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ABSTRACT

The Green’s function is the impulse response of a system and is used to infer the properties
of the system from surface measurements. In exploration seismology, imaging algorithms use es-
timates of the Green’s functions along with surface measurements to image the subsurface, i.e.
locate the Earth’s interfaces and its properties, so as to identify valuable energy resources. These
conventional imaging algorithms only account for singly reflected waves (primaries) in the sub-
surface and hence, in the subsurface image, produce false interfaces in the presence of multiply
reflected waves (internal and free-surface multiples).

Recent work has shown that we can retrieve the Green’s function that accounts for primaries
and internal multiples. Imaging with these Green’s functions reduces the artifacts caused by inter-
nal multiples compared to conventional imaging algorithms. These Green’s functions require the
free-surface multiples to be removed from the surface measurements before retrieval and imaging.

I modify the retrieval of the Green’s function to account for free-surface reflections and there-
fore no longer require the free-surface multiples to be removed from the surface measurements.
Thus the Green’s function, in the method I propose, includes not only primaries and internal mul-
tiples but also free-surface multiples. These Green’s functions are constructed from an arbitrary
point in the subsurface (no physical receiver is required at this location) to the surface.

The method I use to retrieve the Green’s function does not specify the approach to image the
subsurface. In this thesis I also analyze different imaging strategies using the retrieved Green’s
functions. Imaging with these Green’s functions reduces the artifacts caused by multiply reflected
waves compared to standard imaging algorithms. Significantly, the Green’s function that I re-
trieve and use for imaging require the same inputs as conventional imaging algorithms: the surface
measurements and a smooth version of the subsurface velocity.

I also extend the construction of the Green’s function from the subsurface to the surface to any

two arbitrary points in the subsurface (no physical source or physical receiver is required at either
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of these locations). This Green’s function is called the virtual Green’s function and includes all the
primaries, internal and free-surface multiples. The virtual Green’s function retrieval requires the

same inputs as the previously mentioned Green’s functions.
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CHAPTER 1
GENERAL INTRODUCTION

One of the main goals of geophysicists is to image the subsurface of the Earth in order to
locate mineral deposits or other resources. By image 1 mean the location of the interfaces and
its properties. Generally, to image an area of interest, one has available the reflection response at
the surface and a smooth version of the velocity. The reflection response at the surface consists
of the waves, generated by a source, that are reflected from the interior of the Earth and recorded
by receivers at the surface. We can also think of the reflection response as the surface expression
of the wavefield generated by a source. The reflection response consists of primary events which
have one reflection point in the subsurface and multiples which have more than one reflection point
in the subsurface. Multiples can be categorized further as 1) internal multiples which have more
than one reflection point in the subsurface, and 2) free-surface multiples which have at least one
reflection point at the free surface as shown in Figure 1.1.

Using a form of Green’s theorem, one can relate the surface reflection response to properties
of the medium in the volume (Challis and Sheard, 2003; Morse and Feshbach, 1953; Schneider,
1978):

0

1 0
U(Z’,t) = E /dto/dSo{G%R(l'o,to) — R(.ﬁlﬁo,to)%G}, (11)

where R(xg, to) is the reflection response at the surface S for a fixed source (the surface expression
of U(z,t)), U(z,t) is the wavefield at a point x in the subsurface (interior of the volume) that is
generated by the same source, GG is the Green’s function. Note that the subscript 0 in xy means
it is the coordinate at the surface while ¢, is the time at which the surface reflection R(xo,to) is
observed.

The reflection response R(x, to) is recorded at the surface, therefore, if one can compute G, we
can find the the field inside the medium U (z, t), which in turn gives the properties of the medium,

specifically the location and reflection coefficients of the interfaces (equation 1.1). The Green’s
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Figure 1.1: Simple model that illustrates primaries, internal multiples, and free-surface multiples.
The tree symbolizes the presence of a free surface.

function G is the impulse response of the medium between two points in the medium; for equation
1.1, GG is the Green’s function between the subsurface point = and the acquisition surface Sj.

Kirchhoff migration (Wiggins, 1984), a standard imaging technique, constructs the Green’s
function GG from the smooth version of the velocity and substitutes this Green’s function in equa-
tion 1.1 to image the subsurface. Constructing the Green’s function for the smooth velocity model
in Kirchhoff migration only accounts for singly-scattered waves, i.e. primary reflections (first-
order Born approximation). This approximation of the Green’s function leads to imaging artifacts
in the presence of multiples. If the small-scale details of the velocity are known, one can com-
pute the exact Green’s function that includes the multiples, thus avoiding these artifacts; however
the feasibility of knowing this exact velocity is extremely difficult on a seismic scale. Alterna-
tively, obtaining a smooth version of the velocity (no small-scale details) is a far simpler problem
(Chavent and Jacewitz, 1995; Noble et al., 1991; Sava and Biondi, 2004; Symes and Carazzone,
1991).



Traditionally, to image the subsurface using standard imaging methods like Kirchhoff migra-
tion, reverse time migration (RTM) (Baysal et al., 1983; McMechan, 1989; Whitmore, 1983) or
downward continuation (Claerbout, 1985), one assumes the first-order Born approximation. In or-
der to implement conventional imaging and to ensure the assumption of single scattering holds (to
avoid artifacts from multiples), one has to remove multiply reflected waves.

The free surface is the strongest reflector in the Earth, and free-surface multiples are generally
stronger than internal multiples. Free-surface multiples can even be as strong as primaries (Weglein
and Dragoset, 2007). Therefore the removal of free-surface multiples is generally a priority in the
recorded reflection response before using this response for imaging. Methods for the removal of
free-surface multiples are extensively described in the literature (Amundsen, 2001; Berkhout and
Verschuur, 1997; Lokshtanov, 1999; Verschuur et al., 1992; Weglein et al., 1997; Ziolkowski et al.,
1999).

Unlike standard imaging methods, the Marchenko equations construct the Green’s function
that not only accounts for primary reflections but also multiple reflections. This Green’s function
(retrieved by the Marchenko equations) is the function G in equation 1.1; it is the field between
a point x( at the surface and the subsurface point x. Hence imaging the subsurface with the
Marchenko Green’s functions, which include the primaries and multiples instead of the Green’s
function that only includes primaries, reduces (if not eliminates) the artifacts caused by multiple
reflections. The beauty about the Marchenko equation is that one does not need a physical receiver
at the subsurface point z to retrieve the Green’s function, hence one calls the subsurface point a
virtual receiver. The requirements to construct the Green’s function are the same as conventional
imaging algorithms: the reflection response at the surface and a smooth version of the velocity.
Another marvel of the Marchenko equation (applied in geophysics) is that, it locally decomposes
the Green’s function into corresponding up- and down-going Green’s function at the subsurface
point x (virtual receiver).

The Marchenko equation is an exact integral equation in 1D that relates the reflection response

on one side of the medium to a field inside the medium (Burridge, 1980; Chadan and Sabatier,



2012; Lamb Jr, 1980; Marchenko, 1955). Rose (2002a) iteratively solves the 1D Marchenko equa-
tion to focus waves at a point in a 1D medium for a specific time, given the velocity profile is
unknown. Since Rose (2002a) used the Marchenko equation for focusing, he requires only the re-
flection response on one side of the medium. Broggini et al. (2012) extend this focusing principle
(Rose, 2002a) to retrieve the 1D Green’s function. They realized that the summation of the fo-
cusing wavefield and its reflection response is the Green’s function of the medium at the specified
point of focusing to the surface. Their Green’s function include primaries and internal multiples.
Wapenaar et al. (2012) later extend the Green’s function retrieval to 3D, by solving the Marchenko
equations in multidimensions. To retrieve these Green’s functions, they require the reflection re-
sponse at the surface with the free-surface multiples removed and an estimate of the first arrivals
from the focusing point to the surface. The solutions to the Marchenko equation, i.e. the up- and
down-going components Green’s functions, are used to image the subsurface (Behura et al., 2012;

Broggini et al., 2014; Slob et al., 2014; Wapenaar et al., 2011, 2014b).
1.1 Thesis Overview

—In Chapter 2, I extend the Marchenko equation to retrieve the Green’s function from a point in
the subsurface to the surface in the presence of a free surface. Hence my Green’s function includes
not only primaries and internal multiples but also free-surface multiples. In comparison to previous
work on the Green’s function retrieval by the Marchenko equation, the reflection response I use
includes free-surface multiples, and therefore, obviates the need to remove free-surface multiples
in the reflection response. To retrieve the Green’s function in the presence of the free surface I
still require the reflection response at the surface and a macro-model of the subsurface overburden
velocity (at least between the surface and the virtual source depth level). In this chapter, I show
that imaging with the Marchenko-retrieved Green’s functions in 1D reduces the imaging artifacts
due to multiples compared to standard imaging algorithms like reverse time migration.

In Chapter 3, I simplify the solutions to the Marchenko equation to directly solve for the up-

and down-going Green’s function. I also extend the imaging with the retrieved Green’s functions



to 2D numerical examples.

In Chapter 4, I investigate imaging conditions for the Green’s functions that include primaries,
internal multiples, and free-surface multiples, called Marchenko imaging. In addition to correlation
and deconvolution imaging algorithms using the up- and down-going Green’s function (Behura
etal., 2012; Broggini et al., 2014; Slob et al., 2014; Wapenaar et al., 2011, 2014b), I propose using
the first arrival of the down-going Green’s function with the up-going Green’s function to image
the subsurface. Including the free-surface multiples in the Green’s functions obviates the need to
remove the free-surface multiples. These multiples can also create artifacts in the imaging step
depending on the choice of the imaging condition. These artifacts are non-existent when imaging
with the first arrival of the down-going Green’s function and the up-going Green’s function. In
addition, multidimensional deconvolution (MDD) imaging using the up and down-going Green’s
function closely match the true reflectivity of the subsurface. I obtain similar MDD images, that
match the reflectivity, using the up-going and first arrival of the down-going Green’s function.
I also compare a standard imaging method, reverse time migration, to Marchenko imaging. I
conclude that the artifacts in reverse time migration caused by the multiples are reduced (if not
eliminated) in Marchenko imaging.

I re-emphasize that the Green’s function is retrieved between a virtual receiver (arbitrary sub-
surface point) and the acquisition surface; I take this one step further in Chapter 5; I retrieve the
Green’s function (both up- and down-going at the virtual receiver) for virtual sources and virtual
receivers in the subsurface. In this chapter, I modify the Marchenko method so as to not restrict
the retrieval of the Green’s function at the surface for each virtual source. I propose a new method
to retrieve the response of a virtual source at a virtual receiver anywhere in the subsurface. I also
create snapshots of the wavefield from an arbitrary virtual source. In Chapter 6, I highlight my
main contributions and discuss future research ideas concerning the Marchenko equations.

Chapters 2-5 of the thesis have been published in, submitted to, or will soon be submitted to

peer-reviewed journals:



Singh, S., R. Snieder, J. Behura, J. van der Neut, K. Wapenaar, and E. Slob, 2015, Marchenko
imaging: Imaging with primaries, internal multiples, and free-surface multiples: Geophysics, 80,
S165-S174.

Singh, S., R. Snieder, J. Thorbecke, J. van der Neut, K. Wapenaar, and E. Slob, 2016, Account-
ing for free surface multiples in Marchenko imaging: Geophysics, submitted.

Singh, S., R. Snieder, 2016, Strategies for imaging with Marchenko Green’s functions: in
preparation for Geophysics

Singh, S., R. Snieder, 2016, Beyond Marchenko — Obtaining virtual receivers and virtual

sources in the subsurface: in preparation for Geophysics



CHAPTER 2
MARCHENKO IMAGING: IMAGING WITH PRIMARIES, INTERNAL MULTIPLES AND
FREE-SURFACE MULTIPLES

Recent work on retrieving the Green’s function with the Marchenko equation has shown how
these functions for a virtual source in the subsurface can be obtained from reflection data. The
response to the virtual source is the Green’s function from the location of the virtual source to
the surface. The Green’s function is retrieved using only the reflection response of the medium
and an estimate of the first arrival at the surface from the virtual source. Current techniques,
however, only include primaries and internal multiples. Therefore, all surface-related multiples
must be removed from the reflection response prior to Green’s function retrieval. We extend the
Marchenko equation to retrieve the Green’s function that includes primaries, internal multiples,
and free-surface multiples. In other words, we retrieve the Green’s function in the presence of a
free surface. The information needed for the retrieval is the same as the current techniques, with the
only difference that the reflection response now includes also free-surface multiples. The inclusion
of these multiples makes it possible to include them in the imaging operator and it obviates the
need for surface-related multiple elimination. This type of imaging with the Green’s functions is

called Marchenko imaging.
2.1 Introduction

To focus a wavefield at a point in a medium only requires surface reflection data and an esti-
mate of the first arriving wave at the surface from a point source at the focusing location (Broggini
and Snieder, 2012; Broggini et al., 2012; Wapenaar et al., 2013a). Unlike in seismic interferometry
(Bakulin and Calvert, 2006; Wapenaar and Fokkema, 2006), no receiver is required at the desired
focusing location, i.e. the virtual source location, and single-sided illumination suffices. Signifi-
cantly, the detailed medium parameters need not be known to focus the wavefield as opposed to the

time-reversal method, which requires the knowledge of detailed medium parameters and enclosing



boundaries for correct focusing. However, the travel-time of the direct-arrival of the virtual source
to the surface is required for Green’s function retrieval. To obtain an estimate of this traveltime,
one only needs a macro-model of the velocity.

The focusing scheme of Broggini et al. (2012), Broggini and Snieder (2012), and Wapenaar
et al. (2013a) are extensions of the algorithm of Rose (2002a,b) who shows an iterative scheme
that solves the Marchenko equation for wavefield focusing in one dimension. The focused events
in the wavefield for the virtual source consist of primaries and internal multiples (Wapenaar et al.,
2013a) but not free-surface multiples. Importantly, Rose (2002a,b) derived the focusing method for
single-sided illumination with sources and receivers on one side of the medium, similar to current
geophysical acquisition methods.

Wapenaar et al. (2011) illustrate imaging with the Green’s function in 1D and also discuss how
to image in multi-dimensions (2D and 3D). Similarly, Behura et al. (2012) introduce a correlation-
imaging algorithm based on the Green’s function retrieval scheme that images not only primaries
but also internal multiples. Broggini et al. (2014) extend the work of Behura et al. (2012) by
using multidimensional deconvolution (MDD) as the imaging condition in place of conventional
cross-correlation or deconvolution, which further reduces the artifacts. Central in these methods
is the retrieval of the Green’s function from the acquisition surface to any point in the medium.
This Green’s function is essentially a redatuming or downward continuation operator. Since this
Green’s function includes both primaries and internal multiples, we expect improved subsurface
images compared to using primaries alone.

We summarize our work in Figure 2.1. In this paper, any variable with a subscript O (e.g.,
Ry) indicates that no free-surface is present. As shown in Figure 2.1, prior to the algorithm of
Broggini et al. (2012), one must remove the free-surface multiples from the reflection response
of the medium (solid up-going arrow) to retrieve the Green’s function. The removal of the free-
surface multiples can be achieved by Surface Related Multiple Elimination (SRME) (Verschuur
et al., 1992). In our study, we modify the earlier focusing algorithms (Broggini et al., 2012; Rose,

2002a; Wapenaar et al., 2013a) to focus not only primaries and internal multiples but also the free-



surface multiples; this is labeled “Our Work™ in Figure 2.1. We achieve such focusing using the
reflection response R in the presence of a free surface and an estimate of the first arrival from the
focus location to the surface. Notably, our proposed Green’s function retrieval scheme obviates the

need for SRME (see Figure 2.1) to construct the Green’s function.

Broggini et al.(2012)

RO ---------------- > Go
A equation (1)
Surface G,+R*G,
Related
Multiple
Elimination|
(SRME) Our work v

R, S
equation (6)

Figure 2.1: Overview of the methods to focus the wavefield using an iterative approach. I? denotes
reflected waves recorded at the surface in the presence of a free surface, and R is the reflection
response for a medium without a free surface. G is the Green’s function at the surface for a
virtual source located at a point in the medium in the presence of a free surface and G, is the
Green'’s function in the absence of a free surface. The two dashed arrows indicate separate iterative
schemes.

The free surface is the strongest reflector in the system; therefore, in general, the free-surface
multiples are stronger than internal multiples. In addition, free-surface multiples can be used to
provide better illumination, higher fold, and better vertical resolution of the subsurface (Jiang et al.,
2007; Muijs et al., 2007a,b; Schuster et al., 2003). For these reasons, by retrieving the Green’s
function, which includes primaries and all multiples (including free-surface multiples), and using
the imaging condition proposed by Behura et al. (2012) and by Broggini et al. (2014), we expect

better imaging of the subsurface.



2.2 Theory

In this section we derive the main equations for the retrieval of the Green’s function in the
presence of a free-surface, with the detailed derivations in the Appendix. We first summarize
existing theory that this paper is building on.

The theory of focusing the wavefield without a free surface, i.e. retrieving the Green’s function
Gy from Ry, is covered by Rose (2002a), Broggini et al. (2012), and Wapenaar et al. (2013a).
As summarized in Figure 2.1, we have to remove the free-surface multiples from the reflection
response R (for instance by SRME) to get Ry and then compute Gy, the Green’s function in the
absence of the free surface.

Wapenaar et al. (2004a) showed that we can relate the transmission operators for media with
and without the free surface. Similarly, we can retrieve G (the Green’s function in the presence of

the free surface) from G in the frequency domain with the expression

G(Xg,Xo,W) = GO(X27X07U)) - GO(X;Xaw)R(Xa Xva)dxa (21)
0Dy

where 0D is the acquisition surface, xo and x| are spatial positions along 9Dy and 9D; (an ar-
bitrary depth level, below 0D,), and R is the reflection response for a down-going incident wave-
field at 9Dy. The arbitrary depth levels are defined in the same way as in the work of Wapenaar
et al. (2004a). In our case, we replace the transmission responses (in Equation 22 of Wapenaar
et al. (2004a)) with the corresponding Green’s functions, G' or (G, since the Green’s function is
the total transmitted wavefield from the focusing point to the surface. Note that this approach,
R — Ry — Gy — G, follows the tortuous path shown in Figure 2.1. We can, however, retrieve
the Green’s function in the presence of the free surface directly from the measured reflection data
R — G ( Figure 2.1, black dashed arrow).Therefore, R — G avoids SRME and the retrieval of
Gy. We generalize the formulation of Wapenaar et al. (2013a) (Ry — () to include free-surface
multiples (R — (); the detailed mathematics of this retrieval is documented in the appendix. The
reflections from the free surface are included in the focusing scheme, similar to the treatment by

Wapenaar et al. (2004a) of free-surface multiples.
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We define our spatial coordinates by their horizontal and depth components, for instance
Xo = (Xm,r30), where xg denotes the horizontal coordinates (1, z2) at a depth x3,. We de-
fine solutions of the wave equation that focus at a point in a medium, and refer to these as the
focusing functions f; and f5. The f; function involves waves that focus at x; at a defined depth
level (0D;) for incoming and outgoing waves at the acquisition surface (0 D) at xo ( Figure 2.2(a)).
The function f; is a solution for waves that focus just above 9D, at xg for incoming and outgoing
waves at dD; ( Figure 2.2(b)).

The focusing functions are auxiliary wavefields which exist in a reference medium that has
the same material properties as the actual inhomogeneous medium between 0D, and dD; and
that is homogeneous above 0D, and reflection-free below 0D; (Slob et al., 2014). Therefore, the
boundary conditions on 9Dy and 0 D; in the reference medium, where the focusing function exists,

are reflection-free.

Homogeneous half-space ( » Homogeneous half-space
+ . f1 (x4, X, 51
S (xﬂ’x,»’t) /2 (xosx:)’t)/‘\-’\x;)
R RN e S R ey o S Al oD, TZ memmmmmemmeeeeeaan 4 ';\ --------------------- oD,
) g
Actual inhomogeneous b Actual inhomogeneous b
medium medium
NW4
U3,§ ==m=mmmmeemmseemeeaaal @ -coeeeeseeeeeceeeae oD, 13 ke g R oD
Filx,x ) LY . - -
1 ~-’ £ (xi,x;,t) f2 (xi’xos’)
Reflection-free reference half-space Reflection-free reference half-space
(a) (b)

Figure 2.2: (a) Focusing function f; that focuses at x;. and (b) Focusing function f; that focuses
at xg.

Note that this boundary condition need not be the same as the actual medium. The focusing
functions can be separated into up-going and down-going waves; the first focusing function in the

frequency domain reads
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while the second focusing function reads
fa(x, x5, w) = [ (x,x5,w) + f5 (X, %5, w). (2.3)

In this paper the superscript (+) refers to down-going waves and (—) to up-going waves at the
observation point x.

Table 2.1 and Figure 2.2(a) show the one-way wavefields for the f; function at the depth levels
0D, and 0D;, which we define in wave state A. We call these waves one-way because locally these
fields are strictly up- or down-going at the observation point however their coda will include both

up- and down-going waves.

Table 2.1: One-way wavefields of the focusing function f; at the acquisition surface 0D, and
the level where f; focuses, dD;. pj symbolizes one-way wavefields in the frequency domain, at
arbitrary depth levels in the reference medium, see Figure 2.2(a).

On 0Dy: || ph = fi (%0,%},w),
pa = Ji (%0, %5, 0).

On 0D;: || ph= fi(xi,x},w) =d(xyg—xy),
= fbexw) =0

The focusing function f;"(x,x},) is shaped such that f,(x, x},¢) focuses at x| at ¢ = 0. At the
focusing depth level 9D; of f;, we define f1(x,x},t) as d(xg — X;)d(t), a two-dimensional (2D)
and 1D Dirac delta function in space and time respectively, see Figure 2.2(a) and Table 2.1. Below
the focusing depth level, f;(x,x]},t) continues to diverge as a down-going field f;" (x,x}, ) into
the reflection-free reference half-space.

Similarly, Table 2.2 and Figure 2.2(b) show the one-way wavefields for the f, function at the
depth levels 0Dy and 0D;.

In this case, f; (x,xg,t) is shaped such that the function f>(x, xg,t) focuses at xg at ¢t = 0.
At the focusing depth level 0D, of f,, we define fo(x,xg,t) as 6(xy — x/;)0(t), see Figure 2.2(b)
and Table 2.2. After focusing, fo(x,xg,?) continues to diverge as an up-going field f; (x, X, )

into the homogeneous upper half-space.
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Table 2.2: One-way wavefields of the focusing function f, at the depth level 9Dy and 9D;. p?
symbolizes one-way wavefields in the frequency domain, at arbitrary depth levels in the reference

medium, see Figure 2.2(b).
On 0Dy: || pf = f Xo, Xg, W) =0,

Xo,Xg, W) = 0(Xm — Xf).

On 0D;: || pj = f

The focusing functions are independent of the surface boundary condition of the actual medium
as these functions reside only in the reference medium. If the medium were homogeneous, the fo-
cusing function f; would consist of the time-reversed direct wave between the focal point and 0D);.
However, in an inhomogeneous medium the focusing function f, consists of the time-reversed di-
rect wave and the coda M following the time-reversed direct wave. The coda M consists of the
scattered waves that result when the time-reversed direct wave transmits through the medium to
the focus point.

In the frequency domain, the focusing function f5 is related to the Green’s function Gy of the

actual inhomogeneous medium without a free surface by (Wapenaar et al., 2013a):

GO(X;an>W) = fQ(X;anaUJ)* + fQ(X;aX07 )RO(X0>XO> )dX()a (24)
0Dg

where * represents the complex conjugate. In the situation without the free surface, we ignore
the downward reflected waves at the acquistion level i.e., the free surface multiples. In the actual
inhomogeneous medium, in the presence of a free surface, we account for the waves reflecting
from the free surface (details are given in the Appendix; as shown in equation A.5). For this
situation, the one-way wavefields are shown in Table 2.3 and Figure 2.3. We define wave state B
as the acoustic state with the wavefields of the actual medium (Wapenaar et al., 2013a).

We can use the one-way reciprocity theorems of the convolution and correlation type for flux-

normalized one-way wave fields (Wapenaar and Grimbergen, 1996)

/ [phips — paphldxe = / phips — papkldx;,
9Dy oD;
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Table 2.3: One-way wavefields in the actual inhomogeneous medium in the presence of a free
surface at the depth level 0D, and 0D;. p]ig symbolizes one-way wavefields at arbitrary depth
levels in the inhomogeneous medium, while 7 is the reflection coefficient of the free surface, see
Figure 2.3.

On 0Dy: || ps = GT(x0,xp,w) = O(xm — X’I/{) + TR(XO,Xg,w),

g = G (%x0,x5,w) = R(xo,xg,w).

On 0D;: | ph = G (xi,x5,w),

pE% = Gi(xivXva)'

Actual inhomogeneous b
medium
\7{ """" 7)("'-' """"" — k ' = =0 D,
G G~

Actual inhomogeneous half-space

Figure 2.3: One-way Green’s functions in the actual inhomogeneous medium in the presence of a
free surface at the acquisition surface 9D, and the arbitrary surface 0D;. These are the quantities
that are used in the reciprocity theorems. The tree indicates the presence of the free surface.
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/ (05)"ph — (p3) Ppldxo = / (05 p5 — (07)" PRl 2.5)
dDg 0D;

respectively, to relate the one-way wavefields between the two focusing functions (f; and f5) and
the one-way wavefields between the focusing functions and the actual medium. pj and pﬁ are the
one-way wavefields of the focusing functions and the actual medium respectively, in the frequency
domain. As shown in the appendix, the corresponding two-way Green’s function in the presence

of the free surface is related to the focusing function f5 by

G(Xi7 ng CU) = fQ(Xia X0 w)* + fQ(Xia Xo, (JJ)R(X07 X0 w)dXO
dDo
+r fa(x4, X0, w)* R(x0, Xg, w)dXo, (2.6)
dDo
where, for simplicity, we assume the reflection coefficient of the free surface satisfies r = —1.

The two-way Green’s function is defined as the superposition of the down- and up-going fields,

according to
G(x,xp,w) = Gt (x,x}h, w) + G~ (x,x5,w). (2.7)

Using reciprocity, the Green’s functions on the left-hand sides of equations 2.4 and 2.6 can be
interpreted as the response to a virtual source at x; for the situation without and with a free-surface,
respectively. To yield equations 2.4 and 2.6 we use one-way reciprocity relations (details are given
in the appendix for the retrieval of GG, equation A.5). Note the up-going Green’s function (G7) in
the actual inhomogeneous medium at 9D is the reflection response R for a downward radiating
source at 0D.

Equation 2.6 differs from equation 2.4 in two ways. First, the last term on the right hand side
of equation 2.6 accounts for the waves that are reflected off the free surface. Second, equation 2.6
contains the reflection response R for a medium with a free surface, while expression 2.4 contains

the reflection response R for a medium without a free surface.
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Similar to our treatment of the focusing function f5, we can define another focusing function

go such that
92(x, Xg, w) = f5 (X, Xg,w) — f5 (X, Xg, w). (2.8)

We use g5 to obtain a difference Green’s function G which is similar to expression 2.6

G(x;,xg,w) = —gg(x;,xg,w)* + /a gg(x;,xo,w)R(xo,xg,w)dxo
Do
— 7"/ gz(x;,Xo,w)*R(xo,xg,w)dxo. (2.9)
oDy

We call CNJ the difference Green’s function since
G(x;, Xg,w) = GT(x}, x5, w) — G~ (x], X§,w), (2.10)

and it is used to obtain the up- and down-going Green’s functions by combining it with GG in
equation 2.7.

To yield the up-going Green’s function, we subtract equations 2.7 and 2.10:

G~ (x}, xg, w zlGx;,x”,w — G(x;, %! w)]. (2.11)
0 5 0 0

Similarly, we obtain the down-going Green’s function by adding equations 2.6 and 2.10:

1 / =~ ’
G (x5, xg,w) = 5[G (x5, %0, w) + G x4, x5, ). (2.12)

These up- and down-going (G~ and GT) Green’s functions at the focal point are used for imag-
ing (Marchenko imaging) and include primaries and all multiples. Up- and down-going Green’s
functions have been used for imaging the subsurface, (Behura et al., 2012; Broggini et al., 2012,
2014; Wapenaar et al., 2011). However, their Green’s functions only contain primaries and inter-
nal multiples. In this paper, the up- and down-going Green’s functions also include free-surface
multiples.

The use of up- and down-going wavefields for imaging is not a new principle. Claerbout
(1971), Wapenaar et al. (2000) and Amundsen (2001) have shown that one can get the reflection

response below an arbitrary depth level once the up- and down-going wavefields are available. The
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governing equation that relates the up- and down-going Green’s function is

G (x;, %X, ) = /a dx; /OO Gt (x;, %), t — t')Ro (x5, x5, ') dt, (2.13)
D; —o0
where 0D); is an arbitrary depth level, and Ry is the reflection response of the medium below 0D;.
In addition, R, at 0D; contains no reflections from above this depth level. We can think of Ry as
the reflection response of a truncated medium; where the truncated medium is the same as the true
medium below 0D; and reflection free above. Equation 2.13 states that G~ is represented by the
convolution of G with R, and integration along all source positions x’ of Ry.

We solve for Ry by multidimensional deconvolution (van der Neut et al., 2011) as the time
integral is a convolution. The subsurface image is subsequently obtained by taking the zero lag of
Ry, i.e. taking t = 0 at each depth level in the model and at zero offset, x; = x!, (for each 9D;),
this is called the zero-offset imaging condition. Alternatively, once we obtain [?, at an arbitrary
0D; we can also apply a standard imaging procedure, for instance, downward continuation, to
image below 0D;. This is because Ry is the reflection response of the truncated medium below

0D; for sources and receivers at 0D;.
2.3 Numerical Examples

We use three numerical examples that show the retrieval of the Green’s functions and imaging
using the associated Green’s functions.

We first consider a 1D model that has a high impedance layer generic to salt models as shown
in Figure 2.4. A receiver at the surface records the reflected waves. To retrieve the Green’s function
in 1D, one needs the travel time of the first arriving wave from the virtual source to the surface.
The travel time of the first arriving wave is used to temporally separate the Green’s function from
the focusing solution f; in the time-domain representation of equation 2.6. To obtain the focusing
function f5, we evaluate expression 2.6 for a time earlier than the first arriving wave and setting
the left-hand side of equation 2.6 to zero. The remaining expression is an equation for f; which is

solved iteratively (details are given in the appendix, equations A.6 to A.10).
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Figure 2.4: Velocity model with high impedance layer at 1.5 km; the dot is the position of the
virtual source.
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Once the focusing solution has been found (see Figure 2.5), it is substituted in equation 2.6 to
retrieve the Green’s function (for this example, the Green’s function is the response to the virtual
source at a depth of 2.75 km, [dot in Figure 2.4], recorded at the surface), Figure 2.6. This Green’s
function G, arbitrarily scaled to its maximum amplitude (see Figure 2.6), is the response at the

surface 0D, to the virtual source.

1

S

S 0.5t 8

£

£

© |

g 0 Lman'l's VW

N

T

£

2-05 8
11.5 —1 0.5 0 0.5 1 1.5

Time (s)

Figure 2.5: Focusing function f5 at depth 2.75 km for the velocity model in Figure 2.4

We also model the Green’s function using finite differences to verify that the Green’s function
retrieved from our algorithm is accurate, and superimposed this result on Figure 2.6. The vertical
scale of Figure 2.6 is enlarged to better illustrate the model and retrieved Green’s function. For
this reason, the first arrival at time 1.0 s is clipped. The difference between the modeled and the
retrieved Green’s function is negligible relative to the average amplitude of the Green’s function,
as seen in Figure 2.6. The arrivals caused by the free surface are shown in Figure 2.7 compared to
the arrivals in the absence of a free surface.

The corresponding image of the model in Figure 2.4 shown in Figure 2.8 illustrates the correct
location of the reflectors as well as the correct scaled reflection coefficient. In 1D, the image

we obtain is the deconvolution of the up- and down-going Green’s function for ¢ = 0 at each
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Figure 2.6: Retrieved Green’s function (normalized by maximum amplitude), GG, from a depth
of 2.75 km to the surface (white). The modeled Green’s function is displayed (in black) in the
background. The Green’s functions are associated to the model in Figure 2.4.
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Figure 2.7: Impact of the free surface. Black line: the Green’s function in a medium without a
free surface GG, and white line is the difference between G and G, therefore the white line shows
events that are caused by the presence of the free surface.

20



image point, Claerbout (1985). There are some anomalous amplitudes in the Marchenko image
(especially around 200 m) but they are small compared to the actual reflectors’ amplitude and are

attributed to the deconvolution imaging condition.
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Figure 2.8: Marchenko imaging of Figure 2.4 in white, with the true reflectivity (in black) in the
background.

The model for the next example is taken from Weglein and Dragoset (2007), where the second
primary event cancels with the free surface multiple from the first reflector. We demonstrate with
this numerical example the retrieval of the Green’s function (as well as its associated up- and
down-going Green’s function) at depth 1000m for the model shown in Figure 2.9. Figure 2.10
illustrates some of the reflected events corresponding to this model. The associated reflected waves
at the acquisition level, shown in Figure 2.11, are recorded Sm below the free surface. As is
shown in Figure 2.11 and Figure 2.10, the second primary event P, is canceled by the free-surface
multiple /7 at 1.0 s, and the other events (internal multiples and free surface multiples) interfere
destructively with each other at later times.

The Green’s function for a source at depth 1000m is shown in Figure 2.12. The corresponding
up- and down-going Green’s function at depth 1000 m is illustrated in Figure 2.13 and Figure 2.14,

respectively. The computed travel times for this simple model of the up- and down-going Green’s
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Figure 2.9: Simple velocity model where the dot indicates the position of one virtual source at
depth 1000 m.
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Figure 2.10: Sketch of some events that occur in the velocity model in Figure 2.9.
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Figure 2.11: Reflection response with the direct waves removed (The events are scaled by the
direct wave magnitude), labels are referenced to Figure 2.10.
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function in Figure 2.15 correspond to the travel times of the events in the retrieved up- and down-
going Green’s functions; hence confirming our decomposition of the Green’s function into its

associated up- and down-going wavefields.
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Figure 2.12: Green’s function with virtual source at depth 1000 m and recording at the surface.
The black thicker line is the modeled Green’s function, superimposed on it is the retrieved Green’s
function. The plot limits are chosen between 0.5 to -0.5 normalized amplitude to visualize the
smaller amplitude events better.

Figure 2.12 has an event at 0.6 seconds, which is the reflection of the virtual source field from
the second layer recorded at the surface. Hence, the Green’s function retrieval algorithm correctly
detects the missing reflector in the recorded waves. In the 1D model considered here, equation
2.13, reduces to the deconvolution of the up-going Green’s function with the down-going Green’s
function at every point in the velocity model yielding the correct positioning of the reflectors (see
Figure 2.16) as well as the correct scaled reflection coefficient. Furthermore, the image is free
of artifacts originating from surface-related and internal multiples. Importantly, the difference
between the analysis of Weglein and Dragoset (2007) and our work is that they removed the
multiples at the surface, while we derived the Green’s function for a virtual source in the subsurface

and, subsequently, a multiple-free image.
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Figure 2.13: The Green’s function for up-going waves at the virtual source location (1000 m) and
recording at the surface for the velocity in model in Figure 2.9.
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Figure 2.14: The Green’s function for down-going wave at the virtual source location (1000 m)
and recording at the surface for the velocity in model in Figure 2.9.
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Figure 2.15: Sketch of some events that are present in the Green’s function from the virtual source
(grey dot) at 1000m and recorded at the surface for the velocity in model in Figure 2.9.
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Figure 2.16: Image of the velocity model, Figure 2.9, after Marchenko imaging with the reflectivity
overlain (in black).
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2.4 Discussion

The new feature of our Green’s function retrieval scheme compared to the earlier presented
schemes is that we include the free-surface multiples in our Green’s function. Hence we do not
need to remove the free-surface multiples from our reflection response. For our 1D numerical
examples, we can identify the events that are caused by the presence of the free surface (black line
in Figure 2.7) by computing the difference of G and G,.

The arrivals that are caused by the free surface (black line in Figure 2.7) have higher amplitude
and greater waveform complexity compared to the events in the response without a free surface G
(white line in Figure 2.7). This supports our conjecture that using the additional events and energy
that free-surface reflections provide, can benefit imaging of the subsurface, i.e. imaging using G
rather than G.

In our scheme to retrieve the Green’s function we require that the wavelet is removed from the
reflection response (which can be done by deconvolution). In addition, we assume that the reflec-
tion response is due to a down-going source. However in the marine case the source is generally
placed a few meters below the surface, therefore there is not only a down-going component of
the source, but also an up-going component. In such situations, we consider the source wavelet
to also include the up-going component of the source. Consequently, the wavelet with which we
deconvolve the reflection response at the surface is no longer that of a monopole source but of a
dipole source.

Although we show 1D examples, all equations are multidimensional. In 2D or 3D media, a
smooth version of the slowness (1/velocity) can be used to get an estimate of the direct arriving
wave from the virtual source to the surface, but the small scale details of the velocity and density
need not be known. The direct arriving wave can be obtained using finite-difference modeling of
the waveforms. In 1D, a velocity model is not necessary unless we want a depth image as in the
examples we show in this paper.

We have also briefly investigated Marchenko imaging when the reflection response is corrupted

with noise. In such noisy cases, the noise level in the reflection response and the Marchenko image
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are similar although our Green’s function retrieval algorithm is non-linear. However, further inves-
tigation is needed to properly understand the accuracy of Marchenko imaging when the reflection

response is corrupted with noise.
2.5 Conclusion

We extended the retrieval of the Green’s function to include the presence of a free surface.
This function includes primaries, internal multiples, and now also free-surface multiples. Signifi-
cantly, our proposed method does not require any surface-related multiple removal of the reflection
response. The resulting images of the subsurface are free of any artifacts of the free surface mul-
tiples and internal multiples, this is because Marchenko imaging is a natural way to use primaries

and multiples in imaging.
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CHAPTER 3
INCORPORATING FREE-SURFACE MULTIPLES IN MARCHENKO IMAGING

Imagine placing a receiver at any location in the Earth and recording the response at that loca-
tion to sources on the surface. In such a world, we could place receivers around our reservoir to
better image the reservoir and understand its properties. Realistically, this is not a feasible approach
for understanding the subsurface. Here, we present an alternative and realizable approach to ob-
taining the response of a buried virtual receiver for sources at the surface. This method is capable
of retrieving the Green’s function for a virtual point in the subsurface to the acquisition surface. In
our case, a physical receiver is not required at the subsurface point; instead, we require the reflec-
tion measurements or sources and receivers at the surface of the Earth and a macro-model of the
velocity (no small-scale details of the model are necessary). We can interpret the retrieved Green’s
function as the response to sources at the surface for a virtual receiver in the subsurface. We obtain
this Green’s function by solving the Marchenko equation, an integral equation pertinent to inverse
scattering problems. Our derivation of the Marchenko equation for the Green’s function retrieval
takes into account the free-surface reflections present in the reflection response (in previous work
we considered a response without free-surface multiples). We decompose the Marchenko equation
into up- and down-going fields and solve for these fields iteratively. The retrieved Green’s function
not only includes primaries and internal multiples similar to previous methods, but also includes
free-surface multiples. We use these up- and down-going fields to obtain a 2D image of our area of

interest, in this case, below a synclinal structure. This methodology is called Marchenko imaging.
3.1 Introduction

Traditionally, to image the subsurface using standard imaging methods like reverse time mi-
gration (RTM) or Kirchhoff migration, one assumes the first-order Born approximation. This
assumption only allows us to use primary reflections in conventional imaging (singly-scattered

waves). However, the assumption of the first Born approximation leads to artifacts in the presence
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of multiples. In order to implement conventional imaging and to ensure the assumption of single
scattering holds, one has to remove multiply reflected waves. Multiples consist of internal and
free-surface multiples. The removal of free-surface multiples is generally a priority in the recorded
reflection response since free surface multiples are, in general, stronger than internal multiples.

To remove surface multiples from the reflection response, there are model-based methods (Lok-
shtanov, 1999; Wiggins, 1988), inverse-scattering based methods (Weglein et al., 1997), data-
driven methods (Amundsen, 2001; Berkhout and Verschuur, 1997; Verschuur et al., 1992; Zi-
olkowski et al., 1999) and recently, inversion methods (van Groenestijn and Verschuur, 2009;
Ypma and Verschuur, 2013). The data-driven technique proposed by Verschuur et al. (1992),
surface-related multiple elimination (SRME), is a popular method for attenuating multiples be-
cause it has been proven to be effective on many real data examples. Although internal multiples
are weaker, there are data driven methods (Berkhout and Verschuur, 1997; Verschuur and Berkhout,
2005) and inverse scattering methods (Ramirez et al., 2005) that remove them from the reflection
response. Removing the multiples is not always a simple task; in addition, removal does not allow
us to use the valuable information provided by these multiples. Multiples provide redundant as
well as new information that is still useful to improve our image. Using multiples can increase
the illumination and lead to better vertical resolution in the image (Jiang et al., 2007; Muijs et al.,
2007a,b; Schuster et al., 2003).

A method to use the information embedded in multiples is proposed by Reiter et al. (1991), who
use a ray-equation Kirchhoff depth migration to image with free-surface multiple reflections and
primaries. In the final image, they achieve extended lateral coverage and an increased signal-to-
noise ratio compared to imaging with primaries. However, their method requires reliable separation
of free-surface multiples and primaries. In addition, ray-based algorithms, such as that given in
Reiter et al. (1991), might fail in complex geologic structures.

One-way wave equation migration of multiples is proposed by Guitton et al. (2002), Muijs
et al. (2007a), and Malcolm et al. (2009) to overcome the shortfalls of ray-based methods. One-

way wave equation migration limits imaging of steep angle reflectors. Berkhout and Verschuur
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(2006) modify the principle of SRME to transform multiples into primaries. Accordingly, these
new primaries can be subjected to the same imaging criteria as normal primaries. Ong et al.
(2002) incorporate RTM (two-way wave equation) into imaging multiples by using the source and
receiver wavefield as the primary and multiple response, respectively. Although the subsurface
image produced by the modified RTM of multiples gives better illumination and spatial resolution,
there are imaging artifacts caused by high-order multiples correlating with the primaries, which
place spurious reflectors incorrectly deeper (Ong et al., 2002).

In this paper, we do not investigate the advantages of imaging with multiples; we show that the
artifacts caused by multiples are largely reduced compared to standard imaging techniques. We
propose to use an inverse scattering approach for suppressing artifacts caused by multiples. The
physical basis for exact inverse scattering is focusing and time reversal (Rose, 2002a,b), which
yield the Marchenko equation. This equation is an integral equation that determines the wavefield
for a (virtual) source at any point x, given the single-sided reflection response.

Broggini et al. (2012) extend the work of Rose (2002a) to geophysics for retrieving the Green’s
function from reflected waves at the surface. These Green’s functions include only primaries and
internal multiples (Broggini et al., 2012, 2014). They use the Green’s function to image the sub-
surface (Marchenko imaging), whereby they minimize the artifacts produced by internal multiples.
Marchenko imaging uses the up- and down-going Green’s function for imaging. We have incor-
porated the free-surface multiples in the Green’s function retrieval algorithm (Singh et al., 2015);
therefore our retrieved Green’s functions also include free-surface multiples with the internal mul-
tiples and primaries. The major differences between our previous work (Singh et al., 2015) and
this work are: (1) we show 2D imaging examples, (2) we use pressure-normalized wavefields com-
pared to flux-normalized wavefields to obtain the Marchenko-type equations, and (3) we solve the
Marchenko equations using the f; focusing functions (more details on normalized wavefields and
focusing functions are given in the theory section). The new focusing functions, f;, directly solve
for the up- and down-going Green’s functions; and these Green’s functions are used in our imaging

scheme.
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There is another approach to imaging using inverse scattering proposed by Weglein et al.
(2003), who uses a non-closed or series solution called the inverse scattering series. Unlike We-
glein et al. (2003), our inverse solution to the wave equation is in the form of Fredholm integral
equations of the second kind (Marchenko-type equations).

In this paper, we derive the retrieval of the Green’s function by solving Marchenko-type equa-
tions using pressure-normalized wavefields. The reason for using pressure-normalized fields are
given in the theory section. We show numerical examples of imaging the subsurface using the
Green’s functions at different depths. Note that the Green’s function includes primaries, internal
multiples, and free-surface multiples. We call imaging with these Green’s functions Marchenko
imaging. The distinction between our work and the previous papers of Wapenaar et al. (2014a),
Slob et al. (2014) and Wapenaar et al. (2014b) is that we 1) include free-surface multiples in
the Green’s function retrieval 2) do not require the multiples to be removed from the surface re-
flection response 3) and subsequently minimize the artifacts caused by the free-surface multiples
in the imaging. Although, the retrieval of the Green’s function and hence the imaging is cur-
rently an acoustic technique; work has already begun on making the procedure elastodynamic

(da Costa Filho et al., 2014; Wapenaar and Slob, 2014).
3.2 Theory

Retrieving the Green’s function in the presence of a free surface, using Marchenko-type equa-
tions, is derived in multi-dimensions by Singh et al. (2015), but their numerical examples are one
dimensional. The reflection response R that Singh et al. (2015) use to retrieve these functions
is flux-normalized, which facilitates the derivation of the 3D Marchenko equations (Wapenaar
et al., 2014a). Similarly, the retrieval of the Green’s function without a free surface also uses flux-
normalized wavefields, (Broggini et al., 2012; Wapenaar et al., 2013a). However, the Green’s func-
tion retrieval is not restricted to flux-normalized fields and can be modified to pressure-normalized
fields. Wapenaar et al. (2014a) derive the retrieval of the Green’s function using pressure-normalized

fields in the absence of a free surface.
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In this paper, we demonstrate an alternative approach to Singh et al. (2015) by using pressure-
normalized fields to retrieve the Green’s function in the presence of a free surface. Like previous
papers on Green’s function retrieval, we obtain these Green’s functions by solving Marchenko-
type equations (Slob et al., 2014; Wapenaar et al., 2014a,b). We show 2D numerical examples
of the retrieval and its application to imaging the subsurface. More details on flux- and pressure-
normalized wavefields can be obtained from Ursin (1983), Wapenaar and Grimbergen (1996), and
Wapenaar (1998).

Acoustic pressure p and vertical particle velocity vs are related to any type of one-way normal-

ized fields (down-going p™ and up-going p~) in the space-frequency domain according to

b _ Ly Ly P+ .
(1)-(2 %))

conversely, the p™ and p~ are related to p and v by

pt _ 1/t Lyt p
Here, £, L5, and their inverses are pseudo-differential operators (Wapenaar, 1998). For pressure

normalization, £; = Z (identity operator), while for flux-normalization, equation 3.2 becomes

p+ B ,Ct ,Ct p
(5)-(2 %) (L),

where superscript ¢ denotes operator transposition.

In a laterally invariant medium, equations 3.1 and 3.2 become, in the wavenumber-frequency
(7)-(& & )(7) )
U3 [,2 —£2 p_ ’
PPY_L(L L\ (P
s =—| = 2 =, 3.5
<p— ) 92 ( £1—1 _[’2—1 U3 ( )

respecitively. Here, El, ZQ, and their inverses are scalar functions (not operators). Equations 3.4

domain,

and

and 3.5 hold for any type of normalization. For pressure normalization, we have Zl = 1 and
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CNQ = ks/wp, where k3 = \/m, with k = (kq, k2). For flux-normalization, we have
Fr = fap ks and £y — \/Ts20p.

We use pressure-normalized wavefields since the relationship between the two-way Green’s
function and the pressure-normalized one-way Green’s functions is much simpler than with flux
normalization. The sum of the one-way pressure-normalized fields is equal to the pressure. The
flux-normalized up- and down-going Green’s functions G and G arerelated in the space domain

to the two-way Green’s function by (equation 3.1)
G = Lilws) Lalwso) (G +C ) (3.6)

where L£1(z30) and £, (z3;) are the operators at the depth levels x5 = 3 and x3 = x5, respec-
tively.

Therefore, in order to obtain the two-way Green’s function of the pressure recording for a
source of volume-injection type using flux-normalized one-way wavefields, one must apply £; at
x3 = w30 and x3 = x3; to the sum of G and G . However, to obtain this same two-way Green’s
function using pressure-normalized wavefields, we simply add the up- and down-going retrieved
Green’s functions. Although the pressure-normalized wavefields are simpler to obtain compared
to flux-normalized wavefields, their use in the derivation of the retrieval of the Green’s function is
more involved.

We begin the derivation of the Green’s function retrieval with the frequency-domain one-way
reciprocity theorems of the convolution and correlation type (Slob et al., 2014; Wapenaar et al.,
2014a), which hold for lossless media between 0D, (acquisition surface) and 0 D; (arbitrary depth

level):

/a N P~ (X)[(Bsph )P + (Bsp ) phldxe = — /8 N p~ (%) [ph (0spp) + pa(Bspf))dxs,  (3.7)

/8 N p~ (%) [(0sp}) P + (9sp3) ppldxe = — /a N P~ (x)[(p1) (9sph) + (P2)" (Dspp)]dx;.
' (3.8)
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The asterisk * denotes complex conjugation, and the subscripts A and B denote two wave states.
Equations 3.7 and 3.8 are the reciprocity theorems for pressure-normalized one-way wavefields.
Equation 3.8 does not account for evanescent and horizontally propagating waves. The spatial
coordinates are defined by their horizontal and depth components, for instance Xo = (X0, Z3,0),
where xg o are the horizontal coordinates at a depth 3. These one-way reciprocity theorems

hold for up- and down-going pressure-normalized fields.
3.2.1 One-way wavefields

The reciprocity theorems are used to solve for the Green’s function. We define the Green’s
function as the response to an impulsive point source of volume injection rate at xg just above
0D,. This Green’s function obeys the scalar wave equation

1 1 9°G D8 (1)

We include the time derivative on the right hand side because we consider the source to be of
volume injection rate. Using the Fourier convention, p(x,w) = [°°_p(x,t) exp(—jwt)dt, in the

frequency domain, equation 3.9 becomes
1 Wz . 1"
pV. ;VG + gG = —jwpd(x — Xg). (3.10)

Since we are using one-way reciprocity theorems, equations 3.7 and 3.8, we define our Green’s
function (two-way) as a sum of the up- and down-going pressure-normalized one-way Green'’s

functions:
G(x,xq,w) = GT(x,xg,w) + G7(x, xg, w), (3.11)

where x is the observation point. Defined this way, the one-way Green’s functions are decomposed
at the observation point x denoted by the first superscript 4+ or —. We consider downwards to be
positive, hence the superscript + represents down-going waves and — up-going waves. The second
superscript (q) refers to the volume-rate injection source at xg. For instance, G%(x, Xg, w) is the
pressure-normalized up-going Green’s function at x due to a volume injection source at xg in the

frequency domain.
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Similar to equation A1l in Wapenaar et al. (2014a), we define the vertical derivative of the

up-going Green’s function at the acquisition surface 9Dy, just below the free surface, as

I
05G7(x,Xg, W)|wg=as0 = ijwp(xo)R(xg,xo,w). (3.12)

However in our case, both J3G 7 and R include the free-surface multiples. Considering the down-

ward component of the source and the surface-reflected waves, we define

1 3 "
83G+7q(xa Xg, w)|x3:x3,0 = _§]WIO<X0)[5(XH - X/Iil) + TR(XO’ Xo, w)]’ (313)

where 7 denotes the reflection coefficient of the free surface (in the simple examples shown in
this paper r is -1). For the down-going field d;G™%, at and below 0D, we consider both the
downward component of the source —% Jjwp(x0)0(xm — xjy) and the reflections from the free
surface — % Jwp(xo)rR(xg, X0, w), similar to the Marchenko derivation with flux-normalized fields
from Singh et al. (2015). At 9D;, the up- and down-going waves are G—% and G, respectively.
We define state A, shown in Figure 3.1, as the one-way pressure-normalized wavefields in the
actual medium pj at 0D, and 0D;, as shown in Table 3.1.

Similar to previous papers that derive Marchenko-type equations (Singh et al., 2015; Slob et al.,
2014; Wapenaar et al., 2013a, 2014a), we also define focusing functions as state B (see Figure 3.2).
The focusing function f; is a solution of the sourceless wave equation, for the waves that focus
at a point at the bottom of the truncated medium. The truncated medium is called the reference
medium as it is reflection free above 0D, and below 0D; but is the same as the actual medium
between 0D, and 0D; (see Figure 3.2). The f; function is defined as waves that focus at x{ at a
defined depth level (9 D;) for incoming f," and outgoing f;” waves at the acquisition surface (9Dy)
Xo ( Figure 3.2).

The one-way wavefields for the f; function at the depth levels 9D, and 0D;, which we define
as State B, are shown in Figure 3.2 and Table 3.2. The one-way focusing function f;"(x,x},?)
is shaped such that f;(x,x!,¢) focuses at x| at ¢ = 0. At the focusing point x; of f;, we define
D3 f1(x,xi,t) as —%p(xg)é(xH — x;)04(t)/0t, a two-dimensional (2D) and 1D Dirac delta func-

tion in space and time, respectively. After the focusing point, fi(x, x!,¢) continues to diverge as a
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Figure 3.1: The one-way Green’s functions in the actual inhomogeneous medium in the presence
of a free surface at the acquisition surface 0D, and the arbitrary surface 0D;. The tree indicates
the presence of the free surface.
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Figure 3.2: Focusing function f; that focuses at x; in the reference medium, where above 9D is
homogeneous and below 0D); is reflection-free.

down-going field f;" (x, x}, t) into the reflection-free reference half-space (Wapenaar et al., 2014a).

By substituting the one-way wavefields given in Table 3.1 (State A) and Table 3.2 (State B)

into the convolution reciprocity theorem, equation 3.7, we get the up-going Green’s function

GI(x;, Xg,w) = / [f1 (%0, %}, w) R(xg, X0, w) — 1 f; (X0, X}, w)R(xp, Xo,w)]|dxg
0Dg

— fi (xp, %}, w). (3.14)

Likewise, substituting the one-way wavefields in Table 3.1 and Table 3.2 into the correlation reci-

procity theorem, equation 3.8, we get the down-going Green’s function

G+,q(xg7xng) = - / [ff(Xo,Xg,W)*R(Xg,Xo,W) - rflJr(X()?Xg7w>*R(X37X07w)]dXO
0Dg

+ fi (xg, i, w)" (3.15)
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Table 3.1: The pressure-normalized one-way wavefields in the actual inhomogeneous medium in
the presence of a free surface at the depth level 9D, and 0D);. pjj symbolizes one-way wavefields
at arbitrary depth levels in the inhomogeneous medium, while 7 is the reflection coefficient of the

free surface.

1 "
On ODy: || Osph = O3GT(x0, x5, w) = —ijwp(xo) (5(XH — xX5) + TR(XO,XO,w)>
1 . 7"
63]?;1 = 63G7’Q(X0,X3,u}) = §jwp(X0)R<X07XO>W)
On 0D;: | pj = GT1(x;, x5, w)
Pa= G1(xi, xg, w)

Table 3.2: The one-way wavefields of the focusing function f; at the acquisition surface 0D, and
the level where f; focuses, 0D;. p§ symbolizes one-way wavefields in the frequency domain, at
arbitrary depth levels in the reference medium, see Figure 3.2.

On 0Dy: pg = ff“(xo,xg,w)
pé = fl_(X07X;7w)
1.
On 9D;: || Ospf = Osff (xi,x},w) = —§]wp(xg)5(xH — x)
83]?; = a3f1_<xi7xg7w) =0
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Equations 3.14 and 3.15 are identical to the equations for G~ and G of Singh et al. (2015),
however our Green’s functions are pressure normalized. In addition, unlike Singh et al. (2015),
there is no need to use equation 3.6 to obtain the two-way Green’s function; one can simply use
equation 3.11 to get G. Equations in 3.14 and 3.15 are the starting point for deriving the 3D

Marchenko-type equations.
3.2.2 Marchenko Equations

Equations 3.14 and 3.15 are two equations for four unknowns (G, G4, f,;", and f; ). After
an inverse Fourier transform, we can separate these equations into two temporal parts: time earlier
than the first arrival and time later than the first arrival of the Green’s function at the virtual receiver
location. We consider #4(x}, Xg) to be the first-arrival time of the Green’s function. Hence, we can
separate equations 3.14 and 3.15 for ¢ > t; and ¢t < t;. These temporal constraints, along with the
causality requirements give rise to two equations and two unknowns for f*, after which we can
retrieve G by substitution into equations 3.14 and 3.15.

An estimate of the first arrival time ,4(x}, xg) is, for example, obtained by using finite-difference
modeling of the waveforms in a smooth velocity model that acts as a macro-model. The time in-

terval before ¢, gives rise to

£ (8 x / dxo / i (%0, X ¥') — 1 (%0, %, ) R(Xl X0, £ — )t (3.16)
0Dg

t
£ %, t):/ dxo/ [ (x0, %0 —t') — 1 (0, %, )| R(x" %0, — £)dt', (3.17)
0Dg —00

because causality dictates that G* vanish for ¢ < t4(x}, xg).

In the reference medium where the focusing functions exist, we can define up- and down-going
waves with respect to transmission responses 7'(Xo, X, t) at arbitrary depth levels (State C), as
shown in Figure 3.3. Hence, T'(x¢, X!, t) is the transmission in the reference medium; which is the

actual inhomogeneous medium, between 0D, and JD;, but homogeneous above and below 9D,
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and 0D;. The up- and down-going waves in Figure 3.3 are defined in Table 3.3 according to the

Homogeneous half-space
T(xo, X, t)

'
1

medium

Reflection-free reference half-space
Figure 3.3: The transmission response 7'(Xo, X}, t) in the reference configuration.

reciprocity relations:

Table 3.3: The one-way wavefields in the reference medium at the acquisition surface 9D, and
the level where f; focuses, 0D;. pjcE symbolizes one-way wavefields in the frequency domain, at

arbitrary depth levels in the reference medium, see Figure 3.3. The source location is just below
oD,;.

On 9Dy: || dspf = 0,
Ospe = 03T (%0, %}, w),
On dD;: | p5= 0,
P = 0(xp — X).

Substituting the one-way wavefields represented in Table 3.2 and Table 3.3 into the one-way

convolution reciprocity theorem, equation 3.7, yields

Sy~ ) = |

dDy

T :
BT (X0, X1 (o0 o), (3.18)

1.
—§JWP(X0)
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where we represent the source positions of the focusing function f;~ with double primes instead of

03T (x0, X}, w)

single. For simplicity, we define 7 (xo, X}, w) = ; hence in the time domain (from

—§jwp(xo)

equation 3.18), f;" is the inverse of the transmission response:
fif (x0, x5, 1) = T (%0, %4, 1). (3.19)
Analogous to Wapenaar et al. (2014b), Slob et al. (2014), and Singh et al. (2015), we adopt the
assumption for the pressure-normalized version of f;" to be
Fif (x0. %, t) = T3 (%0, %, 1) + M (x0, %, ), (3.20)

where 7}"“ is the inverse of the direct arrival of the transmission response, and M is the coda
following 7./". We can approximate 7" as the time-reversed direct arrival of the pressure-
normalized Green’s function (hence the need for a smooth velocity model as previously men-
tioned).

Substituting assumption 3.20 into the time-domain representation of equations 3.16 and 3.17

yields the following Marchenko equations for ¢ < ¢4(x}, x3):

X,,XO)
11 (xg,x / dxo/ T (%9, %}, t')R(xXy, X0, t — t')dt’ +
dDo

/ dxo/ M (%9, %}, t")R(xg, Xo,t — t')dt’ —
9Dy —tﬁl(x;,xo)

¢
7‘/ dxo/ f1 (%0, %}, t')R(xg, X0, t — t')]dt/, (3.21)
0Dy € (x!,x0
M (xg, X;, / dxo/ (%0, %}, —t")R(xq, X0, t — t')dt’ —
0Dg —td(x xo)
/ dxo M (%9, x5, t") R(xq, X0, t + t')]dt’ -
0Dg —te(x Xo
—t x xo
/ dxo/ T (%0, x4, t')R(xg, X0, t + t')]dt, (3.22)
8Dy
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with t5(x}, X )= ta(x}, X0) — €, Where € is a small positive constant to include the direct arrival in

the integrals. We choose to solve the Marchenko equations (3.21 and 3.22) iteratively as follows:

¢ (x{,x0)
flkxo, / dxo/ T (x0, %}, t')R (xg, X0, t — t')dt’ +
aDo

/ dXO/ Mk_l(X()?Xg,t/)R(Xg,Xo,t — t/)dt/ -
9Dy —t;(x;,xo)

¢
7"/ dxo/ Jin1 (%0, %1, t")R(xg, X0, t — t')]dt’, (3.23)
0Dg —t€ (X/ X0 ’

Mk X0> i’ / dXO /
0Dg —t&(

d

7‘/ dxo/ M1 (%0, x3, t') R(xg, X0, t + t')]dt/ -
0Dg —t x X()

f1 k Xo, Xj, )R(Xg> X0>t - t/)dt/ -
(x{,x0)

—t5(x{,x0)
/ dX() / T”w(X(), ) (XO7 Xo, t+t )]dt . (324)
9Dg

Note that we are not limited to solving the Marchenko equations iteratively; one can use a
preferred integral solver such as conjugate gradients or least-squares inversion. The corresponding

focusing function f;" for each iteration reads (from equation 3.19)
[k (X0, x4, 1) = T (x0, X}, t) + My_1 (X0, X}, ). (3.25)
3.2.3 Marchenko iterative scheme

We initialize the Marchenko iterative scheme by obtaining the direct arrival of the Green’s
function. The time-reversed version of this direct arrival can be used as an approximation for 7™
which takes into account travel times and geometric spreading but ignores transmission losses at
the interfaces (Wapenaar et al., 1989, 2014a).

With this initialization, the iterative scheme for £ = 0 is as follows:

—t5(x{,x0) , ,
fro(x0, X5, / dX()/ T (%0, x4, t')R(xy, X0, t — t )dt (3.26)
aDy
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MO X07 i’ / dXO/ f10 Xo, X, ) (XOaX07t_t)dt -
0Dg —te X xo
—t5(x},%0)
/ dxo/ T (%0, %5, t')R(xy, X0, t + t)]dt. (3.27)
dDg

Now the iterative scheme described in equations 3.23-3.25 can be initiated with equations 3.26 and
3.27 to solve for f;” and f; . These focusing functions can then be substituted in equations 3.11,
3.14 and 3.15 to obtain the retrieved two-way pressure-normalized Green’s function, and the up-

and down-going one-way pressure-normalized Green’s function, respectively.
3.2.4 Marchenko imaging

Behura et al. (2012); Broggini et al. (2012, 2014); Singh et al. (2015); Slob et al. (2014);
Wapenaar et al. (2011, 2014b) have all used the retrieved one-way Green’s functions to produce an
image. Marchenko imaging is built on the concept of obtaining the reflection response from the up-
and down-going wavefields at an arbitrary depth level. The use of up- and down-going wavefield
for imaging is not a new principle. Claerbout (1971), Wapenaar et al. (2000) and Amundsen (2001)
have shown that one can get the reflection response below an arbitrary depth level once the up- and
down-going wavefields are available.

The governing equation for imaging with such one-way wavefields is (Wapenaar et al., 2008a)

G(x;,Xg, 1) / dxl/ GT9(x3,xp,t — t')Ro(x}, x;, t')dt’, (3.28)
oD;

where 0D; is an arbitrary depth level and Ry is the reflection response of the medium below 0D);.
Note that equation 3.28 holds for outgoing and incoming wavefields normal to the surface 0D;.
However, the retrieved Green’s functions (current methods) are strictly up- and down-going wave-
fields at arbitrary depth levels, which corresponds to a flat surface 9D;. The reflection response
Ry, in equation 3.28, is the response as if everything above 0D; is transparent. Therefore, Ry
is a virtual reflection response as if there were receivers and sources at 01);, in the absence of a

free-surface at 9D;. Significantly, the response Ry is blind to the actual overburden above 0D;.
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Wapenaar et al. (2014b) have shown the retrieval of this virtual reflection below a complex over-
burden. In this paper, any variable with a subscript 0 (e.g., Ry) indicates that no free-surface is
present.

We choose to solve for 17y in equation 3.28 by multidimensional deconvolution (MDD) (van der
Neut et al., 2011). Details of solving equation 3.28 using retrieved Green’s functions are given in
Wapenaar et al. (2014b). The significant difference between our work and the previous Marchenko
imaging papers is that our Green’s functions include information of the actual medium with the
free-surface and include all (free-surface and internal) multiples. This corresponds to minimizing
the artifacts caused by free-surface multiples and internal multiples in the imaging. Once we obtain
R, at each image point, our subsurface image is the contribution of R, at zero offset and zero time,

ie., Ro(xi,x;,0).
3.3 Numerical examples

Our numerical model has variable velocity and density, as shown in Figure 3.4 and Figure 3.5
respectively. We use a 2D inhomogeneous subsurface model with a syncline structure. The hor-
izontal range of the model is —3000 m to 3000 m. Our goal is to show: (1) the retrieval of the
Green’s function G(x}, xg, t) for a virtual receiver at x; = (0, 1100) m and the corresponding vari-
able source locations at xg; (2) the subsurface image below the syncline structure. To obtain the
Green’s function, we need the pressure-normalized reflection response R(xg, Xo,w) and a macro-
model (no small-scale details of the model are necessary). The reflection response is computed by
finite differences (Thorbecke and Draganov, 201 1) with vertical-force sources and particle-velocity
receiver recordings, both at the surface. The receiver spacing is 10 m and the source is a Ricker
wavelet with a central frequency of 20 Hz. We use this finite-difference response and equation
3.2 to get the pressure-normalized reflection response R(xg, Xo,w) which we deconvolve with the
source wavelet. See Figure 3.6 for an example of a single shot at xj = (0,0) m with the direct
arrivals from source to receivers removed. The macro-model is a smooth version of the velocity

model which we use to compute the travel times of the direct arrival (see Figure 3.7). No density
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information is required.

We use the macro-model to obtain the first-arrival from the virtual source at x; = (0, 1100) m
to the surface (by an eikonal solver). This first arrival is time-reversed to initialize the iterative
scheme with 77" as well as to guide us in choosing the time windows for equations 3.14-3.17.

Figure 3.8 shows 7, which is equivalent to fff o
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Figure 3.4: The velocity model ranging from velocities 1.9 to 2.8 km/s as shown in the color bar.

3.3.1 Focusing functions

We build the focusing functions flf . and fi; using the iterative scheme in equations 3.23-3.25.
Figure 3.9 shows the functions fff , and fi for iteration index k& = 0,1, 5. Note that these one-way
focusing functions reside in the time-window —t; < t < ;.

The integrals that we use to solve for the focusing function, equations 3.16 and 3.17, have spa-
tial limits between —oo and co, which means we require infinite aperture. In our implementation,
we truncate the spatial integral. This truncation requires tapering at the edges of the reflection

response, which corresponds to the reduced amplitudes of the focusing functions at the far offsets.
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Figure 3.5: The density model ranging from densities 1 to 3.5 g/cm® as shown in the color bar.

x (km)
-3 -2 -1 0 1 2 3

Figure 3.6: The reflection response corresponding to the inhomogeneous velocity and density
model in Figure 3.4 and Figure 3.5.
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Figure 3.7: Macro-model, i.e. smooth version of Figure 3.4, used to compute the first arrivals from
the virtual source location to the surface.
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Figure 3.8: The time-reversed first arrival for a virtual source at x; = (0, 1100) m and receivers at
the surface. This event is used to initialize the Marchenko iterative scheme (7,;"").
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From iteration index £ = 0 to £k = 1, new events are generated in the focusing function.
Even the focusing function f;, at & = 0 already has the main features that are obtained after
five iterations. In iteration £ = 1 to k = 5, the focusing functions look kinematically similar.

Higher-order iterations generally correct the amplitude errors in the focusing functions.
3.3.2 Green’s function retrieval

By substituting the focusing functions in equations 3.14 and 3.15, we obtain the one-way
pressure-normalized Green’s functions, as shown in Figure 3.10. These up- and down-going
Green’s functions are the response for a receiver at x; = (0,1100) m and variable source loca-
tions xg. To see the internal multiples and the free-surface multiples in Figure 3.10, we display the
Green’s functions with a time-dependent gain of exp(1.5 x t).

The two-way Green’s function is given as the summation of the up- and down-going Green’s
functions. A comparison of this retrieved two-way Green’s function with the modeled Green’s
function (modeled with the exact small-scale variations in the velocity and density) is shown in
Figure 3.11. For display, we apply a gain of exp(1.5 x ) to the Green’s functions in Figure 3.11
to better see the internal multiples and free-surface multiples at larger travel-times. The retrieved
and modeled Green’s functions match almost perfectly, as shown in Figure 3.11. As expected,

the far-offsets do not provide a good match because we are truncating the spatial integrals in the

Marchenko equations.
3.3.3 Comparison of Green’s functions with and without the free surface

Previous formulations of Green’s function retrieval, mentioned in the introduction of this pa-
per, require the reflection response without free-surface multiples. This means that an additional
processing step to remove the surface reflections is required before implementing the Green’s func-
tion retrieval algorithm for past formulations. For such an implementation, the Green’s function
does not include free-surface multiples; hence the imaging procedure does not take these multi-
ples into account. Figure 3.12 shows the up- and down-going one-way Green’s function without

free surface multiples. The Green’s functions in Figure 3.12 are retrieved using the Marchenko
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Figure 3.9: One-way focusing functions fff , and fi, that focus at x; for iteration index k = 0, 1, 5.
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Figure 3.10: One-way pressure-normalized Green’s functions G* (down-going) and G~ (up-
going) for a virtual receiver position x; = (0, 1100) m and a range of source positions xg. These
Green’s functions include free-surface multiples.

method that does not take into account free-surface multiples (Broggini et al., 2014; Wapenaar
et al., 2014a); we remove the free-surface multiples from the reflection response before retrieving
these Green’s functions.

The Green’s functions in Figure 3.12 are the response for a virtual receiver position x| =
(0,1100) m and variable source positions xg. For display, we also apply a time-dependent gain
of exp(1.5  t) to the Green’s functions. As expected, the Green’s functions with the free-surface
G™ and G~ have greater waveform complexity and higher amplitudes than the Green’s functions
in the absence of the free surface G and Gy . This is obvious for times larger than 1.5 seconds for
both Figure 3.10 and Figure 3.12.

The events in the one-way Green’s functions G* may be stronger than in G(jf. For time larger
than 1 second, the free-surface multiples (in red) dominate in Figure 3.13. In addition, we avoid
SRME on the reflection response by using the Marchenko equations for Green’s function retrieval

that includes free-surface multiples (our work). It remains to be investigated to what extent these
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Figure 3.11: The retrieved two-way Green’s function (in red) superimposed on the modeled
Green’s function (in blue, computed by finite differences with the small-scale details in the ve-
locity and density model included) for a virtual receiver position x; = (0, 1100) m and a range of
source positions Xg.
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Figure 3.12: One-way pressure-normalized Green’s functions G (down-going) and G, (up-
going) for a virtual receiver position x; = (0,1100) m and a range of source positions x,. These
Green’s functions do not include free-surface multiples.

retrieved multiples will improve the image quality.
3.3.4 Marchenko imaging — Target oriented

Target-oriented Marchenko imaging entails retrieving the up- and down-going Green’s func-
tions in the target area and using them to construct the target image in Figure 3.14. Figure 3.15
shows the Marchenko imaging of the model in Figure 3.14. To compute this image, we re-
trieve the up- and down-going Green’s functions G*4(x}, x{, t) at the virtual receiver locations
X{ = (Xp,73,;) ranging from xg;; = —2to 2 km and x3; = 1 to 2 km. We sample Xy ; and
x3,; every 40 m and 10 m, respectively, to retrieve the Green’s function. These functions are used
to invert for Ry(x;,x!,t) as explained in the theory section. The contribution to the image is
Ro(xi,x;,0), which is Ry at zero-offset and zero time for the range of x;.

The target-oriented Marchenko image, Figure 3.15, has its artifacts caused by the internal mul-

tiples and free-surface multiples in the overburden largely suppressed. If the free-surface multiples
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Figure 3.13: Green’s function GGy without the free surface (blue) and the Green’s function G with
the free surface (red) for a virtual receiver at x; = (0, 1100) m and a range of source positions xg.
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Figure 3.14: Region of the velocity model targeted for imaging. Note we do not use this model to
implement Marchenko imaging, we use a smooth version of the velocity model (Figure 3.7) only.
This model ranges from -2 to 2 km in the x;-coordinate and 1 to 2 km in the x5-coordinate.
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Figure 3.15: Target-oriented Marchenko imaging of the model in Figure 3.14 below the syncline
structure. The image is Ry(xi, X3, 0) for x; ranging from xg = —2 to 2 km and z3,; = 1 to 2 km.

were not handled correctly by Marchenko imaging then the associated multiples caused by the
syncline and the layers within the syncline would be present in our image. However, Marchenko
imaging removes the artifacts related to the multiples caused by these interfaces. To understand
the adverse effects the multiples have on the subsurface image, we show a reverse time migration
image, which we know does not place multiples at the correct depth level, Figure 3.16. The reverse
time migration image shown in Figure 3.16 is zoomed in to the target location after the entire im-
age was constructed. Figure 3.16 includes many artifacts introduced by the multiples such that the
actual reflectors in the model are masked by these artifacts.

We also remove the free-surface from the reflection response and again conduct reverse time
migration, Figure 3.17. Note that the reverse time migration image still has artifacts because the
reflection response has internal multiples which are not correctly handled by reverse time migra-
tion. These artifacts can be seen by comparing the target model in Figure 3.14 with the reverse time
migration examples. The artifacts are either non-existent or quite minimal in the target-oriented

Marchenko-imaging, Figure 3.15.
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Figure 3.16: Zoomed in image of the reverse time migration for the model in Figure 3.14 below the

syncline structure. The surface-reflection response used for imaging includes primaries, internal
multiples and free-surface multiples.
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Figure 3.17: Zoomed in image of the reverse time migration for the model in Figure 3.14 below
the syncline structure. The surface-reflection response used for imaging includes primaries and
internal multiples, the free-surface multiples are removed.
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3.4 Conclusion

We have shown that we can retrieve the Green’s function at any location in the subsurface with-
out any knowledge of the small-scale variations of the subsurface once we have sufficient aperture
coverage on the surface over the virtual source location. These Green’s functions include not only
primaries and internal multiples but also free-surface multiples. To retrieve the Green’s function,
we require the reflection response at the surface and a macro-model of the subsurface overburden
velocity (at least between the surface and the virtual source depth level). In comparison to previ-
ous work on the Green’s function retrieval by the Marchenko equation, our reflection response at
the surface includes free-surface multiples and therefore, obviates the need to remove free-surface
multiples in the reflection response.

The reflection response is required to be well sampled at the surface. The more densely sampled
our reflection response, the more accurately we can solve the Marchenko equations. The accuracy
of our Green’s function retrieval is also dependent on the kinematic accuracy of the macro-model.
Another limitation of the Green’s function retrieval scheme is that we assume all waves can be de-
composed into up- and down-going events; hence, horizontally propagating waves are not included
in our current method.

Once we know the Green’s function at the surface and the virtual receiver locations, we should
be able to infer what is inside the medium (volume). We can form the image in two ways: (1)
downward continuation to a given reference level at the top of the target zone, and then conven-
tional imaging in the target; (2) target-oriented imaging at all depth levels in the target. In this
paper we follow the second approach. We construct a target-oriented image by deconvolution of
the up- and down-going Green’s function, evaluated at zero offset and zero time.

In the numerical examples, we observe no significant artifacts in the Marchenko image, due
to misplaced multiples, even though the reflection response includes multiples (no preprocessing
is done to remove the multiples). How the multiples improve the image is yet to be investigated;
however, Marchenko imaging largely suppresses the artifacts caused by internal and free-surface

multiples.
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Significantly, the inputs for Marchenko imaging and for the current state-of-the-art imaging
techniques are the same: the reflection response and a macro-model. However, in Marchenko

imaging, we accurately handle not only the primaries but also the multiples.
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CHAPTER 4
STRATEGIES FOR IMAGING WITH MARCHENKO-RETRIEVED GREEN’S FUNCTIONS

Recent papers show that imaging with the retrieved Green’s function constructed by the Marchenko
equations, called Marchenko imaging, reduces the artifacts from internal and free-surface multi-
ples compared to standard imaging techniques. Even though the artifacts are reduced, they can
still be present in the image, depending on the imaging condition used. We show that when imag-
ing with the up- and down-going Green’s functions, the Multidimensional Deconvolution (MDD)
imaging condition yields better images compared to correlation and deconvolution. Beffer in this
case means improved resolution, fewer artifacts and a closer match with the true reflection coeffi-
cient of the model. The MDD imaging condition only uses the primaries to construct the image,
while the multiples are implicitly subtracted in th imaging step. Consequently, combining the first
arrival of the down-going Green’s function with the complete up-going Green’s function produces
superior (or at least equivalent) images than using the one-way Green’s functions since the first
arrival of the down-going Green’s function excludes all the down-going multiply reflected waves.
We also show that standard imaging algorithms which use the redatumed reflection response, con-
structed with the one-way Green’s functions, produce images with reduced artifacts from multiples
compared to standard imaging conditions which use surface reflection data. All imaging methods
that rely on the Marchenko equations require the same inputs as standard imaging techniques: the

reflection response at the surface and a smooth version of the velocity.
4.1 Introduction

The Marchenko equations can be used to retrieve the up- and down-going Green’s function
between an arbitrary virtual receiver in the subsurface and a source on the surface. However
these equations do not prescribe how to use the Green’s function in imaging. The purpose of this
paper is to explain and compare different strategies for imaging with these up- and down-going

Green’s functions. Imaging with these Green’s functions is called Marchenko imaging. Standard

59



imaging techniques assume single scattering, and therefore misposition multiple-reflection events
in the image. However, imaging with the Marchenko-retrieved Green’s functions significantly
reduces (if not eliminates) the artifacts associated with multiple reflections (Singh et al. (2015);
Slob et al. (2014); Wapenaar et al. (2014b) and Singh et al. (2016)). There are many types of
imaging conditions that can be used to image the subsurface with the Marchenko Green’s functions;
they are, however, mostly restricted to imaging with Green’s functions that include only primaries
and internal multiples and they have never been systematically compared for imaging artifacts.

Broggini et al. (2011) show that one can retrieve at the surface the up- and down-going Green’s
function in 1D at a point (virtual source) in the subsurface. These Green’s functions include pri-
maries and internal multiples. Wapenaar et al. (2012) extended the Green’s function retrieval to 3D
by solving the Marchenko equations in multidimensions. Imaging using the Marchenko-retrieved
Green’s functions was first proposed in 1D by Wapenaar et al. (2011), using deconvolution of the
associated up- and down-going Green’s functions at zero lag. Behura et al. (2012) applied the
Marchenko Green’s functions to image 2D models, at specific target locations in the model, using
a correlation imaging condition. This correlation imaging condition is the correlation of the up-
and down-going Green’s function at each image point in the subsurface at zero lag and zero-offset.

Broggini et al. (2014) show that the image constructed by multidimensional deconvolution
(MDD) (van der Neut et al., 2011; Wapenaar et al., 2008b) of the up- and down-going Green’s
function, compared to the correlation image (Behura et al., 2012), produced a similar image of the
subsurface; however the MDD image better matched the true reflectivity of the model. Imaging
with MDD has significantly reduced imaging artifacts compared to standard imaging techniques
like reverse time migration (RTM) and downward continuation (Broggini et al., 2014; Slob et al.,
2014; Wapenaar et al., 2014b). These imaging artifacts are due to the presence of internal multiples
in the data that are not properly handled.

Singh et al. (2015, 2016) modified the Marchenko equations to not only include primaries and
internal multiples, but also free-surface multiples. These modified Marchenko equations obviate

the need to remove the free-surface multiples from the reflection response before computing the
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Green’s functions. The free surface is the strongest reflector in the Earth, and free-surface multiples
are generally stronger than internal multiples. Free-surface multiples can even be as strong as
primaries (Weglein and Dragoset, 2007). For models with free-surface multiples, Singh et al.
(2016) show that the MDD image with Marchenko Green’s functions has reduced imaging artifacts
due to the multiples compared to reverse time migration.

In this paper, we investigate different imaging conditions for the Green’s functions that include
primaries, internal multiples, and free-surface multiples (see Table Table 4.1). In addition to corre-
lation and deconvolution imaging algorithms using the up- and down-going Green’s function G*,
we also image the subsurface with the first arrival of the down-going Green’s function G;? and
the up-going Green’s function G~. Bakulin and Calvert (2006) and Mehta et al. (2007) show that
muting the wavefield recording at the virtual source location, so that it is limited to its first arrival,
improves the virtual source method. This muting suppresses spurious events in the virtual source
gather. We use the same concept of muting the first arrival of G to further reduce the imaging
artifacts from multiples in the Marchenko image.

For simplicity, we separate our investigation on Marchenko imaging strategies into 1D and 2D.
In our 1D investigation we consider both analytical and numerical examples that investigate the
strengths and weaknesses of each imaging condition given in Table Table 4.1. We also compare
each imaging condition using either the up- and down-going Green’s functions or the up- and first
arrival of the down-going Green’s functions. The conclusions of our 1D analysis is applicable to
the 2D scenario. In our 2D investigation we compare imaging with a standard imaging technique,

reverse time migration, and Marchenko imaging.
4.2 1D strategies for imaging

In this section we restrict our imaging and theory to 1D. The ideas, conclusions, and analysis
are, however applicable, for the most part, to multidimensions . The imaging conditions analyzed
in this section are 1) correlation 2) deconvolution. We also compare the application of these imag-

ing conditions to either the up-going Green’s function G~ and down-going Green’s function G
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Table 4.1: Summary of the imaging conditions we use in this paper. All imaging conditions, be
it correlation, deconvolution or multidimensional deconvolution, are taken at zero-time and zero
offset to construct the image. G, G, and G;{ are the down-going, up-going and first arrival of
the down-going Green’s function at the image point, respectively. The ticks (v') means that the
condition at the top of the column holds while X means that the condition is not satisfied.

w1th w1t wzth w1t w1th

G G G G

b 4 v X X

v v v X
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or to the up-going Green’s function GG~ and first arrival of the down-going Green’s function G}L.
In addition, we investigate the retrieval of the redatumed reflection response using correlation and
deconvolution. A summary of our findings are shown in Table Table 4.1. For completeness and
simplicity, we analyze each imaging condition in 1D; in two parts: an analytical investigation and
a numerical investigation. Our analytical model is shown in Figure 4.1 while our numerical model

is shown in Figure 4.2.

Homogeneous half-space

roa T
0 0 Zo
Not an interface
o e e e e e e R r,
a
r{ Ty y
A <1
t2
ro, T,
Y Z,

Homogeneous half-space

Figure 4.1: Analytical 1D model for retrieval of the Green’s functions and imaging. The model is
used to compute the reflection response for sources and receivers just as the first layer 2.

Note that our analytical model and numerical model are different. The numerical model has a
free surface at the acquisition surface in contrast to the transparent surface of our analytical model.
Omitting the free surface in the analytical model in Figure 4.1 greatly simplifies the mathematics
and interpretation. The details of the Green’s function retrieval for our analytical model is given in
the Appendix B.

For our 1D models, we denote the depth as z;, where the subscript i = 0,1, 2, ... corresponds

to the depth in 1D; for instance 2 is the acquisition surface. Superscript (+) refers to down-going
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0.0
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p,=4.5g/cm®> v=3kmls
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Homogeneous half-space

Figure 4.2: Numerical 1D model with a free surface and constant velocity of 3 km/s. The Green’s
functions are retrieved at each position in space to create snapshots of the wavefields propagating
thorough this model. We use this model in our 1D strategies for imaging section to describe our
numerical investigation in 1D.
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waves and (—) to up-going waves at the depth z. Any variable with a subscript O that is not the
coordinate field z, (e.g., Ry) indicates that no free surface is present. We start with an overview of
the analytical and numerical investigation before evaluating each imaging condition in 1D.

Analytical investigation

We use a three-interface (two layer) model with the first interface just below the acquisition
surface. The analytical expression for the reflection response for such a model (see Figure 4.1) is
given by Goupillaud (1961), equation B.1. The analytical model does not include a free surface;
however, the ideas for this simple model can be extended to models with a free surface. In the
Appendix B, we discuss, in detail, the retrieval of the Green’s function for the analytical model in
Figure 4.1.

We retrieve the Green’s function at a virtual receiver in the subsurface using equations B.4 and
B.5 (Broggini and Snieder, 2012; Broggini et al., 2012; Singh et al., 2015, 2016; Slob et al., 2014;
Wapenaar et al., 2013a, 2014b). In our analytical investigation, we retrieve the Green’s functions
at two virtual receiver locations: 1) in the middle of the first layer (¢ = z,) and 2) just above the
second interface (z = z;), in Figure 4.1. The expressions for the up- and down-going Green’s
functions G* at z = 2, and z = 2, is shown in the Appendix B, equations B.9, B.8, B.15, and
B.14. The choice for the location of the virtual receivers at z, and z; will become apparent later
in this section. Note that at z, there is no interface while at z; there is an interface with reflection
coefficient r1, as shown in Figure 4.1.

Numerical investigation

Unlike the analytical investigation, we use the model in Figure 4.2, which has variable density
and constant velocity, to numerically image the subsurface using the Marchenko retrieved Green’s
functions. Although we are using a constant velocity model for our numerical investigation, the
Marchenko equations and the corresponding imaging is not limited to a constant velocity. Our
analytical work is restricted to imaging at only two locations in Figure 4.1 while our numerical
investigation computes the image at 5 m intervals in the numerical model in Figure 4.2. Each

image point corresponds to a virtual receiver location of the Green’s function. We compute the up-
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and down-going Green’s functions at each virtual receiver location in the subsurface for sources
on the surface.

We build our intuition of imaging with these Green’s functions by analyzing snapshots of these
Green’s functions (see Figure 4.3) at all virtual receiver locations. For example in Figure 4.3(a)
and Figure 4.3(b), when G reaches the first interface at 1.5 km, it generates an up-going wave in
the Green’s function G~. In Figure 4.3(b), G™ and G~ are kinematically equivalent at the interface
and we exploit this kinematic equivalence to determine the position and reflection coefficient of
the interface.

Additionally, a multiple (labeled A) is generated at the free surface in Figure 4.3(e). This
multiple can also become kinematically equivalent with other reflections in G~ (labeled B) in
Figure 4.3(f), which can cause imaging artifacts (false interfaces) depending on the imaging con-
dition. However, this free-surface multiple in G* (labeled A in Figure 4.3(e) and Figure 4.3(f))
also interacts with the interfaces and creates an associated up-going wave in G~

This intuition of kinematic similarity between waves at interfaces is related to the work of
Claerbout (1985), who has shown that the up- and down-going wavefields at an arbitrary datum
can be used for imaging. Hence, we can use the up- and down-going retrieved Green’s function at
the virtual receiver location to image the subsurface. The governing equation for imaging with up-

and down-going wavefields in 1D is
G_(Zi,ZO,t) = / G+(ZZ',Zo,t — t/)Ro(Zi,Zi,t/)dt/, (41)

where z; is an arbitrary depth level and R, is the reflection response of the medium below z;
(Amundsen, 2001; Claerbout, 1985; Wapenaar et al., 2008b). In this expression Ry(z;, z;, ) is the
reflection response for sources and receivers at z;, with the medium above z; being homogeneous.

The image of the subsurface is Ry(z;, z;,t = 0), the reflection response R, at zero time. Intu-
itively, for a source and a receiver coincident at an interface z;, the zero time response Ry (z;, z;,t =
0) at that location is the contribution to the image corresponding to the interface. Similarly, in the

absence of an interface at z;, the contribution of Ry(z;, z;,t = 0) at zero time is zero.
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Figure 4.3: Snapshots of the Green’s functions: down-going G7(z,zo,t) (top), up-going
G~ (z, z0,t) (middle), and total G(z, zo,t) (bottom), with virtual receivers ranging from z =
(0 — 2.5) km. We start at 0.4 seconds for the model given in Figure 4.2. The vertical black
lines at 1.5 km and 2.2 km are the interfaces.
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We now investigate the Marchenko imaging conditions as summarized in Table Table 4.1: 1)
correlation 2) deconvolution. The last column of Table Table 4.1, obtaining the correct redatumed
reflection response, is investigated as a separate subsection 4.2.3 in this 1D imaging strategies

segment.
4.2.1 Imaging Condition- Correlation

The contribution at the zero-lag correlation of two 1D signals is due to kinematically similar
events in the signals. For this reason standard imaging techniques, for example Reverse Time Mi-
gration (RTM), generally use the correlation at zero lag as the contribution to the image (Baysal
et al., 1983; McMechan, 1989; Whitmore, 1983). As discussed in the previous section, kinemat-
ically similar events in the up- and down-going Green’s function are generally the location of
the interfaces. However, unlike the Marchenko wavefields, the fields used in conventional RTM
assumes the Born approximation and therefore RTM has artifacts in the presence of multiples
(Glogovsky et al., 2002; O’Brien and Gray, 1996).

In the time domain, the zero-lag correlation-imaging condition in 1D for the retrieved up- and

down-going Green’s function is

C(ZZ‘,Z(),t = 0) = / G_(Zi720,t/)G+(Zi,Zo,t/)dt,. (42)

—00

Equation 4.2 means that the correlation image is the time integral of the up- and down-going
Green’s function.

Analytical investigation

In this subsection of correlation imaging, we investigate mathematically the correlation imag-
ing condition, equation 4.2, applied to the 1D model in Figure 4.1. To illustrate the properties of
the correlation image at the center of the first layer z = 2z, and the top of the second interface
z = z for our analytical example in Figure 4.1, we first perform a series expansion of the respec-
tive up- and down-going Green’s function given in the Appendix B, equations B.9, B.§, B.15, and

B.14. We first analyze the image at the center of the first layer 2 = z,, where there is no interface.
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The series expansion of the down-going Green’s functions G equation B.8 at the center of the

first layer is
G (24, 20, w) = To(rle_gi“tl + rge_i”(%tlJr%Q) +...), 4.3)

where 71, 79, t; and ¢, are the reflection coefficients and one-way travel times of the first and
second layers, respectively; 7 is the transmission coefficient of the first interface (see Figure 4.1)
and ... are the higher order terms in the reflection coefficients of the series. The series expansion
of 4.3 follows from the geometric series rule 1/1 — r = 72 r*. The inverse Fourier transform

of equation 4.3 is
_ 3 3
G (Za, Zo,t) = 7‘0{7”1(5(t—§t1) + 7“25(t—§t1 — 2t2) + }, (44)

Additional terms in the series are given in the Appendix B (equation B.11) and we verify these
terms in Figure B.1.

For the up-going Green’s function G, the series expansion yields
1. . 5 5.
G (24, 20, w) = To{e™ 7™ 4 pyrpe”@GENT2) o emrih L 1 (4.5)

In the time domain, equation 4.5 becomes

1 5) )
G+(Za, Z(),Cd) = T(){(S(t — §t1) —|— T1T25<t — §t1 — 2t2) — 7’07’1(5(75 — §t1> —|— } (46)

For a model where ¢, = t;/2, the second and third terms of the series in equations 4.4 and 4.6,
respectively, coincide in time, as shown in Figure 4.4. Hence, from equation 4.2, there is a con-
tribution to the correlation image at z = z,, although there is no interface at this depth. This
contribution to the correlation image at z = z, is an artifact (false interface) (see Table Table 4.1)
from an internal multiple in the first layer and a reflection from the second layer, as shown in
Figure 4.4.

At z = 21, the location of the interface, the series expansion of the up- and down-going Green’s

functions G in equation B.15 and B.14 yields (in the time domain)

G_(Zl, Z(),t) = T[){Tl(S(t - tl) + TQ(S(t - tl — 2t2) + },
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Figure 4.4: Schematic of a event in the up- and down-going Green’s function at z, for the one-way

travel time ¢, = t;/2. The reflected wave shown by the solid line represents the second term in
equation 4.3, while the dotted line is the third term in equation 4.5. These events occur at the same

time at z, in their corresponding Green’s function, hence they contribute to the correlation image.
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G+(Zl, Zo,t) = ’7'0{(5(25 — tl) + 7"17’25(t — tl — 2t2) + } (47)

In equation 4.7, the events in the up- and down-going Green’s functions occur at the same time;
hence they contribute to the image. The higher order terms in the series expansion of equations
B.14 and B.15 also have similar times in both the up- and down-going Green’s functions and
also contribute to the image at z;. Therefore, at the interface, all events in the up- and down-going
Green’s functions are kinematically equivalent. These events (kinematically the same) are summed
together (integral over time dt’ in equation 4.2) to produce the correlation image. The contribution
to the correlation image at z; for the terms in equation 4.7 is 7¢(r1 + r173 + ...). The reflection
coefficient r; does not match the correlation image at the interface z; but this should come as no
surprise since we are not solving equation 4.1 exactly for [?y (as shown in Table Table 4.1: x at
true reflectivity image for correlation imaging).

Numerical investigation

We apply the correlation imaging condition at each virtual receiver location for the associated
G™ and G~ ; the corresponding image is shown in Figure 4.5.

For the actual model in Figure 4.2, the reflection coefficient of the first layer at 1.5 km 1s 0.33
while the second interface at 2.2 km is 0.38. Comparing the parameters for the actual model to the
correlation image in Figure 4.5 shows that: 1) the reflection coefficients of the actual model do not
match the correlation image, however the two interfaces are correctly positioned at 1.5 km and 2.2
km, respectively; 2) we obtain an spurious event at 0.7 km in the correlation image that does not
match the interfaces in the actual model (refer to Table Table 4.1 in the correlation imaging row)
3) the relative amplitudes of the interfaces in the correlation image are also incorrect.

The presence of the false interface is explained in Figure 4.3(f), where a free surface multiple
in G* (labeled A) interacts with the up-going reflection (labeled B) from the second layer in G~
at approximately 0.7 km. At this depth of 0.7 km, G and G~ have kinematically similar events
(waves A and B) and hence an incorrect contribution to the correlation image. This false event at

0.7 km are due to free-surface multiples in G correlating at zero lag with, not only, the second
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Figure 4.5: Correlation-imaging condition constructed from the up- and down-going retrieved
Green’s functions between virtual sources in the subsurface to the surface. We construct these

Green’s functions at virtual source positions every 5 m in the subsurface.
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layer primary event but other multiples at later times.
4.2.2 Imaging Condition- Deconvolution

In the frequency domain, the reflection response R (equation 4.1) in 1D is a deconvolution

G~ (2, z0,w) G (z,w)GT(z,w)*
G*(z;, 20, w) |GH(z,w)|2+¢€

Ro(Zi,Zi,W) = (48)

where * represents the complex conjugate and € is a regularization parameter to avoid division by
zero (Clayton and Wiggins, 1976). The deconvolution imaging condition similar to the correlation
imaging condition is %y at zero time at the location of the Green’s function virtual receiver z;.

Analytical investigation

Since we obtain the up- and down-going Green’s function at a point in the subsurface ana-
lytically (no noise), solving equation 4.8 is simply a division of these functions in the frequency
domain. We first analyze R, at the center of the first layer z, for the model given in Figure 4.1.
The division of the up-going with the down-going Green’s function at z,, given in equations B.8

and B.9, respectively, yields

G~ (24, 20, w)
Gt (2a, 20, W)’

,r,lefg’iwh + rzef’iw(%t1+2t2)

RO(Zm Za, w) =

1, (L )
e 21wt1+7"17"2€ zw(2t1+2t2)

Tle—iwtl + Tze—iw(h +2t2)

Y

1 + ryrge—2wtz

= {rie7 ™ 4 e @RI 4N (e )} (4.9)

n=1
Note that the denominators in Gt and G~ in equations B.8 and B.9, respectively, cancel by the
spectral division in equation 4.9. The denominator of these Green’s functions are the multiple
scattered contributions in the Green’s function after a series expansion.

The time domain expression for the series expansion of equation 4.9 is

R()(Za,t) :Tld(t—t1>+E(t>t1), (4.10)
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where E(t > t;) are the events in R, that occur for ¢ > ¢;. Equation 4.10 tells us that the
contribution to the image after applying the deconvolution imaging condition Ry(z,,t = 0) is
zero at z,, as there are no contributions at zero time. This vanishing contribution to the image is
expected since we do not have any interface at z,.

We now consider R, at the second interface z; in Figure 4.1. The reflection response R, given

by the division of equations B.14 and B.15 yields

Ry(z1,21,w) = %7
—2iwt
B 1r1t«f;2€e—ziwl- (4.11)
Similarly, the time domain expression for the series expansion of equation 4.11 is
Ro(z1,21,t) = m8(t) + E(t > 0), @12)

where E(t > 0) are the events in R, that occur for ¢ > 0. Therefore, considering equation 4.12, the
contribution to the deconvolution imaging Ry(z1, 21,t = 0) at the second interface z; is ;. This
imaging condition result Ry(z1, z1,t = 0)= r; corresponds to the actually reflection coefficient at
the second interface 7.

Note that the multiples reflections that are embedded in the denominator of equations B.14 and
B.15 are removed by the spectral division of G~ and G (equation 4.11) to produce the image,
while at zero time only the first term in the expansion contribute to the image. This is in agreement
with the conclusions of Snieder (1990a,b) that the multiples are removed in the inversion to produce
the image, while only the first Born approximation term, i.e. the primary reflections, contribute
to the image. We emphasize that for R at the interface and at zero time, the primary reflections
alone, contribute to the construction of the image.

Numerical investigation

Using equation 4.8, we apply the deconvolution-imaging condition to the up- and down-going
Green’s function for the numerical model given in Figure 4.2. The corresponding image is shown

in Figure 4.6. and matches the true reflectivity of the actual model (solid black line).
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trieved Green’s functions used in the correlation imaging section. The black line represents the
exact reflection coefficient of the model in Figure 4.2.

75



Figure 4.6 conforms well to the conclusions we have made in the analytical work of this section:
1) there are no artifacts in Figure 4.6 due to kinematically similar events in the up- and down-going
Green’s function at 0.7 km compared to the correlation image in Figure 4.5 2) the deconvolution
image obtains the correct reflection coefficients at the two interfaces of the model, Figure 4.2, as we
exactly solve for Ry in 1D. There is a weak artifact in the deconvolution image at 0.7 km; however
these relatively negligible events, compared to the events at the interface, are due to deconvolution
numerical error and the finite recording time of the reflection response at the surface. Therefore,
in Table Table 4.1 there are ticks (v') under true reflectivity imaging and no false interfaces for

deconvolution imaging in 1D, which is corroborated by the analytical and numerical investigation.
4.2.3 Imaging Condition- Marchenko Redatuming

We obtain the reflection response in 1D, below an arbitrary point in the model by also solving
equation 4.1 for Ry, as previously stated. We call this reflection response the redatumed reflection
response Ry(z;, z;,t) since we can interpret Ro(z;, z;,t), at depth z;, as the reflection response
for a source at z; and for receivers at z;, while above z; the medium is homogeneous. Since the
redatumed response Ry (z;, z;,t) contains the reflection events below the arbitrary chosen datum,
we can use this response to image below an arbitrary datum z;; thus ignoring the overburden
reflection. Ry include internal multiples from reflections below z;; therefore RTM imaging with
Ry will still have artifacts due to the presence of internal multiples generated below z;.

Analytical investigation

The redatumed response is obtained by solving equation 4.1. In our 1D analytical model,
we solve for Ry using deconvolution, equation 4.8. At z, (center of first layer), equation 4.10,

including some higher order terms, gives the redatumed response Ry(z,, 24,t) at depth z,:

Ro(2a, za, t) = r10(t — t1) + 1r20(t — t1 — 2t5)
— i (t — t; — 2ty) — ryr3d(t — t; — 4ty)
+1ir0(t — t) — dty) + E(t >t — 4ty)
=r16(t — 1)) + TErad(t — ty — 2to) + TErr3S(t — ty — 4ty) + E(t > t) — 4ty).
(4.13)
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In the last line of equation 4.13, the first three events on the right-hand side are verified in the

schematic in Figure 4.7; notice that we account for transmission through the interfaces.
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Figure 4.7: Schematic of a few events in the redatumed reflection response, equation 4.13 at z,, for
the model in Figure 4.1.

Ro(za, 24, t) (equation 4.13) not only includes the primary events but also the internal multiples
and these reflection events have the correct amplitudes (see Figure 4.7). Therefore, we can use this
redatumed reflection response Ry(zq, 24, t) for imaging, which ignores the reflections from above
Zg

Numerical investigation

For our numerical model in Figure 4.2, we compute the redatumed reflection response at z =
1.75 km in Figure 4.8. This response is the deconvolution of the up- and down-going Green’s
functions at the virtual receiver and source at z = 1.75 km, below the first layer in Figure 4.2, i.e.
Ro(z, z,t). Below the virtual source at z = 1.75 km, our model has one interface at z = 2.2 km
with a reflection coefficient of 0.38, which is retrieved in the redatumed response in Figure 4.8 at

0.35 seconds. We can now use R, to image the interface at 2.2 km from above, i.e. at 1.75 km,
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using any imaging technique that uses reflection recordings to construct an image of the subsurface.

Therefore, we obtain the redatumed reflection response (with correct amplitudes and kinematics of
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Figure 4.8: Redatumed reflection response at 1.75 km for the model in Figure 4.2. Note that below
1.75 km is one interface with a reflection coefficient of 0.38.

events) below an arbitrary datum by using deconvolution but not correlation, see Table Table 4.1.
4.2.4 TImaging Condition- First arrival of G* with G~

In this subsection we propose using the first arrival of G* (defined as G}r) and G~ for imaging
the subsurface. We begin our analysis with Figure 4.3 to analyze the snapshots of the Green’s
function. Up to 0.8 seconds ( Figure 4.3(b) and Figure 4.3(c)), the first arrival of G* (GJT) interacts
with the two interfaces to generate up-going reflections, i.e. G, (G;{ and G~ kinematically similar
at the interface). Therefore when G}F reaches the interface, we get a contribution to the image.
We can use both the correlation imaging condition and the deconvolution imaging condition for
imaging the subsurface with G;{ and G™.

Analytical investigation
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For the analytical model given in Figure 4.1, at z, (center of first layer), the first arrival of G is
G} = 706(t — 5t1). Since there are no events with similar times in G} (4, 20, t) and G~ (2, 20, 1)
in equation 4.4, the contribution to the correlation image at z, is zero. The other events in G,
apart from the first arrivals, are the internal multiples or free-surface multiples. In the correlation
imaging section, these multiples in G contribute to false interfaces in the image (for example, at
0.7 km in Figure 4.4).

The deconvolution of G~ (24, 20, ) (equation B.8) with G} (24, 20, 1) in the frequency domain

yields
— 3wt —iw(3t142t2)
rie” 2 W pyeiw(Ghit2ts
—_ 70 - - -
E B G (Za7207w) B 1 +T.07a16722wt1 + 7407«26721w(t1+t2) _{_r17026721wt2
O(Zaa Za; OJ) - - 1

- 1.
Gf (Za,ZU,CU) To€ sztl

—iwtq —iw(t1+2t2)
_ rie + o€ (4.14)

— 1 + r0r1672iwt1 _|_ TOT2672iw(t1+t2) + 7“17"2672’“"”52 )

where Ry(zq, 24, w) is not equal to Ry(z,, 24, w) (equation 4.9); we are not solving equation 4.8
since we limit the down-going Green’s function to its first arrival. The time domain series expan-

sion of equation 4.14 is

Ro(2a; Za, ) = 110(t — t1) + 1o0(t — t1 — 2t5)+
— 7'07"%(5(15 — 3t1) — 7’07’1T2(5(t — 3t1 — 2t2)
— 7“07”17’25(t — 3t1 - th) + ... (415)

The deconvolution imaging of RNO(za, 24,1 = 0) (equation 4.15) is zero since there are no terms
at zero time, which matches perfectly with the analytical model (no interface). %(za, 24, t), for
non-zero times, includes spurious events when compared to the correct redatumed response [?y
given in equation 4.13. Consequently, standard imaging with /RVO as the reflection response would
include these spurious events as false interfaces.

At 2y, the first arrival of G* (21, 20,t) = G7(21,2,t) = 700(t — t1). The correlation image
of the analytical model with G}r(zl, 2p,t) and with G~ (21, 20, t) has a contribution at z;. This

contribution is due to the fact that the first term in G~ (z1, 29, t) (equation 4.7) is at the same time as
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G}r (21, 20, ). (Kinematically similar events correspond to a contribution to the correlation image).
The amplitude of this contribution is 737*1 which differs from the true reflectivity at z; = rq, see
Table Table 4.1.

Similarly, we can apply deconvolution, equation 4.8, to G;[(zl, t) and G~ (z,1), in the fre-

quency domain, this reads

G~ (21, 20,w)

Ro(z L 2,W) = ,
o1, 21,) G7 (21, 20,w)
B r1 4 roe w2t 4.16)

= i 7’07'1672@"“1 + rorzefin(tlthg) + T17“2€72iwt2 .

Following a similar procedure in the deconvolution imaging section, the time domain expansion of

equation 4.16 is
Ro(z1, 21t) = r18(t) + E(t > 0). (4.17)

Consequently, the deconvolution image, E) at zero time at z; is rq, the true reflectivity at this
location, as shown in Table Table 4.1. Thus, although we are not solving for the true reflection
response Ry, our deconvolution image, using G'; (21,t) and G~ (z1,t), at time = 0 seconds is
correct.

Since G;{(zl, t) excludes the multiples in G, we are producing the image at zero time with
only the first-order Born terms. We already know that all the multiples are subtracted in the inver-
sion to obtain the image (Snieder, 1990a,b), therefore it should come as no surprise that we produce
similar images when using G’} (21,t) and G~ (21, ) or the complete G (z1,t) and G~ (21, 1).

Numerical investigation

Our imaging fields for the model in Figure 4.2 are the first arrivals of the retrieved down-going
Green’s functions G]T and the up-going Green’s functions G~. A smooth version of the velocity
model can be used, in general, to mute G to get its first arrival, G}“.

We follow the correlation and deconvolution imaging procedures for imaging with G;{ and G™.
Figure 4.9 and Figure 4.10 shows the corresponding correlation image and deconvolution image,

respectively.
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Note that the correlation image, Figure 4.9, has no false interfaces around 0.7 km compared to
Figure 4.5, because G;{ does not include any multiples only the first arrival of G*. The free-surface
multiple labeled A in Figure 4.3(e), no longer exist in G} and therefore do no contribute to a false
interface. However, the amplitudes of the reflectors for the correlation image still do not match
the true reflectivity even though the image do not include false interfaces, as illustrated in Table
Table 4.1.

The deconvolution image, Figure 4.10, matches the true reflectivity of the model (solid black
line), despite approximating G with G}L. We do not get the artifacts at 0.7 km in Figure 4.10
compared to Figure 4.6 (deconvolution image with G and G~). Therefore imaging with G}r
and G~ removes the false interface at 0.7 km and gives the correct reflectivity of the subsurface.
However, we do not reconstruct the correct redatumed response Ry(z, z, t), as summarized in Table

Table 4.1.
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Figure 4.9: Correlation-imaging of the first arrival of the down-going Green’s function with the
up-going Green’s function for the model in Figure 4.2.
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Figure 4.10: Deconvolution-imaging of the first arrival of the down-going Green’s function with
the up-going Green’s function for the model in Figure 4.2.

4.3 2D strategies for imaging

The equations that govern imaging of the retrieved Green’s functions in multidimensions are
similar to the imaging equations in 1D, except in 2D they have an additional horizontal space
variable. In 2D, an analytical investigation of Marchenko imaging with the different imaging
conditions are not feasible, thus we restrict our analysis to a numerical investigation.

In this section, the spatial coordinates are defined by their horizontal and depth components;
for instance xo = (Xm0, Z3,0), Where Xy o are the horizontal coordinates at a depth 3. Similar
to the 1D section superscript (4) refers to down-going waves and (—) to up-going waves at the

observation point X.

The governing equation for imaging with up- and down-going wavefields in 2D is

1, Xg, 1) /6D dxl/ G (xi,xg,t — t")Ro(x}, x3, t')dt, (4.18)
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where 0D; is an arbitrary depth level and Ry is the reflection response of the medium below 0D;
(Amundsen, 2001; Claerbout, 1985; Wapenaar et al., 2008b). Unlike the 1D equation 4.1, there is
an additional integration over space x;. Note that Ry(x!, x;, t) is the reflection response for sources
and receivers on 0D;, with the medium above 0D; being homogeneous. The image of the subsur-
face in 2D is not only the reflection response R, at zero time but also zero offset Ry (x;, x;,¢ = 0).
Note that the summary in Table Table 4.1 holds for both 1D and multidimensions, so we will not
repeat the imaging analysis in the previous section (where the 1D imaging section rigorously ana-
lyzed Marchenko imaging with different imaging conditions) but instead, we compare Marchenko
imaging with conventional RTM.

We utilize the velocity and density models in Figure 4.11 and Figure 4.12, respectively, to
compute the reflection response I? at the surface. The reflection response R includes primaries,
internal and free-surface multiples. We use the reflection response at the surface as inputs for all
imaging examples in this section. Our goal is to image a target area in the subsurface, which is
enclosed by the box in Figure 4.11; the zoomed in area of the velocity, is shown in Figure 4.13.

We first show the image we obtain from RTM in Figure 4.14. We construct the RTM image
by evaluating the correlation of the back propagated reflection response and forward propagated
source function in the smooth velocity model given in Figure 4.15 at zero time and zero-offset. We
call this the RTM correlation imaging condition; which is different from the correlation imaging
condition previously mentioned that uses the up- and down-going Green’s functions. The RTM
image in Figure 4.14 is a zoomed-in version of the entire image at the target area. The free-surface
multiples generated by the syncline above the target area as well as internal multiples contaminate
the image in Figure 4.14 when compare to the model of the target area in Figure 4.13.

We now investigate Marchenko imaging of the target area in Figure 4.13 with the following
imaging conditions: 1) correlation, 2) multidimensional deconvolution, 3) deconvolution. We
compare the images generated by these imaging conditions constructed with either G and G~
or with G’j{ and GG—. In addition, we include subsection 4.3.4 that uses the redatumed reflection

response to image the subsurface. Note that the associated Marchenko images are constructed
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Figure 4.11: The velocity model used in the 2D imaging section. The black box bounds the target
area.
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Figure 4.12: The density model ranging used in the 2D imaging section. The black box bounds the
target area.
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Figure 4.13: Target zone in the numerical model (velocity) where we conduct imaging. Note we
do not use this model to implement Marchenko imaging, we use a smooth version of the velocity
model ( Figure 4.11) only.
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Figure 4.14: Zoomed in image of the reverse time migration for the model in Figure 4.13 below the
syncline structure (in the target area). The reflection response used for imaging includes primaries,
internal multiples and free-surface multiples.
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Figure 4.15: Macro-model, i.e. smooth version of Figure 4.11, used to compute the first arrivals
from the virtual source location to the surface.

from the same inputs as RTM, i.e. the reflection response at the surface and the smooth velocity
model in Figure 4.15. We begin with the correlation imaging condition using the retrieved Green’s

function.
4.3.1 Correlation imaging in 2D

The multi-dimensional correlation in the frequency domain for the retrieved up- and down-
going Green’s function is

C(xi,x;,w) = / G~ (x3, X0, w)GT (x3, x5, w) " dxp. (4.19)
0Dy

The integral of C'(x;, X;, w) over all frequencies at zero-offset is the correlation imaging condition.
Conversely, in the time domain, the correlation imaging condition is the zero-offset and zero time
contribution of equation 4.2, C(x;,x;,t = 0). The correlation image using the retrieved Green’s
functions are shown in Figure 4.16.

We construct each image point independently of the other image points and therefore, we build

a subset of the image; this process is called target-oriented imaging. Figure 4.16 is obtained by
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Figure 4.16: Marchenko correlation imaging of the model in Figure 4.13 in the target zone.

computing the Green’s function G*(xj, x}, ) at the surface for virtual receivers, at intervals of 4
m, in the target area; the image is the superposition of the correlation imaging condition at each
Green’s function virtual receiver location. In the Marchenko image in Figure 4.16 the reflectors
are clearly discernible and match the interfaces in the target area in Figure 4.13. In the imaging
box the artifacts from the free-surface and internal multiples are no longer visible compared to the

RTM image in Figure 4.14.
4.3.2 Multidimensional Deconvolution imaging

As mentioned earlier, solving equation 4.18 for R, in 1D requires deconvolution, equation 4.8.
However, in higher dimension, we solve equation 4.18 for Ry by multidimensional deconvolution.

In the frequency domain, equation 4.18 becomes

G_(xg,xg,w):/ G (x1,xg, w) Ro(x}, x1, w)dx;. (4.20)
oD;
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To solve equation 4.20 (discussed in Wapenaar et al. (2014b)), we first multiply both sides of

the equation by G and integrate over source positions at the acquisition surface xj to yield
C(XQ,X;//,W) - / F(XgJX;HJW)RO(Xiaxng)dxia (421)
aD;

where the correlation function C' is given in equation 4.19 and the point-spread function is given

by
D(xi,xq",w) = / G (x{,xg,w)GH(x{", xg, w)dxg. (4.22)
oD;

We invert equation 4.21 for Ry (x;, x;,w) (van der Neut et al., 2011; Wapenaar et al., 2008b). The
multi-dimensional deconvolution imaging condition is Ry(x;, X;, ¢ = 0) (the reflection response R,
at zero-offset and at time = zero seconds). To construct the image, we compute R (x;,X;,t = 0)
at every sampled point in the image.

The Marchenko images constructed with correlation and MDD yield similar results; however,
as a more instructive approach to compare these images, we show a trace at z; = (—0.2) km below
1 km for each of the corresponding images (see Figure 4.17). The traces in Figure 4.17 show that
1) MDD matches the true reflectivity better than the other imaging conditions, 2) the events in the
traces (MDD and correlation) correspond to the interfaces in the actual model at the right locations.
The true reflectivity trace in Figure 4.17 is constructed by computing the reflection coefficients at
zero offset at x; = (—0.2) km below 1 km, then convolving this trace with the Ricker wavelet used

in finite difference modeling of the reflection response at the surface.
4.3.3 Deconvolution imaging 2D

Multidimensional deconvolution requires the Green’s functions along the horizontal datum 0D;
to construct an image at a point x; on 0D;. Strictly speaking, this MDD image is not imaging
at a particular target as we require the Green’s functions along the datum 0D;. Target oriented
imaging is the image at a point using only the Green’s function at that point. Similar to correlation
imaging, deconvolution imaging requires only the Green’s function at the virtual receiver location

to construct the image at that location, hence this is target-oriented imaging.
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Figure 4.17: Comparison of the imaging conditions: multidimensional deconvolution (MDD),
correlation (Cor), and deconvolution (Dec), of the down-going Green’s function with the up-going
Green’s function for the model in Figure 4.13 at horizontal location -0.2 km in the target area.

Deconvolution imaging in 2D is the trace by trace deconvolution of the up-and down-going
Green’s functions at each virtual receiver location at zero offset and zero time Ry(x,x,t = 0).
Alternative techniques on the implementation of the deconvolution imaging condition are given
by Schleicher et al. (2007). The deconvolution image yield similar results to correlation, therefore
we show a trace of the deconvolution image for a closer analysis (see Figure 4.17). The trace of
the deconvolution image in Figure 4.17 places the reflector at the correct location but it does not
match the true reflectivity of the model as is also summarized in Table Table 4.1. The traces of
the correlation and deconvolution are scaled to match the reflectivity of the interface at 1.1 km
because neither correlation nor deconvolution give the true reflection coefficients; however in 1D,

deconvolution imaging does match the true reflectivity as explained in the 1D imaging section.
4.3.4 Imaging with the redatumed reflection response in 2D

Similar to the 1D example on redatuming, we use the up- and down-going Green’s function at
virtual receivers x; = (—2 to 2,1) km to compute the redatumed reflection response R, given in

equation 4.18, and we use this response to image the subsurface using standard imaging algorithms.
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To retrieve the redatumed response Ry(x;, X}, t) accurately we solve equation 4.21 by MDD. We
perform RTM using the redatumed response Ry(x;, X}, ) at x; = (—2 to 2,1) km to image the
target area (see Figure 4.18). The RTM correlation imaging condition is used to construct the

redatumed RTM in Figure 4.18 and the RTM with surface recordings in Figure 4.14.
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Figure 4.18: RTM of the redatumed reflection response in the target area.

In Figure 4.18 the artifacts are dramatically reduced compared to the RTM image in Fig-
ure 4.14. Specifically, the multiples from the syncline structure are not present in the image in
Figure 4.18 using the redatumed response compared to the RTM in Figure 4.14. This reduction
in artifacts is a result of the fact that the redatumed reflection response R, only includes the re-
flections below 1 km. The redatumed reflection response still, however includes internal multiples
from the interfaces below the redatuming depth. Therefore, the redatumed RTM image does in fact
have artifacts from such internal multiples, for instance at z=1.68 km in Figure 4.18, but they are
significantly weaker than the reflections caused by the overburden, i.e. the syncline reflections (see
Figure 4.14). In higher dimensions, trace by trace deconvolution does not solve for 7y in equation
4.18 (as we have the integral over space dx; on the right hand side which we do not account for)

and therefore we cannot use R obtained by deconvolution to perform imaging of the subsurface
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by standard imaging algorithms.
4.3.5 Imaging with the first arrival of G™ and G~ in 2D

We performed correlation, deconvolution, and MDD imaging condition using G;f and G~ ; the
images are the same as the images constructed with G and G~ using the same imaging conditions
for our 2D examples. Figure 4.19 shows a comparison between the true reflectivity, a trace from
the MDD imaging with G and G~, and MDD imaging with G}r and G~. As expected from the 1D
imaging section, imaging with G* and G~ or imaging with G}“ and G~ gives similar contributions

at the interfaces. However, similar to the 1D imaging section, using G;{ and G~ does not give the
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Figure 4.19: Multidimensional deconvolution imaging of first arrival of down-going Green’s func-
tion with up-going Green’s function (MDD FA) for the model in Figure 4.13 at horizontal location
-0.2 km in the target area compared to the true reflectivity and MDD imaging with the complete
one-way Green’s functions.

correct redatumed response, and hence cannot be used to create an image below the redatuming

depth.
4.4 Discussion

The findings of this paper are summarized in Table Table 4.1. Starting with the first imag-

ing condition in Table Table 4.1, correlation imaging with the retrieved Green’s function gives
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false interfaces caused by the interaction of the reflections in G and in G~. A false interface in
Marchenko correlation imaging is due to events in G which exist at the same time as events in
GG~. At the interface however, all the waves in G arrive at the same time as all the waves in G~
Therefore at the interface, the stacking of all the kinematically similar events is generally larger
than at a false interface.

The multidimensional deconvolution imaging condition applied to G* and G~ yields a good
match with the true reflectivity and minimizes false interfaces as MDD is the theoretically accurate
way to solve for the image compared to the other methods in this paper. Note that, in the imaging
step, for instance equation 4.11, the denominators of G* and G~ (the multiple reflections in G*
and G~) cancel out. Therefore G* and G~ must either have all the multiples included or both
G* and G~ must be truncated in such a way that they (G* and G™) include the same order of
multiples to have the multiples removed in the imaging step. (Failure to include the same order
of multiples in G and G~ creates false interfaces in the imaging step.) However in practice, it is
not feasible to know if we have the same order of multiples in G and GG~. For this reason, it is
more advantageous to use the first arrival of G;{ and G~ as we do not need to match the order of
multiples in the up- and down-going fields while still matching the true reflectivity and avoiding
false interfaces.

Note that all imaging conditions using G]T and G~ result in comparable or better images than
using G* and G~. The most advantageous use of G}r and G~ is in the correlation imaging condi-
tion, where the false interfaces are completely removed.

Even though MDD with G and G~ does give the correct redatumed response with accurate
reflection amplitudes, applying standard imaging to the corresponding redatumed response does
not necessarily mean that the resulting image will be free of false interfaces. These false inter-
faces are caused by the internal-multiple reflections below the datum level. However, the images

constructed by the redatumed response are void of overburden reflections.
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4.5 Conclusion

Even though Marchenko imaging reduces the artifacts caused by multiples compared to stan-
dard imaging algorithms, these artifacts are still present. Theoretically, the correct procedure to
image with the retrieved Green’s functions is MDD and therefore best matches the correct image of
the subsurface compared to other Marchenko imaging conditions. However, instead of using G
and G, Marchenko imaging with the first arrival of the down-going Green’s function G;{ and the
associated up-going Green’s function G—, removes these artifacts corresponding to false interfaces.
Despite the fact that G}“ does not contain the reflection events, the resulting multidimensional de-
convolution image better matches the true reflectivity of the model compared to standard imaging
or Marchenko imaging with correlation or deconvolution. Note that since only the primaries con-
tribute to the construction of the image while the multiples are implicitly removed in the inversion
process to produce the image, it suffices to only use G}“ and G~ compared to G* and G~ in the
imaging.

Importantly, the inputs for Marchenko imaging are exactly the same as most standard imaging
techniques; a smooth version of the velocity and the reflection response at the surface. Unlike
standard imaging techniques, in Marchenko imaging, we do not need to remove the free-surface or
internal multiples from the reflection response, as the Marchenko equations in this paper properly

handle these multiples.
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CHAPTER 5
BEYOND MARCHENKO - OBTAINING VIRTUAL RECEIVERS AND VIRTUAL SOURCES
IN THE SUBSURFACE

By solving the Marchenko equations, the Green’s function can be retrieved between a virtual
receiver in the subsurface to points at the surface (no physical receiver is required at the virtual
location). We extend the idea of these equations to retrieve the Green’s function between any two
points in the subsurface; 1.e, between a virtual source and a virtual receiver (no physical source
or physical receiver is required at either of these locations). This Green’s function is called the
virtual Green’s function and includes all the primaries, internal and free-surface multiples. Similar
to the Marchenko Green’s function, we require the reflection response at the surface (single-sided

illumination) and an estimate of the first arrival travel time from the virtual location to the surface.
5.1 Introduction

We propose a method to retrieve the Green’s function between two points in the subsurface
of the Earth. We call these two points a virtual source and a virtual receiver pair. To retrieve
the Green’s function at a virtual receiver for a virtual source we require neither a physical source
nor a physical receiver at the virtual source and receiver. The requirements for the retrieval of this
Green'’s function is the reflection response for physical sources and physical receivers at the surface
(single sided-illumination) and a smooth version of the velocity model (no small-scale details of
the model are necessary). For brevity we define this Green’s function i.e., the response of a virtual
source recorded at a virtual receiver, as the Virtual Green’s function. We label the method of
retrieving the Virtual Green’s function as the modified Marchenko method.

Similar ideas of retrieving the Green’s function between two points have been proposed in
seismic interferometry (Bakulin and Calvert, 2006; Curtis et al., 2006; Curtis and Halliday, 2010;
Curtis et al., 2009; Snieder et al., 2007; van Manen et al., 2006; Wapenaar, 2004) and in the

Marchenko method (Broggini and Snieder, 2012; Broggini et al., 2012; Singh et al., 2015, 2016;
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Slob et al., 2014; Wapenaar et al., 2013a, 2014b). However, these methods (interferometry and
Marchenko method) have more restrictions in the source-receiver geometry, as discussed later,
for the accurate retrieval of the Green’s function than our proposed method (modified Marchenko
method).

In seismic interferometry, we create virtual sources at locations where there are physical re-
ceivers. We also require a closed surface of sources to adequately retrieve the Green’s function. Un-
like interferometry, a physical receiver or physical source is not needed by our modified Marchenko
method to create either a virtual source or a virtual receiver and we only require single-sided illumi-
nation (a closed surface of sources not needed). The Green’s function retrieved by the Marchenko
equations is the response of virtual source in the subsurface recorded at physical receivers at the
surface (Broggini and Snieder, 2012; Broggini et al., 2012; Singh et al., 2015, 2016; Slob et al.,
2014; Wapenaar et al., 2013a, 2014b). The Marchenko retrieved Green’s function requires neither
a physical source nor a physical receiver at the virtual source location in the subsurface.

Our algorithm retrieves the Green’s function (both up- and down-going at the receiver) for
virtual sources and virtual receivers. The Marchenko-retrieved Green’s functions are limited to
virtual sources in the subsurface recorded at the surface but the Modified Marchenko method (our
Work) is not restricted to recording on the surface for each virtual source. In our method, the
response of the virtual source can be retrieved for a virtual reciever anywhere in the subsurface.

Wapenaar et al. (2016) has proposed similar work to ours, but their approach retrieves (1) the
two-way virtual Green’s function while our work retrieves the up- and down- going (one-way)
virtual Green’s function, the summation of these one-way Green’s function gives the two-way
Green’s function, and (2) the homogeneous Green’s function while we retrieve the causal Green’s
function.

We discuss in this paper the theory of retrieving the virtual Green’s function. Our numerical
examples are split into three sections (1) A verification of our algorithm to demonstrate that we
retrieve the up- and down-going virtual Green’s function (using a 1D example for simplicity) (2)

A complicated 1D example illustrating our algorithm accurately retrieves the Green’s function
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with the free-surface multiples and without the free-surface multiples (3) A 2D numerical example
of the virtual Green’s function constructed in such a way that we create a wavefield with all the
reflections and first arrivals from a virtual source. This last numerical example is complicated since

the discontinuities in the density and the velocity are at different locations.
5.2 Theory

To retrieve the Green’s function from a virtual receiver in the subsurface for sources on the
surface, one solves the Marchenko equations. The retrieval only requires the reflection response at
the surface and an estimate of the first arrival travel-time from the virtual receiver to the surface.
The retrieved Green’s function can either include free-surface multiples (Singh et al., 2015, 2016)
or exclude these multiples (Broggini and Snieder, 2012; Broggini et al., 2012; Slob et al., 2014;
Wapenaar et al., 2013a, 2014b).

In addition to the retrieved Green’s function, the Marchenko equations also gives us the one-
way focusing functions. These functions are outputs from the Marchenko equations that exist at
the acquisition level 0D, (acquisition surface) and focus on an arbitrary depth level 0D; att = 0
(time equal zero).

The focusing functions are auxiliary wavefields that reside in a truncated medium that has
the same material properties as the actual inhomogeneous medium between 0D, and dD; and
that is homogeneous above 0D, and reflection-free below 0D, (Slob et al., 2014). Therefore,
the boundary conditions on 9D, and dD; in the truncated medium, where the focusing function
exists, are reflection-free, see Figure 5.1. Our algorithm moves the sources of the Green’s function
retrieved by Marchenko equations from the surface into the subsurface at a virtual point with the
help of the focusing function.

In this paper, the spatial coordinates are defined by their horizontal and depth components;
for instance x¢o = (Xm,0,230), Where Xy o are the horizontal coordinates at a depth x30. Su-
perscript (4) refers to down-going waves and (—) to up-going waves at the observation point x.

Additionally, any variable with a subscript O (e.g., Ry) indicates that no free-surface is present.
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One-way reciprocity theorems of the convolution and correlation type, equations 5.1 and 5.2
respectively, are used to relate up- and down-going fields at arbitrary depth levels to each other in
different wave states (Wapenaar and Grimbergen, 1996). The one-way reciprocity theorems of the

convolution and correlation type are

/ [PEPa — PPhldxe = / [pEPa — PEPAlX, (5.1)
0Dg 0D;
| Wby~ ey paldxo = [ ((0)w4 - ) pilax, 62
0Dg 0D;

where the asterisk * denotes complex conjugation, the subscripts A and B are two wave states, and
0Dy and 0D; are arbitrary depth levels.

The correlation reciprocity theorem, equation 5.2, is based on time reversal invariance of our
wavefields, which implicitly assumes that the medium is lossless. Since we assume the wavefields
can be decomposed into up- and down-going waves, we ignore evanescent waves; hence all our
results obtained from equations 5.1 and 5.2 are spatially band-limited (Wapenaar et al., 2004a).
More details on one-way reciprocity can be obtained in Wapenaar (1998), Wapenaar et al. (2001),
and Wapenaar et al. (2004b).

Wave state A is defined for the truncated medium and P, is the focusing function. The one-way

wavefields for wave state A for a source at x; are given in Table Table 5.1 and Figure 5.1.

Table 5.1: The wavefields of the focusing function f; and Green’s functions at the acquisition
surface 0D and the level OD;. p% symbolizes one-way wavefields in the frequency domain for
wave state A, at arbitrary depth levels in the reference medium, see Figure 5.1 while p§ symbolizes
one-way wavefields at arbitrary depth levels in the inhomogeneous medium in wave state B, where
r is the reflection coefficient of the free surface, see Figure 5.2.

H State A ‘ State B
On 0Dy: ph = fif (%0, %}, w) ph = rG(xo, X/, w)
p; :fl_(XOaXQ;W) p]_3 :G(Xo,Xgl,w)

On 0D | pf = i (%136 0) = 6(xi — Xig) | 2y = G* (31, 0)

pa = Ji (%1, %3,0) =0 pp =G (%, %], w)
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Figure 5.1: Up- and down-going focusing function f that focuses at x; in the truncated medium.
This medium is homogeneous above 0D, and below 0D; and is equal to the real medium between
aDO and 0Dl
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The Green’s functions in the actual medium is defined as wave state B. The one-way wavefields
for wave state B, the actual medium, for a source at XJ’-’ are given in Table Table 5.1 and Figure 5.2.
These Green’s functions are retrieved using the Marchenko equations and include the primary,

internal, and free-surface multiple reflections of the actual medium (Singh et al., 2015, 2016).

Actual inhomogeneous half-space

AVA

A
Y

Figure 5.2: The Green’s functions in the actual inhomogeneous medium in the presence of a free
surface at the acquisition surface 0D, and the arbitrary surface 0D;. The tree indicates the presence
of the free surface.

We substitute the one-way wavefields described in Table Table 5.1 into equations 5.1 and 5.2

and use the sifting property of the delta function to yield

G~ (x;, %!, w) :/ [G™ (%0, %], w) fi" (%0, X}, w) — G~ (%0, X],w) fi (X0, X{,w)]dxo, (5.3)

i 5o
[e.e]
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G xg) = [ G (o) S (o) = G (o) (0, ), (5.

—o0
where 7 denotes the reflection coefficient of the free surface (in the examples shown in this paper
r=—1.)

Equations 5.3 and 5.4 yield the up- and down-going virtual Green’s functions, respectively, for
a virtual receiver at x; and a virtual source at Xg’ in the subsurface. Note, we are not limited to the
source x; being below the receiver x; since by reciprocity, GG (x;, xi,t)=G (x}’, xi,t).

To compute the up- and down-going virtual Green’s function in equations 5.3 and 5.4, we
require 1) the Green’s function G~ (X, Xj, w) at the surface xo for a virtual source at x and 2) the
focusing function f*(xo, X}, w) at the surface xq for a virtual source at x}. We retrieve both these
functions by solving the Marchenko equations.

We can also retrieve the virtual Green’s function which does not include free-surface multiples
by simply setting the reflection coefficient at the free-surface r to zero in equations 5.3 and 5.4.

Thus, the equation to retrieve the virtual Green’s function without the presence of a free surface is

Gy (x;, %}, w) / Gy (%0, X, w) fi (%0, X}, w)dxo, (5.5)

G (xp, x],w) / Gy (x0, %, w)* fT (%0, X}, w)dxo, (5.6)

where Gi(x xJ ' w) is the up- and down-going Green’s function without free-surface multiples

. . / . "
for a virtual receiver at x; and virtual source at x; .
5.3 Numerical examples

To show a proof of concept for our algorithm, we begin with a simple 1D numerical example.
Our model consists of two homogeneous layers separated by an interface at 0.5 km with constant
density and velocity in each layer and a free surface. At the interface, the velocity changes from

2 km to 2.8 km, while the density changes from 1 g/cm? to 2.5 g/cm?.
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Our objective is to retrieve the virtual up- and down-going Green’s function G*(x;, X, w) at
the virtual receiver x; = 0.25 km for a virtual source at XJ’-’ = 1.75 km, a schematic of these waves
is shown in Figure 5.3. To retrieve the virtual Green’s function, we solve equations 5.3 and 5.4.
These equations (5.3 and 5.4) require at the surface x¢: 1) the focusing function f* (x0, X!, 1) and 2)
the Green’s function G/(xo, X, t); with their virtual source locations are at x; and x}, respectively.
The focusing functions are up- and down-going at the surface 9D, and are shaped to focus at the
virtual receiver x; = 0.25 km for t = 0.

We retrieve the one-way focusing functions at the surface by solving the Marchenko equations
(Singh et al., 2015, 2016). The down-going focusing function is shown in Figure 5.4 in blue
(normalized by its maximum amplitude). Since the medium between the surface and the focusing
point is homogeneous, the up-going focusing function vanishes as it suffices to only have a down-
going focusing function to create a focus at x; = 0.25 km (see Figure 5.4).

The Green’s function G/(xo,x}, ) (in the right-hand side of equations 5.3 and 5.4) needed for
our virtual Green’s function (in the left-hand side of equations 5.3 and 5.4) is retrieved by the
Marchenko equations as well. G(xq, x}, t) includes free-surface multiples, internal multiples, and
primaries. G/(xo, Xj, t) is the response of a virtual source at x;' = 1.75 km recorded at the surface
0Dy, see Figure 5.4.

In order to solve the Marchenko equation, to obtain the focusing functions f*(xg,x!,t) and
the Green’s function Gi(Xo, Xj,t); and consequently the virtual Green’s function from equations
5.3 and 5.4, we require the reflection response at the acquisition level (which includes all multiples
and primaries) and an estimate of the travel-time from each of the virtual points to the acquisition
level.

By substituting G'(xo, X, t) and fi£(x0,x},t) (shown in Figure 5.4) into equations 5.3 and 5.4
and adding the corresponding up- and down-going virtual Green’s function, we obtain the two-way
virtual Green’s function G/(x;j, xj, t) recorded at a virtual receiver located at x; = 0.25 km and a
virtual source at x{ = 1.75 km, see Figure 5.5. This illustrates that we can accurately retrieve

the virtual Green’s function as there is minimal mismatch with the modeled Green’s function (in
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black) (source at 1.75 km and receiver at 0.25 km). The modeled Green’s function is computed
using finite differences with the exact velocity and density.

Figure 5.3 shows a schematic of a few of the up- (solid lines) and down-going (dashed lines)
events at the virtual receiver for the virtual Green’s function in our one-interface model. These
events (numbered) in Figure 5.3 corresponds to the retrieved virtual up- and down-going Green’s
functions in Figure 5.6, at the correct travel-times; hence confirming the proof of concept of our

one-way equations in 5.3 and 5.4.

Figure 5.3: Schematic of the up- and down-going events at the receiver position for the simple 2
layer model. Solid lines represent up-going while dotted events represent down-going events.

The second example illustrates the retrieval of the virtual Green’s function without the free-
surface reflections ( Figure 5.7) for the 1D model given in Figure 5.8 with the virtual source and
receiver shown by the red and blue dots, respectively. This example also contains variable density,
with discontinuities at the same depth as the velocity model, with densities ranging from 1 gem =3

to 3 gem 3. As shown in Figure 5.7, there is an almost perfect match between the modeled Green’s

function and the retrieved virtual Green’s function.

102



’
Q
o
2 0.5 1
o
£
s | -
S W
N
g
3—0.5* :
Z
-1 ‘ ‘ ‘ ‘
1 0 1 2 3
Time (s)

Figure 5.4: The input wavefields required for equations 5.4 and 5.3: The two-way Green’s func-
tions G (xo, x4, t) (in red) retrieved by the Marchenko equations in the presence of a free surface
for xi' = 1.75 km and the down-going focusing function f*(xo,xj, ) (in blue) also retrieved by
the Marchenko equations for x; = 0.25 km.
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Figure 5.5: Green’s function with virtual source x} at depth 1.75 km and recording at the virtual
receiver x; at depth 0.25 km. The black thicker line is the modeled Green’s function, superimposed
on it is the retrieved Green’s function. Each trace is divided by its maximum amplitude hence
the y-axis label is called normalized amplitude. The plot limits are chosen between 0.5 to -0.5
normalized amplitude to visualize the smaller amplitude events better.
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Figure 5.6: The up- (blue line) and the down-going (red line) Green’s function with the numbers
in Figure 5.3 corresponding to the the appropriate event.
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Figure 5.7: Virtual Green’s function (white line) with virtual source xg’ at depth 1.75 km and
recording at the virtual receiver x| at depth 0.75 km superimposed on it the modeled Green’s
function (black line). Both Green’s functions do not include free-surface multiples.
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Figure 5.8: 1D velocity model with a free surface. The red dot at 0.75 km is the location of the
virtual receiver while the blue dot at 1.75 km is the position of the virtual source for the retrieved
virtual Green’s function.
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Figure 5.9 is the virtual Green’s function using the same model in Figure 5.8 but with free-
surface multiples. Note the increased reflections and complexity the free surface introduces (
Figure 5.9) compared to the case without the free surface ( Figure 5.7). The match between the
modeled Green’s function and the retrieved Green’s function using our algorithm is almost exact,

see Figure 5.9.

0.5

Normalized amplitude
o

‘0'50 1 2 3
Time (s)

Figure 5.9: Virtual Green’s function with free-surface multiples (white line) with virtual source
xj at depth 1.75 km and recording at the virtual receiver x; at depth 0.75 km for the model in
Figure 5.8 with a free surface. The modeled Green’s function is superimposed on it which also
includes the free-surface multiples (black line).

The 1D numerical examples have perfect aperture, hence, the 1D examples almost perfectly
match the retrieved virtual Green’s function to the modeled Green’s function. The equations to
obtain the virtual Green’s function are multidimensional. We next show a 2D numerical example of
the virtual Green’s function in a velocity and density model shown in Figure 5.10 and Figure 5.11,
respectively. Notice that the discontinuities and the dip of the interfaces in the velocity are different

from those in the density.
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Figure 5.10: Two-interface velocity model with velocities ranging from 2.0 to 2.4 km/s. The dot
shows the position of the virtual source for the virtual Green’s function and the black box is the
target zone where we place virtual receivers.

Our algorithm allows us to place virtual receivers and virtual sources in any target location in
the subsurface. For our numerical example, we retrieve the virtual Green’s function G (xj, x5, 1),
Figure 5.12, where x; are the virtual receivers populating the target location at every 32 m (black
box in Figure 5.10) and x{ = (0,0.7) km is the virtual source (black dot in Figure 5.10). In

Figure 5.12 notice:

1. In panel b, the first arrival from the virtual source x§' = (0,0.7) km and the reflection from

the bottom velocity layer.

2. In panels c and d, the inability of our algorithm to handle the horizontal propagating energy
of the first arrival from the virtual source, hence the dimming on the sides of the first arrival
of the virtual Green’s function. To retrieve near-horizontally propagating events (in this case,
these waves are not evanescent) especially in the first arrival of the virtual Green’s function,

we require a much larger aperture than is used in this example. Note that the later arriving
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Figure 5.11: One-interface density model with densities ranging from 2.0 to 3.0 g/cm3. The dot
shows the position of the virtual source for the virtual Green’s function and the black box is the
target zone where we place virtual receivers.

up- and down-ward propagating waves are retrieved accurately at the depth of the virtual
source Xj = (0,0.7) km in Figure 5.12, panel d and e, since the reflections are purely up-

and down-going.

3. In panels c and d, we do however, retrieve the reflections from the density layer (pink line
in Figure 5.12) although we did not use any explicit information of the density model in our

numerical retrieval of the virtual Green’s function.

4. In panel f, a free-surface multiple is present. As expected, there is a polarity change of the
free surface multiple compared to the incident wave at the top of panel e due to the interaction

of this wave in panel e with the free surface.

5. In panel h, we obtain the up-going reflections caused by the free-surface multiple interacting

with the velocity and density layer.
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Figure 5.12: Snapshots of the virtual Green’s function G/(xj,xj,t) with virtual sources xj
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We compare in Figure 5.13 a trace of the virtual Green’s function G/(x;, Xy, ¢) at virtual location
x; = (0,0.17) km and x§ = (0,0.7) km to the modeled Green’s function with physical receiver
and physical source at the virtual receiver and virtual source location x} and x!, respectively. The
modeled Green’s function in Figure 5.13 is generated by finite differences using the exact veloc-

ity and density. The trace of the virtual Green’s function is comparable to the modeled Green’s

function as shown in Figure 5.13.
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Figure 5.13: Virtual Green’s function (white line) with virtual source xj = (0, 0.7) km and record-
ing at the virtual receiver x; = (0,0.17) km for the 2D model in Figure 5.10. The black thicker
line is the modeled Green’s function, superimposed on it is the retrieved Green’s function.

In our algorithm, we evaluate an integral over space using a sampling interval dx, for example,
in equations 5.3 and 5.4. These integrals over space, which yields the stationary phase contribution,
also generate artifacts due to end point contributions. Similar to interferometry, these artifacts can
be mitigated through tapering at the edges of the integration interval (Mehta et al., 2008; van der
Neut et al., 2009). In our 2D model these artifacts that arise from the integrals over space are also
present. We remove these artifacts by muting the wavefield before the first arrival of the virtual

source x}, and estimate the travel time of the first arrival using the smooth velocity model.

111



5.4 Discussion

The theory of the virtual Green’s function is based on Marchenko equations and uses the
Marchenko solutions as well; hence, the virtual Green’s function also suffers from the shortcom-
ings and requirements of the Marchenko retrieved Green’s function that are described elsewhere
(Broggini and Snieder, 2012; Broggini et al., 2012; Singh et al., 2015, 2016; Slob et al., 2014;
Wapenaar et al., 2013a, 2014b).

A fair question to ask is: why not use interferometry to cross-correlate the Green’s function at
a virtual receiver and at virtual source to get the virtual Green’s function between the virtual source
and the receiver? This interferometric method will not retrieve the virtual Green’s function when
we only have a source at the surface because interferometry requires sources on both sides of the
receiver. In Figure 5.14 (red line), we show the interferometric Green’s function, (cross-correlation
of the Green’s functions from the virtual source and receiver to the surface), for the same model
(see Figure 5.7) with the same virtual source x§' = 1.75 km and virtual receiver x; = 0.25 km
locations in the second 1D example.

Since we have reflectors below the virtual source location XJ’-’ = 1.75 km (see Figure 5.8) and
our physical sources are at the surface, our interferometric Green’s function does not match the
modeled or virtual Green’s function (see Figure 5.14 — white line). This mis-match is caused by
ignoring contributions from reflectors below the virtual source (we violated the requirement of the
closed surface interferometric integral for physical sources that create the virtual source).

For the simple 2D model, the discontinuities and dip in the velocity and density are differ-
ent. However, we retrieve the two-way and one-way wavefield of the virtual Green’s function
without any knowledge of the density model. Figure 5.12 shows reflections from the density in-
terface (middle interface in Figure 5.12), even though no density information was included in our
algorithm. We retrieve these reflections because the density information is embedded in the reflec-
tion response recorded at the surface and the Marchenko equations are able to retrieve the density

reflections from this response.
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Figure 5.14: Virtual Green’s function with virtual source xj at depth 1.75 m and recording at the
virtual receiver x; at depth 0.75 km retrieved by the method of this paper (white line) and computed
by interferometry (red line). The retrieved virtual Green’s function (white line) is almost identical
to the modeled virtual Green’s function.
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5.5 Conclusion

We can retrieve the Green’s function between two points in the subsurface with single-sided
illumination. Generally, interferometry gives inaccurate Green’s functions for illumination from
above (single-sided) because we do not have the illumination contributions from below. However,
the Marchenko equations can be thought of as the mechanism to obviate the need for illumination
from below to retrieve the virtual Green’s function. The removal of the requirement for illumina-
tion from below (for interferometry) comes from the use of the focusing function, a solution to the
Marchenko equations. The events in the focusing function only depend on the truncated medium
and this function is solved using illumination only from above. In this paper, we explore this
single-side illumination advantage of the focusing function to avoid the illumination from below

to retrieve the virtual Green’s function.
5.6 Acknowledgments

We thank Kees Wapenaar (Delft University), Joost van Der Neut (Delft University), Ivan Vas-
concelos (Schlumberger Gould Research), Esteban Diaz (CWP), and Nishant Kamath (CWP) for
fruitful discussions. We are grateful to Diane Witters for her help in preparing this manuscript.
This work was funded by the sponsor companies of the Consortium Project on Seismic Inverse
Methods for Complex Structures and by Shell Research. The 2D reflection response in this paper

is generated with the finite difference package in Thorbecke and Draganov (2011).

114



CHAPTER 6
SUMMARY AND FUTURE RECOMMENDATIONS

The main points in my thesis are:

1. I show how to retrieve the Green’s function in the presence of the free surface; hence this

Green’s function includes primaries, internal, and free-surface multiples.

2. This method obviates the need to remove free-surface multiples from the reflection response
as opposed to previous work which requires these multiples to be removed before retrieving
the Green’s functions (Broggini and Snieder, 2012; Broggini et al., 2012; Slob et al., 2014;
Wapenaar et al., 2013a, 2014b).

3. Ishow that imaging with the Green’s function using multidimensional deconvolution signif-
icantly reduces the artifacts caused by free-surface multiples compared to standard imaging

algorithms.

4. I illustrate that imaging with the first arrival of the down-going Green’s function and the
up-going Green’s function is more robust and practical compared to imaging with the down-

and up-going Green’s function.

5. The Green’s function in Marchenko imaging is retrieved at a point on the surface to a virtual
receiver in the subsurface; however, I utilize the Marchenko equations and the reciprocity
theorems to retrieve the Green’s function at a virtual source in the subsurface to a virtual

receiver also in the subsurface, called the virtual Green’s function.

More detailed summaries of my work are found in the conclusion section in each chapter.
6.1 Direction for future research

In this section I briefly explain possible future research ideas.
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6.1.1 Future Research 1

Can one invert for velocity and density using Hooke’s law and Newton’s laws?

The Marchenko equations are able to retrieve the Green’s function at the surface for virtual
receivers in the subsurface without requiring a physical receiver to be present at the virtual receiver.
Therefore, one can create the wavefield in the subsurface or at a target location, for sources on the
surface, by populating the subsurface with virtual receivers. In theory, one can use these wavefields
in the scalar wave equation to invert for the velocity.

In addition, density is the parameter that relates the time derivative of the particle veloc-
ity recording to the spatial derivative of the pressure recording in Newton’s second law. The
Marchenko Green’s functions can retrieve the particle (v,) or pressure recording p for an acoustic
source, therefore can one invert for the density using these recording?

Note that the fields constructed by the Marchenko equations (v, and p) do have the correct
relative amplitudes, but the scaling factor in each of the fields are different. Therefore, a simple
inversion of the Marchenko retrieved v, and p will not yield the subsurface density. However, one
can match the surface expression of the wavefields (v, and p) to our surface reflection response to
obtain the correct scaling factor, which should help us better invert for the density.

But can the Marchenko wavefields give the correct relative amplitudes in complex geology?
6.1.2 Future Research 2

Can the retrieved Green’s functions be used to correctly update the smooth version of starting
velocity that initializes the Marchenko scheme?

The accuracy of the retrieved Green’s function is driven by the kinematic exactness of the
smooth velocity model used for solving the Marchenko equations. Recent work shows that for
the wrong velocity model, at the virtual receiver location, the Green’s function does not focus to a
band-limited delta function; however it appears to have a preferential shape (defocusing) depending
on if the velocity is too high or too low. Can one use this defocusing to update the velocity model

to the correct values using similar principles proposed by Symes and Carazzone (1991) and Sava
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and Biondi (2004)?
6.1.3 Future Research 3

Can we include horizontal propagating energy by re-deriving the Marchenko equations with
two-way wavefields instead of one-way wavefields?

The Marchenko equations are derived using one-way reciprocity theorems, which restrict the
retrieval of the Green’s function to propagation paths that are not horizontal or near horizontal.
These one-way wavefields also require normalizations, as discussed in Chapter 3, for one-way
reciprocity to be applicable. However, two-way equations exist which are equivalent to the one-
way reciprocity theorems that do not require the fields to be normalized and include horizontally
propagating events. These two-way equations require both the velocity and pressure fields at the
receiver.

Constructing the Marchenko equations with the two-way reciprocity theorems seems like an
rudimentary extension, but defining the focusing functions as two-way wavefields may not be as
simple. At the focusing location for two-way wavefield, one has to define the pressure and the
velocity wavefield as as a delta function and a vertical derivative of a delta function. Computing
the vertical derivative of the delta function is not trivial, it seems that one should redefine the
focusing functions to avoid this derivative.

Horizontally propagating waves such as evanescent waves (bounded states) are restricted to the
interfaces in the subsurface and may not be recorded at the surface. Including such horizontally

propagating energy will introduce non-uniqueness in the retrieval of the Green’s function.
6.1.4 Future Research 4

Does multiples contribute to the subsurface image?

I have not yet analyzed the advantage of including the multiples in the Green’s function for
imaging. This procedure can be investigated by imaging target areas of models which are blind
to primaries but not multiples. Intuitively, multiples in the retrieved Green’s function should not

contribute to the parts of the model that are blind to the primaries in the Green’s function, as only
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the primary reflections are necessary to create the stationary phase contribution of the retrieved
Green’s function (van der Neut et al., 2015). Conversely, in standard imaging multiples provide
redundant as well as new information that is still useful to improve our image. Using multiples
can increase the illumination and lead to better vertical resolution in the image (Jiang et al., 2007;
Muijs et al., 2007a,b; Schuster et al., 2003). How does the Marchenko equation exactly handle the

multiples? may help in answering if the multiples do contribute in Marchenko imaging.
6.1.5 Future Research 5

Can the Marchenko equations account for elastic waves in the presence of the free-surface?

The retrieval of the Green’s function and hence the Marchenko imaging is currently an acoustic
technique; work has already begun on making the procedure, for data without free-surface mul-
tiples, elastodynamic (da Costa Filho et al., 2014; Wapenaar and Slob, 2014). To account for
the free-surface multiples in the elastic Marchenko equations one can follow a similar procedure
as discussed in Chapter 2 and 3. The causality assumptions are more complex in the elastic case
compared to the acoustic case, therefore solving the elastic Marchenko equations are more involved

and including the free-surface multiples may cause more instabilities.
6.1.6 Future Research 6

Can one include the ghost reflections in the Green’s function?

The Marchenko equations require the surface reflection response to retrieve the Green’s func-
tion. The sources and receivers must be on the acquisition surface, i.e. at the free surface, to
record this reflection response. The scheme to derive the Marchenko equations requires up- and
down-going fields at the acquisition datum; given that the up- and down-going fields at the datum
can be obtained. Computation of the up and down-going fields at an arbitrary acquisition surface
is extensively discussed in the literature (Bale, 1998; Barr and Sanders, 1989; Osen and Reitan,
1999; Soubaras, 1996).

Placing this datum at the free-surface means that, at the free surface, all up-going waves are

equal to the down-going waves scaled by the reflection coefficient at the free surface. Moving
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the datum away from the free-surface includes the ghost reflections and makes the Marchenko
equation difficult to solve with our conventional approach. My preliminary derivations suggests

that I must know the direct ghost arrivals to include the ghosts in the retrieved Green’s functions.
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APPENDIX A - GREEN’S FUNCTION RETRIEVAL IN THE PRESENCE OF THE FREE
SURFACE

We discuss our adaptation of the method of Wapenaar et al. (2013b) to account for the free-
surface reflections. The focusing functions are the wavefields that focus, in both time and space,
at a point in the medium or at the surface ( Figure 2.2(a) and Figure 2.2(b)). These focusing
functions exist in the reference medium, which is homogeneous above the depth level 9D, and
reflection-free below 0D;.

The reciprocity theorems for one-way (up-going and down-going) wavefields are derived by
Wapenaar and Grimbergen (1996), see equations A.3 and A.4. We use the convolution-type and
correlation-type reciprocity theorems to find relationships between our up- and down-going wave-
fields. As discussed by Wapenaar et al. (2014a), we obtain a relationship between the focusing
functions (f; and f>) by using their respective up- and down-going waves at each depth level (0D,

and 0D;) with the convolution reciprocity theorem

!/ 1"

£ (%0, X3, w) = f3 (X1, Xg, ) (A.1)

and correlation reciprocity theorem

"

— 1 (%o, x4, w) " = f3 (%, x0,w). (A2)
Our actual inhomogeneous model with a free surface above 0D is shown in Figure 2.3. As op-
posed to the model in Wapenaar et al. (2013a), which does not have a free surface, we consider the
reflections from the free surface for a down-going source similar to the work of Wapenaar et al.
(2004a). In Figure 2.3, we describe the wavefield in its up- and down-going components. The
downward propagating component of the wavefield (Green’s function) at 0D, is G (xg, X, w) =
§(xm — Xg) + rR(Xo, Xy, w), which includes (in the right hand side) the downward-going im-
pulsive source and the reflection from the free surface. The down-going source §(xg — X'I'{) isa

2-dimensional Dirac delta where xj; is the lateral position of the focal point of f;.
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Note G is the component of the Green’s function that is propagating downwards at x for a
downward radiating source at XS. In the case without the free surface, there are no reflections from
the free surface, hence G (xo, X}, w) = 6(xy — X5;) because r = 0. The upward-going propagat-
ing part of the Green’s function G~ at dDj is the reflection response R(xg, Xy, w). We consider
the up- and down-going components of the Green’s function at D;. The down-going compo-
nent is G (x;, X, w) while the up-going component is G~ (x;, X, w) (GT and G~ respectively,
Figure 2.3). We use the convolution and correlation reciprocity theorems to find relationships for
the one-way wavefields of f; shown in Figure 2.2(a) and the one-way wavefields of the Green’s

function in the actual medium shown in Figure 2.3:

1

G_(Xgﬂxng) - / [fl—‘r(Xo,X;CU)R(Xo,XS,W) —T'fl_(Xo,X;,W)R(Xo,XO,W)}dX
0Dg

"

- fl_(XO7X/i7w)7 (AS)
and

1 "

G+<X;,XS’W) = / [ff(Xo,X;,w)*R(Xo,XO,w) - rf1+(X07X;7w)*R<X07XO7w)]dX
0Dg

+ £ (%, x5, W) (A4)

Equations A.3 and A.4 are similar to the relation for the up- and down-going Green’s function
in Wapenaar et al. (2014a), however equations A.3 and A.4 also accounts for the reflected waves
from the free surface. These free-surface reflections are the expressions in equations A.3 and A.4
that are multiplied by r. The two-way Green’s function is obtained by adding equations A.3 and

A.4 as well as using equations 2.2, 2.3, A.1, and A.2:

G(x;,xg,w) = fz(xg,xg,w)* + fQ(X;,XO,LU)R(XO,Xg,w)dXO
8Do

+r fg(x;, Xo,w)" R(xo, xg, w)dxg. (A.5)
dDo

We consider equation A.5, in time, for the interval ¢ < td(x;, x/(;), where t, is the travel time

for the first arrival of G'. No waves arrive before t4(x;, X, ) since t is the time for the first arriving
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event. Therefore, G(x;, X}, w) vanishes for t < t4(x;,X,) and as a result

t
0= fo(x}, Xg, —t) + / dxo/ fa(x3, X0, t ) R(x0,Xg,t — t )dt

dDg

+ 7‘/ dxo/ f2<X;,X0,t/)R(X0,X8,t+tl)dt,. (A.6)
0Dg —t

We use the same ansatz for f, as Wapenaar et al. (2013a) because we are using the same

reference medium, i.e. the model where the focusing functions exist. The ansatz is given by
fo(xi, X0, 1) = [Tu(xs, x5, )™ + M (x5, x5, 1), (A7)

where [T;(x;,xg, )], defined as the inverse of the direct arrival of the transmission response, is
the first arriving event of f5(x;, xg,t) and M (x;,xg,t) is the scattering coda of f; following the
first arrival as shown by Wapenaar et al. (2013a). The substitution of expression A.7 in equation

A.6 yields

Xl ,Xo)

0= M( XO? + / dXo Td X » X0, t/)]va<X07 Xg7t - t/)dt/
0Dg

¢
+ / dxo/ x}, X0, t')R(x0, Xg,t — t )dt’
0Dg fix ,X0)
+ 7 dx / X}, Xo,t')R(xo, Xg,t +t )dt’
0Dg —td(x X0
—t x xo
/ / [Ty(x, %0, )]”“’R(XO,XO, L+t )d (A.8)
dDy

for t < tq(x;, Xg) with t5(x}, xg)= t4(x},X,) — € where ¢ is a small positive constant to include
the direct arrival in the integral. Equation A.8 is a Fredholm integral of the second kind and can be

solved iteratively as follows:

My(X, X0 —1) = Mo(x, X!}, —) — / dxo/ My 1(x, X0, ) R(x0, X £ — £ )df
8Dg —t5(x;,%0)

— r/ dxo/ My_1(x}, %0, t") R(xo, xg, t+ t/)dt/,
0Dg X5,X0)
(A.9)

where
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_t;(x;,xo) A . . ,
My(x},xg, —t) = — / dxo/ [Ta(x3, %0, )]"™ R(x0,Xq,t — t )dt
0Dg —00
,t;(xg,XO) ] . , ,
— 7’/ dxo/ [Ty(x3, %0, )] R(x0,Xg, t +t )dt , (A.10)
0Dg —t

for t < tq(x;,Xg) and M, (x}, x4, —t) = 0 for t > t4(x;,%,) . In contrast to the algorithm of
Wapenaar et al. (2013a), we use R instead of R, and we also include the reflection from the free
surface (last term in equation A.9). After convergence, we substitute the coda M into equation
A.7 to yield the focusing function f5. The f5> solution is then used in equation A.5 to obtain the

two-way Green’s function.
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APPENDIX B - RETRIEVING THE GREEN’S FUNCTIONS ANALYTICALLY USING THE
MARCHENKO EQUATIONS

For a three-interface model (two layers) in Figure 4.1,

1. The first interface is just below the acquisition surface with reflection and transmission co-

efficients 7o and 7.

2. Similarly, 71, 71, 72, and 75 are the reflection and transmission coefficients of the second and

third interfaces, respectively.
3. The one-way travel time of the first layer (between first and second interface) is ¢;.

4. The one-way travel time of the second layer is %s.

The reflection response for the three-interface model (two layers) for sources and receivers on

the surface in Figure 4.1, in the frequency domain, is (Goupillaud, 1961)

ro + Tle—Zzwh 4+ r2€—21w(t1+t2) + 7’07”17“2€_QZWt2
—_ 1 T 7"07’16721@%1 + 7/.07.2672iw(t1+t2) + 7«17126721@1‘,2 )

R(zp,w) (B.1)

where 7, r1, and 79 are the reflection coefficients of the layers in order of increasing depth, respec-
tively; ¢, and ¢, are the one way travel of the first and second layers, respectively.

We use the reflection response of this three-interface model to compute the Green’s functions
at two locations in the model: 1) in the middle of the first layer (z = z,) and 2) just above the
second interface (2 = z7), in Figure 4.1.

We retrieve these Green’s function by solving the Marchenko equations (Broggini and Snieder,
2012; Broggini et al., 2012; Singh et al., 2015, 2016; Slob et al., 2014; Wapenaar et al., 2013a,
2014b).

Given we know the model, we can compute the focusing functions fllL (Slob et al., 2014) as

follows:

1

- B.2
71’_('2727’2(]7("))7 ( )

flJr(ZhZOaw) =
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R(ZQ, 20, CL))

1) B.3
Czli_(/ziu’2”07("-)>7 ( )

ff(zla 20, (.U) =

where zy and z; are the depths of the first and second reflector, R(zg, 2o, w) is the reflection re-
sponse at the surface for a source at zg, and 7" (z;, 20, w) is the transmission response at z; for a
source at 2.

The Marchenko equations relating the Green’s functions G* to the focusing functions f* are
G (2, 20,w) = fi (20, 21, w)R(20, 20, w) — fi (20, 21, w), (B.4)
and
G (21, 20, w) = — f1 (20, 21, w) " R(20, 20,w) + f1 (20, 25, w)*, (B.5)

where G*(2;, z9,w) are the one-way Green’s functions at z; for a source at z, (Broggini and
Snieder, 2012; Broggini et al., 2012; Singh et al., 2015, 2016; Slob et al., 2014; Wapenaar et al.,
2013a, 2014b). The one-way Green’s functions are decomposed at the observation point z denoted
by the first superscript + or —. We consider downwards to be positive; hence the superscript +
represents down-going waves and — up-going waves.

The focusing functions are auxiliary wavefields that reside in a truncated medium that 1) has the
same material properties as the actual inhomogeneous medium between 2 and z; (arbitrary depth
level) and 2) is homogeneous above 2, and reflection-free below z; (Slob et al., 2014). Therefore
the boundary conditions on zy and z; in the truncated medium, where the focusing function exists,

are reflection-free.
B.1 Green’s function retrieval in the middle of the first layer z,

The focusing function exist in a truncated medium which we label T,. At z,, we define the
truncated medium T, as homogeneous at and below z, and the same as the actual model above
z,. Therefore for this truncated medium Y, the reflection response R(zy, 29, w) in the frequency

domain is ry while the transmission response T'(z = zq, 2, w) = Toe™“!/2,
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Substituting the reflection and the transmission response for the truncated medium Y, into
equations B.2 and B.3 yields
1

fl_ (Za7 205 W) - T_eiw“/27 (B6)
0

i (2 0, 0) = e, (B.7)
0

We retrieve the up- and down-going Green’s function G*(2,, 29, w) by substituting equations B.6,

B.7, and B.1 into equations B.4 and B.5:

Tlefgiwtl + ,,,.Qefiw(%t1+2t2)

1 + Torle—intl + T0T26_2iw(t1+t2) + T1T2€_2th2 ’

(B.8)

G (24, 20,w) = To

_1, (L
e siwt1 + ryr9e zw(2t1+2t2)

1+ rorie=2wts 4 porge=2iw(tittz) 4y pye—2iwte”

(B.9)

G+(Za7 20, w) =70

To verify our result, we compute the time time domain expression for the series expansion of

equation B.8 to yield

G_(Za, 205 t) :7'0{7‘16<t—;t1) + T25(t — gtl - 2t2)— (BlO)
TUT’%(S(t - gtl) — 7”%7’25(75 — ;tl — 2t2) + },

:T(){Tﬂs(t—gtl) + 7'12’/'25(t — gtl — 2t2) — ToT%(S(t — ;t1> + }, (Bll)

where 78=1 — 7% and ¢; and t, describe the time for a wave to traverse, in one direction, the
length of the first and second layers, respectively. These waves in equation B.11 are shown in the
ray diagram, see Figure B.1 and correctly correspond to the events in Figure 4.1. Note that the
retrieval of the Green’s function in equation B.11 takes into account the transmission coefficients

of the layers.
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Homogeneous half-space
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Torid(r—31,) _Tororié(t_%h)
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To T, 7,0(t—5¢2,—21,)

Homogeneous half-space

Figure B.1: Ray diagram of the waves in G~ (z,, 20, t), equation B.11.

B.2 Green’s function retrieval at the second layer 2,

To retrieve the Green’s function at the second layer z = z;, we compute (analytically) the
reflection response at z, and the transmission response at z; for the truncated medium Y;. The
truncated medium Y, is homogeneous at and below z; and the same as the actual model above
z1. For this reason, the reflection response for the truncated medium Y'; remains the same as the
reflection response in the truncated medium Y, as no new interfaces are included.

The transmission response for the truncated medium T; becomes T'(z = z1, 2p,w) = Tpe™,

The corresponding focusing functions become

1 .
fi (21, 20,w) = T—e“”“, (B.12)
0
+ o To wtq
fi (21, 20,w) = T—Oe : (B.13)
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Substituting equations B.12, B.13, and B.1 into equations B.4 and B.5 yields the Green’s function
at the second layer:

rlef’iwh + T267iw(t1+2t2)

T0 - - -
1 + rorye= 2wt  prorge—2iw(titte) 4 pypye—2iwts”

G (21,20, w) = (B.14)

e—iwt1 + TlTQG_iw(t1+2t2)

70 - - - .
1+ 7’07“1672@“”‘/1 + r0r2672zw(t1+t2) + 7'17“2672’“"”‘/2

Gt (21, 20,w) = (B.15)
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