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Communications 

Modeling of Cylindrical Objects by Circular 
Dielectric and Conducting Cylinders 

Atef Z. Elsherbeni and Ahmed A. Kishk 

Abstract-The scattering of an incident plane wave from an array of 
parallel circular dielectric and/or conducting cylinders is derived rigor- 
ously using a boundary value approach. Both transverse electric (TE) 
and transverse magnetic (TM) polarized incident plane waves are consid- 
ered. The validity and accuracy of the method are verified by comparing 
the numerical results with those based on other available methods. The 
advantage of the proposed analysis is the simplicity and efficiency in 
computation. The modeling of two-dimensional objects of arbitrary 
cross section and composite material is outlined and sample numerical 
results are presented to illustrate the versatility of the method. 

I. INTRODUCTION 

The problem of electromagnetic wave scattering from two-dimen- 
sional arbitrary shape objects is treated using different methods. 
Among those methods are the integral equation formulation [ I]-[4], 
partial differential equation formulation [5], and hybrid techniques 
which combine the partial differential equation method with a 
surface integral equation or with an eigenfunction expansion [6].  
The integral equation method requires numerical integrations, which 
lead to a system of matrix equation. The order of this matrix 
equation increases with the electrical dimension and complexity of 
the scattering objects. This technique requires significant computa- 
tion time for composite scatterers. On the other hand, to enforce the 
radiation condition using a partial differential equation method, an 
approximate absorbing boundary may be used in order to avoid 
extending the descretized region to infinity. Furthermore, the use of 
numerical differentiation limits the accuracy of such methods. The 
hybrid techniques eliminate most of these disadvantages, however, 
it usually requires more effort in the analytical and numerical 
implementations. 

This communication deals with the scattering of an electromag- 
netic wave from two-dimensional objects of arbitrary cross sections 
by modeling the scatterer by a number of circular cylinders. The 
problem is then reduced to the scattering from an array of parallel 
circular cylinders. Rigorous analysis of the scattering from multiple 
circular conducting cylinders is treated by many investigators 
[7]-[IO]. However, a rigorous solution to the scattering from 
dielectric or combination of dielectric and conducting cylinders is 
not available in the literature except for two dielectric cylinders 
[ l  I]-[12], two dielectric shells or two dielectric loaded conducting 
cylinders [ 131. Here a rigorous solution is derived for the scattering 
from a combination of dielectric and/or conducting parallel circular 
cylinders and sample numerical results are presented to show the 
validity of the technique. The analysis begins by representing each 
field component by an infinite series of cylindrical harmonic func- 
tions with unknown coefficients. Then by enforcing the boundary 
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conditions on the surface of each cylinder, an infinite set of equa- 
tions is obtained which can be written in a matrix form. Although 
the resulting matrix equation is of infinite size, proper truncation 
yields very accurate numerical results. The modeling criterion of 
arbitrary two-dimensional objects is demonstrated by selected exam- 
ples. Also, it is shown that this method can be easily used to model 
objects composed of perfectly conducting and homogeneous or 
inhomogeneous dielectric material. 

11. BASIC FORMULATION 

Consider an E-polarized incident wave (transverse magnetic (TM) 
with respect to z axis) where the electric field has a z component 
only with all vectors independent of z of the circular cylindrical 
coordinates ( p .  4 ,  z ) .  A time dependence eJwt  is assumed and 
suppressed throughout. The incident wave is then expressed as 

z (1) El"' = EoeJkoPCOS(4-$o) 

where k ,  = 2 a / X  which is the free space wavenumber, X is the 
wavelength and 6, IS the angle of incidence of the plane wave with 
respect to the negative x axis as shown in Fig. 1. In terms of the 
cylindrical coordinates of the ith cylinder, whose center is located at 
( p i ,  d;), E? reduces to 

El"' = EoeJkoP; c o s ( 4 : - 4 0 ) ~ J k o P , C O s ( d , - d o )  
Z I  

m 

( 2 )  EoeJkoP: c O S ( 4 ; - 4 0 )  j n J n (  k )eJ"(4t - '# '~) .  
O P I  

- - 
n =  - m  

The corresponding scattered electric field component can then be 
expressed as 

m 

n =  - m  

and the transmitted field component inside the dielectric material of 
the ith cylinder is given by 

m 

(4) 
n =  - m  

The corresponding 4 components of the magnetic field are obtained 
for the ith cylinder as 

(5) 

where c,,, and b,, are the unknown coefficients related to the ith 
cylinder, which includes the effect of all interactions between the 
cylinders. The superscripts s and d refer to the scattered fields in 
free space and the fields transmitted in the dielectric material, 
respectively. The normalized intrinsic impedance and the wavenum- 
ber for the dielectric medium of the ith cylinder are qr, = d x  
and k, = k o G ,  respectively, while p r ,  and e r ,  are the rela- 
tive permittivity and relative permeability, respectively. In the above 
equations, J, (x)  and H,?(x) are the Bessel and the Hankel 
functions of order n and argument x .  

On the surface of the ith cylinder, the boundary conditions are 

M 

g =  1 
E: + Ef,  = E f l ,  pi = a, ,  0 5 4, 5 21r ( 6 )  

0018-926X/92$03.00 0 1992 IEEE 



. I  

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 40, NO. 1, JANUARY 1992 91 

Incident 
plane wave <-i xhi yi /& 

T 

W 
Fig. 1 .  Geometry of multiple circular cylinders and the coordinate systems. 

M 

g =  I 
H$ + c H:, = H:;, pi = U ; ,  0 5 4; I 2?r (7) 

where a, is the radius of the ith cylinder, M represents the total 
number of cylinders. The first term on the left-hand and right-hand 
sides of (6) represent the incident and transmitted electric fields 
related to the ith cylinder, respectively, in terms of the local 
coordinates of this cylinder, i.e., ( p i ,  4;). The second term on the 
left-hand side represents the scattered electric field from all M 
cylinders in terms of the local coordinates of each individual cylin- 
der, i.e., ( p , ,  4,). In order to solve for the unknown expansion 
coefficients cgn and bin, it is then required to express the scattered 
field from one cylinder in terms of the local coordinates of another 
cylinder. Using the additional theorem of Hankel functions, one can 
write the transformation from the qth coordinates to the pth 
coordinates as 

] (10) I dPQ 

p; cos @, - pb cos 4; 
4pq = cos-1 

whereas the transformation from the pth to the qth coordinates is 
identical to (8) except that p and q should be interchanged. In order 
to satisfy the boundary condition in (7), the scattered magnetic field 
component from cylinder g is obtained in terms of the local 
coordinates of the ith cylinder in two steps. First, the scattered 
electric field component from cylinder g is transferred to the local 
coordinates of cylinder i by using the addition theorem in (8), then 
the magnetic field component is obtained in terms of the electric 
field component using (5). This procedure along with the use of the 
orthogonal property of the exponential function eindi, we get for the 
scattering coefficients from the ith cylinder; 

M m  

U: = 1 cgn[ bf,"(l - big) + dj b,, big] ( 1 1 )  

where Kronecker's delta function 6,, = 1 if i = j and zero other- 
wise. For all cylinders, (16) can be written in the following matrix 

g=l n = - m  

form: 

[si;] .. . [$;I . . *  
... ... 

(12) ... ... 
[sZ1] ... [s&] * - .  

[ ~ $ 1  = [ bi;] , i + g (mutal interaction) 

where the vectors [ A ]  and [C] are of dimension X E l ( 2 4  + 1) 
where N; is an arbitrary large number which satisfies the relation 
3 5 N; I 3ka; + 3 in order to have a convergent solution. The 
submatrices [Si,"] are given by 

= [ df 6,,] , i = g (self-interaction) (13) 

where n, I = 0,  k 1 ,  f 2; . . ,  k &, and the elements bf; and dj 
are given, respectively, by 

bf," = -H:~)n( (kodig)e- j ( / -n )m;~ (14) 

qr;H,'2''( koa;)  J / (  k;.;) - H,'2'( koa; )  J;( k,.;) 
d! = (15) 

J,( koa;) J;( k;.;) - vr;J;(koa;) Jdk;.;)  
' 

where the primes denote derivatives of the functions with respect to 
their arguments, and the elements of the vector [ A ]  are given by 

(16) = e jkp j  cos(+) -40) .I -AQo J e  

and the vector [ C] represents the unknown expansion coefficients of 
the scattered field from the M cylinders. Equation (17) can be 
solved numerically to retrieve the unknown scattering coefficients. 
The far scattered electric field can then be computed, after using the 
large argument approximation of the Hankel function and the far-field 
approximations p, = p - pk cos (4; - 4) and 4, = 4, i.e., 

(17) 

where 
M m 

1 cgnjnejn@. (18) F ( 4 )  = 1 ejkP;cos(+;-4) 

g =  1 n =  -CO 

The scattering cross section a(+) of the multiple cylinder geometry 
is then given by 

2 x  
4 4 )  = 7 I F(4) I *. (19) 

The scattering from an arbitrary array of circular dielectric 
cylinders due to an incident H-polarized plane wave (transverse 
electric (TE) polarization) is easily obtained from the above analysis 
by simply replacing vri by l / v r j  in the expression of the self-inter- 
action elements. Furthermore, the special case of perfectly conduct- 
ing circular cylinders of arbitrary radii and locations can be re- 
trieved easily by setting v r i  equal to zero in the self-interaction 
elements. 

In. DISCUSSION OF NUMERICAL RESULTS 

One of the advantages of the proposed method is the possibility of 
computing the scattered field pattern from a number of cylinders 
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including all mutual interactions between the cylinders or without 
interactions by simply setting all the elements in the off-diagonal 
submatrices to zero. To illustrate the effect of mutual interaction on 
the scattered field pattern, Fig. 2 shows the far scattered field 
pattern of two identical dielectric cylinders each of radius 0.2 A, 
e ,  = 4, p, = 1 and are located symmetrically with respect to the 
y-axis on the x-axis with center to center distance equal to 0.8 h 
and excited by an incident TM plane wave with do = 90". The 
solid line represents the pattern with all mutual interactions between 
the two cylinders and the dashed line is the pattern without the 
interactions and the circles represent the results based on a method 
of moments (MM) solution using surface integral equation formula- 
tion [14]. For this specific case, significant change in the forward 
scattered field is obvious due to multiple interactions. 

Far scattered field patterns from two different dielectric cylinders 
due to an incident TM and TE polarized plane wave are shown in 
Fig. 3 with a, = 0.21, a2 = 0.11, p', = p i  = 0.2X, d', = O", 
q2 = 180", e r I  = er2  = 2, p r l  = p r 2  = 1 and do = 0". The pat- 
terns match those reported by Chang and Mei-[15, figs. 5(a) and 
6(a)l. Additional comparison with results based on the MM are also 
included which show good agreement with those based on the 
present technique. This figure indicates the validity of the present 
analysis for the scattering from two dielectric cylinders of different 
radii and excited by either TM or TE plane wave incidence. 

Fig. 4 shows the far scattered field pattern from 20 perfectly 
conducting cylinders due to an incident TM plane wave with 
do = 0". The radius of each cylinder is equal to 0.1 X and all 
cylinders are uniformly located on a circular boundary of radius 0.9 
X in order to model one perfectly conducting circular cylinder of 
radius 1 X. In this figure two patterns are shown, namely the solid 
line represents the pattern due to the scattering from the 20 cylin- 
ders using the present technique, while the circles represent the 
pattern due to the numerical computation of the exact series solution 
of the scattering by one cylinder of radius 1 X .  It is obvious that the 
two patterns are in good agreement, which indicates the validity of 
this method in modeling perfectly conducting objects by small 
circular cylinders. 

The modeling of dielectric scatterers is also possible, however, 
one must be careful in modeling dielectric objects. To illustrate this, 
we present Fig. 5 in which a plane wave is incident at an angle 
do = 180" on an array of dielectric cylinders uniformly located on a 
circular boundary of radius 0.275 A. The solid lines represents the u 
pattern from 27 dielectric cylinders each has a radius of 0.032 X 
while the dashed line represents the corresponding pattern from 34 
cylinders each has a radius of 0.025 1. In this figure we are trying 
to model a circular dielectric shell of inner and outer radii equal to 
0.25 A and 0.3 A, respectively, E, = 4 and p, = 1. The u pattern of 
this dielectric shell is reported by Richmond [2, fig. 41. It is clearly 
shown in our figure that when we use dielectric cylinders of 
diameter equal to the thickness of the dielectric shell the correspond- 
ing pattern is not correct, however with less number of cylinders but 
bigger in diameter the solid line pattern coincides with the correct 
pattern. The u pattern denoted by circles is based on the computa- 
tions of the exact series solution for the scattering by a dielectric 
shell. It is found that the 34 cylinders do not yield the same volume 
of the dielectric shell while the volume of the 27 cylinders is equal 
to that of the dielectric shell; for this reason the solid line gives the 
correct scattering cross section and the correct model for such a thin 
dielectric shell. The principle of equal volume model is further 
applied successfully to model a square dielectric cylinder (with 
cross-sectional dimensions of 0.5 X and 0.5 A, E, = 4 and p, = 1) 
by 17 cylinders of different rad;;. Fig. 6 shows the u patterns due to 
incident TM and TE plane waves along the diagonal of the square 
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Fig. 2. The scattered field pattern from two identical dielectric cylinders 
(TM excitation). 
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Fig. 3.  The scattered field pattern from two dielectric cylinders. 
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Fig. 4. The scattered field pattern from a conducting cylinder (TM 

excitation). 

(at 45") as well as those based on the MM. Good agreement is 
observed which emphasizes that the modeling of dielectric scatterers 
must satisfy the equal volume criterion for accurate modeling of thin 
or thick dielectrics. 

For composite objects, Fig. 7 shows the U patterns from a thick 
strip of rectangular cross section and composed of half-dielectric (on 
the lefi)/half-perfectly conducting (on the right) materials. This 
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Fig. 5. The scattering cross-section pattern from a circular dielectric shell 
(TM excitation). 
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Fig. 6. The scattering cross-section pattern from a square dielectric 

cylinder. 
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Fig. 7. The scattering cross-section pattern from a composite (dielectric- 

conducting) strip. 

composite structure is excited by a plane wave incident in the 
direction of the boundary between the dielectric and conducting 
material (& = 90“). The cross section of each half is a square with 
side length equal to 0.2X, and E, = 4, pr = 1. The patterns based 
on the present technique show good agreement with those based on 
the MM. It is useful to note that each half of this composite 

structure is modeled by 17 cylinders of different radii and the 
concept of equal volume is used. 

As shown from the above examples and discussion, the proposed 
technique is simple and efficient in modeling conducting and dielec- 
tric cylindrical objects as well as objects of composite nature. One 
should point out that the present technique is capable of modeling 
inhomogeneous dielectric media with no further analysis. Finally, it 
is worth mentioning that the simplicity of this technique allowed us 
to implement it on a personal computer and to generate all the 
results presented in this communication with very reasonable execu- 
tion times. As an example the execution time on a 386-25 MHz Pc 
for computing one u pattern in Fig. 6 was approximately 30 s. 

IV. CONCLUSION 

The analysis of plane wave scattering from an array of parallel 
circular cylinders is derived rigorously for both TM and TE polar- 
ization. Extension to other types of excitations such as electric or 
magnetic line sources are straightforward and requires minimal 
changes in the analysis. The analysis is cast into a form which is 
simple for computations as well as in predicting the effect of mutual 
interactions between any number of cylinders. This technique is 
used for modeling two-dimensional scattering objects by using a 
number of parallel circular dielectric and conducting cylinders. The 
validity and usefulness of the proposed method in modeling cylindri- 
cal dielectric, conducting, or composite objects by circular cylinders 
are presented by several examples. 
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