(2)

(c) Total matrix flow:

τn+1
t = (φc

[n+1]
t )m

Pn+1
om − Pnom

∆t
(3)

(d) Saturation equation:

∇·
{
kf,effλ

[n+1]
wf

[
∇P [n+1]

of
− γ[n+1]

w ∇D −
∂Pncwof

∂Swf
∇Sn+1

wf

]}
−τ [n+1]

w +q̂
[n+1]
wf

= φfS
n+1
w (cφ+cw)f

P
[n+1]
of

− Pnof
∆t

+φf
Sn+1
wf
− Snwf

∆t

(4)

(e) Water transfer

τn+1
w = σkm

[
λ

[n+1]
wf (P

[n+1]
of − P [n+1]

om ) +
σz
σ

(λ
[n+1]
wf/mγ

[n+1]
w )(h

[n+1]
wf − h[n+1]

wm ) + λ
[n+1]
wf/m(P [n+1]

cwom − P
[n+1]
cwof )

]
(5)

(f) Water matrix flow:

τ [n+1]
w = φmS

n+1
wm (cφ + cw)m

P
[n+1]
om − Pnom

∆t
+ φm

Sn+1
wm − Snwm

∆t
(6)
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DISCRETIZE EQUATIONS IN 1D PROBLEM

STEP1: Solving Fracture pressure equation:

Discretize and rearrange Eq (3) we get

τn+1
t = (φc

[n+1]
t )m

Pn+1
i,om − Pni,om

∆t

Pn+1
i,om = τn+1

t

∆t

(φc
[n+1]
t )m

+ Pni,om

Substitute Pn+1
i,om into Eq (2) and rearrange

τn+1
t = βσkm[λ

[n+1]
tf (Pn+1

i,of −(τn+1
t

∆t

(φct)m
+Pni,om))+

σz
σ

(λ
[n+1]

wf/m
γ[n+1]
w +λ

[n+1]

om/f
γ[n+1]
o )(h

[n+1]
wf −h[n+1]

wm )+λ
[n+1]

wf/m
(P [n+1]
cwom−P

[n+1]
cwof )]

τn+1
t (1+

βσkmλ
[n+1]
tf ∆t

(φct)m
) = βσkm[λ

[n+1]
tf (Pn+1

i,of −P
n
i,om)+

σz
σ

(λ
[n+1]

wf/m
γ[n+1]
w +λ

[n+1]

om/f
γ[n+1]
o )(h

[n+1]
wf −h[n+1]

wm )+λ
[n+1]

wf/m
(P [n+1]
cwom−P

[n+1]
cwof )]

τn+1
t =

βσkm

(1 +
βσkmλ

[n+1]

tf
∆t

(φct)m
)

[λ
[n+1]
tf (Pn+1

i,of −P
n
i,om)+

σz
σ

(λ
[n+1]

wf/m
γ[n+1]
w +λ

[n+1]

om/f
γ[n+1]
o )(h

[n+1]
wf −h[n+1]

wm )+λ
[n+1]

wf/m
(P [n+1]
cwom−P

[n+1]
cwof )]

(7)

Multiply Eq (1) by VR, where VR = ∆xi∆yi∆zi and rearrange

Pressure−term︷ ︸︸ ︷
VR∇ · kf,effλ[n+1]

tf ∇Pn+1
of −

Capillary−term︷ ︸︸ ︷
VR∇ · kf,effλ[n+1]

wf ∇P [n+1]
cwof

−VR∇ · kf,eff (λ
[n+1]
wf γ[n+1]

w + λ
[n+1]
of γ[n+1]

o )∇D︸ ︷︷ ︸
Gravity−term

−VRτn+1
t + qn+1

tf

 =

Accumulation−term︷ ︸︸ ︷
VR(φc

[n+1]
t )f

∂Pof
∂t

(8)

Discretize Eq (8) for 1-D problem term by term and rearrange

• Pressure term

β∆yi∆zi

[
(kf,effλ

[n+1]
tf )i+ 1

2
(
Pn+1
of,i+1 − P

n+1
of,i

∆xi+ 1
2

)− (kf,effλ
[n+1]
tf )i− 1

2
(
Pn+1
of,i − P

n+1
of,i−1

∆xi− 1
2

)

]
(9)

Rearrange

T
[n+1]

x,i+ 1
2

Pn+1
of,i+1 + T

[n+1]

x,i− 1
2

Pn+1
of,i−1 − (T

[n+1]

x,i+ 1
2

+ T
[n+1]

x,i− 1
2

)Pn+1
of,i (10)
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• Gravity term

β∆yi∆zi

[
(kf,eff (λ

[n+1]
wf γ[n+1]

w + λ
[n+1]
of γ[n+1]

o ))i+ 1
2
(
Di+1 −Di

∆xi+ 1
2

)− (kf,eff (λ
[n+1]
wf γ[n+1]

w + λ
[n+1]
of γ[n+1]

o ))i− 1
2
(
Di −Di−1

∆xi− 1
2

)

]
(11)

Rearrange

(T [n+1]
xw γnw + T [n+1]

xo γno )i+ 1
2
(Di+1 −Di)− (T [n+1]

xw γnw + T [n+1]
xo γno )i+ 1

2
(Di −Di−1) (12)

• Capillary term

β∆yi∆zi

[
(kf,effλ

[n+1]
wf )i+ 1

2
(
P

[n+1]
cwof,i+1 − P

[n+1]
cwof,i

∆xi+ 1
2

)− (kf,effλ
[n+1]
wf )i− 1

2
(
P

[n+1]
cwof,i − P

[n+1]
cwof,i−1

∆xi− 1
2

)

]
(13)

Rearrange

T
[n+1]

xw,i+ 1
2

(P
[n+1]
cwof,i+1 − P

[n+1]
cwof,i)− T

[n+1]

xw,i− 1
2

(P
[n+1]
cwof,i − P

[n+1]
cwof,i−1) (14)

• Accumulation term

Vi(φc
[n+1]
t )f

Pn+1
i,of − Pni,of

∆t
(15)

Substitute Eq(7), (10), (12), (14) and (15) into Eq (8) and rearrange

FPn+1
of,i+1 +DPn+1

of,i−1 + EPn+1
of,i = RHS (16)

Let’s define ∆tPof = Pn+1
of,i − Pnof,i, thus Pn+1

of,i = Pnof,i + ∆tPof . Using this definition we can
rearrange Eq (16) as follows

D∆tPof,i−1 + E∆tPof,i + F∆tPof,i+1 = RHS −DPnof,i−1 − EPnof,i − FPnof,i+1 (17)

where,

D = T
[n+1]

x,i− 1
2

F = T
[n+1]

x,i+ 1
2

E = −

T [n+1]

x,i+ 1
2

+ T
[n+1]

x,i− 1
2

+ Vi
(φct)f

∆t
+ VR

βσkmλ
[n+1]
tf

1 +
βσkmλ

[n+1]
tf

∆t

(φc
[n+1]
t )m
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RHS = TransferTerm+GravityTerm+ CapillaryTerm− VR
(φc

[n+1]
t )f
∆t

Pni,of − q
[n+1]
tf

TransferTerm = VR
βσkm

(1 +
βσkmλ

[n+1]
tf

∆t

(φc
[n+1]
t )m

)


−λ[n+1]

tf P
[n+1]
i,om + σz

σ (λ
[n+1]
wf/mγ

[n+1]
w + λ

[n+1]
om/fγ

[n+1]
o )

(h
[n+1]
wf − h[n+1]

wm ) + λ
[n+1]
wf/m(P

[n+1]
cwom − P [n+1]

cwof )


(18)

GravityTerm = (T [n+1]
xw γ[n+1]

w +T [n+1]
xo γ[n+1]

o )i+ 1
2
(Di+1−Di)−(T [n+1]

xw γ[n+1]
w +T [n+1]

xo γ[n+1]
o )i+ 1

2
(Di−Di−1)

CapillaryTerm = T
[n+1]

xw,i+ 1
2

(P
[n+1]
cwof,i+1 − P

[n+1]
cwof,i)− T

[n+1]

xw,i− 1
2

(P
[n+1]
cwof,i − P

[n+1]
cwof,i−1)

T
[n+1]

x,i+ 1
2

= β(kf,effλ
[n+1]
tf

∆y∆z

∆x
)i+ 1

2

T
[n+1]

x,i− 1
2

= β(kf,effλ
[n+1]
tf

∆y∆z

∆x
)i− 1

2

T
[n+1]

xw,i+ 1
2

= β(kf,effλ
[n+1]
wf

∆y∆z

∆x
)i+ 1

2

T
[n+1]

xw,i− 1
2

= β(kf,effλ
[n+1]
wf

∆y∆z

∆x
)i− 1

2

T
[n+1]

xo,i+ 1
2

= β(kf,effλ
[n+1]
of

∆y∆z

∆x
)i+ 1

2

T
[n+1]

xo,i− 1
2

= β(kf,effλ
[n+1]
of

∆y∆z

∆x
)i− 1

2

β = 0.006328
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STEP2:Solving for Matrix Pressure

From Eq(7), we can calculate τn+1
tf . Pn+1

i,om can be solved by re-arrange Eq(2) as follows

Pn+1
om = − τn+1

t

σkmλ
[n+1]
tf

+Pn+1
of +

σz
σ

(f
[n+1]
wf/mγ

[n+1]
w +f

[n+1]
om/f γ

[n+1]
o )(h

[n+1]
wf −h

[n+1]
wm )+f

[n+1]
wf/m(P [n+1]

cwom−P
[n+1]
cwof )

(19)

where

f
[n+1]
wf/m =

λ
[n+1]
wf/m

λ
[n+1]
tf

f
[n+1]
om/f =

λ
[n+1]
om/f

λ
[n+1]
tf

STEP3:Solving for Fracture Saturation

To solve saturation equation, multiply Eq (4) by VR, where VR = (∆x∆y∆z)i,j,k and rearrange
as follows



Pressure−term︷ ︸︸ ︷
VR∇ · kf,effλ[n+1]

wf ∇P [n+1]
of −

Gravity−term︷ ︸︸ ︷
VR∇ · kf,eff (λ

[n+1]
wf γ[n+1]

w )∇D

−VR∇ · kf,effλ[n+1]
wf

∂P
[n+1]
cwof

∂Swf
∇Sn+1

wf︸ ︷︷ ︸
Capillary−term

−VRτ [n+1]
w + q

[n+1]
wf


=

Accumulation−term︷ ︸︸ ︷
VRφf

(
Sn+1
wf (cφ + cw)f

P
[n+1]
of − Pnof

∆t
+
Sn+1
wf − S

n
wf

∆t

)

(20)

Discretize Eq (20) for 1D problem term by term we get

• Pressure Term

T
[n+1]

wx,i+ 1
2

(
P

[n+1]
of,i+1 − P

[n+1]
of,i

)
− T [n+1]

wx,i− 1
2

(
P

[n+1]
of,i − P

[n+1]
of,i−1

)
• Gravity Term (

T [n+1]
wx γw

)
i+ 1

2

(Di+1 −Di)−
(
T [n+1]
wx γw

)
i− 1

2

(Di −Di−1)
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• Capillary Term(
Twx

∂Pcwof
∂Swf

)[n+1]

i+ 1
2

(
Sn+1
wf,i+1 − S

n+1
wf,i

)
−
(
Twx

∂Pcwof
∂Swf

)[n+1]

i− 1
2

(
Sn+1
wf,i − S

n+1
wf,i−1

)

• Accumulation Term

Sn+1
wf VR

φf (cφf + cw)f
P

[n+1]
of − Pnof

∆t
+

φ

∆t

− φfVRSnwf
∆t

Substitute all terms into Eq (20) we get

DSn+1
wf,i−1 + ESn+1

wf,i + FSn+1
wf,i+1 = RHS (21)

Let’s define ∆tSw = Sn+1
w,i − Snw,i, thus Sn+1

w,i = Snw,i + ∆tSw. Using this definition we can
rearrange Eq (21) as follows

D∆tSwf,i−1 + E∆tSwf,i + F∆tSwf,i+1 = RHS −DSnwf,i−1 − ESnwf,i − FSnwf,i+1 (22)

where

D =

(
Twx

∂Pcwof
∂Swf

)[n+1]

i− 1
2

F =

(
Twx

∂Pcwof
∂Swf

)[n+1]

i+ 1
2

E = −

(Twx∂Pcwof
∂Swf

)[n+1]

i− 1
2

+

(
Twx

∂Pcwof
∂Swf

)[n+1]

i+ 1
2

− VR

φf (cφ + cw)f
P

[n+1]
of − Pnof

∆t
+
φf
∆t



RHS = PressureTerm−GravityTerm+ φfVR
Snwf
∆t
− VRτ [n+1]

w + qw

PressureTerm = T
[n+1]

wx,i+ 1
2

(
P

[n+1]
of,i+1 − P

[n+1]
of,i

)
− T [n+1]

wx,i− 1
2

(
P

[n+1]
of,i − P

[n+1]
of,i−1

)
6



GravityTerm =
(
T [n+1]
wx γw

)
i+ 1

2

(Di+1 −Di)−
(
T [n+1]
wx γw

)
i− 1

2

(Di −Di−1)

T
[n+1]

xw,i+ 1
2

= β(kf,effλ
[n+1]
wf

∆y∆z

∆x
)i+ 1

2

T
[n+1]

xw,i− 1
2

= β(kf,effλ
[n+1]
wf

∆y∆z

∆x
)i− 1

2

T
[n+1]

xo,i+ 1
2

= β(kf,effλ
[n+1]
of

∆y∆z

∆x
)i+ 1

2

T
[n+1]

xo,i− 1
2

= β(kf,effλ
[n+1]
of

∆y∆z

∆x
)i− 1

2

β = 0.006328

∂Pcwo
∂Sw

=



dPcwo,max, Sw ≤ Sw,pcmax

dPcwo,min, Sw ≥ Sw,pcmin

dPcwo1, Sw,pcmax < Sw ≤ Swx

dPcwo2 Swx < Sw < Sw,pcmin

where,

dPcwo,max = − α

Sw,pcmax − Swr

dPcwo,min = − α

1− Sw,pcmin − Sowr

dPcwo1 = − α

Sw − Swr

dPcwo2 = − α

1− Sw − Sowr

Sw,pcmax = Swr + (Swx − Swr) e−
Pcow,max

α

Sw,pcmin = 1− Sowr − (1− Swx − Sowr) e
Pcow,min

α

7



Pcow1 = αln

[
1− Sw − Sowr
1− Swx − Sowr

]
,

Pcow2 = −αln
[
Sw − Swr
Swx− Swr

]
STEP4:Solving for Matrix Saturation

From Eq(6)we can solve Sn+1
wm as follows

Sn+1
wm =

τ
[n+1]
w + φm

Snwm
∆t

φm

(
(cφ + cw)m

P
[n+1]
om −Pnom

∆t + 1
∆t

) (23)
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2. OPTION4:FULLY IMPLICIT SIMULTANEOUS

Given Equations

(a) Water saturation equation:

∇·
{
kf,effλ

n+1
wf

[
∇Pn+1

of − γnw∇D −∇Pn+1
cwof

]}
−τn+1

wf +q̂n+1
wf = φf

[
Sn+1
wf (cφ + cw)f

∂Pof
∂t

+
∂Swf
∂t

]
(24)

(b) Water transfer function:

τn+1
w = σkm

[
λn+1
wf/m(Pn+1

of − Pn+1
om ) +

σz
σ

(λn+1
wf/mγ

n
w)(hn+1

wf − h
n+1
wm ) + λn+1

wf/m(Pn+1
cwom − Pn+1

cwof )
]

(25)

(c) Water matrix flow:

τn+1
w = φm

[
Sn+1
wm (cφ + cw)m

∂Pom
∂t

+
∂Swm
∂t

]
(26)

(d) Oil saturation equation:

∇ ·
{
kf,effλ

n+1
of

[
∇Pn+1

of − γno∇D
]}
− τn+1

of + q̂n+1
of = φf

[
Sn+1
of (cφ + co)f

∂Pof
∂t

+
∂Sof
∂t

]
(27)

(e) Oil transfer function:

τn+1
o = σkm

[
λn+1
om/f (Pn+1

of − Pn+1
om ) +

σz
σ

(λn+1
om/fγ

n
o )(hn+1

wf − h
n+1
wm )

]
(28)

(f) Oil matrix flow:

τn+1
o = φm

[
Sn+1
om (cφ + co)m

∂Pom
∂t

+
∂Som
∂t

]
(29)

Using Newton-Raphson to expand terms in Eq(25)

λn+1
wf/m = λl+1

wf/m = λlwf/m +

(
∂λwf/m

∂Swf

)l
δSwf

9



λn+1
om/f = λl+1

om/f = λlom/f +

(
∂λom/f

∂Swm

)l
δSwm

hn+1
wf = hl+1

wf = hlwf +

(
∂hwf
∂Swf

)l
δSwf

hn+1
wm = hl+1

wm = hlwm +

(
∂hwm
∂Swm

)l
δSwm

Pn+1
cwof = P l+1

cwof = P lcwof +

(
∂Pcwof
∂Swf

)l
δSwf

Pn+1
cwom = P l+1

cwom = P lcwom +

(
∂Pcwom
∂Swm

)l
δSwm

Pn+1
of = P l+1

of = P l+1
of + δPof

Pn+1
om = P l+1

om = P l+1
om + δPom

Sn+1
wf = Sl+1

wf = Sl+1
wf + δSwf

Substitute all expanded terms into Eq(25) and rearrange we get

VRτ
n+1
w =



VRτ
l
w + βσVRkmλ

l
wf/mδPof,i − βσVRkmλ

l
wf/mδPom,i

+

[
1

λl
wf/m

(
∂λwf/m

∂Swf

)l
VRτ

l
w + βσVRkmλ

l
wf/m

(
σz

σ γ
n
w

(
∂hwf

∂Swf

)l
−
(
∂Pcwof

∂Swf

)l)]
δSwf,i

+βσVRkmλ
l
wf/m

[
−σz

σ γ
n
w

(
∂hwm

∂Swm

)l
+
(
∂Pcwom

∂Swm

)l]
δSwm,i


(30)

where β = 0.006328
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Multiply Eq(24) by VR and discretize for 1D problem we get

Tn+1

xw,i− 1
2

Pn+1
of,i−1

−
(
Tn+1

xw,i− 1
2

+ Tn+1

xw,i+ 1
2

)
Pn+1
of,i

+ Tn+1

xw,i+ 1
2

Pn+1
of,i+1

−Tn+1

xw,i− 1
2

γnw(Di−1 −Di)− Tn+1

xw,i+ 1
2

γnw(Di+1 −Di)

−Tn+1

xw,i− 1
2

Pn+1
cwof,i−1

+

(
Tn+1

xw,i− 1
2

+ Tn+1

xw,i+ 1
2

)
Pn+1
cwof,i

−Tn+1

xw,i+ 1
2

Pn+1
cwof,i+1

− VRτn+1
wf

+ qn+1
wf


= φf

[
Sn+1
wf

(cφ + cw)f
Pn+1
of

− Pnof
∆t

+
Sn+1
wf
− Snwf

∆t

]

(31)

Using Newton-Raphson to expand each term in Eq(31)

Tn+1
xw = T l+1

xw = T lxw +

(
∂Txw
∂Swf

)l
δSwf

where, ∂Txw∂Swf
= βkf

∆y∆z
∆x

∂λwf
∂Swf

We can expand sink/source terms as follows

Option:1 Pressure-Controlled Well

qn+1
wf = WIλn+1

wf

(
Pwell − (Pn+1

of,i )
)

(32)

= WI

(
λlwf +

(
∂λwf
∂Swf

)l
δSwf

)(
Pwell − P lof,i − δPof,i

)
(33)

=


WIλlwf

(
Pwell − P lof,i

)
−WIλlwfδPof

+WI
(
Pwell − P lof,i

)(
∂λwf

∂Swf

)l
δSwf


(34)

Option:2 Total Rate-Controlled Well

qn+1
wf = qtf −WIλn+1

of

(
Pn+1
well − (Pn+1

of,i )
)

11



(35)

= qtf −WI

(
λlof +

(
∂λof
∂Swf

)l
δSwf

)(
P lwell − P lof,i + δPwell − δPof,i

)
(36)

=


qtf −WIλlof

(
P lwell − P lof,i

)
−WIλlof (δPwell − δPof,i)

−WI
(
P lwell − P lof,i

)(
∂λof

∂Swf

)l
δSwf


(37)

For the total-rate control well, we need one more equation to solve for well pressure. Let’s
introduce the following equation

qtf = qn+1
of + qn+1

wf

(38)

= WIλn+1
of

(
Pn+1
well − P

n+1
of,i

)
+WIλn+1

wf

(
Pn+1
well − P

n+1
of,i

)
(39)

=


WI

(
λlof +

(
∂λof

∂Swf

)l
δSwf

)(
P lwell − P lof,i + δPwell − δPof,i

)

+WI

(
λlwf +

(
∂λwf

∂Swf

)l
δSwf

)(
P lwell − P lof,i + δPwell − δPof,i

)


(40)

=


WI

(
λlof + λlwf

)(
P lwell − P lof,i

)
+WI

(
λlof + λlwf

)
δPwell

−WI
(
λlof + λlwf

)
δPof,i +WI

(
P lwell − P lof,i

)((
∂λof

∂Swf

)l
+
(
∂λwf

∂Swf

)l)
δSwf

 (41)

We can set above equation into matrix form as

qEpfδPof,i + qEpwδPwell + qEsfδSwf,i = qRHS (42)

where,

qEpf = −WI
(
λlof + λlwf

)
12



qEpw = WI
(
λlof + λlwf

)

qEsf = WI
(
P lwell − P lof,i

)( ∂λof
∂Swf

)l
+

(
∂λwf
∂Swf

)l

qRHS = qtf −WI
(
λlof + λlwf

) (
P lwell − P lof,i

)

Substitute all expanded terms into Eq(31) and multiply the both sides by VR.Assuming that
multiplication of δ and δ terms is negligible, we can rearrange Eq(31) as follows

LHS = RHS (43)

13



where,

LHS =



T l
xw,i− 1

2

P lof,i−1 − (T l
xw,i− 1

2

+ T l
xw,i+ 1

2

)P lof,i + T l
xw,i+ 1

2

P lof,i+1

−T l
xw,i− 1

2

γnw(Di−1 −Di)− T lxw,i+ 1
2

γnw(Di+1 −Di)

−T l
xw,i− 1

2

P lcwof,i−1 +
(
T l
xw,i− 1

2

+ T l
xw,i+ 1

2

)
P lcwof,i − T lxw,i+ 1

2

P lcwof,i+1

+T l
xw,i− 1

2

δPof,i−1 − (T l
xw,i− 1

2

+ T l
xw,i+ 1

2

)δPof,i + T l
xw,i+ 1

2

δPof,i+1

−T l
xw,i− 1

2

(
∂Pcwof

∂Swf

)l
i−1

δSwf,i−1 − T lxw,i+ 1
2

(
∂Pcwof

∂Swf

)l
i+1

δSwf,i+1

+(T l
xw,i− 1

2

+ T l
xw,i+ 1

2

)
(
∂Pcwof

∂Swf

)l
i
δSwf,i

+
(
P lof,i−1 − P lof,i − P lcwof,i−1 + P lcwof,i − γnw(Di−1 −Di)

)(
∂Txw

∂Swf

)l
i− 1

2

δSwf,i− 1
2

+
(
P lof,i+1 − P lof,i − P lcwof,i+1 + P lcwof,i − γnw(Di+1 −Di)

)(
∂Txw

∂Swf

)l
i+ 1

2

δSwf,i+ 1
2

−VRτn+1
wf + qn+1

wf



(44)

RHS = VR
φf
∆t



Slwf,i(cφ + cw)f (P lof,i − Pnof,i) + (Slwf,i − Snwf,i)

+Slwf,i(cφ + cw)fδPof,i

+
(

(cφ + cw)f (P lof,i − Pnof,i) + 1
)
δSwf,i


(45)

Substitute Eq(30) and (32) into Eq(43) and rearrange


DwpfδPof,i−1 + EwpfδPof,i + FwpfδPof,i+1

+DwsfδSwf,i−1 + EwsfδSwf,i + FwsfδSwf,i+1

+Dwsf12δSwf,i− 1
2

+ Fwsf12δSwf,i+ 1
2

+ EwsmδSwm,i + EwpmδPom,i

 = RHSw (46)

where

14



Dwpf = T l
xw,i− 1

2

, Fwpf = T l
xw,i− 1

2

Dwsf12 =
(
P lof,i−1 − P lof,i − P lcwof,i−1 + P lcwof,i − γnw(Di−1 −Di)

)(∂Txw
∂Swf

)l
i− 1

2

Fwsf12 =
(
P lof,i+1 − P lof,i − P lcwof,i+1 + P lcwof,i − γnw(Di+1 −Di)

)(∂Txw
∂Swf

)l
i+ 1

2

Dwsf = −T lxw,i− 1
2

(
∂Pcwof
∂Swf

)l
i−1

Fwsf = −T lxw,i+ 1
2

(
∂Pcwof
∂Swf

)l
i+1

Ewsm = −βσVRkmλlwf/m
[
−σz
σ
γnw

∂hwm
∂Swm

+
∂Pcwom
∂Swm

]

Ewpm = βσVRkmλ
l
wf/m

Ewsf =


− 1
λl
wf/m

(
∂λwf/m

∂Swf

)l
VRτ

l
w − βσVRkmλlwf/m

(
σz

σ γ
n
w

(
∂hwf

∂Swf

)l
−
(
∂Pcwof

∂Swf

)l)
−VR φf

∆t

[
(cφ + cw)f (P lof,i − Pnof,i) + 1

]
+ (T l

xw,i− 1
2

+ T l
xw,i+ 1

2

)
(
∂Pcwof

∂Swf

)l
i
+ SourceEwsf


(47)

Ewpf = −βσVRkmλlwf/m − VR
φf
∆t

Slwf,i(cφ + cw)f − (Dwpf + Fwpf ) + SourceEwpf
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RHSw =

 +VR
φf

∆t

(
Slwf,i(cφ + cw)f (P lof,i − Pnof,i) + (Slwf,i − Snwf,i)

)
+VRτ

l
w + termpres + termgrav + termcap + SourcewRHS

 (48)

VRτ
l
w = βσVRkmλ

l
wf/m

[
(P lof,i − P lom,i) +

σz
σ
γnw(hlwf − hlwm) + (P lcwom,i − P lcwof,i)

]

termpres = −DwpfP
l
of,i−1 + (Dwpf + Fwpf )P lof,i − FwpfP lof,i+1

termgrav = T lxw,i− 1
2
γnw(Di−1 −Di) + T lxw,i+ 1

2
γnw(Di+1 −Di)

termcap = T lxw,i− 1
2
P lcwof,i−1 −

(
T lxw,i− 1

2
+ T lxw,i+ 1

2

)
P lcwof,i + T lxw,i+ 1

2
P lcwof,i+1

SourceEwsf =


WI

(
Pwell − P lof,i

)(
∂λwf

∂Swf

)l
, if Pressure-Controlled well

−WI
(
P lwell − P lof,i

)(
∂λof

∂Swf

)l
, if Total Rate-Controlled well

SourceEwell =


0, if Pressure-Controlled well

−WIλlof , if Total Rate-Controlled well

SourceEwpf =


−WIλlwf , if Pressure-Controlled well

WIλlof , if Total Rate-Controlled well
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SourcewRHS =


−WIλlwf

(
Pwell − P lof,i

)
, if Pressure-Controlled well

−qtf +WIλlof

(
P lwell − P lof,i

)
if Total Rate-Controlled well

Using Newton-Raphson to expand each term in Eq(26)

Pn+1
om = P l+1

om = P l+1
om + δPom

Sn+1
wm = Sl+1

wm = Sl+1
wm + δSwm

Substitute all expanded terms into Eq(26) and multiply the both sides by VR. Assuming that
multiplication of δ and δ terms is negligible, we can rearrange Eq(26) as follows

VRτ
n+1
w =



VR
φf
∆t

[
Slwm,i(cφ + cw)m(P lom,i − Pnom,i) + (Slwm,i − Snwm,i)

]
+VR

φf
∆tS

l
wm,i(cφ + cw)mδPom,i

+VR
φf
∆t

(
(cφ + cw)m(P lom,i − Pnom,i) + 1

)
δSwm,i


(49)

Using the fact that Eq(49)=Eq(30), thus we can rearange as follows

EτwpfδPof,i + EτwpmδPom,i + EτwsfδSwf,i + EτwsmδSwm,i = RHSτw (50)

where,
Eτwpf = βσVRkmλ

l
wf/m

Eτwpm = −βσVRkmλlwf/m − VR
φm
∆t

Slwm,i(cφ + cw)m

Eτwsf =
1

λlwf/m

(
∂λwf/m

∂Swf

)l
VRτ

l
w + βσVRkmλ

l
wf/m

(
σz
σ
γnw

(
∂hwf
∂Swf

)l
−
(
∂Pcwof
∂Swf

)l)
17



Eτwsm = βσVRkmλ
l
wf

(
−σz
σ
γnw

(
∂hwm
∂Swm

)l
+

(
∂Pcwom
∂Swm

)l)
− VR

φm
∆t

(
(cφ + cw)m(P lom,i − Pnom,i) + 1

)

RHSτw = VR
φm
∆t

[
Slwm,i(cφ + cw)m(P lom,i − Pnom,i) + (Slwm,i − Snwm,i)

]
− VRτ lw

VRτ
l
w = βσVRkmλ

l
wf/m

[
(P lof,i − P lom,i) +

σz
σ
γnw(hlwf − hlwm) + (P lcwom,i − P lcwof,i)

]

(
∂Txwf
∂Swf

)l
i− 1

2

= βkf,eff

(
∆y∆z

∆x

)
i− 1

2

(
∂λwf
∂Swf

)l
i− 1

2

∂λwf
∂Swf

=
k∗rwfnwf

µw(1− Sowrf − Swrf )

(
Swf − Swrf

1− Sowrf − Swrf

)nwf−1

∂λom
∂Swm

= − k∗rowmnom
µo(1− Sowrm − Swrm)

(
1− Som − Swrm

1− Sowrm − Swrm

)nom−1

∂λwf
∂Swf

=
k∗rwfnwf

µw(1− Sowrf − Swrf )

(
Swf − Swrf

1− Sowrf − Swrf

)nwf−1

β = 0.006328
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Using Newton-Raphson to expand terms in Eq(28), substitute all expanded terms into Eq(28)
and rearrange we get

VRτ
n+1
o =



VRτ
l
o + βσVRkmλ

l
om/fδPof,i − βσVRkmλ

l
om/fδPom,i

+

[
1

λl
om/f

(
∂λom/f

∂Swm

)l
VRτ

l
o − βσVRkmλlom/f

σz

σ γ
n
o

(
∂hwm

∂Swm

)l]
δSwm,i

−βσVRkmλlom/f
σz

σ γ
n
o

(
∂hwf

∂Swf

)l
δSwf,i


(51)

where β = 0.006328

Multiply Eq(27) by VR and discretize for 1D problem we get
Tn+1

xo,i− 1
2

Pn+1
of,i−1

−
(
Tn+1

xo,i− 1
2

+ Tn+1

xo,i+ 1
2

)
Pn+1
of,i

+ Tn+1

xo,i+ 1
2

Pn+1
of,i+1

−Tn+1

xo,i− 1
2

γno (Di−1 −Di)− Tn+1

xo,i+ 1
2

γno (Di+1 −Di)

−VRτn+1
o + qn+1

of

 = φf

[
Sn+1
of

(cφ + co)f
Pn+1
of

− Pnof
∆t

+
Sn+1
of
− Snof

∆t

]

(52)

Using Newton-Raphson to expand each term in Eq(52)

Tn+1
xo = T l+1

xo = T lxo +

(
∂Txo
∂Swf

)l
δSwf

where, ∂Txo∂Swf
= βkf

∆y∆z
∆x

∂λof
∂Swf

We can expand sink/source terms as follows

Option:1 Pressure-Controlled Well

qn+1
of = WIλn+1

of

(
Pwell − (Pn+1

of,i )
)

(53)

= WI

(
λlof +

(
∂λof
∂Swf

)l
δSwf

)(
Pwell − P lof,i − δPof,i

)
(54)
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=


WIλlof

(
Pwell − P lof,i

)
−WIλlofδPof

+WI
(
Pwell − P lof,i

)(
∂λof

∂Swf

)l
δSwf


(55)

Option:2 Total Rate-Controlled Well

qn+1
of = qtf −WIλn+1

wf

(
Pn+1
well − (Pn+1

of,i )
)

(56)

= qtf −WI

(
λlwf +

(
∂λwf
∂Swf

)l
δSwf

)(
P lwell − P lof,i + δPwell − δPof,i

)
(57)

=


qtf −WIλlwf

(
P lwell − P lof,i

)
−WIλlwf (δPwell − δPof,i)

−WI
(
P lwell − P lof,i

)(
∂λwf

∂Swf

)l
δSwf


(58)

Substitute all expanded terms into Eq(52) and multiply the both sides by VR.Assuming that
multiplication of δ and δ terms is negligible, we can rearrange Eq(52) as follows


DopfδPof,i−1 + EopfδPof,i + FopfδPof,i+1

+Dosf12δSwf,i− 1
2

+ EosfδSwf,i + Fosf12δSwf,i+ 1
2

+EosmδSwm,i + EopmδPom,i

 = RHSo (59)

where

Dopf = T l
xo,i− 1

2

, Fopf = T l
xo,i− 1

2

Dosf12 =
(
P lof,i−1 − P lof,i − γno (Di−1 −Di)

)( ∂Txo
∂Swf

)l
i− 1

2
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Fosf12 =
(
P lof,i+1 − P lof,i − γno (Di+1 −Di)

)( ∂Txo
∂Swf

)l
i+ 1

2

Eosm = − 1

λlom/f

(
∂λom/f

∂Swm

)l
VRτ

l
o + βσVRkmλ

l
om/f

σz
σ
γno

(
∂hwm
∂Swm

)l

Eopm = βσVRkmλ
l
om/f

Eosf = −βσVRkmλlom/f
σz
σ
γno

(
∂hwf
∂Swf

)l
+ VR

φf
∆t

[
(cφ + co)f (P lof,i − Pnof,i) + 1

]
+ SourceEosf

Eopf = −βσVRkmλlom/f − VR
φf
∆t

Slof,i(cφ + co)f − (Dopf + Fopf ) + SourceEopf

RHSo =

 VR
φf

∆t

(
Slof,i(cφ + co)f (P lof,i − Pnof,i) + (Slof,i − Snof,i)

)
+VRτ

l
o + termpres + termgrav + SourceoRHS

 (60)

VRτ
l
o = βσVRkmλ

l
om/f

[
(P lof,i − P lom,i) +

σz
σ
γno (hlwf − hlwm)

]

termpres = −DopfP
l
of,i−1 + (Dopf + Fopf )P lof,i − FopfP lof,i+1

termgrav = T lxo,i− 1
2
γno (Di−1 −Di) + T lxo,i+ 1

2
γno (Di+1 −Di)
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SourceEosf =


WI

(
Pwell − P lof,i

)(
∂λof

∂Swf

)l
, if Pressure-Controlled well

−WI
(
P lwell − P lof,i

)(
∂λwf

∂Swf

)l
, if Total Rate-Controlled well

SourceEwell =


0, if Pressure-Controlled well

−WIλlwf , if Total Rate-Controlled well

SourceEwpf =


−WIλlof , if Pressure-Controlled well

WIλlwf , if Total Rate-Controlled well

SourcewRHS =


−WIλlof

(
Pwell − P lof,i

)
, if Pressure-Controlled well

−qtf +WIλlwf

(
P lwell − P lof,i

)
if Total Rate-Controlled well

Using Newton-Raphson to expand each term in Eq(29) and substitute all expanded terms
into Eq(29). Multiply both sides by VR. Assuming that multiplication of δ and δ terms is
negligible, we can rearrange Eq(29) as follows

VRτ
n+1
o =



VR
φf
∆t

[
Slom,i(cφ + co)m(P lom,i − Pnom,i) + (Slom,i − Snom,i)

]
+VR

φf
∆tS

l
wo,i(cφ + co)mδPom,i

−VR
φf
∆t

(
(cφ + co)m(P lom,i − Pnom,i) + 1

)
δSwm,i


(61)

Using the fact that Eq(61)=Eq(51), thus we can rearange as follows
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EτopfδPof,i + EτopmδPom,i + EτosfδSwf,i + EτosmδSwm,i = RHSτo (62)

where,
Eτopf = βσVRkmλ

l
om/f

Eτopm = −βσVRkmλlom/f − VR
φm
∆t

Slom,i(cφ + co)m

Eτosf = βσVRkmλ
l
om/f

σz
σ
γno

(
∂hwf
∂Swf

)l

Eτosm =
1

λlom/f

(
∂λom/f

∂Swm

)l
VRτ

l
o−βσVRkmλlom/f

σz
σ
γno

(
∂hwm
∂Swm

)l
+VR

φm
∆t

(
(cφ + co)m(P lom,i − Pnom,i) + 1

)

RHSτo = VR
φm
∆t

[
Slom,i(cφ + co)m(P lom,i − Pnom,i) + (Slom,i − Snom,i)

]
− VRτ lo

VRτ
l
o = βσVRkmλ

l
om/f

[
(P lof,i − P lom,i) +

σz
σ
γno (hlwf − hlwm)

]

(
∂Txof
∂Swf

)l
i− 1

2

= βkf,eff

(
∆y∆z

∆x

)
i− 1

2

(
∂λof
∂Swf

)l
i− 1

2

∂λof
∂Swf

= −
k∗rowfnof

µo(1− Sowrf − Swrf )

(
1− Sof − Swrf

1− Sowrf − Swrf

)nof−1

∂λom
∂Swm

= − k∗rowmnom
µo(1− Sowrm − Swrm)

(
1− Som − Swrm

1− Sowrm − Swrm

)nom−1
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∂λwf
∂Swf

=
k∗rwfnwf

µw(1− Sowrf − Swrf )

(
Swf − Swrf

1− Sowrf − Swrf

)nwf−1

β = 0.006328
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