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Abstract—An efficient finite-difference time-domain (FDTD) al-
gorithm with a simple periodic boundary condition (PBC) is devel-
oped to analyze general periodic structures with arbitrary skewed
grids. The algorithm is easy to implement and efficient in both
memory usage and computation time. The stability criterion of the
algorithm is angle independent and therefore it is suitable for im-
plementing incidence with angle close to grazing as well as normal
incidence. The validity of this algorithm is verified through several
numerical examples such as dipole and Jerusalem cross frequency
selective surfaces (FSS) with various skew angles.

Index Terms—Finite-difference time-domain (FDTD), fre-
quency selective surfaces (FSS), periodic boundary conditions
(PBC), periodic structures, skewed grid.

I. INTRODUCTION

P ERIODIC structures are of great importance in elec-
tromagnetics due to their wide range of applications in

frequency selective surfaces (FSS), electromagnetic band gap
(EBG) structures, phased antenna arrays, special periodic ab-
sorbers, and negative index metamaterials. The finite-difference
time-domain (FDTD) algorithm has been utilized to analyze
these structures, and various implementations of periodic
boundary conditions (PBC) have been developed such that only
one unit cell needs to be analyzed instead of the entire structure.

In [1] these techniques are divided into two main categories:
“field-transformation methods” and “direct field methods”.
Field transformation methods are used to eliminate the need for
time-advanced data; the transformed field equations are then
discretized and solved using FDTD techniques. The spilt-field
method [2] and multi-spatial grid method [3] are useful ap-
proaches in the field-transformation category. There are two
main limitations with these methods. First, the transformed
equations have additional terms that require special handling
such as splitting the field and the use of multi-grid algorithm
to implement the FDTD, which increases the complexity of
the problem. Second, with the increasing of the angle of inci-
dence from normal incidence to grazing incidence
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Fig. 1. Geometries of (a) axial and (b) skewed periodic structures.

, the stability factor decreases to zero [1]. As a
result, smaller time steps are needed for oblique incidence to
generate stable results, which increases the computation time
in such cases. As for the direct field category, these methods
work directly with Maxwell’s equations and there is no need
for any field transformation. An example of these methods is
the sine-cosine method [4], in which the structure is excited
simultaneously with sine and cosine waveforms. The PBC
for oblique incidence can be implemented using this method.
The stability criteria for this technique is the same as the
conventional FDTD (angle independent), which provides stable
analysis for incidence near grazing. However, it is a single
frequency method and loses an important property of FDTD
that is the wide-band capability.

In [5] a simple and efficient FDTD/PBC algorithm was intro-
duced, which belongs to the direct field category and yet with
a wideband capability. In this new approach the FDTD simula-
tion is performed by setting a constant horizontal wavenumber
instead of a specific angle of incidence. The idea of using con-
stant wavenumber in FDTD was originated from guided wave
structure analysis and eigenvalue problems in [6], and it was
extended to the plane wave scattering problems in [7]–[9]. The
approach offers many advantages, such as implementation sim-
plicity, same stability condition and numerical errors as conven-
tional FDTD, computational efficiency near the grazing incident
angles, and the wide-band capability.

It’s worthwhile to point out that most previous PBCs are de-
veloped to analyze axial grid periodic structures. However, there
are numerous applications where the grid of the periodic struc-
tures is a general skewed grid. Fig. 1 shows the geometries of
both axial and skewed grid structures. The axial periodic struc-
tures are special case of the general skewed grid structures,
where the skew angle .

Although the analysis of skewed grid periodic structure has
been well developed using method of moment (MoM) technique
[10], it has not been fully solved with FDTD. A pioneering effort
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presented in [11] utilizes the sine-cosine method in the analysis
of periodic phased array with skewed grids, thus loses the wide-
band capability of the FDTD. Furthermore, the work presented
in [11] belongs to a special case where amount of shift in the
skewed direction is an integer multiple of the cell size in the
same direction. This special case is referred to as “coincident”
in this communication.

In this paper, the constant horizontal wavenumber approach
is extended to analyze the periodic structures with skewed grid.
Two cases of skewed grid periodic structures are implemented.
In the first case the skewed shift is coincident with the FDTD
grid, and in the second case the skewed shift is non-coincident
with the FDTD grid (general skewed grid periodic structure). In
addition, the new algorithm is very efficient and simple, and it
retains the broadband capabilities of the FDTD.

The paper is organized as follows: In Section II, a brief de-
scription of the constant horizontal wavenumber approach is
provided. The FDTD updating equations are derived for both
the coincident and the non-coincident skewed shift cases. In
Section III, several numerical examples proving the validity of
the new approach are presented, including an infinite dielectric
slab, a dipole FSS, and a Jerusalem cross FSS. Various incident
angles, skew angles, and polarizations have been tested in these
examples, and the numerical results show good agreement with
the analytical results or other numerical results obtained from
the frequency domain methods. Section IV provides a discus-
sion of the new approach and conclusion.

II. PERIODIC BOUNDARY CONDITIONS FOR PERIODIC

STRUCTURES WITH ARBITRARY SKEWED GRID

It is noticed that most of the previous FDTD approaches are
used to analyze only axial periodic structures. However, the
analysis of skewed grid periodic structure needs special treat-
ment on the periodic boundary condition. In this section a new
approach to implement the periodic boundary condition for such
structures in FDTD is developed. The approach is an exten-
sion to the constant horizontal wavenumber approach described
in [5].

A. Constant Horizontal Wavenumber Approach for Axial Case

For periodic structure with periodicity along the -direc-
tion the periodic boundary condition of the electric field in fre-
quency domain can be written as:

(1)

where

(2)

is the free space wavenumber and c is wave speed in
free space.

The constant horizontal wavenumber approach is to fix the
value of the horizontal wavenumber in FDTD simulation in-
stead of the angle , where is determined by both frequency
and angle of incidence. Thus, the term is constant in (1).

Using direct frequency domain to time domain transformation,
the field in time domain can be represented as follows:

(3)

It also should be pointed out that both E and H fields have com-
plex values in the FDTD computation because of the PBC in
(3) [5].

Therefore, by fixing (varying incident angle with fre-
quency) the need for time-advanced electric field component
is eliminated. An important issue related to the constant
wavenumber method is the plane wave excitation. If the tradi-
tional total-field/scattered field (TF/SF) formulation described
in [12] is applied, a problem arises regarding the incident angle.
For example the tangential electric field component of a TM
incident wave depends on the incident angle. To overcome this
problem the (TF/SF) technique is modified. In the case of TM
excitation, only the tangential magnetic incident field compo-
nent is imposed on the excitation plane . The one-field
excitation allows the plane wave to propagate in both directions

and ( is the excitation plane position). Thus,
the entire computational domain becomes the total field region
and there is no scattered field region. The scattered field can
be calculated using the difference of the total and the incident
fields. Similarly for TE case, only the tangential electric
incident field component is imposed. In addition, there exists a
problem of horizontal resonance, where fields do not decay to
zero over time. To avoid such problem proper center frequency
for the excitation waveform must be chosen as follows [5]:

(4)

where is the center frequency of the Gaussian pulse and the
BW is the bandwidth of the Gaussian pulse.

In this approach, conventional Yee’s scheme is used to update
the E and H fields which offer several advantages, such as im-
plementation simplicity, same stability condition and numerical
errors as conventional FDTD. In addition, computational effi-
ciency for incident angles near grazing and wideband capability
are achieved as well [5]. This makes the constant horizontal
wavenumber approach a good choice for the periodic structure
analysis.

B. The Coincident Skewed Shift

The constant horizontal wavenumber approach is extended
to analyze the skewed grid periodic structure. According to the
ratio of the skewed shift over the FDTD cell size, the general
skewed structure in Fig. 1(b) is divided into two groups: the
coincident skewed shift and the non-coincident skewed shift.

Fig. 2 shows the FDTD grid for the coincident skewed shift
periodic structure. In this specific example the unit cell is dis-
cretized using 5 5 FDTD grid cells ; the unit A is
the one to be simulated, while unit B and unit C are the neigh-
boring periodic units. The structure has periodicity of in the

-direction and in the -direction. is the skewed shift
which can be calculated as , where is the
skew angle. Since the skewed shift is between 0 and , the
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Fig. 2. FDTD grid for skewed periodic structure with skewed shift is coincident
with the FDTD grid.

skewed angle is between 90 and tan . For the pe-
riodic structures with a square boundary , the skew
angle is between 90 and 45 . For a periodic structure with a
rectangular boundary, it is possible to get a small skewed angle.
It can be noticed from Fig. 2 that in this case is multiple
integer of the discretization step in the -direction . This
configuration makes the shift coincident with the FDTD grid
and this simplifies the calculation of the boundary electric fields.

The magnetic field components are updated using the con-
ventional FDTD updating equations. As for the electric field,
non-boundary components will be updated using the conven-
tional FDTD updating equations. The components at the bound-
aries will be updated using PBC equations based on the new ap-
proach. In this example, the skewed shift is in the -direction.
A similar procedure can be used if the skewed shift is in the

-direction.
The updating equations for boundary electric field compo-

nents are organized as follows.
1- Updating at and ;
2- Updating at and ;
3- Updating at , and without

the corners;
4- Updating at the corners.

(1) To update the at the boundary , magnetic field com-
ponents outside unit A are needed. However, due to period-
icity and taking into account the skewed shift, one can use mag-
netic field components inside unit A to update these electric
fields.
For

(5)

while for

(6)

where and are the total number of cells in and -direc-
tions, respectively. The two exponential terms are used to com-
pensate the phase variations due to the oblique incidence. Using
(5) and (6) we can write the updating equation for the com-
ponents at the boundary as

(7)

where for a general lossy non-dispersive medium the updating
coefficients in (7) are as follows [13]:

(8-a)

(8-b)

(8-c)

The updating equation for components at the boundary
can be written as

For

(9)

while for

(10)

(2) As for updating components on the boundaries ,
and , the constant horizontal wavenumber method is
used with no further modification. The updating equation for

at the boundary can be written as

(11)

where for a general lossy non-dispersive medium the updating
coefficients in (11) are as follows [13]:

(12-a)

(12-b)

(12-c)
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As for the at the boundary it can be stated that

(13)

(3) Updating components at the boundaries and
will be handled in a similar manner as components,

which requires taking into consideration the skewed shift. The
updating equation for components at the boundaries
can be written as for and (avoiding the corners)

(14)

For

(15)

while for

(16)

where for a general lossy non-dispersive medium the updating
coefficients in (14) are as follows [13]

(17-a)

(17-b)

(17-c)

The updating equation for components at the boundaries
can be written as for and (avoiding the

corners):
For

(18)

while for

(19)

As for components at the boundaries and , the
updating equation can be written as for and
(avoiding the corners)

(20)

(21)

(4) The components at the corners are updated as follows:
At and

(22)

At and

(23)

At and

(24)

At and

(25)

C. The Non-Coincident Skewed Shift

In this section, the shift is considered to be a general shift, not
a multiple integer of the discretization step in the -direction

as shown in Fig. 3. In this case, two possible solutions
can be used. The first solution is to decrease so that the
shift becomes coincident with the new discretization and use the
above formulation, but it will increase the computational time.
In addition, one has to choose the appropriate with every
different skew angle. The second method that will be described
in this section is to use an interpolation between adjacent field
components to calculate the required field component.

As shown in Fig. 3 the shift is not a multiple integer of the
discretization step in the -direction . So the skewed shift
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Fig. 3. FDTD grid for skewed periodic structure with skewed shift is non-co-
incident with the FDTD grid.

is considered non-coincident with the FDTD grid. As a result, to
update the component in cell 1 (shown in the left top corner
in Fig. 3) an interpolation between in cell 2 and in cell 3
is needed to get the corresponding for this component.
The interpolation is linear interpolation based on the two dis-
tances and ( is the distance between magnetic field in
cell 2 and position of the corresponding magnetic field and
is the distance between magnetic field in cell 3 and position of
the corresponding magnetic field). It should be noticed that the
two components in cell 2 and cell 3 are outside the unit A.
However as described in the previous section, due to periodicity
and taking into account the skewed shift, one can use magnetic
field components inside our unit of interest to derive the
components of cell 2 and cell 3. Now the component corre-
sponding to the in cell 1 can be written as

(26)

where is the ceiling function, and are two weighting
factors calculated based on distance and as:

.
Using (26) and (7) the can be updated. Similarly

all other components on the boundary can be updated.
As for the components on the boundary , let

us consider the updating equation for the first component

(27)

Similarly, all other components at the boundary can
be updated. To update components at the boundaries

and without any further modification (11) and (13) are
used. As for the (20) and (21) are used to update the com-
ponents at boundaries and . The components at
boundaries and are updated in the same manner
as in (14). Note that, the is calculated from interpo-
lation similar to the in (26). The components at
the corners are updated as follows. At and

(28)

where

(29)

For and (23) and (25) can be
used. At and

(30)

III. NUMERICAL RESULTS

In this section, numerical results generated using the new
algorithms are presented. The FDTD code was developed in
MATLAB programming language and run on a computer with
an Intel Core 2, 2.66 GHz processor. These results demonstrate
the validity of the new algorithm for determining reflection and
transmission properties of periodic structures with arbitrary
skewed grid. The first example is an infinite dielectric slab
excited by TM and TE plane waves. The second example is
a dipole FSS, and the third example is a JC FSS. The results
are compared with results obtained from analytic solution,
axial FDTD method and Ansoft Designer, which is based on
MoM. The numerical results are shown in two different rep-
resentations. The first representation plots results of reflection
coefficient magnitude versus frequency with certain values for
horizontal wavenumber. The second representation plots the
results of the reflection coefficient magnitude versus frequency
with certain angle of incidence, which requires multiple runs
of the code to generate such results. Also, the algorithm is
capable of generating the phase of the reflection coefficient,
the transmission coefficient magnitude and phase, and the
cross-polarization reflection and transmission coefficients.
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Fig. 4. (a) Geometry of the simulated dielectric slab, (b) reflection coefficient
for infinite dielectric slab TM and TE case.

A. An Infinite Dielectric Slab

Due to the homogeneity of an infinite dielectric slab it can
be considered as a periodic structure with any skew angle. The
algorithm is first used to analyze an infinite dielectric slab with
thickness mm and relative permittivity .
The slab is illuminated by TM and TE plane waves respec-
tively. The skew angle of the slab is set to 60 . The slab is ex-

Fig. 5. Dipole FSS geometry with skew angle � � ����� (all dimensions are
in mm).

cited using cosine modulated Gaussian pulse centered at 15 GHz
and with 20 GHz bandwidth.

The plane wave is incident normally ( m ) and
obliquely ( m ). The FDTD grid cell size is

mm, and the slab is represented by 5 5
cells. In the FDTD code 2500 time steps and a Courant factor
of 0.9 are used. Convolutional perfect matched layer (CPML) is
used as the absorbing boundaries at the top and the bottom of
the computational domain as implemented in [13]. The results
are compared with analytical results in Fig. 4.

From Fig. 4(b) good agreements between analytical solutions
and results generated by the new algorithm for both TM and
TE cases (normal and oblique incidence) can be noticed. The
stability of the algorithm can be noticed even at the angles of
incidence near grazing.

B. A Dipole FSS

The algorithm is then used to analyze an FSS structure con-
sisting of dipole elements. The dipole length is 12 mm and width
is 3 mm.

The periodicity is 15 mm in both and directions. The sub-
strate has thickness of 6 mm and relative permittivity
as shown in Fig. 5 [10]. The structure is first illuminated by a
normally incident plane wave (with polarization along -axis),
and the skew angle of the structure is set to 90 (axial case) and
63.43 (special case where the shift is half unit cell in -direc-
tion). These two cases are special cases that can be also simu-
lated using the axial periodic boundary conditions.

Fig. 6 provides results for normal incidence. The structure
is excited using cosine modulated Gaussian pulse centered at
8 GHz and with 16 GHz bandwidth. In the FDTD code 2500
time steps and a Courant factor of 0.9 are used. CPML is used as
the absorbing boundaries at the top and the bottom of the com-
putational domain. The FDTD grid cell size is

mm. The results are compared with results obtained
from the axial FDTD code. The computational time per simula-
tion for the skewed code is 4.28 minutes and the memory usage
is 0.2 MB. For the axial code with the time is dou-
bled due to the increase in the computational domain size as
shown in Fig. 5.

Fig. 7 provides results for an oblique incidence ( and
) exciting the dipole FSS structure with skew angle
(general skewed grid which can’t be implemented
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Fig. 6. Reflection coefficient for dipole FSS normal incident TE plane wave
with skew angle of 90 and 63.43 .

Fig. 7. Reflection coefficient for dipole FSS oblique incident TE plane wave
�� � �� � � � �� � with skew angle of 50 .

using the axial FDTD). To generate results for specific angle
of incidence multiple runs of the code are needed. The results
are compared with results obtained from Ansoft Designer [14].
From Fig. 7 the good agreement between the results generated
using Ansoft Designer and results generated using the new al-
gorithm for oblique incidence can be noticed. The new algo-
rithm results in Fig. 7 are generated using 33 different values
(from 0.131 m to 83.834 m ). Simulating the oblique in-
cidence with a fixed angle ( and ) increases
the computational time to almost 120 minutes for 33 frequency
points.

C. A Jerusalem Cross FSS

Next, the algorithm is used to analyze an FSS structure con-
sisting of JC elements. The periodicity is 15.2 mm in both and

directions [15]. The dimensions of the elements are shown in
Fig. 8. The structure is illuminated by a TE plane wave (polar-
ization along -axis).

Fig. 9 provides results for normal incidence. The structure
is excited using cosine modulated Gaussian pulse centered at
7 GHz and with 8 GHz bandwidth. The grid cell size is

mm and mm. In the FDTD code
3000 time steps and a Courant factor of 0.9 are used. CPML

Fig. 8. JC FSS geometry with skew angle� � �� (all dimensions are in mm).

Fig. 9. Reflection coefficient co-polarization and cross polarization for JC FSS
normal incident TE plane wave with skew angle of 80 .

Fig. 10. Reflection coefficient co-polarization and cross polarization for JC
FSS oblique incident TE plane wave �� � �� � � � �	 � with skew angle
� � �� .

is used as the absorbing boundaries at the top and the bottom.
The structure has a skew angle (general skewed grid).
The results were compared with results obtained from Ansoft
Designer. The computational time per simulation for skewed
code is 4.53 minutes and the memory usage is 0.2 MB, while
for Ansoft Designer computational time per simulation is 45
minutes for 30 frequency points and the memory usage is 21 MB
using same computer.

Fig. 10 provides results for oblique incidence ( and
) exciting a JC FSS structure with skew angle
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. To generate results for a specific angle of incidence mul-
tiple runs of the code are needed, which increases the computa-
tional time. Using 30 different values (from 38.5031 m to
141.1781 m ) both co-polarization and cross-polarization re-
flection coefficients were generated. The results were compared
with results obtained from Ansoft Designer.

Good agreement between the results generated using Ansoft
Designer and results generated using the new algorithm for both
normal and oblique incidence can be noticed in Figs. 9 and 10.

IV. CONCLUSION

This paper introduces a new FDTD approach to analyze the
scattering properties of general skewed grid periodic struc-
tures. The approach is developed based on constant horizontal
wavenumber technique. It is simple to implement and efficient
in terms of both computational time and memory usage. In
addition, the stability criterion is angle independent. Therefore,
it is efficient in implementing incidence with angle close to
grazing as well as normal incidence. It is capable of calculating
the co-polarization and cross-polarization reflection coeffi-
cients incase of normal and oblique incidence, for both TE and
TM cases, and for different skewed grid periodic structures.
The numerical results show very good agreement with results
from the analytical solution for dielectric slab, and the MoM
solutions for dipole and JC FSS.
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