
3264 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 59, NO. 12, DECEMBER 2011

FDTD/GSM Analysis of Multilayered Periodic
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Abstract—An efficient algorithm to compute the scattering
properties of a multilayered periodic structure with an arbitrary
skewed grid using a hybrid finite-difference time-domain/gener-
alized scattering matrix technique is described. In this algorithm,
the constant horizontal wavenumber approach for an arbitrary
skewed grid is used to compute the scattering parameters of
each periodic layer. A complete Floquet harmonic analysis of the
periodic structure is presented, where propagation and evanescent
behaviors of Floquet harmonics are studied. In addition, guidelines
for higher order harmonics selection for certain layers separation
is provided. The validity of this algorithm is verified through the
good agreement of the numerical results with those obtained from
time- and frequency-domain simulations for the entire structure.
Furthermore, accurate results for well-known configurations such
as frequency selective surfaces with an arbitrary skewed grid
under different angles of incidence are obtained. This algorithm
yields accurate results with less computational time and memory
usage.

Index Terms—Constant horizontal wavenumber, finite-differ-
ence time domain (FDTD), frequency-selective surface (FSS),
generalized scattering matrix (GSM), harmonics, periodic
boundary condition (PBC).

I. INTRODUCTION

P ERIODIC electromagnetic structures are of great impor-
tance due to their applications in the design of frequency

selective surfaces (FSSs), electromagnetic bandgap (EBG),
corrugated surface, radomes, polarizer, and negative index ma-
terials. Many periodic structures are often built up of several
layers [1]. Two approaches can be employed to analyze multi-
layered structures. One is to formulate and analyze a specific
composite structure in its entirety [2]. This approach has serious
practical limitations because the required amount of computation
resources increases rapidly as the number of layers increases,
and also because a complete new analysis is required every

Manuscript received July 04, 2011; revised September 21, 2011; accepted
September 26, 2011. Date of publication November 02, 2011; date of current
version December 14, 2011. This paper is an expanded paper from the IEEE
International Microwave Symposium, Baltimore, MD, June 5–10, 2011.

K. ElMahgoub was with the Center of Applied Electromagnetic System Re-
search (CAESR), Department of Electrical Engineering, University of Missis-
sippi, University, Mississippi 38677 USA. He is now with Trimble Navigation,
Cambridge, MA 02125 USA (e-mail: kelmahgoub@ieee.org).

F. Yang is with the Center of Applied Electromagnetic System Research
(CAESR), Department of Electrical Engineering, University of Mississippi,
University, Mississippi 38677 USA, and also with the Department of Elec-
tronic Engineering, Tsinghua University, Beijing, 100084, China (e-mail:
fyang@olemiss.edu).

A. Z. Elsherbeni is with the Center of Applied Electromagnetic System Re-
search (CAESR), Department of Electrical Engineering, University of Missis-
sippi, University, Mississippi 38677 USA (e-mail: atef@olemiss.edu).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TMTT.2011.2172621

time a change is made in any layer. The other alternative is to
compute the generalized scattering matrix (GSM) [3]–[6] for
each layer and then obtain the total GSM of the structure by
simple matrix calculations. This approach is more flexible and
applicable to practical problems where several layers may be
cascaded in arbitrary sequence. The cascade technique allows
one to take advantage of different methods in computing the
GSM for each layer of a multilayered structure. To the best of the
authors’ knowledge, in most of the previous work, the method
of moments (MoM) and the finite-element method (FEM) are
used to compute the scattering parameters of each layer. In this
study, the finite-difference time-domain (FDTD) method with a
constant horizontal wavenumber periodic boundary condition
(PBC) [7]–[12] is used to compute the scattering parameters of
each layer. The constant horizontal wavenumber FDTD/PBC for
an arbitrary skewed grid approach, described in [7], offers many
advantages. Among those are the implementation simplicity,
computational efficiency near the grazing incident angles, wide-
band capability, and the same stability condition and dispersion
errors as those of the conventional FDTD.

Usually, the GSM consists of scattering parameters of incident
waves and their space harmonics, known as Floquet harmonics
[13], [14]. In multilayered periodic structures, the Floquet har-
monics are particularly important due to the interactions between
layers. Many parameters affect the behavior of the harmonics,
such as the frequency range of interest, incident angle and po-
larization, periodicity and geometry of each layer, sequence of
different layers, and separations among these layers. A complete
Floquet harmonic analysis is presented in this paper, where prop-
agation and evanescent behaviors of harmonics are studied using
the FDTD method. In addition, guidelines are provided to select
proper higher order harmonics for certain separation size. It is
worthwhiletopointoutthat theFDTDalgorithmusedinthispaper
is efficient for the harmonic analysis since the PBC is handled by
the constant horizontal wavenumber approach.

This paper is organized as follows. In Section II, the hybrid
FDTD/GSM approach is described and a brief description of the
FDTD/PBC for arbitrary skew grid is provided. In Section III,
complete Floquet harmonic analysis of the periodic structure
is presented; propagation and evanescent behaviors of Floquet
harmonics are studied. In addition, guidelines for harmonics se-
lection are provided. Section IV provides numerical examples
to prove the validity of the hybrid FDTD/GSM approach. In
Section V, a conclusion is provided.

II. HYBRID FDTD/GSM METHOD

In this section, the hybrid FDTD/GSM approach is described.
Definition, computation, and conversion of scattering and trans-
mission matrices are provided.

0018-9480/$26.00 © 2011 IEEE
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A. Procedure of the Hybrid FDTD/GSM Method

As described here for multilayered periodic structures, the
GSM technique can take into account propagating and non-
propagating modes and interactions between them (including
cross-polarization effects). It describes the reflection and trans-
mission properties of each layer by a scattering matrix for that
layer, and uses a cascading process to obtain a scattering matrix
for the overall structure. The modes are the spatial harmonics,
usually called Floquet harmonics, of a plane-wave incident on
a structure with specified periodicity. Each element in the scat-
tering matrix is either a reflection or a transmission coefficient,
which gives the linear relationship between a scattered harmonic
and one of the incident harmonics that excites it. In principle,
any desired level of solution accuracy can be obtained by using a
sufficiently large matrix for each layer. In practice, the objective
is to choose the matrix size large enough for good accuracy, but
small enough to keep the expenditure of computing resources
within acceptable limits.

The proposed algorithm can be summarized as follows.
Step 1) Using the constant horizontal wavenumber

FDTD/PBC for periodic structure with arbitrary
skewed grid, the scattering parameters of the first
layer are calculated and the scattering matrix is
constructed.

Step 2) The scattering matrix of the first layer is transformed
to a transmission matrix.

Step 3) Step 1) and Step 2) are repeated for all other layers.
Step 4) The total transmission matrix is calculated using ma-

trix multiplication for all the transmission matrices.
The total transmission matrix is then transformed to
a scattering matrix, and all the scattering parameters
are extracted from it.

For the multilayered medium shown in Fig. 1, the total com-
posite transmission matrix is given by

(1)

where the transmission and scattering matrices are defined as

(2)
The transformation between and matrices is given by

(3a)

(3b)

When cross-polarized components or higher order harmonics
are considered, and of (3) become sub-matrices and the
variables and become vectors.

B. Calculating Scattering Parameters Using FDTD/PBC
Constant Horizontal Wavenumber Method

In this section, the scattering parameters of a single-layer
periodic structure are calculated using the constant horizontal

Fig. 1. Multilayered periodic medium and its equivalent transmission matrices.

Fig. 2. Geometry of single-layer periodic structure.

wavenumber FDTD/PBC technique [7]. Considering a case of
a single-layer periodic structure, the layer has periodicity in
both the - and -direction and arbitrary skew angle, the layer
is illuminated by plane wave with general oblique incidence,
as shown in Fig. 2. Using the constant horizontal wavenumber
FDTD/PBC technique, only one unit cell is simulated to get the
scattering parameter of the entire layer. More details about the
FDTD/PBC technique for arbitrary skewed grid periodic struc-
tures can be found in [7].

To calculate the -parameters, we will start with a simple
case where only the co- and cross-polarization components of
the dominant mode exist (without any higher order Floquet har-
monics). , , , and are related to the co-polarized electric
field components of the dominant mode, while , , , and

are related to the cross-polarized electric field components of
the dominant mode. Four different field components exist so the
scattering matrix will be of the size 4 4. The -parameters are
calculated as

(4a)
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(4b)

As for the rest of the -parameters, the excitation plane is placed
below the layer

(4c)

(4d)

where are the complex amplitudes of frequency-do-
main electric fields [15]–[17], which can be obtained from the
time-domain electric field by using discrete Fourier transform
(DFT). Similarly, the -parameter for other layers can be cal-
culated and transformed to a -parameter, as shown in (3). Sym-
metry can be used to reduce the calculation of -parameters.

III. FDTD/PBC FLOQUET HARMONIC ANALYSIS

OF PERIODIC STRUCTURES

In this section, a procedure is developed to extract all the
harmonics from the FDTD/PBC simulation and study their fre-
quency behavior. In addition, another procedure is developed
based on the geometric properties of the multilayered periodic
structure and based on the frequency-domain harmonic behavior
to determine the proper gap size after which the higher har-
monics effects can be neglected. This procedure is also used as
a guideline to select the proper harmonics to be considered in
the analysis for a certain gap size.

A. Evanescent and Propagating Harmonics in
Periodic Structures

The presence of periodicity in the scatterer can lead to the
appearance of far-field transmission and reflection at additional
angles, often referred to as Floquet harmonics [18]. In this paper,
the periodicity is in the - and -directions, and the generated
harmonics will have the following wavenumbers (for general
skewed grid periodic structure):

(5)

where and are the harmonic indices in the - and -di-
rection, respectively, and are the periodicity in the -
and -direction, respectively, and is the skew angle of the
structure, as shown in Fig. 2. In this analysis, the harmonics are
named using the following convention:

(6)

These harmonics have cutoff frequencies, after which the har-
monics start to propagate and it is no longer an evanescent har-
monic; at the cutoff frequency occurs.
The electric field of any mode can, in general, be written as (as-
sume the -component)

(7)

The magnitude of the harmonics in (7) will be of a cer-
tain value depending on the angle of incidence and the geom-
etry of the periodic structure. To calculate the actual magnitude
of different harmonics, the expression for the magnitude of the
harmonic related to the total field can be stated as follows:

(8)

where are given by (5), is the total fre-
quency-domain field, and and are the position of this electric
field. Equation (8) can be rewritten in the discrete form as

(9)

where and are the total number of cells in the - and -di-
rection, respectively, and are the cell size in the - and

-direction, respectively. The electric field is
calculated using the DFT to transform the time-domain electric
field at each cell into the frequency domain. This process
requires saving all the time-domain components of electric
fields at each cell. For instance, if the simulation is done using
30 30 cells and 2500 time steps, for every time step at least
two matrices of the size 30 30 have to be stored.
These matrices are then transformed to frequency domain
and the magnitude of different harmonics can be calculated
using (9), which requires huge memory usage. However, if the
constant horizontal wavenumber approach is used, then
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and are constant and (9) can be directly transformed to
time domain as

(10)

Using (10), the time-domain magnitude of each harmonic can
be easily calculated in the FDTD/PBC simulation. The time-do-
main data is then transformed to the frequency-domain using
the DFT from within the FDTD time iteration loop. Thus, ad-
ditional memory requirements for storing time-domain data are
eliminated [19].

B. FDTD Harmonic Analysis Procedure

Step 1) Use a constant horizontal wavenumber approach to
calculate .

Step 2) Use (10) to calculate the time-domain magnitude of
different harmonics in the FDTD/PBC simulation.

Step 3) Repeat Step) 1 and Step 2) until all time steps in the
FDTD simulation are completed.

Step 4) Use the DFT to calculate the frequency-domain mag-
nitude of different harmonics.

The above procedure can be used with any periodic structure to
completely study the effect of different harmonics on the cas-
cading configuration.

C. Guideline for Harmonic Selection

In this section, a procedure for determining the proper gap
size (for neglecting the higher harmonics effects) is described.
The procedure can also be used to determine which harmonics
to be considered for a specific gap size.

1) Specify the periodicity, order, and geometry of each layer:
The periodicity and geometry of the layer is important to
determine the cutoff frequencies and magnitudes of dif-
ferent harmonics. As for the layers order, it will determine
if the reflected or transmitted harmonics are to be consid-
ered.

2) Specify the frequency range of interest. The frequency
range of interest is important to determine whether the
harmonics are propagating or evanescent in this frequency
range.

3) Specify the incident wave parameters ( and ). Use
and to determine the cutoff frequencies of different har-
monics. Any propagating harmonics in the frequency range
of interest should be considered whatever the gap size is.

4) Use the harmonic analysis procedure to determine the mag-
nitudes of evanescent harmonics: calculate and use
it together with the harmonic magnitude to study the de-
caying behavior of the evanescent harmonic with distance.

5) The gap size for neglecting the harmonic effect is calcu-
lated as the distance after which all evanescent harmonics
magnitudes reaches 20 dB compared to excitation elec-
tric field magnitude. The 20-dB threshold was concluded
from different test cases for error less than 2%. Any other
accuracy can be achieved by changing the threshold value.

Fig. 3. Geometry of a two-layer dipole FSS with� � �� and� � ������

(all dimensions are in millimeters).

If the gap size is less than that determined by the algorithm,
all the evanescent harmonics that have magnitudes larger than
the threshold ( 20 dB from excitation magnitude) should be
included in the cascading process for accurate results.

IV. NUMERICAL RESULTS

In this section, numerical examples are provided to prove the
validity of the proposed algorithm. In all the test cases, the re-
sults of the cascaded technique are compared with the FDTD
simulation of the entire structure. The FDTD code was devel-
oped in MATLAB1 and run on a computer with an Intel Core 2
CPU 6700, 2.66 GHz, with 2-GB RAM.

A. Test Case 1 (Normal Incidence, and
)

In this test case, the multilayer geometry consists of two FSS
structure of dipole elements. The dipole length is 12 mm and
the width is 3 mm. The periodicity is 15 mm in both the -
and -direction [20]. The substrate has a thickness of 6 mm
and a relative permittivity , layer 1 has a skew angle
of 90 , and layer 2 has a skew angle of 63.435 , as shown in
Fig. 3. The structure is illuminated by a normally incident
plane wave (with polarization along the -axis). The frequency
range of interest is 0–16 GHz. The FDTD grid cell size is

mm. A convolutional perfectly matched layer
(CPML) is used as the absorbing boundaries at the top and the
bottom of the computational domain. The goal is to determine
the distance after which all the higher harmonics magnitudes
reach 20 dB from the magnitude of the incident electric field.

Using the guidelines for harmonic selection, the magnitude
coefficient of the eight harmonics can be calculated, and the
behavior of these harmonics versus frequency can plotted as

1MATLAB is distributed by Mathworks Inc., Natick, MA. [Online]. Available:
www.mathworks.com
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Fig. 4. First eight transmitted harmonics for layer 1 at 16 GHz. (a) Magnitude
compared to incident. (b) Decaying with distance.

shown in Figs. 4 and 5. In addition, the entire structure was sim-
ulated using the High Frequency Structure Simulator (HFSS)
version 11, which is based on frequency-domain finite-element
method.2 In the HFSS simulation the solution frequency was set
to 16 GHz and the maximum number of passes was set to 16 and
the maximum delta was set to 0.001, master–slave boundaries
and Floquet ports were used.

It could be noticed from Figs. 4 and 5 that a distance
mm between the two layers for this range of frequen-

cies is considered enough to neglect all the higher harmonics
effects (the magnitude of all higher harmonics are less than

20 dB compared to the incident field magnitude). To validate
the cascading technique and the gap determination procedure,
the structure will be analyzed with two gaps of 7 and 3 mm. It
can be noticed from Fig. 6 that when the gap size is less
than 6.5 mm, the cascading technique using only the dominant
mode is not accurate, especially at high frequencies, which
validate the gap determination procedure. The relative error is
calculated as follows:

error (11)

2Ansoft HFSS software is distributed by the Ansoft Corporation, Canonsburg,
PA. [Online]. Available: www.ansoft.com/products/hf/hfss/

Fig. 5. First eight reflected harmonics for layer 2 at 16 GHz. (a) Magnitude
compared to incident. (b) Decaying with distance.

The maximum relative error in the case of the 3-mm gap is about
13% due to neglecting the higher harmonics effects. However,
for the case of a gap size of 7 mm, the relative error is about
1.4%. The computational time using the cascaded technique is
less than the computational time for the entire structure, espe-
cially with large gaps (which requires a large number of time
steps to generate stable results). The computation time for the
cascaded case for mm is 8 min (for calculating -parame-
ters of FSS layers and the air gap and calculating the total GSM),
while for entire simulation for the same case is 40 min, which
illustrates the efficiency of the hybrid FDTD/GSM technique. It
has to be noticed that the two layers were chosen to have a spe-
cial value of skew angles (90 axial case, and 63.435 half unit
cell shift) to simplify the analysis.

In addition, the domain size for the cascaded case is equal to
43 200 cells 30 30 48 , while for the entire structure the do-
main size is 147 600 cells 30 60 82 , which illustrates the ef-
ficiency of the hybrid FDTD/GSM algorithm with respect to the
memory usage. Moreover, the scattering parameters generated
for each layer can be saved and reused in any other cascading
structure that uses the same layer with same angle of incidence
and frequency range (so the same -parameters for the layers
were used with the two gap sizes and only the -parameters of
air gap where changed, while for the entire structure, the whole
simulation have to be repeated for each case). In addition, if the
layers have a general skew angle, a very large domain will be
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Fig. 6. Reflection coefficient of test case 1. (a) � � � mm. (b) � � � mm.

TABLE I
COMPARISON SUMMARY FOR THE THREE TECHNIQUES FOR

� � � mm FOR TEST CASE 1

needed to find the common period for both layers in the case of
entire simulation.

Moreover, good agreement between the results generated by
the proposed algorithm and HFSS results can be noticed. How-
ever, the proposed algorithm uses much less computational re-
sources compared to both the entire structure analysis using
FDTD and HFSS. Table I summarizes the computational re-
sources needed and other features when using these three tech-
niques.

As can be noticed from Table I, the proposed algorithm out-
performs both of the entire domain simulations based on FDTD
or HFSS. The computational time of the proposed algorithm is
still much smaller compared to HFSS even if the cascading tech-
nique is used with HFSS. This is due to the fact that HFSS re-
peats the simulation for each frequency point while the proposed
algorithm inherits the wideband capability of the FDTD.

Fig. 7. Comparisons of the reflection coefficients of test case 1 with � � �mm
using different approaches.

TABLE II
COMPUTATIONAL TIME FOR � � � AND � mm FOR TEST CASE 1

To analyze the same structure accurately with a gap size less
than 6.5 mm, the cascading technique should include all the har-
monics that have magnitudes greater than 20 dB compared to
the incidence. For example, let us consider the case of gap size

mm . From Figs. 4 and 5, it could be noticed that for a
gap size of 3 mm only two harmonics need to be added in the
analysis to get accurate results ( and ) of layer 1 since
these two harmonics have magnitudes higher that 20 dB com-
pared to the incident field at 3 mm. The -parameters of these
harmonics can be calculated using (4a) and (4b). Thus, for ex-
ample, to calculate of layer 2, the layer should be excited
with the first harmonic of layer 1 . Similarly all other

-parameters of the two layers can be calculated. Fig. 7 com-
pares the results of the cascading technique while using only the
dominant mode, and then while using the dominant mode and
the first two harmonics and of layer 1. It could
be noticed that including these two harmonics in the cascaded
analysis enhances the accuracy of the results. The maximum rel-
ative error in the case of the cascaded technique with the domi-
nant mode and the two harmonics is 0.9%.

It should be noticed that if a larger number of harmonics are
considered in the solution, the computational expenditures used
with the proposed method will increase. Table II shows the com-
putational time required for the case of mm (dominant
mode only) and mm (dominant mode plus two higher
order harmonics) using the proposed algorithm.

B. Test Case 2 (Oblique Incidence, and
)

The algorithm is used to analyze the same structure shown is
Fig. 3. The structure is illuminated by obliquely incident plane
wave ( m and m ), and the frequency range
of interest is 5–15 GHz. The structure is to be simulated using
the cascading technique; the same procedure used in test case 1
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Fig. 8. Reflection coefficients of test case 2. (a) � � �� mm. (b) � � � mm.

was used, and it is found that a gap of mm between the
two layers for this range of frequencies is considered enough
to neglect all the higher harmonics effects (the magnitude of all
higher harmonics are less than 20 dB compared to the inci-
dent field magnitude). To validate the cascading technique and
the gap determination procedure, the structure will be analyzed
with two gaps 10 and 4 mm. From Fig. 8(a), the maximum rela-
tive error for the case of mm is 1.2%. It can be noticed
from Fig. 8(b) that when the gap size is less than 10 mm, the
cascading technique using only the dominant mode is not accu-
rate, especially at high frequencies, which validate the gap deter-
mination procedure. In addition, it was found that at a frequency
of 15 GHz and for mm , only one harmonic needs to be
added in the analysis to get accurate results from the cascading
technique of layer 1. Fig. 8(b) shows the results of the
co-polarized reflection coefficient using a cascading technique
with a dominant mode only, and with a dominant mode plus the
harmonic of layer 1. The results are compared with the
FDTD simulation of the entire structure.

It can be noticed from the figure that when the effect of
the harmonic is taken into consideration, accurate
results are obtained. The maximum relative error in the case
of the cascading technique with only the dominant mode is
calculated using (11) is 26.5%, while in the case when the
harmonic is included, a maximum relative error of
0.5% is obtained.

V. CONCLUSION

In this paper, an efficient hybrid FDTD/GSM technique
has been described. In this technique, a constant horizontal
wavenumber FDTD/PBC approach for an arbitrary skewed grid
has been used to compute the scattering parameters of each
layer, after which the scattering matrix of the entire structure
has been calculated using the cascading technique. In addition,
two procedures were described: one is to study the behavior
of different harmonics (evanescent and propagating) using a
constant horizontal wavenumber FDTD/PBC approach, which
dramatically reduces the memory usage; the other procedure
is used to determine the proper gap size for neglecting the
higher harmonics effects and it can also be used to select proper
harmonics for a specific gap size. The validity of the algorithm
was verified through several numerical examples including
FSSs with skew angles and under different incident angles.
The numerical results of the developed approach show good
agreement with the results obtained from the direct FDTD
simulation of the entire structure and HFSS, while the proposed
algorithm saves computational time and memory usage.
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