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Abstract—A dual-grid finite-difference frequency-domain
(DG-FDFD) method is introduced to solve for scattering of elec-
tromagnetic waves from bianisotropic objects. The formulations
are based on a dual-grid scheme in which a traditional Yee grid
and a transverse Yee grid are combined to achieve coupling of
electric and magnetic fields that is imposed by the bianisotropy.
Thus the underlying grid naturally supports the presented formu-
lations. Introduction of a dual-grid scheme doubles the number of
electromagnetic field components to be solved, which in turn im-
plies increased time and memory of the computational resources
for solution of the resulting matrix equation. As a remedy to this
problem, an efficient iterative solution technique is presented that
effectively reduces the solution time and memory. The presented
formulations can solve problems including bianisotropic objects.
The validity of the formulations is verified by calculating bistatic
radar cross-sections of three-dimensional chiral objects. The
results are compared with those obtained from analytical and
other numerical solutions.

Index Terms—Chiral media, electromagnetic scattering, finite
difference methods, iterative methods.

I. INTRODUCTION

T HE analysis of chiral materials has been an important
topic in computational electromagnetics especially after

artificial chiral materials have been manufactured in the mi-
crowave range in the last decade. Numerical analysis of chiral
materials has been carried out using a variety of numerical
methods, such as the method of moments (MoM) [1]–[4],
the finite-difference time-domain (FDTD) method [5]–[11],
finite-difference frequency-domain (FDFD) method [12],
generalized multipole technique (GMT) method [13], surface
integral equation method (SIEM) [14], and hybrid finite ele-
ment method (FEM) [15].

Every one of these methods has its own unique strengths and
weaknesses, depending on the problem considered. One of the
strengths of FDFD scheme is that it has no analytical load, such
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as derivation of structure dependent Green’s functions, and thus
it is easy to understand and implement. Furthermore, it is easy to
model complex materials such as inhomogeneous, anisotropic,
or dispersive materials. Therefore, FDFD can simulate struc-
tures with no known analytical solution. The technique is also
very robust and does not suffer from stability problems often
encountered in time domain methods such as FDTD [16]. De-
spite these advantages, the memory required by FDFD method
is very high and it requires multiple runs to obtain the broad-
band response of a given problem. For example, FDTD supplies
a very broadband data with a single simulation run with much
less memory requirements.

In [12], the classical Yee [17] cells are used to compose the
computational space. On the traditional Yee grid the electric
field components and magnetic field components are not located
at the same spatial positions. On the other hand, the electric and
magnetic field components in chiral media are coupled by the
chirality parameter. This coupling requires that the electric and
magnetic field components are positioned at the same node. This
problem is overcome in [12] by averaging the known field com-
ponents for the field positions where they are needed. An al-
ternative method, in which two transverse Yee grids are over-
lapping so that the same components of electric and magnetic
fields coexist at the same locations, is proposed in [7] and [8] to
solve one-, two-, and three-dimensional problems using FDTD
method. Three-dimensional FDTD formulations employing this
dual-grid scheme are presented in [11]. The FDFD method, on
the other hand, has not yet benefited from the advantages of this
approach. No results are published for one-, two- and three-di-
mensional scattering problems.

In this paper, the general 3D frequency domain numerical
method based on dual-grid (DG-FDFD) approach has been
formulated for general bianisotropic materials and results for
chiral objects—a subclass of bianisotropic materials—are
presented. In order to show the validity of the derived formula-
tions, bi-static radar cross-sections (RCS) of arbitrary shaped
objects have been obtained and the results are compared to
exact solution and other numerical solutions.

As a drawback, the introduction of a dual-grid scheme
doubles the number of electromagnetic field components to be
solved, which in turn implies increased time and memory in
solution of the resulting matrix equation. As a remedy to this
problem, an efficient iterative solution algorithm is developed.
The new algorithm effectively reduces the time and memory
requirements, thus compensates for the implied overhead.
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II. SCATTERED FIELD FORMULATION

The presented method is based on the scattered field formu-
lation, such that

(1)

(2)

where and are total fields, scattered fields are
denoted by and , whereas the incident fields are denoted
by and . “a” and “b” represents the index numbers
of the field components on the first grid and the second grid,
respecitively. Using the bi-isotropic constitutive relations in
Maxwell’s equations in frequency domain and using the rela-
tions in (1) and (2) for the total fields, one can obtain

(3)

(4)

where

(5)

(6)

Here, is permittivity, is permeability, the measure of non-
reciprocity, and is the measure of chirality of the material.
As can be seen from (3) and (4), the electric and magnetic field
components are coupled by means of and parameters. This
coupling requires the coexistence of the same-polarized com-
ponents of electric and magnetic fields at the same spatial po-
sitions, i.e. and , and , and and . However,
on a traditional Yee grid same-polarized field components are
not defined at the same positions. The chiral FDFD formulation
presented in [12] is based on the traditional Yee grid and this
problem is overcome by averaging the field components for the
positions where they are needed.

The dual-grid approach employs two Yee grids: one tradi-
tional Yee grid, and the other a transverse Yee grid in which
the electric and magnetic field positions are swapped. Dual-grid
is the combination of these two grids such that same-polarized
components of electric and magnetic fields coexist at the same
spatial positions. The approach is named as dual-grid finite-dif-
ference frequency-domain (DG-FDFD) method for this reason.
In this case, there is no need to perform averaging during the
calculations as in [12], and formulation is more compatible with
the underlying spatial discretization.

The spatial positions of the field components on the modi-
fied Yee cell used for dual-grid approach are shown in Fig. 1.
Additionally, actual index numbers of the field components are
depicted in Table I.

Decomposing the vector equations in (3) and (4) in Carte-
sian coordinates for both defined grids, representing the space
derivatives by central-difference approximations and modifying
the equations to model the absorbing boundaries as PML layers
with the notations being used in [18], one can obtain the fol-
lowing for the -components.

Fig. 1. The field components on the modified Yee cell for DG-FDFD method.

TABLE I
ACTUAL SPATIAL LOCATIONS OF THE FIELD COMPONENTS

For the first grid

(7)

(8)

where in the non-PML region

(9)
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and in the PML region

(10)

For the second grid

(11)

(12)

where in the non-PML region

(13)

and in the PML region

(14)

III. SOLUTION OF THE DERIVED EQUATIONS

After all the equations are obtained for both grids, and for
, , and components, they are combined to form a matrix

equation for a computation space composed of
cells as

(15)

where is the coefficients matrix, is the unknown vector
containing scattered electric and magnetic field components of
both grids, is the excitation vector, due to incident field, rep-
resenting the right hand sides of (7), (8), (11), (12), and the rest
of the derived equations. Since there are 6 field components per

cell and 2 grids, the total number of scattered field components,
thus the number of unknowns in (15) is . The coefficients
matrix is a non-singular, highly sparse large matrix. Using
direct solution methods solving large sparse matrices, such as
Gaussian elimination, Cramer’s rule and inverse matrix method,
is very costly in terms of memory and CPU time. Therefore an
iterative method is preferred to solve sparse linear set of equa-
tions to save time and memory. Results in this paper are ob-
tained based on the iterative method called improved “vanilla”
BiCGStab(l) iterative method written by Botchev based on [19].

The BiCGStab (bi-conjugate gradient stabilized) method has
been introduced in [20]. The method is enhanced in [21]–[23].
BiCGStab algorithm starts with an initial solution vector .
As the iterations proceed, the solution vector converges to the
actual solution. The iteration is terminated when the relative
error of the solution is less than a given tolerance.

IV. TIME AND MEMORY REQUIREMENTS

The amount of memory required for the solution of a sparse
matrix equation is mainly determined by the size of the coeffi-
cients matrix—the number of non-zero coefficients. Examining
one of the equations, for instance (7), one can verify that there
are 6 non-zero coefficients in a row of . Thus the number of
unknowns is , and number of non-zero coefficients in

is for the DG-FDFD method.
The FDFD method in [12], solves for 6 field components per

cell, thus the number of unknowns is . The number of
non-zero coefficients in a row of coefficients matrix is 13, which
makes the total number of non-zero coefficients in as

for the FDFD method. Basically, there is
no significant difference between the memory requirements of
DG-FDFD and FDFD.

However, when the problem given in Fig. 2 is run using
DG-FDFD and FDFD, a significant difference has been ob-
served between the solution times of these two methods; the
simulation takes approximately 312 minutes for the DG-FDFD
method, and 210 minutes for the FDFD method. The following
section discusses the enhancement of the solution algorithm to
improve the computation time of the DG-FDFD method.

V. DG-FDFD METHOD WITH IMPROVED

SOLUTION ALGORITHM

As discussed in the previous section, although DG-FDFD re-
quires less memory, it is inefficient in the solution time. One
can notice that FDFD solves for unknowns, while this
number is for DG-FDFD. Following is an algorithm that
reduces the number of unknowns for DG-FDFD and reduces the
simulation time.

The BiCGStab algorithm requires the computation of the
right-hand side of the matrix equation for a given solution
vector at every time step. The algorithm then uses this
temporary right-hand side internally to check for the conver-
gence of the solution and generate a new solution vector .
For the DG-FDFD, the temporary right hand side is calculated
by multiplying by due to (15). As the number of
unknowns increase, the solution of matrix-vector multiplica-
tions in BiCGStab takes longer times, resulting in longer total
simulation times as it is observed from initial experiment.
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Therefore, in order to increase the method efficiency, number
of unknowns should be reduced.

Actually, the equations relating the electric and magnetic
fields [(7), (8), (11), (12), and other equations] can be put in the
following form:

(16)

(17)

Here, the electric and magnetic field vectors are

(18a)

(18b)

and are coefficients matrices and they can be ex-
tracted from . and are excitation vectors and
they are upper half and lower half subsections of vector.
Equation (17) can be rearranged as

(19)

Then electric field vector can be obtained substituting (19) in
(16) as

(20)

where is identity matrix. As one can observe from (20),
is a new coefficients matrix and is the

vector for which the solution is sought. Thus, while solving the
matrix equation, we account for only the electric fields; only
the electric field components are treated as unknowns. Then the
BiCGStab algorithm can be employed to solve (20) rather than
(15). It should be noted that a new coefficients matrix is not con-
structed for ; it is found that such a coef-
ficients matrix will include 17 nonzero coefficients in each row,
thus increasing the memory requirement significantly. Instead,
(20) is kept as is and the following described algorithm is em-
ployed. The right-hand side of (20) is calculated before calling
BiCGStab. Inside the BICGStab at every iteration the tempo-
rary right-hand side is calculated in three steps as follows:
Step 1) ;
Step 2) ;
Step 3) .

Here is a temporary vector which stores the result in the
intermediate steps.

Each of the new coefficients matrices and has
rows and 5 non-zero coefficients in a row. Thus their

sizes will be .

VI. RESULTS

The computer being used for the simulations has Intel
Quad 2.5 GHz processor and 4 GB DDR RAM. The program
is written and compiled in 64 bit compatible Intel Fortran
v10.1.21.

Fig. 2. A sketch of the problem setup for the chiral sphere.

TABLE II
FDFD VERSUS EFFICIENT DG-FDFD

In this section, first simulation time and memory require-
ments of the efficient DG-FDFD and the FDFD [12] methods are
compared based on an example problem given in Fig. 2. Then,
the radar cross-sections of different objects are obtained using
the efficient DG-FDFD method and compared to exact and other
numerical methods.

A. Comparing the Methods

The sketch of the problem is given in Fig. 2. The problem
space includes a sphere of radius 7.2 cm, which is illuminated
by an -polarized -traveling incident plane wave at a frequency
of 1 GHz. The relative permittivity of the sphere material is 4,
while the chirality is 0.5. The computational space is composed
of one million cells (on a single grid), each
cell with size of 0.25 cm on a side.

For the example problem, DG-FDFD method with improved
solution algorithm results in 60 million unknowns (5 nonzero
coeffients and 12 field components). The number of operations
to calculate the above temporary right-hand side in BiCGStab
is multiplications and

additions, every time the right-hand side is
calculated. For the FDFD method [12], number of operations

additions and multiplications, every time
the right-hand side is calculated. When DG-FDFD with the im-
proved solution algorithm is run to solve the example problem,
the solution time is recorded as 208 minutes, which is a very
significant reduction from 312 minutes. With the improved so-
lution algorithm, the solution time of DG-FDFD becomes com-
parable to that of the FDFD method. The comparison of these
two methods is given in Table II.
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Fig. 3. Co-polarized RCS of the chiral sphere.

Fig. 4. Cross-polarized RCS of the chiral sphere.

B. Scattering from a Chiral Sphere

The sphere problem in Fig. 2 is run using the DG-FDFD
method and the calculated bistatic radar cross-sections,
and , are compared with exact solutions obtained from the
program in [24]. The co- and cross-polarized components are
plotted in Fig. 3 and Fig. 4, respectively.

As observed from these figures, increasing chirality from 0 to
0.5, gave rise to a cross-polarized field, which is the same order
as the co-polarized field and that exhibits the optical activity
property of the chiral media.

C. Scattering From an Inhomogeneous Chiral Cube

A cubic structure is illustrated in Fig. 5. The scatterer is 14 cm
long on a side and it has two equal halves separated by the
plane. The dielectric constants of both halves are the same as

, meanwhile the chirality values are different. The chi-
rality of the left half is zero. The right half has a chirality value
of . The scatterer is illuminated by an -polarized,

-traveling wave at 0.75 GHz. The computational space is com-
posed of cubic cells. Each cell has a length of
0.4 cm on a side.

The simulation results for co- and cross-polarized radar cross-
sections of the scatterer are shown in Fig. 6 and Fig. 7, respec-
tively. The results are compared to those obtained using method
of moment (MoM) [25] and FDFD method [12]. The DG-FDFD
results agree with the MoM and FDFD results.

Fig. 5. A sketch of the problem setup for the chiral cube.

Fig. 6. Co-polarized bistatic RCS of the chiral cube.

Fig. 7. Cross-polarized bistatic RCS of the chiral cube.

D. Scattering from a Finite Chiral Cylinder

Here, a finite chiral cylinder is simulated. The co-polarized
and cross-polarized bistatic radar cross sections of the structure
are obtained and compared with the results of MoM, finite-dif-
ference time-domain (FDTD) [26] and FDFD method.

The computation space is excited by an x-polarized, z-trav-
eling plane wave at 1 GHz. The height of the cylinder is 24
cm and the radius is 12 cm. For this simulation, parameters of
the Drude-Born-Fedorov (DBF) constitutive relations are used.
The conversions among these parameters are given in [27].
Namely, the material parameters of the cylinder are ,

and . The converted values are ,
and . The computation space is divided into
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Fig. 8. A sketch of the problem setup for the chiral cylinder.

Fig. 9. Co-polarized bistatic RCS of the chiral cylinder.

Fig. 10. Cross-polarized bistatic RCS of the chiral cylinder.

cubic cells with 9-cell thick PML layers.
The computation space is sketched in Fig. 8.

The simulated radar cross-sections of the finite chiral cylinder
are given in Fig. 9 and Fig. 10, respectively. As seen from these
figures, the obtained results by the DG-FDFD method show a
good agreement with the results obtained from other numerical
methods. Note that, the magnitude of the cross-polarized com-

ponents is much smaller than the magnitude of the co-polarized
wave component for the cylinder.

VII. CONCLUSION

In this work, the dual-grid finite-difference frequency-domain
(DG-FDFD) scheme for the scattering analysis of three-dimen-
sional objects is proposed. The PML boundary condition and
the scattered field approach are successfully implemented into
the DG-FDFD formulation. The formulations are based on a
dual-grid scheme in which a traditional Yee grid and a trans-
verse Yee grid are combined to achieve coupling of electric and
magnetic fields that is imposed by the bianisotropy. Since the
coefficent matrix of the method includes all the non-zero coeffi-
cients of the electric and magnetic field components, it yields a
very long simulation time. For this reason, a more efficient so-
lution algorithm is introduced to increase the simulation speed.
Since both electric and magnetic field components are defined
at every node on the Yee cell, there is no need to perform av-
eraging as in FDFD method. Therefore, formulation is more
compatible with the underlying spatial discretization. In addi-
tion to these features, it is shown that, DG-FDFD requires less
memory than that of the FDFD, while maintaining comparable
simulation time. Finally, the proposed method is validated by
analyzing spherical, cubical, and cylindrical chiral scatterers.
The results from DG-FDFD are in good agreement with exact,
MoM, FDTD, and FDFD results.
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