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Summary

Accurate calculation of multiphase fluid transfer between the
fracture and matrix in naturally fractured reservoirs is a very
crucial issue. In this paper, we will present the viability of the
use of a simple transfer function to accurately account for fluid
exchange resulting from capillary and gravity forces between
fracture and matrix in dual-porosity and dual-permeability numer-
ical models. With this approach, fracture- and matrix-flow calcu-
lations can be decoupled and solved sequentially, improving the
speed and ease of computation. In fact, the transfer-function equa-
tions can be used easily to calculate the expected oil recovery
from a matrix block of any dimension without the use of a simu-
lator or oil-recovery correlations.

The study was accomplished by conducting a 3-D fine-grid
simulation of a typical matrix block and comparing the results
with those obtained through the use of a single-node simple trans-
fer function for a water-oil system. This study was similar to
a previous study (Alkandari 2002) we had conducted for a 1D
gas-oil system.

The transfer functions of this paper are specifically for the
sugar-cube idealization of a matrix block, which can be extended
to simulation of a match-stick idealization in reservoir modeling.
The basic data required are: matrix capillary-pressure curves, den-
sities of the flowing fluids, and matrix block dimensions.

Introduction

Naturally fractured reservoirs contain a significant amount of the
known petroleum hydrocarbons worldwide and, hence, are an
important source of energy fuels. However, the oil recovery from
these reservoirs has been rather low. For example, the Circle
Ridge Field in Wind River Reservation, Wyoming, has been pro-
ducing for 50 years, but the oil recovery is less than 15% (Golder
Associates 2004). This low level of oil recovery points to the need
for accurate reservoir characterization, realistic geological model-
ing, and accurate flow simulation of naturally fractured reservoirs
to determine the locations of bypassed oil.

Reservoir simulation is the most practical method of studying
flow problems in porous media when dealing with heterogeneity
and the simultaneous flow of different fluids. In modeling frac-
tured systems, a dual-porosity or dual-permeability concept typi-
cally is used to idealize the reservoir on the global scale. In the
dual-porosity concept, fluids transfer between the matrix and frac-
tures in the grid-cells while flowing through the fracture network
to the wellbore. Furthermore, the bulk of the fluids are stored in
the matrix. On the other hand, in the dual-permeability concept,
fluids flow through the fracture network and between matrix
blocks.

In both the dual-porosity and dual-permeability formulations,
the fractures and matrices are linked by transfer functions. The
transfer functions account for fluid exchanges between both me-
dia. To understand the details of this fluid exchange, an elaborate
method is used in this study to model flow in a single matrix block

with fractures as boundaries. Our goal is to develop a technique to
produce accurate results for use in large-scale modeling work.

Motivation

The motivation for this research is two-fold: The first is computa-
tional accuracy and the second is speed of computation. As for
accuracy, employing fine-grid simulation, proper physics of flow,
and an adaptive explicit/implicit formulation should create accu-
rate accounting of flow between the matrix and fracture. As for
speed, in spite of the improvements in reservoir characterization
and computer speed, it is still necessary to upscale from geo-
cellular models to perform flow simulations. While fine-grid
simulation provides the most accurate results, there are usually
several million matrix blocks in the geological reservoir model,
depending on the size of the reservoir. It is therefore impractical
to attempt to model the reservoir by fine-gridding individual
matrix blocks.

The transfer-function approach provides the practical solution
because data requirement is substantially less and the speed of
computation is much greater. However, to have a credible replace-
ment for fine-gridding of individual matrix blocks, the transfer-
function approach must produce results nearly as accurately as the
fine-grid simulation, which is the main goal of this research.

Literature Review

The heart of the dual-porosity model is the transfer function,
which accounts for the transfer of fluids between the fracture and
the matrix. The matrix blocks are modeled as sources of fluid
exchange within the fracture network (Kazemi and Gilman 1988).

The rudiments of the current models were established by
Barenblatt et al. (1960) and Warren and Root (1963). These
authors dealt only with single-phase flow in dual-porosity systems
and described the transfer function, t, as:

t ¼ s
k

m
pf � pm
� �

; (1)

where, s is shape factor, k is matrix permeability, m is fluid
viscosity, and (pf - pm) is pressure difference between the fracture
and matrix. Warren and Root provided an analytical solution for
radial flow for well testing purposes and idealized a fractured
reservoir as a set of stacked sugar cubes. Kazemi et al. (1976)
extended the Warren and Root (1963) model to multiphase flow
and developed a numerical algorithm to solve the fracture-flow
equations while accounting for matrix/fracture-fluid transfer
through use of a multiphase transfer function.

Hydrocarbon reservoirs produce fluids under a combination of
mechanisms that include capillarity, gravity drainage, viscous dis-
placement, pore compaction, and fluid expansion. Depending on
the flowing phases present, capillary and gravity forces are gener-
ally dominant in fractured reservoirs. These forces can work in
tandem or oppose each other (Gilman 2003).

Yamamoto et al. (1971) used a compositional model while
Sonier et al. (1988) and Litvak (1985) provided a dynamic model
to account for the interaction of gravity and capillary forces
in the matrix/fracture system. Gilman (1986) also attempted to
better account for gravity forces by solving the finite-difference

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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equations through use of the water- and oil-flow potential differ-
ences between fracture and matrix.

Dual-porosity simulators do not generally account for viscous
displacement in the matrix resulting from the flow-potential gra-
dient in the surrounding fractures. Kazemi and Gilman (1988)
presented a formulation to properly account for this effect.

Typically, in water-wet systems, part of the production is
attributed to capillary-pressure forces, while in tall matrix col-
umns, gravity is the main contributor to production. This has been
verified by laboratory experiments (Kyte 1970). Fung (1991) and
Uleberg and Kleppe (1996) shed light on gravity drainage and
fluid re-infiltration issues.

Capillary-pressure effects on flow in the fracture network have
been extensively discussed in literature, but are still not well
understood. Mattax and Kyte (1962), Kyte (1970), and Horie
et al. (1990) conducted laboratory experiments to elucidate this
issue. Also, if one assumes that there is some capillary continuity
between matrix blocks across the fractures, then the dual-
permeability model can be used as opposed to the dual-porosity
model (Fung 1991).

Several authors have addressed the practical aspects of frac-
tured reservoirs (Saidi 1983; Kazemi et al. 1993; Liu et al. 2006;
Blair 1964; and Iffly et al. 1972).

Shape Factor

There has been much discussion in the literature in trying to
understand the physical and functional form of the shape factor.
Shape factor is a geometric factor characteristic of the geometry
and boundary conditions of the matrix block. An expression for
shape factor was presented by Warren and Root (1963) as follows:

s ¼ 4n nþ 2ð Þ
l2

; (2)

where n is the number of normal sets of fractures and l is the
characteristic length of the matrix block given by:

l ¼
Lx; n ¼ 1

2LxLy= Lx þ Ly
� �

; n ¼ 2

3LxLyLz= LxLy þ LyLz þ LzLx
� �

; n ¼ 3

8<
: : (3)

Kazemi et al. (1976) later proposed a shape-factor expression
based on standard seven-point finite-difference as shown below:

s ¼ 4
1

L2x
þ 1

L2y
þ 1

L2z

" #
; (4)

where Lx, Ly, and Lz represent the dimensions of a matrix block.
Kazemi et al. (1992) and Zhang et al. (1996) used the follow-

ing shape-factor equation to correlate water imbibition oil-
recovery experiments:

s ¼ 1

V

XJ
j¼1

Aj

dj
; (5)

where Aj represents the area for the open surface j of the matrix
block, dj represents the distance from the centre of the
matrix block to the open surface j, and V is the volume of the
matrix block. This equation was confirmed recently by Heinemann
and Mittermeir (2006).

Chang (1993) and Lim and Aziz (1995) have presented the
shape factor in various forms. Rangel-German and Kovscek
(2003) consider it as a matching parameter that changes with flow
regimes and is hence a function of time.

Transfer Function and Gravity Shape Factor

The general approach to modeling matrix fracture-fluid transfer is
through a simple transfer function for a single matrix block sur-
rounded by fractures. This transfer function should account for
imbibition, gravity drainage, fluid expansion, and molecular dif-
fusion. Then, the transfer function becomes a major building

block for dual-porosity/dual-permeability simulation of naturally
fractured reservoirs.

To begin with, it can be easily shown that for water-oil flow,
the transfer function based on conventional single-porosity formu-
lation (Kazemi et al. 1976) has the following form for the water
phase:

tw ¼ s
kmkrw
m

pf � pm
� �� sz

s

� �
gw Df � Dm

� �n o
; (6)

and

tw ¼ fm

@Swm
@t

þ fmSwm cwm þ cfm
� � @pwm

@t
: (7)

However, the gravity term in the transfer function is controlled
by the height of the matrix block. On the basis of the work of
Kazemi and Gillman (1993), accounting for this local effect,
Eq. becomes:

tw ¼ s
kmkrw
m

pf � pm
� �þ sz

s

� �
gw hwf � hwm
� �n o

: (8)

The details of the transfer function formulation are presented in
the Appendix. Gas diffusion in and out of the matrix block
involves interphase mass transfer and phase-equilibrium calcula-
tions (Hoteit and Firoozabadi 2006), which will be presented in a
future paper.

Finite-Difference Model

Fluid flow in reservoirs is typically modeled numerically with
finite-difference discretization of the continuity equation and
Darcy law, which results in the pressure equation. For numerical
accuracy, we used a fine-grid, 3D implicit pressure explicit satu-
ration (IMPES) formulation, which accounted for gravity, viscous,
and capillary forces. Thus, convective flow was the mechanism of
mass transfer for water and oil. Molecular diffusion was not in-
cluded in our numerical experiments because the two phases are
immiscible and there is no interphase mass transfer. The details of
the formulation are given in the Appendix.

Fig. 1 depicts a schematic of a naturally fractured reservoir
segment (Beliveau 1989). For numerical modeling, the fracture/
matrix reservoir segment in Fig. 1 can be idealized by a model
similar to the cartoon shown in Fig. 2 (Civan and Rasmussen
2002).

Fig. 2 represents the reservoir as a network of matrix blocks of
various sizes surrounded by orthogonal fracture sets. In this paper,
we study oil-recovery predictions from one of the matrix blocks
only. Fig. 3 presents the water-oil capillary gravity-force balance
for a single cell matrix block for which fluid exchange is approxi-
mated with a simple transfer function, tw, and a detailed fine-grid
model of the same matrix block through use of the equations
presented in the following section.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Fig. 1—Schematic of a naturally fractured reservoir segment
(after Beliveau 1989).
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Accounting for Fluid Flow Between the
Matrix and Fracture in the Fine-Grid
Simulation

The model developed in this study is used to simulate a single
matrix block with pressure support at any of its boundaries. Ap-
propriate boundary transmissibilities are used in calculating the
transfer of water and oil between the matrix and surrounding
fractures, as will be shown later.

Fig. 4a shows the initial oil and water gradients in the matrix
and fracture when the matrix block is fully immersed in water.
Fig. 4b shows a similar distribution of the fluid gradients for a
partially immersed matrix. Furthermore, we assume that the oil
expelled from the matrix to the fracture is removed from the
fractures surrounding the matrix block.

The matrix block is assumed initially to be above the transition
zone and, hence, the water saturation in the matrix block is at the
irreducible level. Capillary pressure in the fracture is set equal to
zero because of the high fracture permeability. The pressure is
specified at the datum, which is a horizontal plane just above the
top of the matrix block. The datum pressure and specified fluid
gradients are used to calculate phase pressures at any other point
in the matrix block. The flow-potential gradient in the horizontal
plane in the matrix block is zero; that is,

dp

dx
¼ dp

dy
¼ 0: (9)

On the other hand,

dp

dz
¼ go; (10)

thus,Z p2

p1

dp ¼
Z p2

p1

godz: (11)

This yields:

p2 ¼ p1 þ go z2 � z1ð Þ: (12)

The water pressure in the matrix block at any point is calculated
by use of the oil pressure and the specified capillary pressure at
that point with Eq. 13:

pnþ1
w ¼ pnþ1

o � pncwo: (13)

The force that drives water from the fracture into the matrix is
the difference between the water pressure outside and inside of the
matrix block (see Fig. 4). Inside the matrix block, the water phase
is initially immobile; thus, its pressure is less than the mobile oil-
phase pressure by the capillary pressure at the irreducible water
saturation. In time, the capillary force is reduced as water satura-
tion increases in the matrix block, thus shifting the water pressure
closer to the oil pressure.

If the system is of mixed wettability, the gravity and capillary
forces oppose each other when the water saturation becomes larg-
er than the forced imbibition portion of the capillary pressure
curve; thereby, halting the rate of oil expulsion unless water grav-
ity head prevails.

In the fracture, a fixed value of water and/or oil pressure is
specified at the matrix top to initialize the entire system.

Transfer-Function Coefficient. Most of the transfer functions in
the literature were derived on the basis of the premise that a
matrix block is totally surrounded by water at its boundaries
(Rangel-German and Kovscek 2003). This is certainly not the case
as the fluids surrounding a matrix block move over time to various
heights through the fracture network. We have modified the trans-
fer function to account for this reality by assuming that the water-
exposed surface in the fracture is proportional to (Swf - Swrf).

Analysis of Results

Various hypothetical water-oil displacement scenarios were car-
ried out to compare the transfer function to the fine-grid model.
The models covered a variety of situations by altering the matrix
size, wettability, capillary pressure, and the boundary conditions
(i.e., the height of the water-oil interfaces in the fractures). The
results and explanations for several scenarios are given below.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 3—Schematic of water-oil capillary-gravity force balance
for a matrix block.

Fig. 4—Initializing a matrix-fracture space: (a) Water-filled
fracture, (b) partially water-filled fracture.

Fig. 2—Idealization of a naturally fractured reservoir (after
Civan et al. 2002).
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Case 1—Capillary-Gravity-Dominated Scenario. Table 1
shows the rock and fluid properties of the matrix block for Case 1.
Fig. 5 shows the relative permeability and capillary pressure used
in modeling flow for this scenario. Fig. 6 contains the oil recovery
obtained from our new transfer function and the fine-grid model.
It can be observed that there is great agreement between both
models.

Case 2—Capillary-Dominated Scenario. The intent of this run
was to evaluate the response of a matrix block to imbibing fluids
when the dominant mechanism of oil production is capillary force.
This is usually the case when the matrix blocks are water-wet and
small in size. Two runs (Cases 2A and 2B) are presented here and

differ only by the size of the matrix block. Table 2 contains rock,
fluid and grid data input for Cases 2A and 2B. Case 2A considers
a 50-ft x 50-ft x 1-ft block and Case 2B considers a 20-ft x 20-ft x
5-ft block. Fig. 7 shows the capillary pressure and relative perme-
ability curves used in modeling flow for Cases 2A and 2B. Figs. 8
and 9 show a comparison of the oil recovery obtained from both
the fine-grid and transfer-function models, for Cases 2A and 2B,
respectively. The agreement between the fine-grid and transfer-
function model is excellent for both cases in Figs. 8 and 9.

Case 3—Gravity-Dominated Scenario. The purpose of this sce-
nario was to observe the oil-recovery response of a matrix block
when the dominant mechanism of production is gravitational

Fig. 6—Matrix oil recovery as a function of time for Case 1.

Fig. 7—Relative permeability and capillary pressure used in
Cases 2A and 2B.

Fig. 5—Relative permeability and capillary pressure used in
simulation.

Fig. 8—Matrix oil recovery as a function of time for Case 2A. Fig. 9—Oil recovery as a function of time for Case 2B.
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force. This is usually the case when the matrix column is long and
has mixed wettability. Cases 3A and 3B are presented here and
differ by the size of the matrix block and capillary pressure.
Tables 3 and 4 show rock and fluid data used in Cases 3A and
3B, respectively.

Fig. 10 shows the capillary-pressure and relative-permeability
curves, representative of a mixed-wet system, used in modeling
flow for Case 3A. A comparison of the oil recovery obtained from
both the fine-grid model and the transfer function is shown in
Fig. 11. The counterparts of Figs. 10 and 11 for Case 3B are
Figs. 12 and 13. The oil-recovery curves in Figs. 11 and 13 show
very good agreement between the results from the fine-grid model
and the transfer-function approach. However, it should be noted

that the match is not nearly as excellent as those presented in the
capillary-dominated cases or when both capillary and gravity
forces contribute significantly to production. One reason for this
difference would be the nature of the mixed-wettability capillary-
pressure region.

Case 4—Effect of Partially Water-Filled Fractures on
Recovery. Up to this point, we have modeled the performance of
a single matrix block surrounded by water in the fracture. Now,
we examine the effect of the partially water-filled fracture on
production from a matrix block.

Two cases are presented (Cases 4A and 4B), which differ by
the magnitude of the capillary pressure (with the maximum of

Fig. 10—Relative permeability and capillary pressure used in
Case 3A.

Fig. 11—Matrix oil recovery as a function of time for Case 3A.

Fig. 12—Relative permeability and capillary pressure used in
Case 3B. Fig. 13—Matrix oil recovery as a function of time for Case 3B.

April 2009 SPE Reservoir Evaluation & Engineering 193



2.17 psi for Case 4A and 0.95 for Case 4B). For both cases, it was
assumed that the fractures around the matrix block contained 50%
water and 50% oil. Table 5 presents the rock and fluid properties
used for Cases 4A and 4B.

Fig. 14 shows the relative-permeability and capillary-pressure
curves used in modeling the fluid flow in Case 4A. The compari-
son of the oil recovery from the matrix block through use of both
the modified transfer function and the fine-grid model is shown in
Fig. 15. Similarly, the relative-permeability and capillary-pressure
curves used in Case 4B and the comparison of the oil recovery
from the matrix block through use of both the modified transfer

function and the fine-grid model are shown in Figs. 16 and 17,
respectively. Figs. 15 and 17 show an excellent match between the
fine-grid and the transfer-function simulation results.

Case 5—Old and New Transfer-Function Comparison. In this
scenario, we present a simulation run comparing the oil recovery
of the unmodified and modified transfer functions to the fine-grid
model to show the improvements to the old transfer function.
Table 6 shows the properties of the matrix block for Case 5, and
Fig. 18 contains the relative-permeability and capillary-pressure
plots. Fig. 19 shows the comparison of the oil recovery between

Fig. 14—Relative permeability and capillary pressure used in
Cases 4A.

Fig. 15—Matrix oil recovery as a function of time for Case 4A.

Fig. 16—Relative permeability and capillary pressure used in
Case 4B.

Fig. 17—Matrix oil recovery as a function of time for Case 4B.
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the transfer functions and the fine-grid model. It is immediately
obvious from the recovery plot that without the modification to
the old transfer function (Moreno et al. 2004) a match with the
fine-grid model cannot be obtained.

Case 6—Buckley-Leverett Waterflood by Use of the Old and
New Transfer Function. In Case 5, the old and new transfer
functions were used to compare oil recovery from a single matrix
block model. Here, we compare the oil recovery in a one-dimen-
sional Buckley-Leverett waterflood model in a naturally fractured
reservoir through use of the same transfer functions. Each grid cell
could contain several matrix blocks. Table 7 provides the rock,
fluid, and grid data for this scenario. The equations used for the
waterflood in differential and finite difference forms are

� utf
@fwf
@x

� tw
ff

¼ @Swf
@t

; (14)

and

� utf
f nwfi � f nwfi�1

Dxi
� tnwi

ff

¼ Snþ1
wfi

� Snwfi
Dt

; (15)

where

utf ¼ qtf
DyDzff

: (16)

Fig. 20 compares both the oil-production rate and oil-recovery
obtained from the Buckley-Leverett waterflood by use of both the
old and new transfer functions.

Conclusions

The objective of this work was to improve modeling of matrix/
fracture-fluid transfer through use of a transfer function by com-
paring to the output of a fine-grid matrix-block simulation. Below
is the summary of the results of this research.
1. An accurate transfer function has been developed to account

for matrix/fracture-fluid transfer in dual-porosity models. The
approach can be extended to dual-permeability models as well.
The transfer-function approach is more practical and much
faster than fine-gridding each matrix block. In fact, fine grid-
ding of every individual matrix block is truly impossible be-
cause of the high degree of reservoir heterogeneity.

2. A simple modification was made to an earlier fracture-matrix
transfer function to more accurately account for the gravity
force.

3. We have also presented the formulation of water-soluble sur-
factant for improved waterflooding. Specifically, we have
shown how the diffusion term appears in the transfer function.

4. Finally, in this paper we have shown a clear relationship be-
tween capillarity, gravity, fluid compressibility (expansibility),
and molecular diffusion when applicable.

Nomenclature

A = cross sectional area normal to flow, ft2

A j = area of an open surface of a matrix block, ft2

ct = total compressibility, psi–1

cf = rock compressibility, psi–1

C
!

w
= capillary force flow velocity vector, ft/day

. . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fig. 20—Oil production rate and matrix oil recovery as a func-
tion of time for Case 6.

Fig. 18—Relative permeability and capillary pressure used in
Case 5.

Fig. 19—Matrix oil recovery as a function of time for Case 5.
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d = distance from the centre of a matrix block to an open

bounding surface, ft

D = depth, ft

fw = fractional flow, fraction

G
!

w
= gravity force flow velocity vector, ft/day

h = gravity head, ft

j = open surface

k = 0.006328 x absolute permeability, md

kr = relative permeability

k�r = relative permeability endpoint

k�ro = maximum relative permeability to oil

kf = 0.006328 � fracture permeability tensor, md

k�rw = maximum relative permeability to water

l = matrix block characteristic length, ft

L = matrix block dimension, ft

n = number of fracture sets

no = oil exponent

nw = water exponent

p = phase pressure, psi

pf = fracture pressure, psi

pm = matrix pressure, psi

qtf = total fracture reservoir flow rate, ft3 /day

q̂tf = total fracture reservoir flow rate, ft3/ft3/day

S = saturation, fraction

Swr = irreducible water saturation

Sorw = residual oil saturation

t = time, day

To = oil-boundary transmissibility

Tw = water boundary transmissibility

~u = interstitial velocity vector, ft/day

~v = Darcy velocity vector, ft/day

V = volume of a matrix block, ft3

VR = volume of a gridblock, ft3

g = fluid gravity gradient, psi/ft

Dx = x-direction grid dimension, ft

Dy = y-direction grid dimension, ft

Dz = z-direction grid dimension, ft

l = mobility coefficient, cp–1

m = viscosity, cp

r = density, lbm/ft3

s = matrix block shape factor, 1/ft2

t = matrix-fracture transfer function, 1/day

f = porosity, fraction

tw = transfer function

r = gradient operator

r � = divergence operator

Subscripts

f = fracture

m = matrix

o = oil

w = water
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Appendix—Pressure and Velocity Equations

The global pressure equation in compact notation has the follow-
ing form (Moreno et al. 2004):

r � klt
� �

rpo � ~G� ~C
h i

þ q̂t ¼ fct
@po
@t

; (A-1)

where

~G ¼ lwgw þ logoð ÞkrD; (A-2)

~C ¼ lwkrpcwo; (A-3)

and

q̂t ¼ qt=ðDxDyDzÞ: (A-4)

After solving the pressure equation, the following equation can
be used to calculate the total velocity of flowing phases:

~vt ¼~vo þ~vw ¼ �k ltrpo � lwgw þ logoð ÞrD� lwrpcwo½ �:
(A-5)

The Saturation Equation. The water-saturation equation in a
slightly compressible water-oil system is

� r � fw~vt þ ~Gw � ~Cw

� �
¼ f

@Sw
@t

þ fSw cw þ cf
� � @pw

@t
:

(A-6)

The gravity and capillary terms in Eq. are given, respectively,
by

~Gw ¼ fwlok gw � goð ÞrD; (A-7)

and

~Cw ¼ fwlokrpcwo: (A-8)

The fractional flow of water is defined by:

fw ¼ lw
lt

: (A-9)

Flow-Rate Calculations. Fluid rates in and out of the matrix
block (for the fine-grid model) are calculated at all open bound-
aries by use of the product of the phase Darcy velocities at the
boundaries and respective cross sectional areas. For example, the
oil and water rates can be calculated, respectively, as follows:

qo ¼ voA; (A-10)

and

qw ¼ vwA: (A-11)

The rates can also be calculated by use of the product of the
boundary transmissibilities, phase pressure, and gravity head, as
shown in the equations below:

qo ¼ �To rpo � gorDð Þ; (A-12)

and

qw ¼ �Tw rpw � gwrDð Þ; (A-13)

where To and Tw are the oil- and water-boundary transmissibilities
between the fracture and matrix given here:

Tox ¼ 0:006328 kmlom
DyDz
Dx=2

; (A-14)

and

Twx ¼ 0:006328 kml
�
wm

DyDz
Dx=2

: (A-15)

The relative permeability in l�wmis the water-relative permeabil-
ity endpoint at residual oil saturation in the matrix (core). Oil
recovery is then calculated by a simple time integration of the
oil-production rate. An equivalent calculation is the ratio of the
sum of the oil pore volume in the grid blocks and the total-oil pore
volume in the system, which is,

RF ¼
R tn
to
qodt

OOIP
: (A-16)

Rock and Fluid Properties. The relative permeability to oil and
water are given by the following Corey-Brooks relative-perme-
ability equations:

krw ¼ k�rw
Sw � Swr

1� Swr � Sorw

� 	nw
; (A-17)

and

krow ¼ k�row
1� Sw � Sorw
1� Swr � Sorw

� 	no
: (A-18)

When the fracture is the upstream node, the relative permeabil-
ity of the fluid entering the matrix is taken to be the maximum
relative permeability in the matrix. The same assumption is used
in a single cell fracture-matrix transfer function.
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For capillary pressure, we used the following equations for
water-wet and mixed-wettability matrix, respectively:

pcwo Swð Þ ¼ a2 ln
1� Sox � Swr
Sw � Swr

� 	
; for Swr < Sw < Swx;

(A-19)

and

pcwo Swð Þ ¼ a1 ln
1� Swx � Sorw
1� Sw � Sorw

� 	
; for Swx < Sw < 1� Sorw;

(A-20)

where

a2 ¼ �a1
Swx � Swr

1� Swx � Sorw

� 	
: (A-21)

In these equations, Swx depends on the degree of wettability.
The smaller the value, the more oil-wet the system is and vice-
versa. Other rock and fluid properties, such as porosity, viscosity,
and formation-volume factor, are assumed to be very mild func-
tions of pressure and, hence, are held invariant.

Dual-Porosity Formulation. The pressure and water saturation
equations used in modeling water-oil flow in naturally fractured
reservoirs are given below (Kazemi 2004):

r� kf ltf
� �

rpof � ~Gwf � ~Cwf

h i
� tw þ toð Þ þ q̂tf

¼ fctð Þf
@pof
@t

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . : (A-22)

and

� r � fwf~vtf þ ~Gwf þ ~Cwf

� �
� tw

¼ ff

@Swf
@t

þ ff Swf cwf þ cff
� � @pwf

@t
(A-23)

where

to þ tw ¼ fmctm
@pom
@t

� fmSwm cwm þ cfm
� � @pcwom

@t
;

(A-24)

tw ¼ fm

@Swm
@t

þ fmSwm cwm þ cfm
� � @pom

@t
� @pcwom

@t


 �
;

(A-25)

and

tw ¼ skm
lwf=mlom=f

lt


 �
pcwom � pcwof
� �
þ sz

s

� �
gw � goð Þ hwf � hwm

� �
" #

:

(A-26)

Eq. A-26 can be obtained from Eq. by assuming tw + to = 0, as
was similarly done in a previous paper (Moreno et al. 2004),
which excluded the term sz/s.

~Gwf ¼ fwf lof kf gw � goð ÞrDf ; (A-27)

~Cwf ¼ fwf lof kfrpcwof ; (A-28)

lt ¼ lwf=m þ lom=f ; (A-29)

hwf ¼ Swf � Swrf
1� Sorwf � Swrf

� 	
Lz; (A-30)

hwm ¼ Swm � Swrm
1� Sorwm � Swrm

� 	
Lz; (A-31)

hof ¼ Lz � hwf ; (A-32)

hom ¼ Lz � hwm; (A-33)

and

sz ¼ 4

L2z
: (A-34)

The implementation of Eq. is very easy in the IMPES for-
mulation because it eliminates the phase pressures. Furthermore,
this form clearly shows the interaction between gravity and cap-
illarity. The relative effect of capillary to gravity is shown by
the relative magnitude of the capillary term pcwom � pcwof

� �
vs.

the gravity term sz
s

� �
gw � goð Þ hwf � hwm

� �
. For instance, if the

capillary term is 3 psi (for a water-wet system), and the gravity
term is 1 psi, corresponding to a height of 10 ft, then the capillary
and gravity add to 4 psi and capillary is much more important
than gravity. However, if the capillary term is –3 psi (for an oil-
wet system), the combined effect of capillary and gravity is –2 psi,
thus water will not enter the matrix. In regards to viscous effects,
the examples we have provided for the matrix-fluid transfer,
there is no pure viscous displacement and all displacements take
place by the interaction of capillary and gravity forces. However,
in the field simulator, the viscous effect is accounted for, such
as in the work by Kazemi and Gilman (1988). Finally, this
form allows the use of the IMPES, instead of a fully implicit
formulation for a dual-porosity reservoir. If we include compress-
ibility in the transfer function, Eq. , then the transfer function
becomes:

tw ¼ skm

lwf=mlom=f
lt


 � pcwom � pcwof
� �
þ sz

s

� �
gw � goð Þ hwf � hwm

� �
2
4

3
5

þ lwf=m
lt


 � fmctm
@pom
@t

�fmSwm cwm þ cfm
� � @pcwom

@t

2
664

3
775

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
:

(A-35)
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