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of the weighting  functions wi. In other words, the weighting 
functions are  to a certain extent modified  by the formulas for the 
numerical  integration. The only  exception is if the repeated  midpoint 
rule is used on equally  sized subdomains, in  which  case all the 
coefficients b k  are equal. 

If  the  repeated  midpoint rule is used, then the matrix [VI for the 
Galerkin  and for the least squares solution  has  special, simple forms. 
Thus, for the Galerkin  solution  we have [VI = ADlf;(rJ)], while 
for the  least squares solution [VI = AD[F]*, where AD is the size 
of  subdomains over which the functions J;: are nonzero. It is worth 
noting  that the least squares solution is now  equivalent to solving  the 
overdetermined  system (15) in the least squares sense. It is well 
known  that  with  such  a procedure the resulting  system  matrix 
[F]*[F]’  is positive definite and therefore the system (14) can  be 
solved  by iterative methods. However, the  condition number of  that 
matrix might become very large [7]. 

Finally, an analogous  theorem can be formulated in connection 
with the moment  method  solution of an  integral  equation of the 
general form 

SDf(Y)s(x, Y) d D = h ( X ) + A f ( x ) ,  (18) 

where A is  a parameter. Namely, if the unknown  function f is 
approximated according to (2), then  the overall number  of  points 
involved in the numerical integration must  not be smaller  than n. 

IV. CONCLUSION 

The inner product  involved  in the moment  methods is usually an 
integral, which is evaluated numerically. Certain precautions have  to 
be  taken  in  evaluating the inner product in order  to obtain  a  valid 
solution.  In  connection  with this a theorem is proved, which states 
that the overali number  of points involved in the integration  must  not 
be smaller than the number of unknowns  involved in the moment 
method. If these two numbers are equal, a  point-matching  solution is 
obtained, rather than the desired moment  method  solution (e.g., a 
Galerkin or a  least squares solution).  If  the  number of points  involved 
in the integration  is larger than the number  of the unknowns,  a 
weighted  point-matching  solution is obtained.  This  conclusion 
remains  valid whatever weighting  functions are utilized, as long as 
the inner product is evaluated  by  using  numerical quadrature 
formulas. 
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Scattering by Parallel  Conducting  Circular  Cylinders 

A. Z. ELSHERBENI, MEMBER, IEEE, Ah‘D MICHAEL HAMID, FELLOW, 
IEEE 

Abstract-The multiple scattering by two parallel conducting circular 
cylinders is considered. The total scattered field is divided into two 
components, namely a noninferaction term  and a term  due to all 
interactions between the cylinders. The noninteraction term is expressed 
exactly, whereas the interaction field is evaluated using the method of 
moments. It is  found that this technique leads to an efficient solution for 
both the monostatic and bistatic scattering by cylinders of large radii. The 
computational advantages of this technique over classical boundary value 
and  numerical solutions are presented. 

INTRODUCTION 

The scattering by  parallel  conducting cylinders of arbitrary cross- 
section was investigated  numerically  by  Andreasen [ I] and Mullen et 
ai. [2] using two different methods. The problem is usually reduced 
to a  solution of the integral equations which result from applying the 
boundary  conditions in terms of the unknown  induced surface 
currents. The numerical  evaluation of the integral equations is usually 
carried out  using the method  of  moments [l], [3] which converts the 
integral  equation  into  a matrix equation. Since the rate of conver- 
gence of the numerical  solution depends on the order of  the matrix, it 
is always desirable to have small matrices in order  to obtain  a  rapidly 
convergent  solution. In this communication  we show that the use of 
the  method of moments together with the exact expression for the 
scattering  by  a single circular cylinder can be  combined to produce an 
efficient  solution for the scattering  by  multiple cylinders. Although 
the method  is  applied here for two circular conducting cylinders, it 
can be used for any arbitrary number of cylinders and possibly 
extended to other multiple  bodies. 

FORMULATION 
Consider the scattering by two parallel  conducting circular 

cylinders due  to an incident  plane wave as shown in Fig. 1. We 
consider the E-polarization (transverse magnetic  (TM)  with  respect to 
the z axis) where the electric field has a z component only with  all 
vectors  independent of z. The boundary  condition on the conductor 
surface for an E-wave is given by 

E=E‘+ES=O 

where E’ denotes the incident wave eJkp cos (9-40) and ES represents 
the scattered  field  which can be written as 

where C is  the total contour of the cylinders and Ho(x)  is the Hankel 
function  of the second  kind of order zero and argument x with  the 
superscript (2) implied throughout. k is the wave number and 7 is the 
intrinsic impedance of the free space while the time dependence ejwr 
is  assumed and suppressed throughout. 

The  zdirected current density J can be divided  into two parts, J’ 
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Fig. 1 .  Two parallel conducting cylinders geometry. 

plus J" , where J' is the  current on the surfaces of the cylinders when 
each of them is illuminated by the plane wave  in isolation. J" is the Fig. 2. Scattered  field  pattern for two circular  cylinders. 
additional surface  current  due to the multiple interaction between the 
cylinders which can be determined by solving the following integral 0 0  Proposed solution p, = 900 

equation: 

270' 

- Boundary value solution ko = kb = 7 
ks, = ks2 = S 

Ei-@ 1 J'(p;)Ho(klb-b; 1) dC; 
4 ci 

1 J ' (p;)Hdklp-b;  I) dC; 
4 c2 

=Ilk 1 J"(p')HO(klp--p'' I) dC' 
4 c  (3) 

where C1 and C2 are the contours of the cylinders 1 and 2, ,so" 
respectively. It is obvious from  the physical  view  point that the first 
integral in (3) cancels the incident plane wave  when 6 represents a 
point on C1, whereas the incident plane wave is canceled by the 
second integral if fi represents a point on C2. The remaining integral 
in each case represents the scattered field from  one cylinder at a point 
on the surface of the  other cylinder. As a result (3) reduces to a matrix 
form ( [gm] = [Zmn][an]) by applying the method of moments, where 
the unknown current J" is expressed as a liiear combination of pulse 
functions with N unknown coefficients. The point  matching  tech- 
nique is then  used to solve the matrix system. The elements of 1," are 270° 

given by [3] while for each element of g,, which represents the Fig. 3. Scattered field pattern for two circular  cylinders. 
scattered field from cylinder 1 (or cylinder 2) at a point on the surface 
of cylinder 2 (or cylinder l), the exact expression for  the scattered field E' is given exactly by 
field from a cylinder due to plane wave incidence is used. Thus, we 
can write 

dB 

m 

E 1 = - x Elejla/2 e+jkl  cos 60 - [ f W a )  
J l (ka )  H,(kp,)  cos r(4l- 40) 

J1(kb) Hl(kP2) cos 1(42 - $0) . (t 

m I= 0 

g, = - 2 EIejIr/2 - 
HI (kb 1 / = O  + e-iks2 cos 60 ___ 

HAkb 1 

H/(kpm) cos I ( 4 m -  60) (4) 

where pm, 4, represent the midpoint of  any AC, on C1 in terms of 
the local coordinates of cylinder 2 (i.e., p2, &) and E /  is the Using the far-field approximations p1 = p - si cos 6, p2 = p + . 
Neumann's  number  which equals 1 for I = 0 and 2 for 1 > 0. Jl(x)  is COS 4 and 41 = 42 = 4. the total scattered field (E' + E")  
the Bessel function of the first kind and H/(x )  is the Hankel function normalized by the  factor e - j k o / a  
of the second  kind  and  both have  order I and argument x. For any 
AC, on C2, g, is given  by (4) except that b should  be  replaced by a NUMERICAL RESULTS AND DISCUSSION 
and pm, 4, are expressed in terms of the local coordinates of cylinder Based on the  above analysis, the numerical results of the tot 

After solving for J" , the scattered field E" due to the interaction those obtained from  the available boundary  value solution [4], [5] fi 
between the cylinders is evaluated using (2), while the noninteraction different cases. One of these cases is  shown  in Fig. 2 where ka = h 

1 

1 0 . 3  P I ,  41). scattered field pattern of two parallel cylinders are compared wi 
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Fig. 4. Amplitude of the  interaction  current versus 4. 

5.0 

4 . 0  

3.0 

E" 

20 

1.0 

0.0 

E " 

9 = 90" n 
ka = kb 

po = goo 

ks, = ks, = 5 

360 

1 2 3 4 

ka 

0.0 1 0 2 3 

ka 
Fig. 5. Amplitude of the  interaction field  versus ku. 
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= 5, ksl = ks2 = 8 and 4o = 90". It  is clear from the figure that the 
proposed  solution is in complete agreement with the boundary  value 
solution of the scattering by two cylinders. In Fig. 3 the scattered 
field  pattern of two cylinders of larger radii,  namely ka = kb = 7, 
and for ksl = / u 2  = 8 and Qo = 90°, is presented. Again, it is to  be 
noticed  that the two indicated curves are in good agreement, althoud 
the  execution time of the program based on the boundary  value 
solution  was 1.5 times greater. It is also worth  mentioning  that the 
same  scattered  field pattern is obtained by using the ordinary method 
of  moments  with N = 72 whereas in our solution N was  set  at 36 
resulting  in 2 .2  times  reduction in execution time. For other angles  of 
incidence, as an example when 00 = 0" or 180", the present  method 
gives  a good agreement with the boundary  value  solution  with N = 
27. 

The amplitude of the surface current on cylinder 1 due to the 
interactions  between the two cylinders is shown in Fig. 4 for different 
values of ka. The cylinder shown in Fig. 4 (cylinder 1) is one of two 
identical cylinders in the double cylinder geometry presented  in Fig. 
1 with kb = ka, ksl = /u2 = 5 and Cpo = 90'. Due to the asymmetry 
of the present geometry about the x axis, one notices  that the peak 
value of J" is not at 4 = 180". However,  it is found that J" decays 
in an exponential form and tends to a  very  small  value  when $ 
approaches 0". Moreover, it is found that the peak value  of J" does 
not  monotonically increase with ka. To illustrate  this  behavior  we 
present Fig. 5 where the scattered  field due  to the  interaction  between 
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the cylinders is shown as a function of ka for  the forward (+ = 270”) 
and  backward (+ = 90”) directions. The figure indicates that for $0 

= 90” and ksl = ks2 = 5 there exists certain values of k~ where the 
forward and  backward interaction fields are maximum  which 
explains the variations in the levels of the peak value of J” in Fig. 4. 

Since the interaction component of the scattered field is an 
important quantity in the multiple scattering, we further investigate 
the effect of electrical separation between the centers of the two 
cylinders on E“ in Fig. 6  for ku = kb = 1 and $0 = 90”. Here E“ 
is found to be  decaying in an oscillatory fashion with  respect to ks and 
tends to  zero when b tends to infinity. It is also noticed that the peak 
value of E“ in the forward direction is larger than the corresponding 
peak value in the backward direction. Furthermore, it is found  that 
the oscillations are similar in  both the forward and  backward 
directions and the period of oscillations is very close to T.  
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Rain Attenuation from Log-Normal and  Weibull 
Raindrop-Size  Distributions 

MATSUO SEIUNE, CHII-DONG CHEN, AND TOSHIMITSU MUSHA 

Abstract-The rain attenuation  from 1 to lo00 GHz was calculated by 
using both log-normal and Weibull distributions for raindrop size.  The 
results were compared with the recent microwave measurements from 8.4 
to 312.5 GHz at the rain rate R = 50 mm/h. The log-normal distribution 
leads to a higher estimate of attenuation than both the Weiboll 
distribution and the experimental data. 

I. INTRODUCTION 

In the design of radio systems such as  terrestrial and satellite 
communications systems at frequencies above  10 GHz, rain attenua- 
tion is a major obstacle. In millimeter and submillimeter wave  links 
especially, rain attenuation is severe and  its prediction is greatly 
dependent on  the various models of raindrop-size distribution. 

The most important and sigruficant early paper on the size of rain 
drops was due  to Laws  and Parsons [l]. Their data were taken  in 
1938  and 1939  in Washington, DC, on surface rain using the flour 
pellet  method. By measuring the proportion of the  total volume  of 
water reaching the  ground, they  proposed empirically the median 
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diameter Dm 

Dm= 1.238 Ro.182 (1) 

where the precipitation rate R is in &. To evaluate the  drop  size 
distribution with the Laws and Parsons data, the terminal velocity of 
the drops is assumed in the calculations [2], [3]. Although the Laws 
and Parsons data  were taken some time ago, it is still recommended to 
use their data for rain attenuation and scattering calculations for the 
case of widespread rain [4]. However,  the Laws  and Parsons 
distribution was determined only for  drops D > 1 mm so that the 
behavior of the distribution is incorrect for very small drops with 
diameter (0) less than D = 1 mm that still contribute a major part of 
the rain attenuation in millimeter and submillimeter ranges. 

In 1972, Sander measured the size distribution of raindrops in 
Berlin by means  of the electrostatic method  [5]. The results were 
quite similar to the Laws and Parsons data. 

Wickerts measured  one-minute drops& distribution of drizzle, 
widespread rain, and rain showers using a distrometer in 1977 and 
1978 15 km south of Stockholm  [6]. Especially, he observed drizzle 
for a long period in  which small drops less than D = 1 mm play an 
important role’ for rain attenuation at high frequencies. 

By analyzing the  above Laws  and Parsons, Sander, and  Wickerts 
data, we proposed the following Weibull distribution [7]: 

where D is the diameter in mm, No = 1000 m-3,  c = 0.95R0.I4 anc 
b = 0.26R0.44 mm with the precipitation rate R in mm/h. T h i s  
distribution is retained for  microwave applications for drizzle 
widespread rain, and shower rain cases [8]. Cancellation ratic 
limitations from raindrop properties in a perfectly circularly polar, 
ized radar systems were also found using this new raindropsizr 
distribution [9]. 

There has been a continuing great interest in  log-normal raindrop 
size distribution [lo]-[13].  Fang and Chen discussed the following 
log-normal distribution for the  case of showers and thunderstorm 
rain 1131: 

N ( D )  = NT e- @n (D/DM)/~ In 012 
D(2T)’/2 In u (3: 

Showers ( 5  < R 5 50 mmlh) 

N T  = 40R0.64 
D,w = 1.14 + 0.18 In R 
~ = e0.29-0.001R 

Thunderstorms (5  < R 5 50 d) 

Nr = 46R0.” 
D.rr = 0.222 + 0.397 In R 
(r = e05-0.0035R 

~ ~~ 

Thunderstorms (50 < R 5 200 d) 

NT 8.8R 
D~ = 1.76 + 7.33 x 1 0 - 4 l o ~  
u = 1.37. 

~~ ~ 

By using the Weibull and log-normal distributions discuse 
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