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Finite Difference Time Domain Formulations for 2D
Scattering Problems With Oblique Incident Plane Waves

Adem G. Aydin, Atef Z. Elsherbeni, and Bassem H. Henin

Abstract—The electromagnetic scattering from two dimensional objects
under oblique incident plane wave using the finite difference time domain
technique is hardly realized. In a recent attempt, the constant-kz formu-
lation is reported where the numerical results can only be provided, after
one simulation, for a limited number of frequencies each associated with
a specific oblique incident angle. The approach proposed here provides a
broader frequency range results for any selected angle of incidence using
one simulation on a 2D finite difference grid. Formulations and sample sim-
ulation results are presented.

Index Terms—Finite-difference time-domain method (FDTD), oblique
incidence, scattering.

I. INTRODUCTION

The finite-difference time-domain method (FDTD) is widely used
in the field of computational electromagnetic [1], [2]. Scattering of
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obliquely incident electromagnetic waves from various objects is con-
sidered one of the most common problems in practice. A 2D FDTD for-
mulation derived for oblique incidence can provide solutions for prac-
tical problems in time domain. Numerous special case solutions have
been studied to provide FDTD solution to the problems with oblique
incidence. Split-field FDTD method for oblique incidence in the case
of periodic dispersive metallic structures is studied in [3], periodic dis-
persive structures at oblique incidence by split-field FDTD method is
analyzed in [4], Liang et al. provided amodified FDTD implementation
for EM scattering by stratified medium for oblique incidence by TM
wave [5]. Yi et al. has studied the same problem, but provided solution
only for 2D problems where no variation, magnitude or phase, was as-
sumed in one direction [6]. The constant-kz formulation, as provided in
[7], handles the oblique incidence case by replacing space derivatives
in z-direction with a constant coefficient which gives optimum result
only at a single frequency associated with an incident angle. On the
other hand, the formulation provided here replaces the space deriva-
tives in the z-direction with time derivative expression; hence it can
provide simulation results optimum for a wider frequency range on a
2D FDTD grid. The proposed formulation is general purpose and has
no limitations in terms of type or shape of the scattering objects and
the frequency contents of the incident waveform. Thus the formulation
provided here can be adapted for objects made of dielectric, conductor,
or metamaterial, and their combinations.

II. FORMULATIONS

A. Frequency-Dependent Constant- Formulation (FDCK)

A general expression for an incident plane wave can be written as
given in [8] as

(1)

and the phase expression for the scattered field components as

If we assume no variation in the z-direction for and , we can
infer that

(2)

In the constant-kz formulation, the z derivatives in scattered field
equations given in [8] can be treated as in (2) leading to the following
corresponding equations

(3)

(4)

(5)

(6)

where the complex term is considered a constant. This forces
the allocation of the field components to be in complex variables during
the simulation.
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B. Frequency-Independent Time-Derivative Formulation (FITD)

In the FITD formulation, one can rewrite (2) but with being re-
placed by , such that

(7)

The derivative with respect to z in (7) is to be converted to a time
domain expression by taking the inverse Fourier transform and utilizing
the duality property of the Fourier transform [9], that is

(8)

by utilizing the definition of inverse Fourier transform and (8), one can
conclude that

(9)

where is the field expression in time-domain. Therefore, the in-
verse Fourier transform of the frequency domain field expression given
in (7) resulted from derivative with respect to z can be replaced as fol-
lows in time domain

(10)

Thus, the spatial derivatives with respect to z in [8] can be replaced
using (10) to yield the following corresponding equations

(11)

(12)

(13)

(14)

One should notice that there is no complex quantities in the above
expressions and all field quantities are evaluated as real variables in
the time domain. The discretization of the above equations follow the
procedure presented in [8]. This leads to a significant memory saving
relative to the memory required for the constant kz formulation.

III. PERFORMANCE ANALYSIS

A. Problem Description

Consider an infinite circular dielectric cylinder whose radius equals
to 10 cm, its relative dielectric constant is equal to 4, and its axis coin-
cides with the z-axis. The cylinder is excited by an obliquely incident
plane wave. The incident plane wave has a Gaussian waveform with an
incidence elevation and azimuth angle and , respectively. The
scattered field components from the cylinder will be determined in the
near field using different methods for comparison.

Fig. 1. A plane wave obliquely incident on a dielectric cylinder.

Fig. 2. Normalized scattered electric field: V/m, V/m,
and .

Fig. 3. Normalized scattered magnetic field: V/m, V/m,
and .

B. Simulation Results

Based on the FITD simulation, Figs. 2 and 3 show the normalized
scattered electric and magnetic field components, respectively, for
normal incidence case whereas Figs. 5 and 6 show the corresponding
results for an oblique incidence case. The fields are sampled in the
time domain along the x-axis and are converted to frequency domain
at 1 GHz after normalization by the factor of square sum of incident
field components.

C. Analytical Solution

The analytical solution of the scattering of an oblique-incident plane
wave from a circular dielectric cylinder is studied by Wait in [10].
To verify the accuracy of both numerical methods, analytical solution
of the problem geometry is implemented to generate comparable field
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Fig. 4. Normalized scattered electric field: V/m, V/m,
and .

Fig. 5. Normalized scattered magnetic field: V/m, V/m,
and .

Fig. 6. Magnitude of the scattered electric field: V/m, V/m,
and .

values. Cylindrical wave solutions of scattered electrical field are given
as

(15)

(16)

(17)

D. Verification

Figs. 6–7 show results obtained from FDCK and FITD formulations
along with analytical solution result for a similar dielectric cylinder but
with radius equals to 1 cm. The electric field is sampled at x equals 5 cm
and y equals 0. To be able to obtain and compare simulation results for
both formulations in frequency domain; simulations with FDCK for-
mulation are performed for multiple times to generate results at mul-

Fig. 7. Error in magnitude of the scattered electric field: V/m,
V/m, and .

tiple frequencies whereas FITD required only one simulation run to
provide the results for a fixed incidence angle over a broad frequency
range. Results from both FDTD formulations are compared to the result
of the analytical solution. Fig. 7 shows the magnitude of the sampled
scattered field as calculated by Analytical solution, FITD and FDCK,
whereas Fig. 8 shows the error for the numerical solutions according
to the following formula

(18)

IV. CONCLUSION

The proposed FDTD formulation for oblique incident scattering
from two dimensional objects provides simulation results over a broad
frequency band for a fixed incidence angle. This formulation over-
comes the limitation of the recently developed constant-kz formulation
which provides results for a single combination of incident angle and
frequency. The constant-kz formulation uses complex variables to
represent the field components whereas the proposed formulation
uses real variables. Sample simulation results are presented to verify
the validity of the proposed formulation and to show its numerical
efficiency.
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