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ABSTRACT
In this work, an iterative approach using the finite difference frequency domain method is presented to solve the problem of scattering from large-scale electromagnetic structures. The idea of
the proposed iterative approach is to divide one computational domain into smaller subregions and
solve each subregion separately. Then the subregion solutions are combined iteratively to obtain a
solution for the complete domain. As a result, a considerable reduction in the computation time and
memory is achieved. This procedure is referred to as the iterative multiregion (IMR) technique.
Different enhancement procedures are investigated and introduced toward the construction
of this technique. These procedures are the following: 1) a hybrid technique combining the IMR
technique and a method of moment technique is found to be efficient in producing accurate results
with a remarkable computer memory saving; 2) the IMR technique is implemented on a parallel
platform that led to a tremendous computational time saving; 3) together, the multigrid technique
and the incomplete lower and upper preconditioner are used with the IMR technique to speed up
the convergence rate of the final solution, which reduces the total computational time. Thus, the
proposed iterative technique in conjunction with the enhancement procedures introduces a novel
approach to solve large open-boundary electromagnetic problems including unconnected objects in
an efficient and robust way.

Keywords
finite difference frequency domain, electromagnetic scattering, iterative multiregion technique,
multigrid technique, preconditioner
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chapter 1

Introduction
Numerical analyses of large-scale electromagnetic problems require long computational time and
large computer memory. One of the goals of ongoing computational electromagnetic research is to
develop time and memory-efficient algorithms. A class of time and memory-efficient algorithms
divides the computational domain into smaller subdomains and then combines the subdomain solutions after introducing the effect of interactions between these subdomains. A group of methods
that decomposes the computational domain into subdomains is known as the domain decomposition method (DDM) [1–17]. These methods in general require common boundaries between
subdomains and boundary conditions are enforced on subdomain interfaces. There are usually two
approaches used with the applications of the coupling effects: the direct method imposes the continuity of the fields on the partition interfaces and generates a global coupling matrix [17], whereas
the iterative method [1, 4] ensures the coupling between the adjacent elements by the transmission
condition (TC) as described in [1]. It is possible to solve each subdomain with the same method
such as with finite element method [4] or finite difference frequency domain (FDFD) method
[8]. However, some domain decomposition methods have the flexibility that, in each subdomain,
the most efficient method can be used independently to solve Maxwell’s equations [7]. Therefore,
the complexity of the problem can be reduced, and a time and memory efficiency algorithm can
be achieved. Another advantage of the domain decomposition methods is that they are suitable to
develop parallel processing techniques [14–16] and thus enable highly scalable algorithms.
To economically provide efficient solution to large-scale electromagnetic problems, especially
those that involve open boundaries such as the scattering from multiple objects, decomposing the
computation domain into separate subregions would be preferable. It is then necessary to develop
accurate procedures to support the interaction between the unconnected subregions. Some hybrid
techniques based on combinations of method of moments (MoM), finite element, finite difference
time domain (FDTD) and physical optics have been used to solve a class of these problems, in
which part of the problem is usually large compared with other parts [18–20].
In this book, a new technique based on the FDFD method and an iterative procedure to calculate the scattering from multiple objects similar to that described in [21] are presented. In this approach, the problem is decomposed into separated subregions, each subregion containing a scatterer
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or a group of scatterers. The scattered electromagnetic near fields are calculated because of the incidence of a time-harmonic wave in each subregion, using the FDFD method or any other appropriate
method. Then, fictitious electric and magnetic currents on imaginary surfaces surrounding the objects
in these subregions are calculated, using the equivalence principle. Radiated fields by these currents are
then considered as incident fields on the opposing subregions. The same procedure of calculating the
subregion field components, the fictitious currents, and the radiated fields on the opposing domains is
repeated iteratively until a convergence is achieved.
The procedure presented in this work, referred to as iterative multiregion (IMR) technique,
requires a solution of fields in the subregions a number of times instead of one solution of the
complete domain. This technique effectively reduces the size of the required memory. Furthermore,
the CPU time reduction can be achieved if the separation between some subregions is large and/or
coarser grids are used in some of the subregions, which may not be possible to use if only one domain is used for the solution of the original complete problem. Another unique feature of the IMR
technique is that it can provide solutions to large-scale problems that are difficult or impossible
to solve using direct methods. The application of this technique is performed on two- and threedimensional (2D and 3D, respectively) scatterers, and the verification of the generated numerical
data from the FDFD code is performed. The use of the FDFD provides the flexibility in defining
composite (in shape and type) structures in each subregion. It also provides a much stable solution
relative to other available methods and a more convenient procedure for performing the interaction between the subregions based on well-known theorems. The use of the FDTD technique was
intentionally avoided in this work as the interaction process between subregions would involve
complex bookkeeping for the source and its effect on the spatial and time domains from one subregion to the other. Despite that both FDFD and FDTD methods share a discretization constraint,
the latter requires more attention regarding the choice of the time step and the parameters of the
source time domain waveform. Furthermore, the FDFD is free of dispersion, which is one of the
drawbacks of the FDTD technique. The FDFD solution provided in this work has some similarities to the 2D FDFD analysis in [22]. For the 3D analysis, the present formulation only uses the
three field components, Ex, Ey, and Ez, instead of using the traditional six field components, Ex, Ey,
Ez, Hx, Hy, and Hz, as one would expect following the formulation presented in [22]. Thus, as will
be shown later, this FDFD formulation allows for additional memory saving.
The FDFD equations are constructed based on the scattered field (SF) formulation, that
is, the total field (TF) is assumed to be the sum of incident, and SFs. The use of these equations
requires the computation of incident field components at all grid nodes in the computation space.
However, it has been realized that a considerable amount of computation time is spent for the
calculation of the incident field components in a region due to the fictitious current sources in the
other regions. Therefore, two ideas were proposed in this work to speed up this calculation: an

Introduction  

interpolation process that can be simply described as an averaging process and the idea of using
the TF/SF formulation [23].
A hybrid technique is also presented in this work, which combines the desirable features of
two different numerical methods, FDFD and the MoM, to analyze large-scale electromagnetic
problems. This is done by using each appropriate technique for a subregion and then applying an
iterative procedure between the two solutions to calculate the scattering from multiple objects that
are defined in the designated subregions. The idea behind applying this hybrid technique is to show
the flexibility of the IMR technique in combining different solutions for each subregion to reach the
desired solution in the most efficient and economical way.
Further investigations were done in this book to introduce some enhancing procedures to the
IMR solution, thus providing a more robust technique used to solve large electromagnetic problems, within reasonable time and with the least memory usage. The idea of introducing multiple
processors to the IMR solution is also proposed and developed, where the subregions are solved
simultaneously, each on a separate processor. Thus, a remarkable CPU time saving can be achieved.
The IMR technique is basically proposed to solve large electromagnetic problems in an efficient
way; these problems usually generate a large number of unknowns that are represented in one matrix
form. A direct matrix inversion solution would normally be very difficult if not impossible to achieve
on current generation of moderate computer systems. Hence, iterative solvers are considered as an
alternative to provide a solution for these set of linear equations. The multigrid technique, as an
initial guess for the solution, and the incomplete lower and upper (ILU) triangular matrix factorization, as a preconditioning, are thus considered as a robust way to provide an approximate solution to
the iterative solver. This results in accelerating the rate of convergence of the used iterative solvers
for the resulting FDFD matrix equation and thus speeding up the solution process. More explanation on these points will be provided in separate chapters of this book.
• • • •



chapter 2

Basics of the FDFD Method
This chapter presents a brief introduction to the FDFD method, which is an extended version
to the finite difference method. The construction of the finite difference method from a given
differential equation will thus be illustrated, which essentially involves estimating derivatives numerically. Furthermore, since the first step in constructing an FDFD algorithm is to discretize the
computational domain into cells and define the locations of the electric and magnetic field vectors
on each cell; the Yee cell will also be presented in this chapter where the locations of the field vector
components are defined. A perfectly matched layer (PML), as an absorbing boundary, is used to
terminate the computational domain.

2.1

FDFD METHOD

Most of the time, it is hard to find an analytical solution to real world electromagnetic problems.
Classical analytical approaches may fail if the partial differential equation (PDE) is not linear
and cannot be linearized without seriously affecting the result, the solution region is complex, the
boundary conditions are of mixed types, or the medium is inhomogeneous or anisotropic.
Whenever a problem of such complexity arises, numerical solutions must be considered. The
finite difference method was one of the first techniques used to solve differential equations numerically due to the advantage of being easily understood and implemented. Nowadays, the techniques
known as FDTD and FDFD methods are the most popular finite difference formulations for solving electromagnetic problems in both time and frequency domains. Although FDFD is theoretically very simple and easy to program, the method is considered quite efficient to provide a much
more stable solution relative to other methods. The FDFD method has been widely used in the
solutions of various problems. Numerous publications are based on this method. This book is also
based on the FDFD method, where it has been used to solve Maxwell’s equations in the frequency
domain. In this chapter, the basics of the method are introduced so that the reader will be better
equipped to comprehend the formulations presented in subsequent chapters.
The FDFD method is based on approximating the spatial derivative by finite differences.
These finite difference approximations are algebraic in form; they relate the value of the dependent
variable at a point in the solution region to the values at some neighboring points. Given a function
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f (x) shown in Figure 2.1, its derivative at point x0 can be approximated based on three different
schemes:
f ( x0 + ∆ x ) − f ( x0 )
∂ f (x0 )
,
(2.1)
= f ' (x) ≈
∆x
∂x
f ( x0 ) − f (x 0 − ∆x )
∂ f (x0 )
,
= f ' (x) ≈
∆x
∂x

(2.2)

f ( x0+∆x) − f (x 0 −∆x )
∂ f (x0 )
.
= f ' (x) ≈
2∆x
∂x

(2.3)

Equation (2.1) is the forward difference scheme, (2.2) is the backward scheme, and (2.3) is the
central difference scheme.
Considering the Taylor’s series expansions of f (x + ∆x) and f (x  ∆x)
2

f (x + ∆ x ) = f (x ) + ∆ x f ' (x ) + (∆x)
2!

2

f (x + ∆ x ) = f (x ) + ∆ x f ' (x ) + (∆x)
2!

3

x
f ''+ (∆ )
3!

f

'''

+ .. .. . . .

(2.4)

f

'''

+ .. .. . . .

(2.5)

3

x
f ''+ (∆ )
3!

and by taking the difference of (2.4) and (2.5) and dividing by 2∆x, one obtains
f
x _ f ( x _ ∆ x) _ (∆ x )2 f '''
f ' (x ) = (x + ∆ )
(x ) + .... .. . . . .
2∆ x
6

(2.6)

The first term on the right side of (2.6) is the central difference approximation to f  '(x) as
given in (2.3), and the other terms are the errors introduced by truncating the series. This error is
f(x)
f (x0 + ∆x)
f (x0)
f (x0 - ∆x)

x
x0 - ∆x

x0

x0 + ∆x

FIGURE 2.1: Estimates for the derivative of f (x) at discrete points using forward, backward, and central differences.
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of the order of (∆x)2 or simply O(∆x)2. The error is proportional to the square of the finite difference ∆x; therefore, the central difference scheme is considered second-order accurate. In the same
manner, it can be shown that the forward difference and backward difference schemes are firstorder accurate. Although it is possible to obtain and use more accurate schemes, the second-order
accurate central difference scheme is accurate enough to use in most of practical electromagnetic applications. The details of the method can be found and studied from many other sources
[24, 25].

2.2.

THE YEE CELL

The first step in constructing an FDFD algorithm is to discretize the computational domain into a
number of cells. Electric and magnetic field components are associated with these cells; thus, the definition of the location of these field components on each cell has to be considered. Yee [26] constructed
an algorithm that solves for both electric and magnetic fields using Maxwell’s curl equations, where he
was able to define the location of the fields in a staggered fashion as shown in Figure 2.2.
Based on Yee’s definition, there are three electric and magnetic field components oriented
in such a way that every electric field component is surrounded by four circulating magnetic
field components, which depicts Ampere’s law. Similarly, every magnetic field component is surrounded by four circulating electric field components, which depicts Faraday’s law. Based on the
Yee space lattice, one can fit these field components to the FDFD expressions when the secondorder accurate central difference scheme is used to discretize the space derivatives in Maxwell’s
curl equations.

Ex
Ey

Hz

Ey
Ez

Ex
Ez

Ez

Hx

Hy

z
y

Ex

Ey

x

FIGURE 2.2: Positions of the electric and magnetic field vector components on the Yee space lattice.
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2.3

3D FDFD FORMULATION

Starting from Maxwell’s equations for the total electric and magnetic fields for time harmonic conjωt
vention e
tot

∇× E = − jωµ H

tot

, ∇× H

tot

= + jωε E

tot

.

(2.7)

Then, by separating the TF into incident and SF components, we obtain
s
s
s
∇ × ( E i + E ) = − jωµ ( H i + H ) , ∇ × ( H i +H ) = + jωε (E i + E s ).

(2.8)

The superscripts i and s are used to denote the incident and SFs, where the incident field is the field
that would exist in the computational domain with no scatterers. If the computational domain is a
free space, then the incident field satisfies Maxwell’s equations, such that
∇ × E i = −jωµ 0 H i , ∇ × H i = + jωε 0 E i.

(2.9)

Substitution of (2.9) into (2.8) yields
(ε − ε 0 ) i,
1
E
∇ ×H s −
ε
jωε
( µ0 − µ ) i .
1
Hs = −
∇× E s+
µ H
jωµ
s
E =

(2.10)
(2.11)

In this chapter, the FDFD formulation for the 3D case is presented, and the method is applied
to provide a solution for the subregions as well as for the entire domain for the sake of comparison.
The field components of the incident plane wave for both θ and φ polarization can be given as
Exi ( x , y ) = Eθi cos θ i cosφ i − Eφi sinφ i
Exi ( x , y ) = Eθi cos θ i sin φ i + Eφi cosφ i
Ezi ( x , y ) =−Eθi sinθ i
1 ( E i cos θ i cosφ i + E i sinφ i )
H xi ( x , y ) =
φ
θ

η0

i
i
1
i
i
i
H yi ( x , y ) = η ( Eθ cos θ sinφ - Eφ cosφ )
0

i
1
i
H zi ( x , y ) = η (−E φ sinθ )
0
i

(2.12)

i

where Eθ and Eφ indicate the polarization type, which can be written as
0
Eθi , φ = Eθ , φ e − j β (x sinθ

i

i
i
i
cos φ + y sinθ + sin φ + zcosθ i )

(2.13)

basics of THE fdfd method  
0
Eθ

0
Eφ

where
and
are the magnitudes of the incident electric field, indicating whether the polarization
0
0
is θ or φ polarized by assigning Eθ = 1 and Eφ = 0 or vice versa; k0 is the wave number; ε0 and µ0 are the
permittivity and the permeability of the free space. The incident angle with respect to the x axis of the
global coordinates system is φ, whereas θ i is the incident angle with respect to the z axis. Having defined the incident fields, (2.10) can be written for the scattered electric field components in the form
E×s =

∂H z
1
− 1
jωεx y ∂y
jωεx z

s

s
∂H y
( εxi − ε0 ) i
Ex
−
εx i
∂z

(2.14)

Eys =

∂H x
1
− 1
jωεyz ∂z
jωεyx

s

s
( εy i − ε 0 ) i
∂H z
−
Ey
εy i
∂x

(2.15)

Ezs =

∂H y
1
− 1
jωεzx ∂x
jωεzy

s

s
(ε − ε
∂H x
− z i 0 ) Ezi
εzi
∂y

(2.16)

Using (2.11), the magnetic field components can be expressed in terms of the scattered electric field as
Hxs =

1
∂E y − 1
jωµ xz ∂z
jω µxy

s

s
∂E z + ( µo − µ xi ) H i
x
µxi
∂y

(2.17)

Hys =

1
∂E z − 1
jω µyx ∂x
jω µyz

s

s
∂E x + ( µo − µ yi ) H i
y
µyi
∂z

(2.18)

Hzs =

1
∂E x − 1
jω µzy ∂y
jω µzx

s

s
∂E y + ( µo − µ zi ) H i .
z
µzi
∂x

(2.19)

In (2.14–2.16) and (2.18–2.19), the permittivity and permeability parameters are indexed in
such a way that these equations will be used for the PML region that will be used to truncate the
computational domain and the non-PML regions as well. These parameters are defined in different
ways depending on whether the node, at which the fields are to be evaluated, is inside the PML
region or outside, such that, in the PML region,

ε xy = ε 0 − j

σ ye
,
ω

ε yx = ε 0 − j

σ xe
,
ω

ε xz = ε 0 − j

σ ze
ω

ε zx = ε 0 − j

σ xe
,
ω

ε zy = ε 0 − j

σ ye
,
ω

ε yz = ε 0 − j

σ ze
ω

µ xy = µ 0 − j

σ ym
,
ω

µ yx = µ 0 − j

σ xm
,
ω

µ xz = µ 0 − j

σ zm
.
ω
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µ zx = µ 0 − j

σ xm
,
ω

µ zy = µ 0 − j

ε xi = ε yi = ε zi = ε 0

σ ym
,
ω

µ yz = µ 0 − j

σ zm
ω

µ xi = µ yi = µ zi = µ 0

Outside the PML region,

ε xy = εxi = ε x ,

ε yx = εyi = ε y ,

ε zx = εzi = ε z , ε xz = εxi = ε x

ε zy = εzi = ε z , ε yz = εyi = ε y
µ xy = µxi = µ x , µ yx = µyi = µ y , µ zx = µzi = µ z , µ xz = µxi = µ x
µ zy = µzi = µ z , µ yz = µyi = µ y
m
where σ xe , σ ye , σ ze , σ xm , σ m
y and σ z are the PML electric and magnetic conductivity distributions, and ε x , ε y , ε z , µ x , µ y and µ z are the anisotropic material parameters within the non-PML
region of the computational space.
Equations (2.14–2.16) and (2.18–2.19) are the starting points to the construction of the
FDFD equation for a 3D problem. Based on the Yee grid [26] shown in Figure 2.3, with only the
field components associated with node (i, j, k) and after applying the central difference approximations to the derivatives in (2.14–2.16) and (2.18–2.19), we get

y

H x ( i, j , k )
Ez ( i, j , k )

H y ( i, j , k )
H z ( i, j , k )

E y ( i, j , k )

( i, j , k )

x

Ex ( i, j , k )

FIGURE 2.3: 3D Yee grid with field components related to node (i, j, k).
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1

s

E x (i, j, k ) =
−

−

jωε xy (i, j, k) ∆y
1
jωε xz (i, j, k) ∆ z
(εxi (i, j, k) - ε0 )

εxi (i, j, k)

−

−

s

E z (i, j, k) =
−

−

s

H x (i, j, k) =
−

+

1
jωε zy (i, j, k) ∆y
(εzi ( i, j, k )- ε0 )

jωµxz (i, j, k) ∆z
1
jωµxy (i, j, k) ∆y

(µ0 - µxi (i, j, k))
µxi (i, j, k)

(2.20)

1

s

jωε yz (i, j, k) ∆z
1

H x (i, j, k −1)
s

jωε yx (i, j, k) ∆x

H z (i, j −1, k)

i

E y (i, j, k)

jωε zx (i, j, k) ∆x

1

s

H y (i, j, k -1)

i

s

1

εzi (i, j, k)

H z (i, j -1, k)

E x (i, j, k)

H z ( i, j, k) +

jωε yx (i, j, k) ∆x

εyi (i, j, k)

jωε xz (i, j, k) ∆ z

s

1
(εyi (i, j, k) − ε0 )

H y (i, j, k) +

H x (i, j, k) −

jωε yz (i, j, k) ∆ z

s

jωε xy (i, j, k) ∆ y
1

s

1

s

E y (i, j, k) =

1

s

H z (i, j, k) −

(2.21)

1

s

H y (i, j, k) −

jωε zx (i, j, k) ∆x

s
H x (i, j, k) +

1
jωε zy (i, j, k) ∆y

s

H y (i-1, j, k)
s

H x (i, j -1, k)

i

E z (i, j, k)

s

E y (i, j,k-1) −
s

E z (i, j +1, k) +

(2.22)

1
jωµxz (i, j, k) ∆z
1
jωµxy (i, j, k) ∆y

s

E y (i, j, k)
s

E z (i, j, k)

i

H x (i, j, k)

(2.23)
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1

s

H y (i, j, k) =
−

−

jωµyx (i, j, k) ∆x
1

−

+

s

E x (i, j, k) +

jωµyz (i, j, k) ∆z

(µ0 - µyi (i, j, k))

s

jωµyx (i, j, k) ∆x
1
jωµyz (i, j, k) ∆z

E z (i, j, k)
s

E x (i, j, k)

i

H y (i, j, k)

µyi (i, j, k)

1

s

H z (i, j, k) =

1

s

E z (i +1, j, k) −

s

1

s

jωµzy (i, j, k) ∆y
1

E x (i, j +1, k) −

jωµzy (i, j, k) ∆y
1

E y (i +1, j, k) +

jωµzx (i, j, k) ∆x

(µ0 - µzi (i, j, k))

(2.24)

s

jωµzx (i, j, k) ∆x

E x (i, j, k)
s

E y (i, j, k)

i

H z (i, j, k) .

µzi (i, j, k)

(2.25)

Equations (2.20–2.22) and (2.23–2.25) can be reduced to three equations, in terms of the
three scattered electric field components. Thus, (2.20) can be rewritten as
s

E x (i, j +1, k)
jωµzy (i, j, k) ∆y

1

−

jω ε xy (i, j, k) ∆y

s
y

E x (i, j , k)
jωµzy (i, j, k) ∆y

E (i +1, j, k)
jωµzx (i, j, k) ∆x

(µ0 - µzi (i, j, k))

s

+

E y (i, j, k)



jωµzx (i, j, k) ∆x



E x (i, j, k)

+

µzi (i, j, k)

s

s

E x (i, j -1, k)

−

i

H z (i, j , k)



s

E x (i, j, k) =

s

−







jωµzy (i, j -1, k) ∆y jωµzy (i, j -1, k) ∆y
−

s

s

1

−

jω ε xy (i, j, k) ∆y

+



E y (i, j -1, k)

E y (i +1, j -1, k)

+
jωµzx (i, j -1, k)∆x jωµzx (i, j -1, k) ∆x

(µ0 - µzi (i, j -1, k))
µzi (i, j -1, k)

i

H z (i, j -1, k)
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s

jω ε xz (i, j, k) ∆z

(µ0 - µyi (i, j, k))
µyi (i, j, k)




1

−

jωε xz (i, j, k) ∆z

−

jωµyz (i, j, k) ∆z
i

H y (i, j, k)

s

jωµyx (i, j, k -1)∆x
1

E x (i, j , k)

+

jωµyz (i, j , k) ∆z

+

+

s

E (i, j, k+1)

−

jωµyx (i, j , k) ∆x

E z (i +1, j , k-1)

1



1

−

s
x



jωµyx (i, j, k) ∆x

s

E z (i, j, k)

−



E z (i +1, j, k)



s

jωµyx (i, j, k -1)∆x
1

E z (i, j, k-1)
s

jωµyz (i, j, k -1)∆z

E x (i, j, k)

1
s
+
E (i, j, k-1)
jωµyz (i, j, k -1)∆z x

(εxi (i, j, k) - ε 0 )

−

εxi (i, j, k)



µyi (i, j, k -1)

i

H y (i, j, k -1)



(µ0 - µyi (i, j, k -1))

+
i

E x (i, j, k) .

(2.26)
		

Rewriting (2.26) will result into
s

E x (i, j, k) =
s

ε xy (i, j, k) µzy (i, j, k)ω 2 ( ∆y )2

+

E x (i, j, k)

ε xy (i, j, k) µzy (i, j, k)ω 2 ( ∆y )2

s

+ +
+

s

E y (i +1, j, k)

ε xy (i, j, k) µzx (i, j, k)ω 2 ∆ x ∆y

(µ0 - µzi (i, j, k))

 j ω ∆y εxy (i, j, k) µzi (i, j, k )

−

E y (i, j, k)

ε xy (i, j , k)µzx (i, j, k)ω 2 ∆ x ∆y

i

H z (i, j, k )



−

s

E x (i, j +1, k)
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s
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E x (i, j, k)

ε xy (i, j, k) µzy (i, j -1, k)ω 2 ( ∆y )2
s

E x (i, j - 1, k)

−

s

−

−




s

E y (i +1, j -1, k)

+

ε xy (i, j, k) µzx(i, j -1, k)ω 2 ∆ x ∆y

(µ0 - µzi (i, j -1, k))

E y (i, j -1, k)

ε xy (i, j, k) µzx (i, j -1, k)ω 2 ∆ x ∆y

i

j ω ∆y εxy (i, j, k) µzi(i, j −1, k)

H z (i, j -1, k )

s

+




+

ε xy (i, j, k) µzy (i, j -1, k)ω 2 ( ∆y )2

s

E z (i + 1, j, k)

+

ε xz (i, j, k) µyx (i, j, k) ω 2 ∆ x ∆z

E z (i, j, k)

ε xz (i, j, k) µyx (i, j, k) ω 2 ∆ x ∆z

s

−
+

E x (i, j, k +1)

ε xz (i, j, k) µyz (i, j, k) ω 2 ( ∆z )2
s




(µ0 - µyi (i, j, k))
j ω ∆zεxz(i, j, k) µyi (i, j, k)

i

H y (i, j, k )

s

s

E z (i +1, j, k -1)

E z (i, j, k -1)

−
+
2
ε xz (i, j, k) µyx (i, j, k -1)ω 2 ∆ x ∆z ε xz (i, j, k) µyx (i, j, k -1)ω ∆ x ∆z
s



−

ε xz (i, j, k) µyz(i, j, k) ω 2 ( ∆z )2



+

E x (i, j, k)

s

E x (i, j, k)

E x (i, j, k -1)

+ +
−
ε xz (i, j, k) µyz (i, j, k -1)ω 2 ( ∆z )2 ε xz (i, j, k) µyz (i, j, k -1)ω 2 ( ∆z )2

(µ0 - µyi (i, j, k -1))

 j ω ∆zεxz(i, j, k) µyi (i, j, k -1 )
−

(ε xi (i, j, k) - ε 0)
ε xi (i, j, k)

i

H y (i, j, k -1)



+

i

E x (i, j, k ) .

(2.27)
		

Finally, (2.20) can be written as
1

ε xy (i, j, k) µzy (i, j, k)ω 2 ( ∆y )2

s

E x (i, j +1, k)
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+

s

2

ε xy (i, j, k) µzy (i, j -1, k)ω ( ∆y )

2

1

E x (i, j -1, k)
s

ε xz (i, j, k) µyz (i, j, k)ω 2 ( ∆z )2

E x (i, j, k +1)

1

s

ε xz (i, j, k) µyz(i, j, k -1) ω 2 ( ∆z )2

E x (i, j, k -1)



1−
+

1
2

ε xz (i, j, k) µyz (i, j, k-1) ω ( ∆z )

−


−
+
−
+
+
−
−

+
=

−

2

1

ε xy (i, j, k) µzy (i, j-1, k) ω 2 ( ∆y )2
1

−

1

ε xz (i, j, k) µyz (i, j, k) ω 2 ( ∆z )2
s

E x (i, j, k)

1

ε xy (i, j, k) µzy (i, j, k) ω 2 ( ∆y )2



+

1



+

s

ε xy (i, j, k) µzx (i, j, k) ω 2 ∆x ∆y
1

E y (i +1, j, k)
s

ε xy (i, j, k) µzx (i, j -1, k) ω 2 ∆x ∆y
1

E y (i +1, j -1, k)
s

ε xy (i, j, k) µzx (i, j -1, k) ω 2 ∆x ∆y
1

E y (i, j -1, k)
s

ε xy (i, j, k) µzx (i, j, k) ω 2 ∆x ∆y
1

E y (i, j, k)
s

2

ε xz (i, j, k) µyx (i, j, k -1) ω ∆x ∆z
1

ε xz (i, j, k) µyx (i, j, k) ω 2 ∆x ∆z
1

ε xz (i, j, k) µyx (i, j, k -1) ω 2 ∆x ∆z
1

ε xz (i, j, k) µyx (i, j, k) ω 2 ∆x ∆z

(µ0 - µzi (i, j, k))
j ω ∆y ε xy (i, j, k) µzi (i, j, k)

E z (i +1, j, k -1)
s

E z (i +1, j, k)
s

E z (i, j, k -1)
s

E z (i, j, k)
i

H z (i, j, k) −

(µ0 - µzi (i, j, k))
j ω ∆y ε xy (i, j, k) µzi (i, j -1, k)

i

H z (i, j -1, k)
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−

−

(µ0 - µyi (i, j, k))
j ω ∆z ε xz (i, j, k) µyi (i, j, k)

( ε xi (i, j, k) - ε 0 )

(µ0 - µyi (i, j, k -1))

i

H y (i, j, k) +

j ω ∆z ε xz (i, j, k) µyi (i, j, k -1)

i

H y (i, j, k -1)

i

E x (i, j, k) .

ε xi (i, j, k)

(2.28)

In the same manner, (2.21) takes the form
1

s

E y (i, j, k +1)

ε yz (i, j, k) µxz (i, j, k)ω 2 ( ∆z )2

+

s

2

ε yz (i, j, k) µxz (i, j, k -1)ω ( ∆z )
1

2

E y (i, j, k -1)
s

E y (i +1, j, k )

ε yx (i, j, k) µzx (i, j, k)ω 2 ( ∆x )2
1

s

2

ε yx (i, j, k) µzx(i -1, j, k )ω ( ∆x )

2

E y (i -1, j, k )



1−
+
−


−
+
−
+
+
−

1
2

ε yx (i, j, k) µzx (i -1, j, k) ω ( ∆x )

2

1

ε yz (i, j, k) µxz (i, j, k -1) ω 2 ( ∆z)2
1

−
−

1

ε yx (i, j, k) µzx (i, j, k) ω 2 ( ∆x )2
ε yz (i, j, k) µxz (i, j, k) ω 2 ( ∆z)2

s

2

ε yz (i, j, k) µxy (i, j, k) ω ∆y ∆z
1

E z (i, j +1, k)
s

ε yz (i, j, k) µxy (i, j, k -1) ω 2 ∆y ∆z
1

E z (i, j +1, k -1)
s

2

ε yz (i, j, k) µxy (i, j, k -1) ω ∆y ∆z
1

E z (i, j, k -1)
s

ε yx (i, j, k) µxy (i, j, k) ω 2 ∆y ∆x
1

E z (i, j, k)
s

2

ε yx (i, j, k) µzy (i -1, j, k) ω ∆y ∆x
1

ε yx (i, j, k) µzy (i, j, k) ω 2 ∆y ∆x

E x (i -1, j +1, k )
s

s

E y (i, j, k)

1

E x (i, j +1, k)



+

1



+
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s

2

ε yx (i, j, k) µzy (i -1, j, k) ω ∆y ∆x
1

s

2

ε yx (i, j, k) µzy (i, j, k) ω ∆y ∆x

(µ0 - µxi (i, j, k))

=

(µ0 - µzi (i, j, k))
( ε yi (i, j, k) - ε 0 )

H x (i, j, k) −

(µ0 - µxi (i, j, k -1))

H z (i, j, k) +

i

j ω ∆z ε yz (i, j, k) µxi (i, j, k -1)

(µ0 - µzi (i -1, j, k ))

i

j ω ∆x ε yx (i, j, k) µzi (i, j, k)

−

E x (i, j, k )
i

j ω ∆z ε yz (i, j, k) µxi (i, j, k)

−

E x (i -1, j, k )

H x (i, j, k -1 )
i

j ω ∆x ε yx (i, j, k) µzi (i -1, j, k )

H z (i -1, j, k )

i

E y (i, j, k) .

ε yi (i, j, k)

(2.29)

The same procedures are to be done for (2.22), which can be represented as
1

s

E z (i +1, j, k)

ε zx (i, j, k) µyx (i, j, k)ω 2 ( ∆x )2
+
+
+

1

s

2

ε zx (i, j, k) µyx (i -1, j, k)ω ( ∆x)
1

2

E z (i -1, j, k)
s

E z (i, j +1, k)

ε zy (i, j, k) µxy (i, j, k)ω 2 ( ∆y )2
1

s

2

ε zy (i, j, k) µxy(i, j -1, k )ω ( ∆y )

2

E z (i, j -1, k)



1−
+
−


−
+

1
2

ε zy (i, j, k) µxy (i, j -1, k) ω ( ∆y )

2

1

ε zx (i, j, k) µyx (i -1, j, k) ω 2 ( ∆x)2
1

ε zx (i, j, k) µyz (i, j, k) ω 2 ∆z ∆x
1

ε zx (i, j, k) µyz (i -1, j, k) ω 2 ∆z ∆x

−
−

1

ε zy (i, j, k) µxy (i, j, k) ω 2 ( ∆y )2
ε zx (i, j, k) µyx (i, j, k) ω 2 ( ∆x)2

s

E x (i, j, k +1)
s

s

E z (i, j, k)

1

E x (i -1, j , k +1)



+

1



−
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−
+
+
−
−
+

=

−

−

1

s

2

ε zx (i, j, k) µyz (i -1, j, k) ω ∆z ∆x
1

s

2

ε zx (i, j, k) µyz (i, j, k) ω ∆z ∆x
1

ε zy (i, j, k) µxz (i, j -1, k) ω ∆z ∆y
1

E y (i, j -1, k +1)
s

2

ε zy (i, j, k) µxz (i, j, k) ω ∆z ∆y
1

E y (i, j, k +1)
s

2

ε zy (i, j, k) µzx (i, j -1, k) ω ∆z ∆y
1

E y (i, j -1, k)
s

2

ε zy (i, j, k) µxz (i, j, k) ω ∆z ∆y

(µ0 - µyi (i, j, k))

E y (i, j -1, k)
i

j ω ∆x ε zx (i, j, k) µyi (i, j, k)

(µ0 - µxi (i, j, k))

H y (i, j, k) −
i

j ω ∆y ε zy (i, j, k) µxi (i, j, k)

ε zi (i, j, k)

E x (i, j, k)
s

2

( ε zi (i, j, k) - ε 0 )

E x (i -1, j, k )

H x (i, j, k) +

(µ0 - µyi (i -1, j, k ))
j ω ∆x ε zx (i, j, k) µyi (i -1, j, k)

(µ0 - µxi (i, j -1, k ))
j ω ∆x ε zy (i, j, k) µxi (i, j -1, k)

i

H y (i -1, j, k )
i

H x (i, j -1, k)

i

E z (i, j, k) .

(2.30)

A linear set of equations can be constructed using (2.28), (2.29), and (2.30). These equations
can be arranged in a matrix form as [A][E] = [Y], where [A] is a (3 N × 3 N ) highly sparse coefficients matrix, [E] is the unknown vector of length (3N ), in which the first (N ) elements represent
the Ex scattered electric field components, the second (N ) elements represent the Ey scattered electric
field components, and the third (N ) elements represent the Ez scattered electric field components in
the computation grid. The [Y] is the excitation vector based on the right hand sides of (2.28), (2.29),
i
i
and (2.30), respectively, and is a function of incident field components, Exi , Eyi , Ezi , Hxi , Hy and Hz .,
s
s
s
The solution of this matrix equation for the vector [E] yields the Ex , Ey , and E z field components
in the entire computational domain.
In this chapter, the constructed 3D code was developed using Fortran language due to the
shortage of the current version of Matlab memory capabilities of addressing memory size larger
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than 2 GB, in addition to the faster computation using Fortran language relative to Matlab. Thus, a
sparse matrix solver, based on the Fortran language, generated by [27], was used to efficiently solve
this kind of sparse matrix equations, which also has the capabilities of reducing the matrix storage
by keeping in memory only the nonzero elements of matrix [A].

2.4

PML ABSORBING BOUNDARY

To truncate the computational domain, layers of absorbing boundary based on the PML technique
are used. The PML media properties surrounding the computational domain are chosen to effectively absorb all waves outgoing toward the boundaries. A perfectly conducting (PEC) layer is used
to terminate the last layer of PML region. Theoretically, all waves are supposed to be sufficiently
absorbed by the PML; thus, terminating the computational domain by a PEC layer will have no
effect on the solution.
In the PML region, artificial conductivity is introduced such that it starts with very small
value at the free-space PML interfaces with gradual increase until it reaches its maximum value at
the last layer of the PML region. This maximum conductivity is denoted as σmax and is defined as

σ max = −

ε 0 c (n)ln [R (0)]
2δ PML

(2.31)

where n is 0, 1, or 2 for a constant conductivity, linear conductivity, or a parabolic conductivity distribution, respectively. The parameter δPML is the PML thickness; c is the speed of light in free space,
and R(0) is the theoretical reflection factor on the free-space PML boundary for normal incidence.
The conductivity distribution in the absorbing PML can be defined as

σ

e (h)

 h 
= σ max 

 δ PML 

n

(2.32)

where h is the distance from the free-space PML interface to a specified PML. Electric and magnetic conductivities (σ e and σ m) need to be introduced in the PML region. The relation between
these two conductivities can be defined as in [28] by

σ

e

ε0

=

σm
µ0
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( 0, 0, σ z )

( σ ,σ
x

( 0, σ

y

y

,σ

z

)

,σ z )

( σ , σ , 0)
x

y

( σ x , 0, 0 )

( 0, σ , 0 )
y

z
y

x
FIGURE 2.4: The computational domain with PML layers conductivity assignments.

Figure 2.4 shows the construction of the PML absorber just outside the original computational
m
domain. It is clear from Figure 2.4 that only in the eight corners σ xe , σ xm , σ ye , σ y , and σ ez σ zm
are nonzeros. Other than that, the absorbing layers only have values for the conductivity in the
x direction (i.e., σxe ≠ 0 and σxm ≠ 0). Similarly, the conductivity in the y direction (i.e., σye ≠ 0 and
σy m ≠ 0) as well as the conductivity in the z direction (i.e., σz e ≠ 0 and σz m ≠ 0).
• • • •
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chapter 3

IMR Technique for Large-Scale
Electromagnetic Scattering Problems:
3D Case
This chapter presents one of the methods to solve large electromagnetic problems, by dividing the computational domain into smaller subregions and solving each subregion separately. Then, the subregion
solutions are combined to obtain a solution for the complete domain. An iterative approach using the
FDFD method is presented to solve the scattering problem from 3D objects, with two different speeding
up techniques used to efficiently solve the problems that can be divided into separated subregions. Some
verification problems are presented to prove the validity of the presented technique in 3D objects.

3.1

ITERATIVE PROCEDURE BETWEEN MULTIPLE DOMAINS

The developed iterative technique is based on dividing the original electromagnetic scattering problem of a large domain into smaller problems in separated subregions, where the latest are to interact
with each other to take into consideration the effect of the coupling between them. A huge saving
in memory is achieved because dividing the original problem into smaller problems provides the
benefit of minimizing the corresponding computational domain sizes, in addition to saving in the
computational time, especially with large separation between some regions. Therefore, instead of
dealing with one large region, which may not be possible in some problems because of limited computing resources, one would be dealing with multiple smaller regions.
The problem illustrated in Figure 3.1 shows the construction of the original domain, where
the IMR technique is to be applied on. First, the original problem domain is divided into subregions
and, in this case, three subregions. The scattered electromagnetic fields due to an incident wave are
calculated separately in each subregion by the FDFD method. Then, fictitious electric and magnetic
currents are calculated over imaginary surfaces surrounding the objects in each subregion, based on
the equivalence principle. The electromagnetic fields radiated by these currents are calculated at the
other subregions’ grid nodes, using the formulation provided in [29] for 3D scatterers. These fields
are considered as the new excitation for that region. As an example, for three objects, the fields exciting subregion 1 are a result of the superposition of the fields generated on subregion 1 using the
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Original domain
E inc

Scattering
objects

Scattering
objects

Scattering
objects

Sub-region 1

Sub-region 2

Sub-region 3

FIGURE 3.1: Original domain of a large scattering problem showing possible decomposition to two
sub-domains.© 2006 IEEE.

currents calculated from subregions 2 and 3. Then the cycle of calculation of SFs, fictitious currents
and radiated fields is repeated as a new iteration. The iteration process between regions continues
until a convergence criterion is achieved. In our analysis, a stopping criterion of less than 2% difference in the calculated SFs at all angles from one iteration to the other is used. The sum of all
calculated SFs through iterations gives the total SF, which is equivalent to the SF calculated from
the solution of the original problem to a certain degree based on the total number of iterations. This
iterative procedure is illustrated in Figure 3.2.

3.2

SPEEDING UP TECHNIQUES

It was realized that most of the consumed time by the subregion solution relative to the full domain
solution is in the calculation of the field components generated due to the electric and magnetic
currents from the opposing region. Thus, two approaches were studied and presented in this work
to improve the timing issue: 1) interpolation process and 2) TF/SF technique.
1) Interpolation process: An interpolation process was used in the field calculation, to speed up
the process leading to 70% reduction in time with respect to the noninterpolated process.
The interpolation process can be simply described as an averaging process, where just the odd
plane cuts in the three directions (i.e., x, y, and z) are the only planes where the fields are to be
computed in, whereas the even plane cuts are simply an average of the previous and following
planes. Figure 3.3 describes the interpolation process, for the y direction, which is to be applied
also for both the x and z directions to yield the 70% time reduction. The dotted planes are the
averaged even planes, whereas the dashed planes are the planes where the fields are actually
calculated based on the electric and magnetic currents generated from the opposite region.

imr technique for large-scale electromagnetic scattering
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FIGURE 3.2: Scheme for the IMR technique applied by converting the electric and magnetic currents
to field components generated on the other regions. © 2006 IEEE.

2) TF/SF technique: The TF/SF technique is combined with the FDFD method to speed up
the calculations of the IMR technique, thus leading to a remarkable reduction in the time
difference between the IMR solution and the full domain solution. The idea behind the
time saving using the TF/SF technique is simply by calculating the fields on just two layers
in the x, y, and z directions, instead of at each grid point in the entire subregion. Each computational domain of a subregion is divided into two regions separated by a nonphysical
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FIGURE 3.3: Configuration for the averaging process along the y direction.

virtual surface that is used to connect the fields in each region. The fields generated based
on the computed electric and magnetic currents from the opposing subregion are generated
on this virtual boundary where they act as an incident field on the same region. The TF/SF
technique is used to solve for both the total and the SFs, where they are both considered
as the unknown fields instead of using the classical SF approach for the entire subregion.
Figure 3.4a illustrates the idea behind the TF/SF technique, where region 1, the inner
zone, operates on the TF vector components, whereas region 2, the outer zone, operates
on the SF vector components. For such reason, a problem of consistency arises when the
required spatial differences are taken across the interface plane, as it would be inconsistent
to perform an arithmetic operation between scattered and TF values.
For the ease of describing the technique, consider the 1D linear grid of Ez and Hy field components shown in Figure 3.4b. As shown before, the magnetic field components were eliminated
by substituting them in the electric field expressions, as illustrated in the 3D FDFD Formulation
section. Then, the Yee algorithm of the electric field is given at any grid point by
Ez (i ) = 1 1  Hy (i +1 / 2 ) −Hy (i −1 /2 ) 
jωε ∆x

(3.1)

which can then be rewritten as

[

]

1 E (i +1) −2E (i) +E (i −1)
Ez (i ) = −12
.
z
z
ω εµ ∆x 2 z

(3.2)

imr technique for large-scale electromagnetic scattering

FIGURE 3.4: Total/scattered field zoning of the FDFD space lattice: (a) Total scattered field zoning
connected by a virtual surface and absorbing boundary condition; (b) field component location in a onedimensional (1D) x-directed cut. © 2006 IEEE.
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This is valid when the two field components on the right-hand side are contained within a single
grid region, whether SF or TF. Now let us consider applying (3.2) to the Ez component at the grid
point iL, located on the left interface between regions 1 and 2. Using (3.2) and generalizing the
equation to the total electric field component yields
1 E tot ( i + 1 ) − 2E tot(i −1 )
Eztot (i L) = −21
L
z
.
ω εµ ∆x 2  z L

(3.3)

One can notice that, in (3.3), the Ez component at nodes iL + 1 and iL-1 is defined as TF.
Based on Figure 3.4a, which illustrates the idea of the TF/SF technique, the Ez component at node
iL + 1 defined at region 1 should be a TF. Although the Ez component at node iL-1 defined at region
2 should be a SF. This means that the total electric field component at node iL-1 should be replaced
by the summation of the two field components, the scattered and the assumed known incident electric field components. This leads to a final representation of (3.3) as
i
1 E tot ( i + 1 ) − 2E tot(i ) + E s(i −1 ) − 1
)
(i
Eztot (i L) = −21
L
2
L
2  z
2 Ez L −1 .
z
z L

ω εµ ∆x
ω εµ∆x

(3.4)

Similar procedures are implemented to the numerical differentiation at the right interface between
regions 1 and 2 (shown in Figure 3.4b).
In the same manner described for the 1D formulation, the two and three dimensions can be
illustrated by applying the same procedures, which is explicitly described in [23].

3.3

NUMERICAL RESULTS

First, the radar cross-section (RCS) for some structures is computed to show the validity of the 3D
FDFD code in solving any arbitrary shaped single domain problem, which for both a θ and φ polarized plane wave are expressed, respectively, in the following form

σ θθ


Eθs

= lim 4π r 2
r →∞ 
Eθi


2


2,



σ φφ


Eφs

= lim 4π r 2
r →∞ 
Eφi


2



.

2

(3.5)

Figure 3.5 shows the RCS of a conductor sphere excited by a θ polarized plane wave having
ka = 1.1 and for incident angles φi = 0° and θ i = 90°, where the far field was calculated based on
the computed magnetic and electric current densities over the artificial boundary surrounding the
sphere [29]. Eight PML layers were used to terminate the computational domain with a reflection
factor R(0) = 1 × 107 and n = 2, considering a parabolic conductivity distribution. In addition to
the eight PML, eight air buffer layers are introduced between the PML absorbing boundary and
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FIGURE 3.5: Bistatic RCS of a conductor sphere excited by a θ polarized plane wave for φ i = 0° and
θ i = 90°.

the simulated object. The number of layers simulating the PML and the air buffer, also the values of
R(0) and n, will all be the same in all the simulations and problems presented in this book, unless
otherwise is mentioned. A discretization of 0.0175λ is used for all directions x, y, and z, leading to
a computational domain size of 140,608 cells. The free-space wavelength (λ) is assumed to be equal
to 1 m in all the simulated problems in this book, unless otherwise is mentioned. Excellent agreement between the FDFD computed results and those generated using the finite element method
presented in [30] is observed.
Another verification to prove the validity of the developed 3D FDFD code is shown in
Figure 3.6, where the RCS of a perfectly conducting cube of side length equal to 0.75λ excited by
a θ polarized plane wave for φi = 90° and θ i = 90° is presented. A discretization of 0.075λ is used
in x, y, and z directions leading to a total computational size of 140,608 cells. The FDFD result
shows very good agreement with the finite element results published in [30].
Figure 3.7 shows the geometry of two spheres, one having relative permittivity εr = 3, relative permeability µr = 1, and radius = 0.1λ, and the other sphere has relative permittivity εr = 1.001,
relative permeability µr = 1, and radius = 0.4λ. The separation between the two spheres is 0.5λ. This
configuration was constructed to check the validity of the IMR technique in comparison with that
generated using the exact solution of a dielectric sphere having relative permittivity εr = 3 and radius
equal to 0.1λ; this is the reason behind having a bigger sphere assigned a relative permittivity value
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FIGURE 3.6: Bistatic RCS of perfectly conducting cube excited by a θ polarized plane wave for φ i =
90° and θ i = 90°.

almost the same as free space. It is clear from the calculated RCS in Figure 3.8 based on the exact
solution (full domain solution) and the subregion solution after two iterations that the results generated from the subregion solution converge to the exact solution, with very good agreement. For the
full domain simulation of this problem, a discretization of 0.025λ was used in x, y, and z directions
leading to a total computational size of 376,832 cells. For the IMR solution, the region simulating

Separation = 0.5λ
εr = 1.001,
µr = 1
z

y

r = 0.4 λ

εr = 3,
µr = 1
r = 0.1 λ

x
Dielectric sphere
FIGURE 3.7: Geometry of two dielectric spheres.

Dielectric sphere
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FIGURE 3.8: Bistatic RCS for the configuration defined in Figure 3.7. © 2006 IEEE.

the dielectric sphere of radius equal to 0.4λ was assigned a discretization value of 0.04λ in x, y, and
z directions, whereas the region simulating the smaller dielectric sphere of radius equal to 0.1λ was
assigned a discretization value of 0.02λ in all directions. This is one of the main features of the IMR
technique in providing the flexibility of choosing different discretization in each subregion based
on the simulated objects.

-10
∆x = ∆y = ∆z = 0.025

2
σ θθ/λ [dB]

-15
-20
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Exact
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SR Iter. # 1
SR Iter. # 0
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FIGURE 3.9: Bistatic RCS for a configuration similar to the one defined in Figure 3.7, but for a conductor sphere instead of the smaller dielectric sphere.
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The same configuration illustrated in Figure 3.7 is used again, but this time, the dielectric
sphere of relative permittivity equal to 3 is replaced by a conductor sphere. Figure 3.9 shows a
comparison between the bistatic RCS of the exact solution for a conductor sphere, full domain solution, and subregion solution. It is obvious that when smaller discretization is used with the IMR
technique, better results are achieved as can be seen in Figure 3.9. For this specific case, the use of
smaller discretization prevented the full domain solution to be able to generate the results as it ran
out of memory on the available 2 GB RAM 32-bit machine. On the other hand, using the IMR
technique provides the flexibility of choosing different discretization for each subregion, based on

FIGURE 3.10: Bistatic RCS for both xy and xz plane cuts.
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which, the smaller discretization was assigned to simulate the conductor sphere, whereas the larger
discretization was used for the dielectric sphere (almost free space).
To verify the validity of the IMR technique described in this work, a problem of two dielectric spheres constructed in the same manner as the one described in Figure 3.7 is considered. The
two spheres are separated by the same distance, which is 0.5λ. The sphere on the left hand side has
a radius of 0.4λ, relative permittivity εr = 2.2, and relative permeability µr = 1, whereas the sphere on
the right hand side has a radius of 0.1λ, relative permittivity εr = 3, and relative permeability µr = 1.
Figure 3.10 shows the RCS calculated for the plane cuts xy and xz. The data for the third plane
cut are very small and exactly over each other. The two spheres are excited by a θ polarized plane
wave with φi = 00 and θ i = 90°. The data in Figure 3.10 are computed using the FDFD solution
based on a full domain simulation and compared with that generated using the IMR technique,
using the FDFD method to solve for the problem in each subregion. A discretization of 0.02λ is
used in the x, y, and z directions for the full domain simulation of this problem leading to a total
number of cells of 554,688. As for the IMR solution, a discretization of 0.04λ was used to simulate
the sphere of radius 0.4λ, and a discretization of 0.025λ was used in the other subregion containing

z

εr = 2.2,
µr = 1

y
x

Separation = 1 λ
εr = 3,
µr = 1

Ra = 0.2λ
Rb = 0.2λ
Rc = 0.8λ

r = 0.4 λ

Dielectric sphere

Dielectric ellipsoid
FIGURE 3.11: Geometry of a dielectric ellipsoid and a dielectric sphere.

31

32

iterative multiregion technique

the sphere of radius 0.1λ, leading to a total number of cells for both regions to be equal to 421,562
cells. The computational time of the full domain problem was recorded to be equal to 18 min 43 s,
whereas that of the IMR solution after three iterations was 21 min 21 s. It can be seen that the IMR
technique results converge to the full domain solution after three iterations, with a 24% memory
reduction in the storage requirements and no significant change in the computational time due to
the usage of the IMR technique with the aid of both the TF/SF approach and the flexibility of using
different discretization in each of the domains relative to the original problem. The solution time
would be even less, and the memory usage reduction would be more for configurations having larger
separation between objects.

FIGURE 3.12: Bistatic RCS for both xy and xz plane cuts.
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FIGURE 3.13: Bistatic RCS for xy, xz, and yz plane cuts.
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FIGURE 3.14: Bistatic RCS for xy, xz, and yz plane cuts. © 2006 IEEE.
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Figure 3.11 shows another configuration that proves the validity of the IMR approach presented in this work for 3D structures. An ellipsoid with semiaxis; Ra = 0.2λ, Rb = 0.2λ, and Rc = 0.8λ,
along the x, y, and z axes, respectively, is placed a distance of 1λ away from a sphere with radius equal
to 0.4λ. The parameter λ is the free-space wavelength that is assumed to be equal to 1 m as previously
mentioned. The ellipsoid has a relative permittivity εr = 2.2 and relative permeability µr = 1, whereas
the sphere on the right hand side has a relative permittivity εr = 3 and relative permeability µr = 1.
This configuration is excited by a θ polarized plane wave, with φi = 00 and θ i = 90°. A discretization
of 0.02λ is used in the x, y, and z directions for the full domain simulation of this problem leading to
a total number of cells of 1,145,088. As for the IMR solution, a discretization of 0.02λ is used in the
subregion simulating the ellipsoid, whereas a discretization of 0.04λ is used in the other subregion
containing the sphere leading to a total number of cells for both regions to be equal to 443,456 cells.
The computational time of the full domain problem is recorded to be equal to 38 min 54 s, whereas
that of the IMR solution after three iterations was 36 min 32 s. Figure 3.12 shows the RCS calculated for the plane cuts xy and xz. It can be seen that the IMR technique results converge to the full
domain solution after three iterations, with a 59% memory reduction in the storage requirements and
no significant change in the computational time due to the usage of the IMR technique with the aid
of both the TF/SF approach and the flexibility of using different discretization in each of the domains
relative to the original problem. Using coarser discretization in one of the subregions relative to the full
domain discretization is the reason behind the slight discrepancy shown between the IMR solution
of the xy plane at 1802 and the full domain results. The same structure illustrated in Figure 3.11 is
analyzed but with different incident angle (φi = 900 and θ i = 90°). Figure 3.13 shows the RCS for the
three plane cuts (i.e., xy, xz, and yz planes). Good agreement with the full domain solution is achieved
for the three plane cuts after three iterations.
Simulating the same configuration presented in Figure 3.11, but instead of using a dielectric
sphere, a conductor sphere is being used for a θ polarized excitation, having φi = 00 and θ i = 90°.

Ei
Separation = 0.5 λ

Conductor

z

r = 0.5 λ

Separation = 0.5 λ

Conductor
r = 0.5 λ

Conductor
r = 0.5 λ

y
FIGURE 3.15: Geometry of three identical conducting spheres oriented along the y axis.
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FIGURE 3.16: Bistatic RCS for xy, xz, and yz plane cuts. © 2006 IEEE.
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The bistatic echo width is calculated and presented in Figure 3.14 for the three plane cuts, showing
a good agreement between the results generated using the IMR technique with those generated
using the full domain simulation.
For generality, a more complex configuration is presented in Figure 3.15 where three conducting spheres are excited by an incident plane wave with φi = 90° and θ i = 90°. The three spheres
are oriented along the y axis, each having a radius of 0.5λ with a 0.5λ separation. The idea of this
configuration is to prove the validity of the presented technique for more than two scattering objects
or regions, where more interaction processes are required between the objects. The discretization
used for both the full domain simulation as well as the IMR simulation of this problem is ∆x = ∆y
= ∆z = 0.025λ. For this specific configuration, the size of the computational domain for the full domain simulation is equal to 995,328 cells, whereas that of the IMR simulation for the three regions
is equal to 1,119,744 cells. This is because, for this configuration, the separation between the three
spheres in the full domain simulation will require less number of cells relative to the number of cells
used to simulate the PML and air buffer layers in the IMR solution for all subregions. As stated
earlier, the emphasis of this configuration is to prove the validity of the presented technique for
simulating multiple objects specifically when the interaction process becomes more involved with
small separation between the scatterers. Hence, in Figure 3.16, the RCS for the three plane cuts
(i.e., xy, xz, and yz planes), is presented, proving the successful convergence of the data generated
using the IMR technique to the full domain solution of this problem after three iterations. Good
agreement between the results generated using the IMR technique with those generated using the
full domain simulation can be recognized.

FIGURE 3.17: Maximum relative error for the problem illustrated in Figure 3.11 for both (θθ) and (φφ)
polarizations. © 2006 IEEE.
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FIGURE 3.18: Maximum relative error for the problem illustrated in Figure 3.15, for both (θθ) and
(φφ) polarizations. © 2006 IEEE.

To provide more information related to the convergence of the solution for the problem illustrated in Figure 3.11, but with a conductor sphere whose results are presented in Figure 3.14, and
for the problem illustrated in Figure 3.15, for both (θθ) and (φφ) polarizations; a maximum relative
error is defined at each iteration as
Error max = max

σθθ/φφ-σθθFD
/φφ ×100% ( FD, finite difference .
)
σθθFD
/φφ

This error, for both problems, is plotted in Figures 3.17 and 3.18, respectively. It can be clearly
noticed that as the number of iterations used within the IMR technique increases, the solution
converges and reaches a stability condition, and the maximum relative error decreases. The level of
the final error depends on the simulated configuration.
• • • •
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chapter 4

IMR Technique for Large-Scale
Electromagnetic Scattering Problems:
2D Case
This chapter presents the use of the IMR algorithm to address 2D structures, where the electromagnetic fields radiated by the fictitious electric and magnetic currents calculated over the imaginary
surfaces surrounding the objects in each subregion are calculated at the other subregions’ grid nodes,
using the formulation provided in Appendix 1. The FDFD solution for the 2D case is derived from
the six FDFD field components of the 3D case, (2.20) and (2.21). This is the reason behind starting with the construction of the general 3D FDFD formulation in Chapter 2 so that one can easily
descend to the special case of a 2D case as will be shown in this chapter. Some verification examples
are presented to prove the validity of the presented technique for 2D scattering. PML, as an absorbing boundary, is used to terminate the computational domain.

4.1

2D FDFD FORMULATION

In this chapter, the FDFD formulation for the 2D TMz case with e jωt time dependence is given,
which can be easily extracted from the analysis provided for 3D structures presented in Chapter 2.
The TMz plane wave formulation for a 2D structure can be written as
i
Ez ( x , y ) = E 0 e

jk

i

0(

H z ( x , y ) = − sin φ i

i

H y ( x , y ) = cos φ i

x cos φ i + y sinφ i )

ε0
jk x cos i +
E e 0( φ
µ0 0
ε0
jk x cos i +
E e 0( φ
µ0 0

y sinφ i )

y sinφ i )

(4.1)

where E0 is the magnitude of the incident electric field; k0 is the wave number; ε0 and µ0 and are the
permittivity and the permeability of free space, respectively. The incident angle with respect to the
x axis of the global coordinates system is φ i.
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In this chapter, the TMz plane wave is considered to excite 2D structures; this reduces the
three field components Ex, Ey, and Ez in (2.28), (2.29), and (2.30) to just one field component (Ez)
for 2D problems. Thus, (2.30) in Chapter 2 can be reduced to serve this purpose. Since only the z
component of the scattered electric field is required, then by assigning Eys and Exs to be equal to zero
(for the TMz case), we come up with the central finite difference approximation for Ezs

jω ( ∆ y ) 2 ε zy ( i, j )
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(4.2)

where the permittivity and permeability parameters are indexed in the same manner as those in
Chapter 2, to be used for the PML. Thus, for 2D structures, the media parameters to be assigned
inside the PML region or outside are presented as follows.
In the PML region,

ε zx = ε 0 − j
ε zy = ε 0 − j
εi = ε0

σ xe

ω
σ ye
ω

σ xm

,

µ yx = µ 0 − j

,

µ xy = µ 0 − j
,
ω
µi = µ 0 ,

ω
σ ym

,

Outside the PML region,

ε zi = ε zx = ε zy = ε z ,

µ xi = µ xy = µ x ,

µ yi = µ yx = µ y .

Equation (4.2) can be rewritten in the following general form as
a( i , j ) E ( i −1, j ) + b( i , j ) E ( i , j

−1)

+ c ( i , j ) E ( i , j ) + d( i , j ) E ( i , j

+1)

+ e( i , j ) E

( i +1, j )

=f
(i,j)

(4.3)

IMR Technique for Electromagnetic Scattering Problems  41

where the subscript z and the superscript s are omitted for simplifying the presentation of the equation, and the coefficients a, b, c, d, and e are defined as
a=
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whereas the permeabilities at one-half cell away relative to the permittivity positions are given by
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The electric and magnetic field components are defined on the 2D grid as shown in Figure
4.1. The magnetic field components are half a cell off grid from the nodes representing the electric
field. As in Chapter 2, a linear set of equations can be constructed using (4.3) based on the node
scheme given in Figure 4.1. These equations are arranged in the same matrix form, as [A][E] =
[Y], where [A] in this case is an (N × N ) highly sparse coefficients matrix, since we are just solving
for one electric field component. The vector [E] is the unknown Ez field values at all nodes in the
domain, and [Y] is the excitation vector representing the right-hand side of (4.3) and is a function
of the incident field components E zi , H xi , and H yi.
s
The solution of this matrix equation for the vector [E] yields the E z field components in the
computational domain. The sparsity pattern of [A] can be observed as shown in Figure 4.2 for an
example of (7 × 7) computational domain. A sparse matrix solver can be used to efficiently solve
this kind of matrix equations. For the 2D analysis, the sparse matrix definition in Matlab is being
used along with the command (sparse) to reduce the matrix storage by keeping in memory only the
nonzero elements of matrix [A].
For the TEz, 2D configurations, one should start with the six field equations (2.20) and (2.21)
to satisfy the TEz conditions. This should reduce to only one equation in the z component of the
magnetic field.
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FIGURE 4.1: Node scheme for a TMz 2D scattering problem. Reproduced/modified by permission of
American Geophysical Union.
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FIGURE 4.2: The sparsity pattern of matrix [A] for a (7 × 7). Reproduced/modified by permission of
American Geophysical Union.
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FIGURE 4.3: The computational domain with PML layers.

4.2

PML ABSORBING BOUNDARY

Similar to the analysis in Chapter 2, an absorbing boundary based on the PML technique is used,
where the extended computational domain is terminated with a PEC. Figure 4.3 shows the construction of the PML absorber just outside the original computational domain. As it is clear from
Figure 4.3, only in the four corners both σxe, σxm, and σye, σym are nonzeros. Other than that, the
absorbing layers only have values for the conductivity in the x direction (i.e., σxe ≠ 0 and σxm ≠ 0,
whereas σye = 0 and σym = 0). Similarly, the conductivity in the y direction is nonzero on both the
upper and lower sides (i.e., σxe = 0 and σxm = 0, whereas σye ≠ 0 and σym ≠ 0).

4.3

NUMERICAL RESULTS

First, some results were computed to show the validity of the 2D FDFD code for solving any
arbitrary-shaped 2D problem. Figure 4.4 shows the bistatic echo width of a PEC square excited by
a TMz plane wave with ks = 2, for both φ i = 45° and φ i = 90°, where the bistatic echo width can be
calculated using the following formula,
2

E zs 

σ = lim 2 πρ
2D
i 2 
ρ→∞ 
Ez



(4.4)
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FIGURE 4.4: Bistatic echo width of a PEC square scatterer excited by a TMz plane wave for both φ i =
45° and φ i = 90°.

A discretization of 0.03 in the x and y directions is used to simulate the problem described in Figure
4.4, with eight PML and eight air buffer layers as previously stated in Chapter 3. Excellent agreement between the FDFD computed results and the generated MoM results presented in [31] can
be noticed.
Figure 4.5 shows the bistatic echo width of a thin PEC strip of kL = 62, where k is the wave
number and L is the strip length. The strip is excited by a TMz plane wave at φi = 90°. The purpose
of the presented results in this case is to show another verification for the validity of the generated
FDFD code. The generated FDFD result shows excellent agreement with those generated using
the boundary value solution (BVS) reported in [32], where the BVS of the strip is obtained after
simulating the strip by a linear array of parallel circular cylinders. A discretization of 0.2 in both
directions is used.
This was the same for Figure 4.6, which shows a comparison between two different techniques, the FDFD and the BVS, to calculate the bistatic echo width of a circular conducting cylinder of radius 0.6λ excited by a TMz plane wave of φi = 180°. For this configuration, a discretization
of 0.06 is used to simulate the cylinder. The computed RCS shows excellent agreement between the
two different techniques. Figure 4.7 also presents another comparison between the FDFD and the
BVS for calculating the bistatic echo width of a rectangular dielectric scatterer of sides kA = 12.57
and kB = 1.57 having relative permittivity equal to 2 and relative permeability equal to 1.5, and
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FIGURE 4.5: Comparison between the FDFD and the BVS for a 2D TMz bistatic scattering width
from a thin conducting strip of length L = 62.83λ/2π = 10λ.
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from a circular conducting cylinder of radius a = 0.6λ.
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from a dielectric rectangular cylinder.

excited by a TMz plane wave of φi = 2702, using a discretization of 0.04 in both x and y directions.
Excellent agreement between the two techniques can still be achieved, proving the validity of the
generated 2D FDFD code.
After dealing with some cases to prove the validity of the FDFD technique, some numerical
results are to be presented to show the solution of the IMR technique and its convergence to the
full domain solution. Figure 4.8 shows the geometry of a 2D problem of one conducting and one
dielectric cylinders of circular cross-section. The cylinders are separated by a distance 0.4λ along the
x axis. The conductor cylinder has a radius of 0.1λ, whereas the dielectric cylinder radius is 0.5λ; the
latter has relative permittivity εr = 5 and relative permeability µr = 1. The incident electromagnetic
plane wave field components on the cylinders are given by (4.1). The problem in Figure 4.8 is used
to verify the validity of the IMR technique described in this work, because a rigorous solution of
this problem can be obtained by the BVS [33].
Figure 4.9 shows the bistatic echo width calculated from the scattered Ez field component
for the problem illustrated in Figure 4.8, where the two cylinders are excited by a TMz plane wave
having φi = 90º from the positive x axis. The data in Figure 4.9 are computed using three different
methods: first, the BVS [33]; second, the FDFD solution for the full domain; and third, the IMR
procedure using FDFD method in each subregion. It can be seen that the IMR technique results
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FIGURE 4.8: Geometry of one conducting and one dielectric cylinder and the direction of the incident
plane wave. Reproduced/modified by permission of American Geophysical Union.
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FIGURE 4.9: Comparison of the far field using BVS, FDFD for the full domain, and FDFD for
subregions after 2, 4, and 6 iterations for the problem defined in Figure 4.8. Reproduced/modified by
permission of American Geophysical Union.
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Figure 4.10: Comparison of the near-field distributions for the problem configuration presented in
Figure 4.8 using FDFD for (a) full domain and (b) subregions. Reproduced/modified by permission of
American Geophysical Union.
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FIGURE 4.11: Geometry of the test configuration. Reproduced/modified by permission of American
Geophysical Union.

converge to the full domain solution as the number of iteration increases. Because of the flexibility
in discretizing the subregions, different cell sizes are used for the two subregions; the cell size used
in the left subregion is 2 cm, whereas it is 1 cm in the right subregion. The cell size used in the full
domain solution is 1 cm. The number of cells in the full domain is 27,800, whereas the total number
of cells in the two subregions is 11,402. Therefore, 59% memory reduction in the storage requirements for this problem configuration is achieved by using the IMR technique. The computation
time of the full domain solution is 1.30 min, whereas the total solution time of the two subregions
is 1.55 min after four iterations, with the aid of the TF/SF defined in Chapter 3 computed using
Matlab version 13 on a 1.9-GHz P4 personal computer.
Figure 4.10 shows a comparison between the near-field distributions generated using the
FDFD code for the full domain simulation and the FDFD code for the two separate subregions
using the IMR technique. The figures were generated for the subregions without the absorbing
boundary (PML); therefore, they are compared with the parts that are surrounded by the dotted
lines in the full domain plot.
A nonmagnetic rectangular dielectric cylinder having relative permittivity equal to 5 is embedded in a U-shaped conductor plate. A magnetic circular cylinder of relative permittivity equal to
8, relative permeability equal to 2, and radius equal to 0.25λ is placed at 0.75λ away from the first
object, as shown in Figure 4.11. The cell size used for the full domain simulation is 1 cm, whereas
those for the subregions are 1 and 1.25 cm for the first and second domains, respectively. Thus, the
total size for the full domain problem is 23,496 cells, whereas for the two domains is 18,385 cells,
which is 22% less than that of the full domain. This configuration is excited by a TMz plane wave
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FIGURE 4.12: Comparison of the total near field generated along the S-S plane cut shown in Figure
4.11. Reproduced/modified by permission of American Geophysical Union.

with φi = 90º. Shown in Figure 4.12 is a 2D plot representing a comparison between the total Ez
field component on a cut along the center of the domain calculated from the full domain problem
and the subregions solution. Although the IMR procedure does not deal with fields in the areas
between the subregions, it is possible to compute the fields in these areas from the final currents
evaluated in the separate regions. An example of this is shown in the middle area of Figure 4.12.
Good agreement between the results can be recognized.
Figure 4.13 shows a comparison between the near-field distributions generated using the
FDFD code for the full domain and the FDFD code for two separate subregions using the IMR
technique. The figures generated for the subregions are without the absorbing boundary (PML),
and they are to be compared with the parts that are surrounded by the dotted lines in the full domain plot. Figure 4.14 shows a comparison of the bistatic echo width computed using the FDFD
method for the full domain simulation with that generated using the IMR technique for the two
subregions. Good agreement is achieved at all observation angles after 6, 18, and 26 iterations.
Figure 4.14 shows the stability of the convergence of the solution after a large number of iterations.
In both examples presented here, the number of iterations was determined based on the difference
between the maximum values of the computed Ez in two successive iterations. A 1% difference is
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FIGURE 4.13: Comparison of the near-field distributions for the problem configuration presented in
Figure 4.11 using FDFD for (a) full domain and (b) subregions. Reproduced/modified by permission of
American Geophysical Union.
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FIGURE 4.14: Comparisons of the far field using FDFD for the full domain and FDFD with IMR
for subregions after 6, 8, and 26 iterations for the problem defined in Fig. 4.11. Reproduced/modified by
permission of American Geophysical Union.

usually used to stop the iteration process; however, in this example, 26 iterations are used to confirm
that this iterative solution is not diverging like other iterative techniques.
To show a more general overview on the interaction between multiple regions, the scattering
from three cylinders is presented in terms of three separate subregions, and the results are compared
with those generated using the BVS method for the three cylinders in one computational domain.
As previously mentioned, the idea behind the IMR technique is to excite each subregion with the
calculated fields generated because of the computed electric and magnetic currents from the other
subregions. As an example, for the three objects, the fields exciting subregion 1 are a result of the
superposition of the fields generated on subregion 1 using the currents calculated from subregions
2 and 3. This process is being repeated for the other subregions for several iterations, until the
convergence criterion is being achieved. Figure 4.15 shows the configuration of the three dielectric
cylinders having each relative permeability µr = 1, relative permittivity εr = 3, and radius = 0.5λ. The
cylinders are oriented along the x axis with a separation of 0.5λ. The three cylinders are excited by a
TMz plane wave with φi = 90º. The cell size used for the full domain simulation is 4 cm, whereas for
each of the three subregions, the cell size is again 4 cm each. Thus, the total size of the full domain
problem is 7,524 cells, whereas that for the three domains is 9,747 cells. Again, the emphasis of
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FIGURE 4.15: Geometry of three identical dielectric cylinders oriented along the x axis and the direction of the incident plane wave. Reproduced/modified by permission of American Geophysical Union.

this configuration is to show the performance of the IMR technique in providing an accurate solution for more than two scatterers when the interaction between them becomes more involved. The
generated bistatic echo width for this configuration is shown in Figure 4.16, where the IMR results
after four iterations using the FDFD method converge to the computed results generated using the
BVS method. Good agreement between the two methods is recognized at all observation angles.

FIGURE 4.16: Comparisons of the far field using the FDFD with IMR for subregions after six iterations and the BVS method for the problem defined in Figure 4.15. Reproduced/modified by permission
of American Geophysical Union.
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chapter 5

The IMR Algorithm Using a Hybrid
FDFD and Method of
Moments Techniques
This chapter presents a hybrid technique, which combines the desirable features of two different
numerical methods, FDFD and MoM, to analyze large-scale electromagnetic problems by solving them individually and then applying the IMR technique. The FDFD/MoM approach takes
advantage of the capability of the FDFD to analyze inhomogeneous bodies with arbitrary material
properties and that of the MoM to model large metallic structures with less computational memory
requirements. The presented hybrid technique in this chapter is being used to solve the 2D electromagnetic scattering problems, for which the RCS is calculated and compared with the regular
FDFD/FDFD problem.

5.1

A 2D TMz EFIE–MoM FORMULATION FOR PEC CYLINDERS

MoM is widely used based on surface integral equation formulations, where unknowns (equivalent
sources) are placed only over the surfaces/boundaries of homogeneous regions. These equivalent
sources radiate into unbounded homogeneous space where their fields can be determined using the
potential integrals, which in this chapter involves the 2D Green’s function. To solve the problem
of scattering from 2D perfectly electric conductor (PEC) cylinders, we will apply the equivalence
principle by replacing the cylinder by an equivalent electric surface current density J that is placed on
a contour C that represents the boundary of the cross-section of the conducting cylinder, as shown
in Figure 5.1. The equivalent electric current density J on C is used to create zero fields internal to
C where J is defined as
J = nˆ × H .

(5.1)

The total tangential electric field in Figure 5.1 is continuous across C and equal to zero on C,
which can be written as Etan = 0. The incident fields are due to a 2D source distribution radiating
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FIGURE 5.1: Scheme of the equivalence principle applied to simulate a PEC cylinder.

in homogeneous media and are thus continuous across C [34]. Thus, for a TMz plane wave, Etan =
0 can be rewritten as

)

(

E i (r ) + E s r , J  = 0
z
 z


 tan

at ρ ∈ C .

(5.2)

Since
i

i

Ezi = E0 e jk 0(xcosφ xˆ + ysinφ yˆ),

(5.3)

then from (5.2), the scattered electric field can be written as
E zs = − Ezi .

(5.4)

 ∇' . J 
,
Ezs ( r , J ) = − jω A ( r , J )− ∇Φr ,
 − j ω 

(5.5)
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then
Ezs ( r , J ) = − jω Az ( r , J ) zˆ
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)

(5.8)
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( 2)
where H 0 is the Hankel function of the second kind and 0th order, ρ and ρ ' are the position vectors
for the observation and source points, respectively. Substituting (5.3) and (5.8) into (5.4), we get

−

ωµ0
4

J z (l ' ) H 0( 2) (k0 ρ − ρ ' )∂l ' = − E 0 e

∫

jk 0 ( xcosφ ixˆ + y sinφ iyˆ )

.

(5.9)

c

'
Expanding the unknown current component, J z ( l ) and using the point matching technique,
the integral equation in (5.9) reduces to [29]

−

ωµ0
4

N

∫ ∑ I Π (l ) H (k
n

n

'

( 2)
0

0

c n =1

− E0 e

ρm − ρ ' )∂l ' =

jk 0 (xm cosφixˆ + ymsinφiyˆ )
,

m = 1, 2, . . . , N

{

(5.10)

}

where ρm is the position vector of the matching points and Πn ( l' ) , n = 1, 2, . . . , N is the set of
pulse basis functions defined on the segments DCn of the contour C by
1, ρ ∈ ∆Cn
Πn ( ρ) = 
0, otherwise .

(5.11)

Equation (5.10) may be written in the matrix form

[Zmn][ In ] = [Vm]

(5.12)

where
Vm = − Ezi (ρm) = − E 0 e
Zmn = −

ωµ0
4

jk 0 (xmcosφ ixˆ + ymsinφ iyˆ)

∫ H (k
( 2)
0

0

)

ρm − ρ ' ∂l'.

(5.13)
(5.14)

∆cn

Sample computed echo widths of different scatterers are provided to prove the validity of the
developed MoM code for analyzing 2D PEC structures as shown in Figures 5.2 and 5.3. Figure 5.2
shows the bistatic echo width of a conducting cylinder of radius 0.6λ, excited by a TMz plane wave
incident at φ i = 180°. Excellent agreement can be realized from the figure shown for the computed
data using the MoM technique analyzed in this chapter and the BVS [32]. Figure 5.3 shows the
bistatic echo width of a thin PEC strip of kL = 62, where k is the wave number and L is the strip
length. The strip is excited by a TMz plane wave incident at φ i = 90°. The presented results are to
show another verification for the validity of the generated MoM code. The generated MoM results
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FIGURE 5.2: Comparison between the MoM and the BVS for a 2D TMz bistatic scattering width
from a circular conducting cylinder.
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FIGURE 5.3: Comparison between the MoM and the BVS for a 2D TMz bistatic scattering width
from a thin conducting strip.
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show excellent agreement with that based on the BVS [32], where the BVS of the strip is obtained
after simulating the strip by a linear array of parallel circular cylinders.

5.2

HYBRID FDFD/MoM TECHNIQUE

Hybrid methods, which combine the desirable features of two or more techniques, have been developed previously to analyze complex electromagnetic problems [35–41]. In this chapter, a hybrid

FIGURE 5.4: Scheme for the iterative procedure applied by converting the electric and magnetic currents to field components generated on the other region. © 2006 PIER.
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FDFD/MoM approach is presented, which uses the advantage of the capability of the FDFD to
analyze inhomogeneous bodies with arbitrary material properties and that of the MoM to model
large metallic structures with less computational memory requirements. Thus, less computational
time and memory consumption can be achieved.
Consider a problem of two scatterers apart from each other by a distance equivalent to the
wavelength λ. The first step is to divide the original computational domain problem into subregions, namely in this case region 1 and region 2 and assume that the analysis for region 1 is performed using the MoM solution, whereas that of region 2 is performed using the FDFD method.
Because in this chapter the MoM is used to simulate conducting structures only, electric current is
calculated due to an incident plane wave excitation based on (5.12), whereas the scattered electromagnetic fields due to an incident wave are calculated from region 2 (FDFD solution). Based on the
equivalence principle, fictitious electric and magnetic currents are calculated over imaginary surfaces
surrounding the scatterers of region 2, where these currents are used to generate electromagnetic
fields at the positions of the excitation vector in region 1 (MoM solution). Once the electric current
is computed using the MoM solution for region 1, electromagnetic fields radiated by this current are
calculated over an imaginary surface where new electric and magnetic currents are generated. Electromagnetic fields radiated by these currents are then calculated at the other subregions’ grid nodes
for region 2 (FDFD solution). These fields are considered as the new excitation for that region, and
the cycle of calculation of SFs, fictitious currents, and radiated fields is repeated as a new iteration.
The iteration process between subregions continues until a convergence criterion is achieved. The
sum of all calculated SFs through iterations gives the total SF, which is found to be equivalent to
the SF calculated from the solution of the original problem with acceptable tolerance. This iterative
procedure involving the IMR technique, where a hybrid solution of MoM and FDFD methods
takes place, is illustrated in Figure 5.4.

5.3

NUMERICAL RESULTS

In this section, numerical results are provided to prove the validity of this hybridization method
(FDFD/MoM) using the IMR technique. Figure 5.5 shows a test configuration to prove such idea,
where two cylinders placed along the x axis are excited by a TMz plane wave incident at φ i = 180°.
A conducting cylinder of radius 0.5λ is placed at the left side of a dielectric cylinder of radius 1λ,
where the latter has relative permittivity εr = 2.2 and relative permeability µr = 1. The two cylinders
are separated by 0.5λ. The cell size used for the full domain simulation is 4.25 cm, whereas those
for the subregions of the IMR–FDFD/FDFD solution are 4.25 and 7.5 cm for the first and second
domains, respectively. The IMR–FDFD/MoM hybrid technique is used to solve the same problem
where the MoM is used to solve the SF from the conducting circular cylinder, whereas the FDFD
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FIGURE 5.5: Geometry of one conducting and one dielectric cylinder and the incident plane wave
direction. © 2006 PIER.

method is used to solve that of the dielectric cylinder. Hence, for the IMR–FDFD/MoM solution,
the cell size used in the subregion enclosing the dielectric cylinder, solved using the FDFD method,
is 7.5 cm, whereas the number of segments used for the conducting cylinder solved using the MoM
is 250 segments.
Once the currents are generated, the interaction between the two cylinders takes place by
applying the IMR technique as described in Section 5.2. One of the advantages of using the MoM
technique is to reduce the computational time required to solve the conducting structures; thus, the
consumed time by the hybrid IMR–FDFD/MoM solution after some iteration is expected to be
less than that used for the same number of iterations by the IMR–FDFD/FDFD solution.
Figure 5.6 shows the far field calculations for the problem defined in Figure 5.5, where a
comparison between three different approaches is presented: the full domain solution based on
FDFD, the IMR–FDFD/FDFD solution and the hybrid IMR–FDFD/MoM solution. It can be
clearly seen from the figure the strong match between the FDFD/FDFD and the hybrid FDFD/
MoM solutions after four iterations, where both solutions approach the full domain solution using
the FDFD technique. Table 5.1 shows a comparison between the three approaches, regarding the
total computational domain size, which is involved in constructing the matrix solution, as well as
the total computational time for each problem. Table 5.1 indicates that the total computational size
using the IMR–FDFD/FDFD technique, for the problem defined in Figure 5.5, is 27% less than
solving the classical FDFD solution applied to the whole problem; this is because of the flexibility in
discretizing each domain separately and, thus, no obligation on using a smaller discretization when
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FIGURE 5.6: Bistatic echo width a conducting and dielectric cylinder excited by a TMz plane wave
incident at φ i = 180°. © 2006 PIER.

defining a simple structure. The required computational size for the hybrid IMR–FDFD/MoM
technique is 60% less than that required to solve the whole problem, which proves the efficiency of
using the hybrid FDFD/MoM solution together with the IMR technique, regarding the computational memory consumption. Concerning the computational time, the hybrid IMR–FDFD/MoM
converged to the full domain solution after four iterations in 38 s, whereas the IMR–FDFD/FDFD
converged after the same number of iterations in 48 s, both compared with the full domain solution
that took 36 s on a P4 machine with a 3.2-GHz processor and 2-GB RAM.
Figure 5.7 shows another configuration that consists of two different scatterers, a conducting
square of side 0.5λ and a dielectric ellipse of relative permittivity equal to 2.2 and relative permeability

TABLE 5.1: Comparison among the full domain solution, the IMR–FDFD/FDFD, and the
IMR–FDFD/MoM techniques regarding both the computational domain size and the
computational time for the problem illustrated in Figure 5.5
Full domain

IMR–FDFD/FDFD

IMR–FDFD/MoM

Total domain size

9006 (cells)

6617 (cells)

3731 (cells)

Computational time (s)

36

48

38
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FIGURE 5.7: Geometry of a conducting square and a dielectric ellipse. © 2006 PIER.

FIGURE 5.8: Bistatic echo width of a conducting square and a dielectric ellipse excited by a TMz plane
wave incident at φ i = 90°. © 2006 PIER.
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TABLE 5.2: Comparison between the full domain solution, the IMR–FDFD/FDFD and the
IMR–FDFD/MoM techniques regarding both the computational domain size and the
computational time for the problem illustrated in Figure 5.7
Full domain

IMR–FDFD/FDFD

IMR–FDFD/MoM

Total domain size

14 784 (cells)

7749 (cells)

4214 (cells)

Computational time (s)

39

48

40

equal to 1. The radius of the ellipse in the x direction is equal to 0.25λ, and in the y direction is 0.5λ,
the separation between the two scatterers is 0.25λ. The proposed structure in Figure 5.7 is excited by
a TMz plane wave incident at φ i = 90°. For this configuration, the cell size used for the full domain is
1.25 cm, leading to a total number of cells to be 14,784. As for the IMR–FDFD/FDFD solution, the
cell size used in each of the domains is 1.25 and 4.0 cm for the first and second domains, respectively.
The IMR–FDFD/MoM hybrid technique is used to solve the same problem where the MoM is
used to solve the SF from the conducting square, whereas the FDFD method is used to solve that of
the dielectric ellipse. Hence, for the IMR–FDFD/MoM solution, the cell size used in the subregion
enclosing the dielectric ellipse, solved using the FDFD method, is 2.0 cm, whereas the number of segments used for the conducting cylinder solved using the MoM is 470 segments.
Figure 5.8 shows a comparison between the bistatic echo width of the three approaches, as
presented previously in Figure 5.6. Again, in the hybrid IMR–FDFD/MoM solution, the MoM
solution is used to solve the SF from the conducting square, whereas the FDFD is used to solve
that of the dielectric ellipse. Still, a strong match can be noticed between the FDFD/FDFD and
the hybrid FDFD/MoM solutions at zero iterations and after three iterations, where both solutions
approach the full domain solution. Table 5.2 shows the total computational size using the IMR–
FDFD/FDFD technique, for the problem defined in Figure 5.7, to be 50% less than solving the
classical FDFD solution applied to the full problem, whereas for the hybrid IMR–FDFD/MoM
technique, the required computational size was 70% less than that required to solve the full problem.
The full domain solution required 39 s to finalize the simulation, whereas the IMR–FDFD/FDFD
took 48 s to converge to the full domain solution after three iterations, and for the same number of
iterations, the IMR–FDFD/MoM took 40 s, on a 1.9-GHz P4 PC.
• • • •
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chapter 6

Parallelization of the Iterative
Multiregion Technique
The purpose of this chapter is to present a simple introduction to the functionality and performance
of a multiprocessor computer, which would help in understanding the idea of parallel programming.
Once the idea is grasped, multiprocessors will be tied to the IMR technique to provide the advantage of speeding up the computational process, especially for problems of excessively large execution
time, where the advantage of using number of processors will become more beneficial relative to a
single processor. Further in this chapter, numerical analysis and results will be presented to show
the performance of the IMR solution in conjunction with multiprocessors, showing an additional
advantage of the IMR technique relative to a full domain problem simulation.

6.1

INTRODUCTION TO PARALLEL COMPUTING

The simplest definition to parallel computation is the situation where several processors simultaneously execute programs and cooperate to solve a given problem. Based on the resources provided to
this work, all the experimental results will be performed on a single machine that contains several
processors that communicate reliably and predictably. In this case, there is a single processor that
distributes the tasks to every processor at the beginning of the computation and then gathers all the
results and information at the end. In addition, each processor (P) has its own memory (M ); it is
called a distributed memory system and is illustrated in Figure 6.1. As for the execution process and
the communication between processors, a synchronized model takes place between the processors.
In a synchronous model, there usually are phases during which the processors carry out instructions
independently from the others, where the communication between processors takes place at the end
of a phase insuring that the next phase starts at each processor with updated information. That is
the reason behind the overhead in time since each processor has to wait for the data to be received
from the other processors. Despite the time overhead due to the communication process, the functionality of parallel processing is more efficient relative to a serial processor computation.
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FIGURE 6.1: Distributed memory and CPU system.

6.2

COMMUNICATION TASK

The communication process is one of the important tasks that one has to consider when dealing
with multiple processors. When solving a problem using parallel programming, the total solution
time becomes a summation of the spent time for computing and the time spent for communicating.
Hence, to achieve the best performance from parallel computing, it is desired to keep the computation time to communication time ratio as large as possible. Although the concept is quite obvious,
it is still considered a challenging task especially when a large number of processors are involved,
which tend to reduce the computational time and increase the communication time. There are a
number of communication tasks that a programmer can perform based on the given problem. These
tasks can be summarized as follows:
1.
2.
3.
4.
5.
6.

single-node broadcast;
multinode broadcast;
single-node and multinode accumulation;
single-node scatter;
single-node gather;
total exchange.

All these communication tasks are linked through a hierarchy, and they are ranked based on
their complexity. Of course, the complexity of the communication operations changes according to
the connections between the processors. Further details can be found and studied in many resources
[42, 43].

6.3

HYBRID IMR—PARALLEL PROCESSING TECHNIQUE

Over the last decade, high-performance computing has been achieved through multiprocessing.
Many computations can thus benefit from faster execution on parallel processors. Recently, MIT
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Lincoln Laboratory has developed a way for implementing parallel computation using Matlab, version 7 [44]. Instead of writing an entire new application of Matlab, multiple Matlab applications
can run simultaneously to share the computational load of a single Matlab program, where the
multiple applications can communicate through some shared files. The Matlab message passing
interface (MatlabMPI) model is designed for easy use on PCs with multiple processors.
In this chapter, the advantage of using multiple processors to speed up the solution of the
IMR algorithm is suggested. Depending on the number of scatterers in the computational domain,
a certain number of processors will be used. Each processor is responsible for performing the solution of each scatterer, where they will all work in parallel. The processors will communicate with
each other in a way to accumulate the fields, calculated by each processor, and thus generate the final
solution for the complete problem. For the ease of describing the algorithm, consider a scattering
problem that consists of three separated objects. For this problem, three processors will be assigned,
where each processor will compute the solution for one of the scatterers. Following the procedure
of the IMR technique, once each processor calculates the electric and magnetic current densities,
the processors start to communicate with each other sending the current information to the other
processors. Each processor will thus perform the near-field calculations and send these data to the
other processors, where new currents are generated at each processor based on the new excitation.
After a number of iterations, the final solution is generated with an expected time saving relative
to the solution generated using one processor for solving three subregions in series. One can expect
for the suggested problem that a one-third time saving could be achieved, but because of the overhead caused by the communications between the processors, as described in the previous sections, a
speed up factor less than three should be expected in this test example. Despite the communication
process between the processors, significant time saving can be achieved for larger problems that
can be divided into more than two subregions when using more than two processors on a single or
multiple computers.

6.4

NUMERICAL RESULTS

In this section, numerical results are presented to show an additional advantage behind using the
IMR technique in providing the flexibility of using multiprocessors, thus speeding up the total
computational time relative to the full domain simulation of the same problem. Figure 6.2 shows a
2D scattering problem that consists of a dielectric slab of relative permittivity equal to 2.2 and relative permeability equal to 1, with width equal to 3λ and length equal to 15λ. The dielectric slab is
placed 1.5λ away from a circular conducting cylinder of radius equal to 2.5λ. The parameterλ is the
free-space wavelength that is assumed to be equal to 1 m. This configuration is excited by a TMz
plane wave incident from the positive x axis (φ i = 0°). The structure is first solved as a full domain
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FIGURE 6.2: Problem description.

problem using the FDFD numerical technique, where the scattered near-field distribution (Figure
6.3) and the echo width (Figure 6.4) are computed. Figure 6.4 shows a comparison between the
far field results generated from the full domain problem solution and that generated from the IMR
technique after zero and four iterations. Good agreement between the full domain results and the
IMR technique after four iterations is clearly observed.
Computational time comparison is performed to illustrate the advantage of using multiple
processors in solving the problem defined in Figure 6.2. The full domain problem was first solved
on a single processor using a 64-bit, 3.6-GHz Xeon processor with 8-GB RAM. The same problem
was then solved using the IMR technique, on the same machine, using a single processor, and the
total computational time was recorded after four iterations. As mentioned earlier, one of the advantages of using the IMR technique relative to a full domain simulation of a problem is that the first
provides the ability of using multiple processors, which in turn reduces the total computational time.
Thus, to illustrate this statement, the problem defined in Figure 6.2 was solved using the IMR technique where two processors were used; each was assigned to solve one of the subregions of the entire
problem domain, and the total computational time was recorded after four iterations. Table 6.1
shows a computational time comparison between the three cases: 1) full domain simulation, 2) IMR
solution on a single processor after four iterations, and 3) IMR solution on two processors after
four iterations. Based on the data shown in Table 6.1, it can be clearly noticed that using the IMR
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TABLE 6.1: Computational time comparison between full domain simulation,
IMR solution on a single processor after four iterations and IMR solution on two
processors after four iterations for the problem illustrated in Figure 6.2

Computational
time (min)

Full
domain

IMR: one
processor

IMR: two
processors

3.25

7.24

4.12

technique with two processors provided a 36% time saving relative to the IMR solution on a single
processor. In addition to using multiple processors in conjunction with the IMR technique to speed
up the total computational time of a problem, for this specific case, a memory saving of 43% was
achieved using the IMR technique relative to the full domain simulation. This is because the IMR
technique eliminates the extra memory used to simulate the space between the unconnected objects
within the computational process. Furthermore, it also provides the flexibility of using different
discretization in each of the subregions, where a discretization of 0.05λ was used in the subregion
simulating the dielectric slab, whereas a different discretization of 0.075λ was used in the subregion
simulating the conducting cylinder, in both x and y directions. This is relative to a discretization of
0.05λ used for the full domain simulation of the problem in both x and y directions.
Figure 6.5 shows a 3D scattering problem that consists of a dielectric rod of relative permittivity equal to 2.2 and relative permeability equal to 1, the dimensions of the rod are defined in
Figure 6.5. The dielectric rod is placed 0.5λ away from a conducting ellipsoid of semiaxis; Ra = 0.6λ,
Rb = 0.4λ and Rc = 0.4λ, along the x, y, and z axes, respectively. This configuration is excited by a θ
polarized, plane wave with φi = 90º, and θ i = 90º. A cell size of 2 cm is used in the x, y, and z directions for both the full domain simulation and the IMR simulation of this problem, leading to a total
number of cells of 1,302,048 for the full domain problem and a total number of cells of 833,856 for
both regions using the IMR technique. Furthermore, to illustrate the advantage and applicability
of using multiple processors to solve a 3D problem, precisely the one defined in Figure 6.5, the full
domain configuration of this problem was first solved on a single processor using a 64-bit 3.6-GHz
Xeon processor with 8-GB RAM. The same problem was then solved using the IMR technique,
on the same machine, using a single processor, and the total computational time was recorded after
three iterations. Because the goal of this section is to point out the advantage of using multiple processors in conjunction with the IMR technique, the same problem was again solved using the IMR
technique using two processors working in parallel instead of one. Each was assigned to solve one
of the subregions of the entire problem domain, and the total computational time was recorded after
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FIGURE 6.5: Geometry of a dielectric rod and a conducting sphere and the direction of the incident
plane wave.

three iterations. The total computational time of the full domain problem was found to be equal to
58 min, whereas that of the IMR solution on a single processor, after three iterations, is equal to 62
min relative to 44 min recorded using the IMR solution computed on two processors.
Figure 6.6 shows the bistatic echo width for the problem defined in Figure 6.5 for the three
plane cuts xy, yz, and xz, where a comparison between the far-field results generated using the full
domain simulation of the problem and the far-field results computed using the IMR technique after zero and three iterations is presented. Good agreement between the full domain results and the
IMR technique after three iterations is observed.
Table 6.2 shows a computational time comparison for the problem illustrated in Figure 6.5,
similar to what was presented in Table 6.1, between the three cases: 1) full domain simulation,
2) IMR solution on a single processor after three iterations, and 3) IMR solution on two processors after three iterations. Based on the data shown in Table 6.2, it can be clearly noticed that using
the IMR technique with two processors provided a 30% time saving relative to the IMR solution
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TABLE 6.2: Computational time comparison between full domain simulation,
IMR solution on a single processor after three iterations and IMR solution on
two processors after three iterations for the problem illustrated in Figure 6.5

Computational
time (min)

Full
domain

IMR: one
processor

IMR: two
processors

58

62

44

on a single processor and a 24% time saving relative to the full domain simulation of the problem.
In addition to using multiprocessors in conjunction with the IMR technique to speed up the total
computational time of a problem, for this specific case, a memory saving of 36% was achieved using
the IMR technique relative to the full domain simulation, where the same discretization was used
in both solutions (i.e., the full domain solution and the IMR solution).
• • • •
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chapter 7

Combined Multigrid Technique and
IMR Algorithm
The purpose of this chapter is to present a simple introduction to the MG technique pointing out
the advantage of using this method in providing algorithms which can be used to accelerate the
convergence rate of iterative methods, such as GMRES or BICGSTAB. This is done by providing
these iterative methods with an approximate guess for the solution. This will enhance the solution
process of the FDFD method, hence speeding up the computational process of the IMR algorithm.
In addition to the MG technique, the ILU decomposition will also be used in this chapter as a
preconditioning used to speed up the calculations. As a result of the use of both the MG technique
and the ILU decomposition, in addition to the advantages of the IMR algorithm, it is possible to
analyze large scattering problems with reasonable computer resources. In this chapter, the presented
MG technique is used to solve 2D electromagnetic scattering problems, whereas the ILU preconditioner is described and used for both 2D and 3D problems.

7.1

INTRODUCTION TO MULTIGRID TECHNIQUE

When dealing with large-size problems, it is sometimes impossible to fit the number of unknowns
in one matrix form and perform a direct matrix inversion solution. Thus, different iterative solvers were introduced to solve such problems, and they proved their efficient performance regarding
memory and time. The MG technique is considered as one of those iterative solvers that can be
used to solve this type of problems. It was widely spread starting from the early 1970s by Brandt
[45], where it was introduced to perform a fast numerical simulation to the solution of boundary
value problems. The MG method is an efficient technique generally used for solving smooth PDEs
[46–52]. Initial interest in the MG method was geared toward overcoming the slow convergence
rate of the classical iterative methods by updating blocks of grid points. Because of its superior
performance, the MG technique is used in many applications such as solving the problem of huge
power grids involved in VLSI designs that are required to distribute large amounts of current [53].
It is also utilized in the computation of gravitational forces together with a local refining mesh strategy [54]. In this chapter, the MG technique in conjunction with the IMR algorithm is developed
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and presented to solve large electromagnetic scattering problems, where the solution technique is
based on the FDFD method.
The MG technique is based on dividing the computation domain into a number of levels
starting from finer to coarser. The solution process is performed on the coarser level, then interpolation and correction steps take place until the solution at the finer grid level is achieved. This accelerates the rate of convergence of the iterative solvers used and thus speeds up the solution process.
A remarkable CPU time saving can be achieved using the MG technique, as demonstrated by the
presented numerical results, specifically for 2D problems. Further elaboration on the MG technique
will be presented in the next sections.

7.2

MULTIGRID V-CYCLE ON A GRID HIERARCHY

The MG technique, as an iterative solver, is considered as a robust way to provide a solution to
large-size problems that cannot be solved using a direct matrix inversion solution. The basic idea of
the MG technique is to divide the computational domain into a number of levels (L), going from
fine to coarser grid levels, as shown in Figure 7.1. The total number of grid points at each level (NL)
is taken to be NL = 2L + 1 for a square domain. At each level, a different discretization is used that is
related to the discretization at the preceding finer grid level by ∆finer/2 for uniform meshing, where
∆finer is the discretization used at the finer grid level. In each level, a relaxation scheme based on an iterative solver is introduced to smoothen out the errors. Gauss–Seidel and Jacobi methods are widely
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FIGURE 7.1: Multigrid V-cycle on a grid hierarchy.
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used as relaxation schemes associated with the MG technique, where they proved their efficiency
and high rate of convergence. The only drawback of these two iterative solvers is that they require
a necessary condition for the solution to converge. That is, the diagonal elements of the coefficient
matrix of the system of linear equations describing the problem have to be dominant over the offdiagonal ones. This is not the case for most of the numerical methods used to simulate large electromagnetic frequency domain problems based on differential type solutions. Thus, BICGSTAB
is used instead as the relaxation scheme for the constructed MG technique presented in this work,
where the solution generated at each level is considered as an initial guess to the BICGSTAB solver
helping in accelerating the convergence rate.
Two basic operations are required in the MG technique to go through different levels: a restriction operator and a prolongation operator. The restriction operator is used to map the data onto
a coarser gird level, whereas the prolongation operator maps the data from coarser to finer grid level
based on a cubic analogue. The solution is finally performed on the coarser grid level at a very low
computational cost due to the minimized domain size, where the number of required operations
has an O(N ) computational cost, where N is the total number of grid points. Once the solution is
computed at the coarsest level, the prolongation operation takes place in addition to some smoothing steps to interpolate the solution to the finest level. Finally, the desired solution is achieved in less
computational time relative to other solution techniques.

7.3

MULTIGRID ALGORITHM

restriction

prolong

In Section B, Chapter 7, it was mentioned that the MG technique is used as an iterative solver to
find an efficient solution for a set of linear equations that cannot be solved using a direct matrix inversion. This set of linear equations takes a matrix form of [C][E] = [F], where [C] is the coefficient
matrix generated from the FDFD method; [E] is the unknown scattered electromagnetic fields;

FIGURE 7.2: Example of a two-grid improvement scheme.
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and [F] is the excitation vector. Based on this matrix form generated for these linear equations,
construction steps for the MG technique on a two-grid improvement scheme shown in Figure 7.2
are as follows:
1) Restrict F(1 × 25) (level 2) to F(1 × 9) (level 1).
2) Using a direct solution (direct inversion or Gauss elimination), find the solution for E(1 × 9)
(level 1) = C(9 × 9)1F(1 × 9).
3) Prolong E(1 × 9) (level 1) to get E(1 × 25) (level 2).

START

r : Restrict the function to the coarser grid.

K=L

L=1

P : Prolongate the function to the finer grid.
EL = C-1F

RL→1 = r(F)

E1
(Initial guess): Direct inversion using R1
EL
(Desired Solution)

K=L

Nlevel = K
EK = P(EK-1)

EK = C-1F
K=L

Pre-smoothing − level K
EK (BICGSTAB)

Residual = ∇2EK +FK
r(Residual)K-1
K = K−1

K = K +1
EK = EK + P(EK-1)

K=1

Post-smoothing − level K
(BICGSTAB)

K = Nlevel

FIGURE 7.3: Block diagram of a single step within the multi-grid iteration. Reproduced/modified
by permission of ACES Newsletter.
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4) Pre-smooth (i.e., apply a relaxation scheme to smooth out the errors) E(1 × 25) (level 2) using the BICGSTAB iterative solver. This is done by using the computed E(1 × 25) from step
3 as an initial guess for the BICGSTAB function to provide a more enhanced values for
E(1 × 25) at level 2.
5) Calculate the residual [C][E(level 2)]  [F] = R(1 × 25).
6) Restrict the residual R(1 × 25) to the coarser grid (level 1) R(1 × 9).
7) Apply a direct solution for the solution correction ∆E(1 × 9) = C(9 × 9)1R(1 × 9).
8) Correction step: E(1 × 25)new = E(1 × 25) (generated from step 3) + prolong (∆E(1 × 9)).
9) Post-smooth to E(1 × 25) using a relaxation scheme based on the BICGSTAB iterative
solver. Again this is done by using the E(1 × 25)new computed at step 8 as an initial guess for
the BICGSTAB function to provide a more enhanced values for E(1 × 25) at level 2.
10) Required E(1 × 25) at level 2 is achieved.
Figure 7.3 provides a block diagram describing the construction of the MG technique. In
this book, unless otherwise specified, a two-level MG algorithm was used, with V-cycle as shown
in Figure 7.2.

7.4

PRECONDITIONING

Finding a good preconditioner to solve a given sparse linear system is often considered a difficult
but an important task. A preconditioner can be defined as any form of implicit or explicit modification, which leads to a new set of equations for a linear system which can then be easily solved using
one of the iterative solvers. One of the simplest ways of defining a preconditioner is to perform an
ILU decomposition of the original matrix C. This provides a decomposition of the form C = LU  R,
where L and U refer to the lower and upper triangular matrices, respectively, and R is the residual
of factorization. The ILU factorization is considered as an easy and inexpensive preconditioner to
use. The more accurate the ILU factorization, the fewer the number of iterations will be required
for the iterative solver to converge. The only drawback of the ILU preconditioner is the memory
consumption that it requires to generate the two sparse matrices: L and U. Further information on
this process can be found in [55].
In this book, the ILU preconditioner is used to solve both 2D and 3D scattering problems.
It was claimed in [55] “The incomplete LU factorization techniques were developed originally for Mmatrices which arise from the discretization of partial differential equations of elliptic type, usually in
one variable ” that the ILU preconditioner can function properly when being used to solve for one
unknown, which would be the case for a 2D problem with one unknown scattered electric field
component. But when the ILU preconditioner had been used to solve a 3D problem, it resulted in
an ill-conditioned case. One can tie this with the statement of Yousef [55], since for a 3D problem,
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FIGURE 7.4: Efficient preconditioned matrix scheme for a matrix constructed from a 3D problem.

the unknown vector is a combination of the three scattered electric field components as shown in
Chapter 3. Thus, for 3D problems, the used ILU factorization is a modified version of the traditional ILU to provide a stable and efficient solution.
The original matrix constructed from a 3D problem consists of nine submatrices; this is because we have three unknown field components to solve, each of size N, where N is the total number
of nodes in the computational domain (i.e., N = Nx × Ny × Nz). Thus, the matrix size is of the order
3N, so instead of generating a preconditioner for the original matrix, a preconditioned submatrix
is created for the three diagonal submatrices as shown in Figure 7.4. This proposed reconfigured
preconditioning scheme presented in this work does not just provide a stable and efficient preconditioner for 3D problems, but it also reduces the memory usage that a regular ILU matrix construction would require since all the off-diagonal submatrices are equal to zero.

7.5

NUMERICAL RESULTS

To validate the IMR–MG technique, a 2D problem is defined and sketched in Figure 7.5. Two rectangular dielectric cylinders of relative permittivity of 2.2 were embedded in an H-shaped conductor
plate, and this structure is placed at 0.75λ away from a dielectric ellipse of relative permittivity equal
to 3.4 with 0.435λ semiminor axis along the x axis and 1.1λ semimajor axis along the y axis. This
configuration is excited by a TMz plane wave incident from the negative y axis.
Shown in Figure 7.6 is a comparison between three solutions: the full domain results generated using the iterative solver BICGSTAB function, the FDFD solution of the full domain problem using the MG technique, and finally the IMR–MG algorithm computed after four iterations.
The total number of cells used in the full domain problem is 63,504 cells, whereas that of the IMR
solution for both regions is 18,285 cells, which is 71% less than that of the full domain. This is
because different discretizations can be used in each of the subregions relative to the full domain
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FIGURE 7.5: Problem configuration for two dielectric rectangular cylinders embedded in an H-shaped
conductor next to a dielectric ellipse.

FIGURE 7.6: Comparison of the far field using the full domain solution using BICGSTAB, full domain solution solved using the MG technique, and the IMR–MG solution after four iterations.
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problem, where the cell size used for the full domain simulation is 1 cm, whereas that of the IMR
solution is 1 and 3 cm for the first and second regions, respectively. Furthermore, purging the cells
used to simulate the gap between the scatterers within the IMR solution saves memory and time
relative to the full domain simulation. Good agreement is achieved with significant reduction in
memory size. A time analysis for the three approaches is shown in Table 7.1, where it can be clearly
seen that the IMR–MG solution is 11 times faster than the full domain solution based on the
iterative BICGSTAB solver and six times faster than the full domain solution based on the MG
technique.
Another verification for a 2D problem is shown in Figure 7.7, where a dielectric ellipse of
relative permittivity equal to 3.4 with 0.615λ semiminor axis along the x axis and 5λ semimajor
axis along the y axis is placed at 0.75λ away from a rectangular conducting plate of length 0.58λ
and width 1λ. This configuration is excited by a TMz plane wave incident from the negative x axis.
The cell size used for the full domain simulation is 2 cm, whereas that of the IMR solution is 2
cm for the first subregion and 2.175 cm for the second subregion in the x direction and 2.85 cm
in the y direction. The structure is first solved as a full domain problem using the FDFD numerical technique, where the total near-field distribution (Figure 7.8) and the echo width (Figure 7.9)
are computed. Figure 7.9 shows a comparison between the far-field results generated from the full
domain problem solution and the IMR–MG technique after zero and four iterations. Good agreement can be clearly observed between the full domain results and the IMR–MG technique results
after four iterations, with a 54% memory saving using the IMR technique relative to the full domain
simulation of this problem.
Computational time comparison is performed to illustrate the advantage of using a parallel
platform in solving this problem using the IMR technique with four iterations. The problem was
first solved on a single processor using the BICGSTAB iterative solver having ILU factorization
as a preconditioning to speed up the convergence rate of the solver. The problem was then solved
using two processors where each was assigned to solve one of the subregions of the entire problem

TABLE 7.1: Time analysis for the three proposed approaches
Solution

Time (m)

Full domain: iterative solver

12

Full domain with multigrid

7

IMR–multigrid

2
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FIGURE 7.7: Problem configuration for a rectangular conductor plate placed next to a dielectric ellipse.

domain. Because the overhead caused by the communications between the processors, a speed up
factor of 30% is achieved for this example.
To show the advantage of using the MG technique, the configuration depicted in Figure 7.7
is solved using the IMR algorithm on two processors, with and without the MG technique, to record the computational time difference. A time saving of 34% is achieved using the MG technique
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FIGURE 7.8: Total field distribution of the problem defined in Figure 7.7.
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FIGURE 7.9: The echo width of the scattering geometry of Figure 7.7.

for this specific example. Even when the ILU preconditioning was used, which accelerates the rate
of convergence of the BICGSTAB iterative solver, the MG technique proved its efficiency with a
time saving of 2%. The time saving for this case, with the ILU preconditioning, is not significant
because of the high rate of convergence of the BICGSTAB function in addition to the overhead
in the time required by the MG technique. For the configuration depicted in Figure 7.7, a total

TABLE 7.2: Time analysis for the four proposed approaches for the configuration depicted in
Figure 7.7
Solution

Time
(min)

Solution

Time
(m min)

Time saving
(%)

1

IMR_Parallel
(BICGSTAB_ILU)

5:42

Full domain
(BICGSTAB_ILU)

8:25

30

2

IMR_MG
(BICGSTAB)

10:26

Full domain
(BICGSTAB)

15:55

34

3

IMR_MG
(BICGSTAB_ILU)

8:02

Full domain
(BICGSTAB_ILU)

8:25

2

4

IMR_Parallel_MG
(BICGSTAB_ILU)

4

Full domain
(BICGSTAB_ILU)

8:25

52
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computational time saving of 52% is achieved using the parallel IMR–ILU–MG technique relative
to that of a full domain solution. All simulations in this investigation were performed on a 64-bit
3.6-GHz Xeon processor with 2-GB RAM addressable by Matlab. Only 4 min 32 s is required to
obtain the solution for this configuration using the parallel IMR–ILU–MG algorithm. This time
comparison is clearly illustrated in Table 7.2.
• • • •
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chapter 8

Concluding Remarks
In this work, an IMR technique is proposed to solve large-scale electromagnetic problems that can
be decomposed into separate subregions using the FDFD method. This procedure starts by dividing
the original computational domain into separate subregions where the solution is easily performed
by the FDFD method followed by an iterative interaction process between the subregions. The new
approach proposed here is found to be efficient in producing accurate results for the original problem with remarkable saving in both the total computational time and the computer memory usage
especially if the separation between some subregions is large and/or coarser grids are used in some of
the subregions, which may not be possible to use if only one domain is used for the solution of the
problem. 2D and 3D problems are presented and tested to prove the concept of the IMR technique.
Two techniques were proposed to speed up the calculations of the incident fields on the coupled
domains: an averaging process and the use of the TF/SF technique, where the latter requires the
computation of incident field components on a surface boundary rather than the entire computational domain. Therefore, the TF/SF formulation provided the IMR technique with the advantage
of a remarkable time saving compared with the SF formulation.
A hybrid technique of two different solutions, MoM and FDFD, was proposed in this book
to show the flexibility of the IMR technique in combining different solutions for each subregion
to reach the desired solution in the most efficient way, by combining the desirable features of the
two different numerical methods to analyze large-scale electromagnetic problems. The hybrid IMR
approach proposed here is found to be efficient in producing accurate results for the provided test
problems with more than 60% saving in the computer memory usage and with no significant change
in the computational time. Furthermore, the idea of introducing multiprocessors to the IMR technique was proposed, which provided the advantage of speeding up the computational process, especially for problems of excessively large execution time, where the advantage of using a number of
processors becomes more beneficial relative to a single processor. Without loosing generality, the
advantage of using the IMR technique on a parallel platform is because the subregions are solved
in parallel, each on a separate processor, leading to a remarkable CPU time saving. In addition to
the idea of introducing multiprocessors to enhance the performance of the IMR technique, MG
algorithm and ILU preconditioner were used in this work to accelerate the convergence rate of the
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BICGSTAB iterative solver, which is essential especially when it is difficult or almost impossible to
perform a direct matrix inversion solution to a large-size problem, resulting in speeding up the total
computational time of the IMR technique.
Through this work, a number of enhancement procedures were conducted and combined
with the main topic of this book, which is the IMR technique to provide a new robust and efficient
approach to solve large-scale electromagnetic problems within reasonable time and with the least
memory usage.
• • • •
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APPENDIX 1

Radiation and Scattering Equations
A.1

NEAR-FIELD 2D FORMULATION

The magnetic vector potential A(x, y) produced by a TMz line current source in a 2D space is given
by
Az ( x , y ) = µ



1
∫∫s J (x , y )  4 j H
'

'

z

( 2)
0



(k0 R) d s '


(A.1)

where the primed coordinates (x′, y′) represent the source, and the unprimed coordinates (x, y) represent the observation point. The intention here is to provide expressions for the electric and magnetic
fields that are due to the magnetic vector potential of (A.1), which would be valid everywhere.
The magnetic field due to the potential of (A.1) is given as
HA =

1
1
∇× A =
∇×
µ
4j

∫∫ J (x , y )  H
'

'

( 2)
0

s

(k0 R) d s ' .

(A.2)

Interchanging the integration and the differentiation as what was done in [29], we can write
(A.2) as
HA =

1
4j

∫∫s ∇×  J (x , y )(H
'

'

( 2)
0

(k0 R)) d s ' .

(A.3)

Using the vector identity
∇ × ( gF ) = (∇g ) × F + g (∇×F ),

(A.4)

(2 )
'
(2 )
' '
(2 )
'
'
'
∇ × (H 0 (k0 R )) J ( x , y )  = ∇ ( H0 (k 0 R)) × J (x , y ) + H0 ( k0 R) ∇ × J ( x , y ) .

(A.5)

thus, (A.3) can be written as

Because J is only a function of the primed coordinates and ∇ is a function of the unprimed
coordinates, hence
∇ × J ( x ' , y ') = 0

(A.6)
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and since
ˆ ( 2) (k R) ,
∇ (H 0( 2 ) (k0 R) ) = − k0RH
1
0

(A.7)

where R̂ is a unit vector directed along the line joining any point of the source and the observation
point. Using (A.5) to (A.7) we can write (A.3) as
H A ( x , y) =

− k0
4j

∫∫ ( Rˆ × J ) H 1

(2 )

(k0 R) d s' ,

(A.8)

s

which can be expended in its two rectangular components in x –y plane as
H Ax =
H Ay =

− k0
4j

∫∫ ( y − y ') Jz

− k0
4j

∫∫ ( x − x') Jz

H 1( 2 ) (k 0R)
R

s

H 1( 2 ) (k 0R)
R

s

(A.9)

d x ' d y ',

d x' d y '.
(A.10)

Using Maxwell’s equation, we can write the corresponding electric field components as
EA =

1
∇ × HA
j ωε

(A.11)

which can be reduced, using (A.9–A.10), to
E Az

− k0
=
4ωε

∫∫s


H 1( 2 ) (k 0 R) H1( 2 ) (k 0R)  ' '
( 2 )'

dx d y .
k
H
J z k 0 1 ( 0 R) + 2
−

R
R



(A.12)

Similarly, the electric vector potential F (x, y) based on M can be written as
F (x , y ) = ε

 1

∫∫s M (x , y )  4 j H 0
'

'

(2 )



(k 0 R)  d s '


(A.13)

with the electric field component given by
EF = −

k
1
∇× F = 0
4j
ε

∫∫s ( Rˆ × M ) H 1

(2 )

(k 0R) d s ' ,

(A.14)

which can be expended in its rectangular component as
EF z =

k0
4j

∫∫s

(2 )
( x − x ' ) M y − ( y − y ' ) M  H 1 (k 0R) d x ' d y ' .
x 

R

(A.15)
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In the same manner, the corresponding magnetic field component can be written using Maxwell’s equation
HF = −

1
∇ × EF
j ωµ

(A.16)

which, with the help of (A.14), can be reduced to

H Fx =

H Fy =

A.2

k0
ωµ 4

− k0
ωµ 4

∫∫s

 k H ( 2 )' (k R) ( x − x' ) ( y − y ') H ( 2 )(k R) ( x − x' ) ( y − y ' ) 


0
1
0
  0 1

−
 M y 
 
2
3

R
R
 


 d x' d y' ,
 

( 2 )'
(2 )
' 2
' 2

( 2)
k
R
H
y
  − 0 1 (k 0 R)( y − y )

H 1 (k 0 )( − y )
H 1 (k 0 R) 
+ 
+
−
 M x 
2
3
 
R
R
R
(A.17)

 


∫∫s

 − k H ( 2 )' (k R) ( x − x' ) ( y − y ') H ( 2 )(k R) ( x − x' ) ( y − y ' ) 


0
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R
R
R

 


FAR-FIELD 2D FORMULATION

The vector potentials in (A.1) and (A.13) can be rewritten for far-field expressions in the same
manner as what was presented in [29] for 3D structures, as

∫∫

 1

µ H 0( 2 ) (k 0r)
J ( x' , y ' )  H 0( 2 ) (k 0R)  d s' =
N ,
 4j

4j



(A.19)

∫∫

 1

ε H 0( 2 ) (k 0r)
M ( x' , y ' )  H 0( 2 ) (k 0R)  d s' =
L,
 4j

4j



(A.20)

A( x , y ) = µ

s

F (x , y ) = ε

s

where

N = ∫∫ J s e jβr 'cosψ d s' ,

L=

s

∫∫s

M s e jβr 'cos ψ d s'

and the large argument approximation for the Hankel function is given by
H 0( 2 ) (k 0r)k r →∞ =
0

2 j − jk0r
e
.
π k0r
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The electric and magnetic field components can be written in the far field as
Eθ = −

jk0 − jk0r 

e
 L φ + ηN θ  ,
8π r

jk0 − jk0r 

e
 L θ − ηN φ  ,
8π r
jk0 − jk0r 
L 
 Nφ − θ  ,
Hθ = +
e

η 
8π r

L 
jk0 − jk0r 
 Nθ + φ  ,
Hφ = −
e

η 
8π r

Eφ = +

(A.21)

where Nθ , Nφ, Lθ, and Lφ are reduced to
Nθ =

∫∫ ( Jx cos θ cos φ + Jy cosθ sinφ −

Jz sinθ ) e + j β r ' cosψ d s' ,

∫∫ ( − Jx sin φ + J y cos φ ) e

d s',

s

Nφ =

+ j β r'cosψ

s

Lθ =

∫∫ ( M x cos θ cosφ + M y cosθ sin φ − M z sin θ)e

+ jβ r 'cosψ

d s' ,

s

Lφ =

∫∫ ( − M x sin φ + M y cosφ ) e

+ j β r 'cos ψ

d s'.

s

For a 2D TMz problem, the only components involved in the calculation of the bistatic echo
width are the Eθ and Hφ components, as the values of Eφ and Hθ are simply set to zero. Thus, Eθ here
represents Ez from which the bistatic echo width can be calculated using the following formula
2

Ezs 

σ 2 −D = lim  2πρ
2.
ρ→∞ 
Ezi 
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