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Statistical mechanical equations for the second pressure virial coefficient and the second and third
dielectric virial coefficients for quadrupolar molecules are evaluated using the m —6-8 potential function.
The results are compared with experimental data for nitrogen and fluorine. An approximate value for
the quadrupole moment of fluorine is estimated. Agreement between theory and experiment is generally

good.

I. INTRODUCTION

In previous publications, '? the #m—6-8 potential
function has been shown to be of practical value in
correlating macroscopic properties of monatomic
fluids. In this paper, we further extend?® the ap-
plication of this potential function to simple non-
polar polyatomic fluids, In particular, the dielec-
tric constant and pressure virial coefficients of
nitrogen and fluorine are considered. Nitrogen,
as a common fluid with a relatively simple struc-
ture, is an obvious choice for this study, and fluor-
ine, despite its toxic and extremely reactive na-
ture, was also chosen because an extensive experi-
mental investigation has been carried out at this
laboratory yielding reliable, thermodynamically
consistent fluorine property data. #¢ The results
obtained from this investigation are instructive by
themselves and encourage a more systematic and
detailed study into the general relationship between
statistical mechanical theory, the intermolecular
potential function and experiment, for simple non-
spherical molecules.

. EQUATIONS

A. Intermolecular Potential

The calculations are based on the m—6-8 poten-
tial*Z which has the form,
6+ 2y (g)’" qn "= y(m—8)

(o) o] o

o is defined by the condition ¢(0)=0, d is the ratio
¥,./0, where v, is defined by ¢'(r,)=0, and € is
given by ¢(r,,)= — €. The parameters m and y
represent the strength of the repulsion and inverse
eight attraction between the molecules, respective-
ly. It has been shown” that the m—6-8 is insuffi-
ciently flexible to be regardedas a theoretical repre-
sentation of the intermolecular interaction, but it
has been very successful when applied to the many
different macroscopic properties (the viscosity co-
efficient, for example) of monatomic gases. We
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thus regard the m~6-8 as a simple and convenient,
but not exact, model to use as a basis for studies
with polyatomic molecules.

For polyatomic molecules, there are extra terms
in the intermolecular potential arising from the non-
spherical interactions. Thus, for polarizable,
quadrupolar molecules such as nitrogen and fluor-
ine, we must consider the following general poten-
tial:

@(r)= p(central) + ¢(quadrupole )+ ¢ (induced-dipole)
+ @(shape) + ¢(anisotropy). (2)

The first term is the spherical contribution—the
m—6-8 in our case, the second term represents
the electrostatic interactions of the permanent
multipole moments (quadrupoles), and the third
term represents the induced-dipole interactions
caused by the induction effect of the quadrupole
moments, and when applicable, by the presence

of an external electric field. Finally, the last

two terms depict the anisotropy in the repulsive
and attractive forces, respectively, In our work,
we have chosen to neglect these latter two contri-
butions. ® Briefly, the reasoning behind this choice
is as follows: (1) It is currently impossible to de-
termine independently the parameters for the shape
part of the potential and (2) we have previously
shown?® for several quadrupolar gases (including
nitrogen) that the spherical m-6-8 potential yields
a very reasonable representation of experimental
transport properties and pressure second virial co-
efficients and presumably, therefore, these con-
tributions are at least partially accounted for in
the selection of spherical potential parameters,

m, v, o, and €/k.

In order to evaluate the dielectric constant, we
must consider the fluid to be in the presence of an
external electric field D, Hence, our model for
the intermolecular potential becomes

(P(’r, wl; wa D):: (p(?f)[m—- 6—8]
+ P (v, Wy, W)
+(0“(1", Wy, Wa, D), (3)
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where, following McQuarrie and Levine®
Pool¥, w1, w)=Q:V:Q
@y, wy, w,, D)=-3(D-v:Q)
car(l-a*T)(p-uU:Q). (4)

In these equations, w,; and w, denote the angles de-
scribing the orientations of the molecules and T,
U, and Vare the two-dimensional supermatrices®®
whose components are the dipole—dipole, dipole—
quadrupole, and quadrupole—quadrupole interaction
tensors. The Cartesian components of these ten-
sors are

T osr)=V, Vg (1/7),
Uaa,,(r)= V.V V,,(l/'r) y
and
Vs yo ) =VaVBV7V5(1/1’). (5)

@ is a matrix whose components are the molecular
polarizability tensors and Qis a supervector whose
elements are the molecular quadrupole moment ten-
sors. The elements of these tensors for axial mol-
ecules are

ag,= 0[(1- K)8y,+ 3k4,q,],

Qas= Eia ‘;8 0,
where @ is the mean molecular polarizability, @
is the scalar quadrupole moment, « is the polariz-

ability anisotropy, and ﬁ is the unit vector along
the molecular axis,

B. Virial Expansions

The quantities of interest to us are the second
and third pressure and dielectric virial coefficients
appearing in the expansions,

p/PNoRT=1+B(T)p+C,T)p>+- -+, ®
(€~ 1)/(€+2)p=Ap+Bp(T)p+Cp(T)p?+---. (1)

Equation (6) is the conventional virial expansion
for the pressure p, and Eq. (7) is the Clausius—
Mossotti function for the dielectric constant €. In
these expansions, p is the molar density, and n/V,
B,(T), and C,(T) are the second and third pressure
virial coefficients defined by

B,(T 21 o*!
—%—)ng‘(T*):B*(T*)[m—G—S]-? o Lo

216 ©*° I 9079*21
T 245 TR T T T8

]ﬁ a-*zxze*z
T25  T*

216 a*ko**
Iu+'§g Tz 135 (8)

—Lz_cb(oT) = CHT*) = CH(T*)[m - 6-8]

252 o*! 108a *g*?
-5 Y T J, 9

where

bo=21N,0°/3, T*=kT/e,

(10)
B*(T*)[m~6-8]=-3 [ dxx’ (x),

and

CHT*)[m-6-8]=-12 [” 4, INE

X [2dxxf (0)yf 0)af @).  (11)

The reduced integration variables x,y, and z and
the Mayer function, f (x), are defined in the Ap-
pendix. Ap, Bp, and C, are the first, second, and
third dielectric virials given by ‘

Ap/by=A¥%=2a*, (12)
Bp(T)/b3 =BX(T*)= 24a**(1 + 2k%) I,
+12 (@*%*%/T*) (1+ 2k¥) I, (13)
and
Cp(T)/b} = CH(T*) = 144 *3(1 + 2¢%)J,
+(12a%%9*%/T*) (1+ £ k%) J,
+ T2a*3J 5+ (36a*20*%/T*)J,. (14)

The reduced molecular quadrupole moment and
polarizability are defined by ©*2= 8%/(ec®) and

@*= /0", The I, and J, are dimensionless integrals
which arise from expanding the nonspherical por-
tion of the Boltzmann factor®!®* jp the statistical
expressions for the virials. A list and brief dis-
cussion of the calculation of these integrals is

presented in the Appendix.
HI. PARAMETER ESTIMATION AND DATA

A proper comparison between theory and experi-
ment would require that the potential parameters
and the electrostatic quantities, a, k, and ®, be
taken from theory or independent experiment be-
fore insertion into Eqs. (8)-(14). In this program
involving polyatomic molecules, we will generally
assume that reliable independent values of the elec-
trostatic quantities are available, otherwise the
use of the potential requires excessive parametri-
zation. However, our work with monatomic gases
suggests that the spherical m—6-8 parameters are
best determined from a fit of a macroscopic prop-
erty such as the viscosity coefficient. We stress,
however, that very definite criteria that the selec-
tion procedure must satisfy have been stated. *
(For example, we require that parameters obtained
from one macroscopic property can be used to
correlate another property without adjustment).

In order to obtain values of m, y, ¢, and €/k for
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FIG. 1. Viscosity of nitrogen, comparison of calcula-
tions from Eq, (15) with data listed in Ref, 1. The m—6—
8 spherical function was used with the parameters of
Table I.

a particular polyatomic fluid, an assumption used
previously by us and by other authors'*™" is in-
voked: The dilute gas viscosity coefficient, 7, can
be represented by the kinetic theory expression
derived for a spherically symmetric interaction po-
tential. Thus, it is assumed that the equation, '®

n=5 [(mmkT)}?/102Q% " (T)*| (15)

with the viscosity collision integral Q@2 (T)*
evaluated with the spherical m~6-8 potential, ap-
plies to nitrogen and fluorine. Tables of these
collision integrals have been published for several
m—y gets. ® A ftit of Eq. (15) to experimental data
over a wide temperature range, specifically a
range such that 7* <2 and T*>5, determines the
m—6-8 parameters. Alternatively, we have veri-
fied that a satisfactory m and 7y can be found by
simultaneously fitting viscosity and pressure sec-
ond virial data for T* <2, assuming the form of
Eq. (10) for B¥. The remaining parameters, o
and €/k, are found from viscosity data alone. (In
other words, the selection of » and 7y appears to
be weakly dependent on the presence of nonspheri-
cal interactions. )

Experimental viscosity and pressure second
virial coefficients for nitrogen have been carefully
selected for our previous work. Data sources are
given in Refs. 1, 2, and 20 along with detailed dis-
cussions of the evaluation procedure. Viscosity
coefficients for fluorine at low temperatures have
been measured by Haynes. 2 These results are
considered to be the only reliable fluorine viscos-
ities. 22 The fluorine second pressure virials were
extracted from pVT data obtained by one of us and
are listed in Ref. 4.

Second virial coefficients of Eq. (8) will be com-
pared with the corresponding data, but the third
pressure virial, C,, will not be discussed further,
The reason for this is that previous evidence for
monatomic gases, 2 indicates that nonadditivity in
the potential makes a significant contribution to
the third virial. Hence a comparison of third
virials for polyatomic gases with Eq. (9) is unlike-

AND STRATY

ly to be complete.

Fluorine dielectric constant measurements have
been reported by us in Ref. 5. Given the densities
as a function of temperature and pressure, ® the
Clausius—Mossotti function was constructed over
a wide temperature and density range. Here, we
compare the function for given isotherms using
Eq. (7). The theoretical and experimental dielec-
tric second virial B, will also be examined sepa-
rately, but we point out that this quantity is not
easily extracted from the experimental Clausius—
Mossotti function. Unfortunately, nitrogen dielec-
tric data are rather limited with respect to both
the density and temperature range. We do, how-
ever, briefly compare our calculations with the re-
sults of Cole et al.?* and Oudemans.

IV. RESULTS AND DISCUSSION

We first fitted the viscosity data to Eq. (15) with
the spherical #—6-8 collision integrals. The re-
sults are presented as deviation curves in Figs. 1
and 2. The parameters obtained from this fitting
procedure are listed in Table I. One can see that
the data are correlated to within experimental er-
ror indicating, as previously reported, L3 that the
m—-6-8 parameters so chosen are satisfactory. It
is important to note, however, that this fit neither
proves nor disproves the assumption that the vis-
cosity of a quadrupolar gas can be represented by
Eq. (15) calculated with a spherically symmetric
potential. It signifies only that the m-6-8 potential
is sufficiently flexible to be applicable to a gas such
as nitrogen.

A. Nitrogen

Having determined effective values of m, vy, 0,
and €/k and given the values of a, k, and © (listed
in Table I), it is straightforward to determine
B¥, B¥, and C% and hence the unreduced virials
B,, Bp, and Cp,. The solid points of Fig. 3 illus-
trate the deviation pattern for B, (a similar curve
was given in Ref. 3, but a slightly different value
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FIG. 2. Viscosity of fluorine, comparison of Eq. (15)
calculated values with the measurements of Haynes, %
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TABLE I. Potential parameters.

Gas m ¥ olAP €/RCK)  10Ma(em?) K 10%@(esw)

F, 12 2.0 3,32 138.0 1,243° 0.2009 0.75

N, 12 2.0 3.54 118.0 1.737° 0.134f  1,400%
31 £=10"" m,

®The polarizability anisotropy « is defined by «= (af
—ap)/3a, where ooy and ap are the longitudinal and

transverse components of the polarizability, respectively.

@ is the mean molecular polarizability & = (o + 20 1)/3.

°Reference 5,

9This value was estimated from the values of the
polarizability for other similar fluids. It can be shown
numerically that a variation of 50% in «’s magnitude does
not make a significant change in the virials.

®Reference 26,

N. J. Bridge and A. D. Buckingham, Proc. Roy. Soc.
A295, 334 (1966).

8A, D. Buckingham, R. L. Disch, and D. A, Dunmur,
J. Am. Chem. Soc. 90, 3104 (1968).

of a was used), We regard this plot as satisfactory
considering that the potential (3) only has four ad-
justable parameters, as for the monatomic gases.
Figure 4 shows the calculated Clausius—Mossotti
function compared to the data of Oudemans. 28
Agreement is good, but obviously the density range
of the experimental data is limited.

Figure 5(a) compares the experimental dielectric
virials for nitrogen with those calculated using
several different values of © in Eq. (13). Included
in this figure are some preliminary experimental
values, but as was remarked above, reliable ex-
perimental second dielectric virials are difficult
to obtain at this time. From this graph, it is clear
that a meaningful comparison of theory and ex-
periment can only be made for T* less 1.2, This
is especially true if one wishes to assess the ef-
fect of the quadrupole moment on the second dielec-
tric virial. An important consequence of this ob-

2
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FIG. 3. Comparison between experimental and calcu-
lated pressure second virial coefficients (cubic centi-
meters/mole) for nitrogen, Data sources are given in
Ref. 1. Solid points are differences obtained with the
m—6~8 potential using given values of the quantities &,
2, and ® (Table I), Unfilled points are differences treat-
ing ® as an adjustable parameter,
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FIG. 4. Comparison of the Clausius—Mossotti function
for nitrogen at temperatures of 306 and 313 °K (essential-
ly indistinguishable). Data from Ref. 26, The solid line
is the calculated value from Eq. (7) using the independent
quadrupole moment; ® =1, 4% 10~ esu, while the dashed
curves are the corresponding value using an adjusted
moment of 1, 7% 1026 esu,

servation is that the validity of Eq. (13), which has
been questioned for some of the lighter elements,
e.g., He and Ne, *2"® cannot be adequately tested
for N, until reliable data in this temperature range
are available.

In the context of fitting virial coefficients, most

4 LO 20 30

FIG. 5. (a) The reduced dielectric second virial coef-
ficient calculated with Eq. (13) using three different
quadrupole moments compared to the data of Refs, 24
and 26. (b) The reduced calculated dielectric virials
for fluorine are compared with preliminary data from
Ref, 5.
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FIG. 6. Pressure second virial deviations (units of

cubic centimeters/mole) for fluorine. Data from Ref. 4.

previous work'*'" has treated the quadrupole mo-
ment as an adjustable parameter. The values for
© were obtained for a given gas by requiring a good
fit of experimental pressure second virial coef-
ficients. However, because the spherical part of
the previously used potentials, e.g., the Lennard-
Jones 12-6, was not flexible enough to represent
the spherical part of the intermolecular interaction
and because further parameters such as the shape
factor [associated with the fourth term of Eq. (2)]
were needed to obtain the necessary agreement be-
tween theory and experiment, the values of © ob-
tained, had the same significance as say ¢ or €¢/k,
Here, however, we have a good effective model
for the spherical part of the potential and we do not
require parameters outside those given in Table I
to obtain a reasonable agreement between theoreti-
cal and experimental second virials. Consequent-
ly, it is interesting to discover how much the quad-
rupole moment can change from the chosen fixed
value in order to reduce the deviations observed

in Fig. 3. For nitrogen, we found that 8=1.70
%1072 esu gave an improved deviation pattern as
indicated by the unfilled circles in Fig. 3. This
value is approximately 20% higher than the inde-
pendently measured value. The corresponding
Clausius~Mossotti function and reduced second
dielectric virials are shown as dashed curves in
Figures 4 and 5(a).

B. Fluorine

Unfortunately, a reliable independent estimate
of the quadrupole moment for fluorine does not
exist. Consequently, we have no alternative but
to treat © as an adjustable parameter. A fit of
the pressure virials is given in Fig. 6, having
found a best value of 0.75X10% esu for ©, Based
on the corresponding fit with nitrogen, this num-
ber is probably too high by about 20%—30%. We
do, however, regard it as important that we can
estimate O to this precision at all.

With this value of © and the fluorine parameters

AND STRATY
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FIG. 7. Clausius-~Mossotti function for fluorine, Data
from Ref. 5. Calculations with the m—6~8 potential.

given in Table I, the dielectric virials B, and C,,
were calculated and the Clausius—Mossotti (CM)
function was constructed for two temperatures;

160 and 190 °K. The comparison with experiment
is displayed in Fig. 7. Although the specific agree-
ment between the theoretical and experimental iso-
terms is only modest, the figure illustrates two
significant features: (1) The temperature depen-
dence at constant density is correctly predicted to
be negative and (2) 2 maximum in the function is
predicted to occur at around the correct density.

In comparison, Fig. 8 shows the corresponding
curves calculated by one of us uging the Lennard-
Jones 12-6 potential. It is clear that replacing the
12-6 with the m-6-8 leads to a considerably im-

3.160,
!_ ® 160 K exp ——caic
A 190 K
0 220K exp —=—calc
3150 26
@ :15x10%%s
. ! % o060
®* o
[ ]
3140
k)
E
o 33 %
§ {
S 3130 | | | J
. [*) 3 10 15 20 25
—le. 3150~
— = ad
J: ® =088 x10% esu o 'Y L eoge o
.. L] A V- SN a [ ] N
- a
3,|40L—
3133[€ Pe
2130 [ i 1 |
0 5 [} 15 20 25
DENSITY, mol/2
FIG . 8. Clausius~Mossotti function for fluorine cal-

culated with the 12-6 potential. This figure has been
taken from Ref. 5, compare to Fig, 7.
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proved representation of the data, and this improve-
ment has been achieved without requiring a quad-
rupole moment which is clearly too large. [e=1.5
for the 12-6 as compared to ©= 0. 75 (all x 1078
esu) for the m=6~8]. From a theoretical point

of view, however, it is possible that this agree-
ment is somewhat fortuitous owing to the fact that
we have neglected nonadditivity effects in the inter-
molecular potential and we have neglected all di-
electric virials higher than the third. As a matter
of interest, the reduced second dielectric virials
for fluorine have been plotted separately in Fig.
5(b).

V. CONCLUSION

Statistical mechanical expressions for the dilute
gas viscosity coefficient, equilibrium pressure
second virial coefficient, and the second and third
dielectric virial coefficients are given for the
m—6-8 potential and compared with the correspond-
ing data for nitrogen and fluorine. Since the com-
parisons are generally successful, we have demon-
strated that different moderately dense gas prop-
erties (transport, equilibrium, and dielectric) for
these quadrupolar molecules can be represented in
a consistent manner by statistical mechanics. For
fluorine, the comparisons have led to a value of
the quadrupole moment, ©=0,75x107% esu. Al-
though approximate (probably 20% too high), this
estimate is probably the best available at this time.
The investigation also clarifies some areas for
further work. For example, calculations are in
progress to calculate the collision integrals for an
angularly dependent 7 —6-8 potential—hopefully,
agreement between theoretical and experimental
pressure and dielectric virials will then be im-
proved. We have also suggested that further ex-
perimental measurements of the dielectric constant
should cover densities such that a possible maxi~
mum in the Clausius-Mossotti function could be
observed, and that they should also cover a tem-
perature range such that the second dielectric
virial, B, can be better compared with theory.
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APPENDIX

Given below are the reduced forms for the I and
J integrals®?® appearing in Eqs. (8)—(9) and (12)-

{14). The reduction scheme is defined as follows:
O, 9, 2)= (13, 713, V25)/0; 9*)= Pps-slx)/€; and
f (x)=exp[ = ¢*(x)/T*]- 1. 7, represents the mag-
nitude of the vectorial distance between molecules
tandj, viz., Ypp=1Irpl,

I,= [ dex™? expl - o*(x)/T*],
Jo=Jy dz [fay [77 dxaf (@)yf(y)x™ expl- 0*(x)/ T,
To= [y dz [ldy [2 dxzf (@)yf(y)x" exp[- ¢*(x)/T*],
4= [ dz [Fdy [57 dxaf (2)9f (v)x " exp[~ o*(x)/T*],
Js= [Tdz [Py [57dxn (3WF-1) 2%y

xexp{- [@*(y)+ ¢*())/T*}xf (x),

Jg= f;dz f;dy fz:ydx(ﬁws— 3W)z"y?

xexp{~ [@*()+ @*(@)]/T*} =f (x),
W= {22 +y2~x%)/22y.

These integrals were numerically evaluated as a
function of T* by means of one- and three-dimen-
sional Clenshaw- Curtis quadratures, *° respective-
ly. This method of integration was chosen because
of its speed, accuracy, and more importantly, the
availability of a reliable error estimate. 31 All of
the calculations are believed to be accurate to
within + 1 in the fourth decimal place.

*Contribution of the National Bureau of Standards, not subject
to copyright.

TNRC-NBS Postdoctoral Research Associate.

iSponsored by the Office of Standard Reference Data.

'H. J. M. Hanley and Max Klein, Tech. Note U.S. Natl. Bur.
Stand. 628 (1973).

Max Klein and H. J. M. Hanley, J. Phys. Chem. 76, 1743
(1972).

3James F. Ely and H. J. M. Hanley, Mol. Phys. 24, 683
(1972).

“Rolf Prydz and G. C. Straty, J. Res. Natl. Bur. Stand. (U.S.)
A 74, 747 (1970).

5G. C. Straty and B. A. Younglove, J. Chem. Phys. 57, 2255
(1972).

*Roilf Prydz and G. C. Straty, Tech. Note U.S. Natl. Bur.
Stand. 392 (1970).

"H. J. M. Hanley, J. A. Barker, J. M. Parson, Y. T. Lee, and Max
Klein, Mol. Phys. 24, 11 (1972).

!D. A. McQuarrie and H. B. Levine, Physica (Utr.)
31, 749 (1965).

°A. Isihara and R. V. Hanks, J. Chem. Phys. 36, 433 (1962).

03, A. Pople, Proc. R. Soc. A 221, 498 (1954). Proc. R. Soc.
A 221, 508 (1954).

A. D. Buckingham and J. A. Pople, Trans. Faraday Soc.
51, 1173 (1955).

128, Kielich, Physica (Utr.) 31, 444 (1965). '

H. J. M. Hanley and Max Klein, Tech. Note U.S. Natl. Bur.

Downloaded 12 Jun 2007 to 138.67.32.126. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



848 ELY, HANLEY,

Stand. 360 (1967).

4T, H. Spurling and E. A. Mason, J. Chem. Phys. 46, 322
(1967).

SFrancis J. Smith, R. J. Munn, and E. A. Mason, J. Chem.
Phys. 46, 317 (1967).

1Ronald H. Orcutt, J. Chem. Phys. 39, 605 (1963).

K. K. Datta and Y. Singh, J. Chem. Phys. 55, 3541 (1971).

183 O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular
Theory of Gases and Liquids (Wiley, New York, 1954).

19H. J. Hanley and Max Klein, Natl. Stand. Ref. Data Ser.
(to be published).

5. M. H. Levelt Sengers, Max Klein, and J. S. Gallagher, in
AIP Handbook , edited by D. E. Gray et al. (McGraw-Hill,
New York, 1972).

2lw. M. Haynes (private communication).

Y. J. M. Hanley and Rolf Prydz, J. Phys. Chem. Ref. Data
1, 1101 (1972).

Y. J. M. Hanley and R. D. McCarty, J. Chem. Phys.

AND STRATY

57, 3023 (1972). Also, see for example, J. A. Barker and A.
Pompe, Aust. J. Chem. 21, 1683 (1968).

%D. R. Johnston, G. J. Oudemans, and R. H. Cole, J. Chem.
Phys. 33, 1310 (1960). Also see Ref. 25.

BR. H. Orcutt and R. H. Cole, J. Chem. Phys. 46, 697
(1967).

2G. J. Oudemans, Ph.D. thesis, University of Amsterdam,
1967.

YHoward B. Levine and Donald A. McQuarrie, J. Chem. Phys.
49, 4181 (1968).

*The dielectric virials for these fluids are currently being
critically evaluated so that a more complete comparison of
theory and experiment may be made.

Howard B. Levine and Donald A. McQuarrie, J. Chem. Phys.
44, 3500 (1966).

®C. W. Clenshaw and A. R. Curtis, Numer. Math. 2, 197
(1960). '

*'H. O’Hara and Francis J. Smith, Comput. J. 11, 213 (1968).

Downloaded 12 Jun 2007 to 138.67.32.126. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



