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Abstract—A finite-difference time-domain (FDTD) scat-
tered-field formulation for dispersive chiral media is developed
and presented in this paper. The FDTD formulation is based on
the transform method and models the frequency-dependent
dispersive nature of permittivity, permeability, and chirality as
well. The permittivity and permeability are assumed to follow
the Lorentz model while the chirality is assumed to follow the
Condon model. The formulation is developed for three-dimen-
sional electromagnetic applications. Results of this formulation
are presented for the copolarization and cross-polarization of the
reflected and transmitted waves from a chiral slab due to normal
incidence of a plane wave and for the scattered field from a chiral
sphere, a chiral cube, and a finite chiral cylinder. Validation is
performed by comparing the results with those based on the exact
solutions and those obtained from method of moments solutions.

Index Terms—Dispersive chiral media, electromagnetic scat-
tering, finite-difference time-domain (FDTD) method, trans-
form theory.

I. INTRODUCTION

THE interaction of electromagnetic fields with chiral mat-
ters has been studied over the years. Chiral media were

used in many applications involving antennas and arrays, an-
tenna radomes, microstrip substrates, and waveguides. A chiral
object is, by definition, a body that lacks bilateral symmetry,
which means that it cannot be superimposed on its mirror image
by translation nor rotation. This can also be known as handed-
ness. Objects that have the property of handedness are said to
be either right-handed or left-handed. Chiral media are optically
active—a property caused by asymmetrical molecular structure
that enables a substance to rotate the plane of incident polarized
light, where the amount of rotation in the plane of polarization is
proportional to the thickness of the medium traversed as well as
to the light wavelength [1]–[5]. Chiral medium therefore has an
effect on the attenuation rate of the right-hand and left-hand cir-
cularly polarized waves. Unlike dielectric or conducting cylin-
ders, chiral scatterers produce both copolarized and cross-po-
larized scattered fields. Coating with chiral material is therefore
attempted for reducing radar cross-section (RCS) of targets.
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The electromagnetic wave propagation in chiral and
bi-isotropic media has been modeled by the finite-differ-
ence time-domain (FDTD) method technique recently in
various studies [6]–[29]. These studies are based on various
assumptions of constitutive relations of bi-isotropic and chiral
media. Grande [23] developed an FDTD formulation to model
dispersive biisotropic media. He used the Condon model [30]
to represent chirality and assumed constant permittivity and
permeability. Akyurtlu et al. [13]–[22] extensively studied
modeling bianisotropic media and its subclasses (e.g., bi-
isotropic, chiral, isotropic) using the FDTD method. Their
studies are based on decomposing the electric and magnetic
fields in the medium into the wavefields; they treated the chiral
medium problem as the sum of two problems in associated
isotropic media. In [20] and [21], they incorporated the disper-
sive nature of permittivity, permeability, and chirality in the
FDTD formulation, thus providing a full dispersive model; fre-
quency dependence of permittivity and permeability follows the
Lorentzian model, while chirality follows the Condon model.
They verified the validity of their formulations by providing
results for one-dimensional problems.

In this paper, the scattering of an electromagnetic plane
wave from three-dimensional dispersive chiral scatterers as
well as the reflection and transmission from one-dimensional
slab are presented. Necessity of a dispersive model and the
restrictions on the material parameters are discussed, and a
new formulation is introduced where the material parameters
permittivity, permeability and chirality are dispersive. This
FDTD formulation is a direct implementation of the cou-
pled chiral constitutive relations incorporated into Maxwell’s
equations, unlike those presented in [20] and [21], which use
the decoupled equations. Material dispersion is modeled by
the transform method. This FDTD formulation is used to
calculate the transient reflected and transmitted fields from a
chiral slab due to the incidence of a Gaussian TEM wave. Fur-
thermore, the formulation is used to calculate copolarization
and cross-polarization of the reflected and transmitted waves
from a chiral slab and a chiral sphere due to an incident plane
wave. Very good agreements are observed while comparing
the numerical results based on these new formulations and
the corresponding values based on exact solutions for these
canonical problems. Furthermore, scattering from a chiral cube
and a finite chiral cylinder has been calculated, and the results
are compared with method of moments (MoM) solutions of the
same problems. With this presented formulation, the analysis
of dispersive composite structures made of combinations of
dielectric, magnetic, and chiral materials is possible.
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II. DISPERSIVE CHIRAL MEDIA

The constitutive equations for chiral media in frequency do-
main can be written as

(1.a)

(1.b)

where the time harmonic convention is assumed and
, , and are frequency-dependent permittivity,

permeability, and chirality parameters, respectively. Engheta
and Zablocky [31] studied Kramers–Kronig relations for chiral
media in order to determine transient response of chiral mate-
rials. They considered the following constitutive relations:

(2.a)

(2.b)

where is the assumed time harmonic convention. They
proved that the dispersionless chiral medium is physically
impossible, i.e., the complex chiral admittance cannot be
independent of frequency. Furthermore, they showed that there
are constraints on in order to represent a causal and physical
medium. When the frequency approaches infinity, shall
vanish. The real part of the complex shall be an odd function
of frequency and the imaginary part of shall be an even
function of frequency. The relation between the parameters of
the constitutive relations in (1) and those used in (2) is given in
[32] as

(3)

It can be seen in (3) that the parameter shall obey the same
restrictions as , as discussed above, in order to represent a
physical medium.

The chirality parameter therefore can be defined as

(4)

where includes information about two effects: optical ro-
tatory dispersion (ORD) and circular dichroism (CD). The ORD
is a measure of the rotation of the polarization plane of linearly
polarized light, and is therefore proportional to the real part

of . The parameter CD denotes the difference be-
tween the absorption coefficients of the two circularly polarized
eigenwaves, which is proportional to the imaginary part
of [32].

The wave numbers of the two eigenwaves in the bulk chiral
medium are , where the free-space
wavenumber is . These wave numbers will
become complex numbers for dispersive media, due to the
imaginary part of . If the dispersion in the permittivity
and permeability is neglected, then and are real constant
quantities. Consequently, will be real, and hence the
wavenumber of one of the eigenwaves will have a positive
imaginary part and the wavenumber of the other will have a
negative imaginary part. This means that one of the propagating
modes grows exponentially. Such growth is contradictory to
the assumption that the material is passive. Therefore, in a real
physical situation where optical rotatory dispersion and circular

dichroism are present, dispersion has to appear also in and ,
not only in . This reasoning sets the limit for the imaginary
part of the chirality factor given in [32] as

(5)

In most of the cases, the Lorentz model is used to describe
the dispersive nature of permittivity and permeability. In the
Lorentz model

(6)

(7)

The Condon model [30] is generally used to represent the
dispersive nature of chirality [12], [20], [21]. The Condon model
is in the form

(8)

and this model obeys the causality restrictions that was dis-
cussed above; the real part of the complex is an odd func-
tion of frequency and the imaginary part of is an even func-
tion of frequency.

III. DISPERSIVE CHIRAL FDTD FORMULATION USING

THE TRANSFORM METHOD

The FDTD method involves the solution of the following
Maxwell curl equations together with the constitutive relations
(1):

(9)

Equation (1) is in the frequency domain while (9) is in the time
domain. We need to rewrite (1) in the time domain in order to
construct the FDTD updating equations. The multiplication of
frequency-dependent terms in (1) will be represented by con-
volution integrals in the time domain. At this point, instead of
writing (1) in the time domain, we will write it in the domain
as

(10.a)

(10.b)

The factor in (10) is the period of sampling and is the
transform of the time function whose Fourier transform is

, where is given by (8). One should notice that the
multiplication in the frequency domain has remained a multipli-
cation in the domain. This is the main motivation for applying
the transform. It has not become a complicated convolution as
it did in the time domain. The method, which uses the trans-
forms in order to obtain FDTD updating equations, is named
the “ transform method” and was first introduced by Sullivan
[33]–[35].

It should be noted that the transform method is not the
only option to model the kind of dispersion considered here.
Other techniques such as auxiliary differential equation method
or recursive convolution method may also be used.
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In order to apply the transform technique for the kind of
material dispersion presented in this paper, we can use the trans-
formations between the frequency domain and the domain
for the Lorentz media model as presented in [33, Table I] and
backward time difference for time derivatives to insure causality
[33]. Hence the following relations can be used in order to find

:

(11.a)

(11.b)

This choice of backward time differences scheme will lead to
decoupled updating equations for electric and magnetic field
components. If the forward difference or central difference
scheme was employed for time derivatives instead, one would
come up with a set of equations that would require simultaneous
solution of all electric and magnetic field components in the
computational domain at every time step, which is obviously
an inefficient procedure. Furthermore, the stability of such a
procedure is not confirmed.

Using (11.a) with and , and using
(11.b), we obtain (12) as shown at the bottom of the page. A sim-
ilar procedure can be applied in order to find that the trans-
forms corresponding to the Fourier transforms and
in (6) and (7) are, respectively, and , and are given by
(13) and (14) as shown at the bottom of the page. Now (10.a)
and (10.b) can be rewritten as

(15)

(16)

where

(17.a)

(17.b)

(17.c)

(18.a)

(18.b)

(18.c)

(19.a)

(19.b)

(19.c)

At this point we introduce four new parameters ,
, , and and rewrite (15) and (16) as

(20)

(12)

(13)

(14)
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(21)

where

(22)

(23)

(24)

(25)

From (20) and (21), we then obtain

(26)

(27)

where

(28)

(29)

(30)

(31)

At this point we can construct the FDTD algorithm: At
every time step the new values of and will be calculated
from (9). The new values of and will be calculated by
(26) and (27) from the new values of and , and the pre-
vious values of , , , and , indicated
by the and operators. Multiplication by cor-
responds to one previous time step value and multiplication
by corresponds to two previous time steps value. Then
the new values of , , and will be
calculated from (28)–(31).

Having constructed the main algorithm, we can obtain
FDTD updating equations by decomposing (9) and (26)–(31)
into , , and components and discretizing in time and
space. Scattered field formulation is preferred here to con-
struct the updating equations. Scattered field formulation
is easier to handle with plane waves and avoids two sepa-
rate regions with interface problems, and works better with
absorbing boundaries. Although we used the choice of back-
ward time differences in (11) in order to obtain the material
equation in (12), we still can apply the second-order accurate

central difference scheme to approximate time derivatives in
(9). Thus for the components, we get

(32)

(33)

where and are used to ob-
tain scattered field formulations. If we discretize time deriva-
tives in this way, we need to calculate field values at every
half time step. Then the sampling period is . The
time-domain counterparts of (26) and (27) can be discretized
for the components as

(34)

(35)

where

(36)
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(37)

(38)

(39)

The equations for the and components can be obtained
in the same way. In (36) and (37), electric and magnetic field
average terms are defined such that

(40)

and

(41)

One should notice that in (34) updates
; therefore is defined at the

same location where is defined in the Yee
cell. However, in (36), is updated by the
component of the magnetic field. Since the magnetic and
electric fields are offset by half-cell in the Yee cell, a spatial
average of magnetic field is used to update . The
same reasoning holds for (37) while updating ; a
spatial average of electric field is used to update .

Fig. 1. Chiral slab and directions of the incident, reflected, and transmitted
fields.

Fig. 2. Material parameters versus frequency.

IV. REFLECTED AND TRANSMITTED TRANSIENT

FIELDS FROM A CHIRAL SLAB

The developed dispersive chiral FDTD formulation is used to
obtain co- and cross-polarized time signals in the time domain
due to the scattering from a 0.1-m-thick chiral slab illuminated
by an incident plane wave of Gaussian waveform, as shown in
Fig. 1. The co- and cross-polarizations of the reflected waves are
denoted by and , while the co- and cross-polarizations of
the transmitted waves are denoted by and . The reflection
and transmission for a wave incident on a chiral slab have been
studied in [36] and [37].

The imaginary part of chirality parameter is restricted as
in (5). Otherwise, the medium would be an active medium.
The material parameters for the chiral slab are chosen to be

(42.a)

(42.b)
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Fig. 3. Propagation of co- and cross-polarized fields.

(42.c)

These parameters are used in (6)–(8) to obtain , ,
and . The variation of the parameters , , and
with respect to frequency are shown in Fig. 2(a)–(c), respec-
tively. In Fig. 2(d), it can be seen that the imaginary parts of
these parameters obey the restriction in (5) for a wide range of
frequencies.

The reflected and transmitted fields due to the incidence of a
plane wave of Gaussian waveform are calculated in the one-di-
mensional computation space. Fig. 3 shows how the co- and
cross-polarized fields propagate. It can be seen that cross-po-
larized field is generated while the Gaussian wave propagates
through the chiral slab. Transmitted field has a cross-polarized
component while reflected field does not.

The transient reflected and transmitted fields are calculated
and compared with the exact solutions obtained by inverse

Fig. 4. Copolarized transmitted field in time.

Fig. 5. Cross-polarized transmitted field in time.

Fourier transform of frequency domain solutions. The one-di-
mensional FDTD computation space consists of 500 cells and
has 1 m length. Thus, the 0.1-m-thick slab is 50 cells wide.
The FDTD calculations are in very good agreement with the
results from the exact solution as seen in Figs. 4–6. The tran-
sient copolarized and cross-polarized transmitted electric field
are shown in Figs. 4 and 5, respectively, while the transient
copolarized reflected electric field is shown in Fig. 6. Since the
chiral medium is a reciprocal medium, the reflected field from
a chiral slab upon the normal incidence of a plane wave does
not have a cross-polarized component. Therefore, the transient
cross-polarized reflected electric field is not presented in the
region left to the slab, as it vanishes as expected.

The transmitted fields are calculated at 5 cm away from the
right boundary of the chiral slab and the reflected fields are cal-
culated at 5 cm away from the left boundary of the chiral slab.

V. REFLECTION AND TRANSMISSION FROM A CHIRAL SLAB

The developed FDTD formulation is used to calculate fre-
quency-domain results from time-domain calculations by using
the Fourier transform for the problem described above.
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Fig. 6. Copolarized reflected field in time.

Fig. 7. Copolarization of reflected and transmitted waves from a dielectric
slab.

Fig. 7 shows and of a dielectric slab with and
parameters given in (42.a) and (42.b), and the chirality

parameter is set to zero. Fig. 8 shows and of a chiral slab
with , , and parameters as given by (42.a)–(42.c),
respectively. Fig. 9 shows the corresponding and for this
chiral slab.

Comparison between Figs. 7 and 8 shows that adding chi-
rality to the slab material changes the transmitted copolarization
but not the reflected co-polarization, as expected. Cross-polar-
ization is introduced into the transmitted field but not to the re-
flected field, as shown in Fig. 9.

VI. ELECTROMAGNETIC SCATTERING FROM A CHIRAL SPHERE

The developed FDTD formulation is then applied to calculate
the copolarized and cross-polarized bistatic radar cross-sections
of a dispersive chiral sphere. The calculated results are com-
pared to the exact analytical solution of the scattering by a chiral
sphere [38]–[40]. The copolarized bistatic radar cross-section

Fig. 8. Copolarization of reflected and transmitted waves from a chiral slab.

Fig. 9. Cross-polarization of reflected and transmitted waves from a chiral
slab.

and the cross-polarized bistatic radar cross-section are
defined as

(43)

Consider the problem in Fig. 10 with an polarized,
traveling Gaussian plane field incident on a sphere of radius
7.2 cm. The center of the sphere coincides with the origin
of the coordinate system. The sphere material parameters are

, , and of (6)–(8) with parameters given in
(42.a)–(42.c), respectively.

The FDTD calculation space is composed of 1 million
(100 100 100) cubic Yee cells of size 0.25 cm. Copolarized
bistatic radar cross-sections are plotted in Fig. 11. Al-
though results for many frequencies are obtained in a spectrum
that the FDTD calculation is valid, only the frequencies 0.4,
0.6, 1.0, and 1.2 GHz are plotted. Cross-polarized bistatic
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Fig. 10. Chiral sphere in free space.

Fig. 11. Scattering from a chiral sphere � .

Fig. 12. Scattering from a chiral sphere � .

radar cross-sections are plotted in Fig. 12 for the same
frequencies. The numerical values of the radar cross-sections
based on the exact solution are also computed and presented
in Figs. 11 and 12. Very good agreement has been observed
between FDTD calculations and exact solutions. The error for
0.4 GHz in Fig. 12 can be considered negligible, as the values
are on the order of less than 40 dB.

Furthermore, a convergence test has been performed. The cell
sizes used in this test are 1 cm ( 30), 0.5 cm ( 60), and
0.25 cm ( 120), where is the wavelength in free space at
1 GHz. Figs. 13 and 14 show the results of that convergence

Fig. 13. Convergence of calculated � to exact solution.

Fig. 14. Convergence of calculated � to exact solution.

analysis at 1 GHz. It has been observed that decreasing the cell
size increases the accuracy and FDTD computation results con-
verge to those given by the exact solutions.

VII. ELECTROMAGNETIC SCATTERING FROM A CHIRAL CUBE

The FDTD formulation developed in this paper is used to cal-
culate scattering from a chiral cube. The FDTD calculation re-
sults are compared to MoM calculation results. The MoM so-
lution for scattering from three-dimensional chiral bodies was
developed by Worasawate and the code, which was used to pro-
duce the results in [39] and [41], is used in order to obtain MoM
results in this paper.

Consider an polarized, traveling plane wave of Gaussian
waveform incident on a cube 12 cm long on a side. The cube
material parameters are , , and of (6)–(8) with
parameters given in (42.a)–(42.c), respectively. The FDTD cal-
culation space is composed of 512 000 (80 80 80) cubic
Yee cells of size 0.3 cm. In the MoM, the surface of the body
is modeled using triangular patches. The cube surface in this
problem consists of 1200 triangles. Fig. 15 shows the triangular
surface mesh used in the MoM calculation. The copolarized
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Fig. 15. Triangular surface mesh of a cube used in MoM calculation.

Fig. 16. Scattering from a chiral cube � at 1 GHz.

and cross-polarized bistatic radar cross-sections and
are shown in Figs. 16 and 17, respectively. It should be noted
that the FDTD computation gives results for multiple frequen-
cies while the MoM gives one frequency result per computation.
The results in Figs. 16 and 17 are obtained for 1 GHz. Excel-
lent agreement is observed that verifies the accuracy of this new
developed FDTD formulation and code for the analysis of elec-
tromagnetic scattering by noncanonical and three-dimensional
objects.

VIII. ELECTROMAGNETIC SCATTERING FROM A

CHIRAL FINITE CYLINDER

Furthermore, the developed FDTD formulation in this paper
is applied to calculate the copolarized and cross-polarized
bistatic radar cross-sections of a dispersive chiral cylinder of
circular cross-section and finite length (height). The results are
compared to those obtained from the MoM solution.

Consider an polarized, traveling plane wave of Gaussian
waveform incident on a finite cylinder having 6 cm radius and
12 cm height. The cylinder material parameters are , ,
and of (6)–(8) with parameters given in (42.a)–(42.c), re-
spectively. The FDTD calculation space is composed of 1 mil-
lion (100 100 100) cubic Yee cells of size 0.2 cm. In the

Fig. 17. Scattering from a chiral cube � at 1 GHz.

Fig. 18. Triangular surface mesh of a finite cylinder used in MoM calculation.

Fig. 19. Scattering from a finite chiral cylinder � at 1 and 2 GHz.

MoM, the surface of the body is modeled using 1764 triangular
patches. Fig. 18 shows the triangular surface mesh used in the
MoM calculation.
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Fig. 20. Scattering from a finite chiral cylinder � at 1and 2 GHz.

The copolarized and cross-polarized bistatic radar cross-sec-
tions and are shown in Figs. 19 and 20, respectively,
for 1 and 2 GHz with good agreements. The differences in
the figures are negligible, as they are in the region where the
RCS values are on the order of 50 dB. Since results from two
different numerical techniques are compared, a perfect match
should not be expected.

IX. CONCLUSION

A new scattered FDTD formulation for dispersive chiral
media is developed using the transform method. The devel-
oped formulation is shown to provide good results for multiple
frequencies for both dielectric and chiral objects. Numerical re-
sults for one- and three-dimensional electromagnetic scattering
problems are presented with good agreement with those based
on exact or method of moments solutions.
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