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Abstract—Many transmitarray antennas are designed with
multilayer frequency-selective surface (M-FSS) type elements.
The goal of this paper is to reveal the transmission phase limit of
M-FSS for transmitarray antenna designs. An analytical study of
the transmission coefficient of multiple conductor layers separated
by dielectric materials has been carried out, and the maximum
transmission phase range has been determined according to the
number of layers, substrate permittivity, and separation between
conductor layers. It is revealed that the 1-dB transmission
phase limits are 54 , 170 , 308 , and full 360 for single-, double-,
triple-, and quad-layer FSS consisting of identical layers, respec-
tively. Furthermore, it is shown that if 3-dB criteria is used,
a triple-layer FSS is sufficient to achieve the full 360 phase
range. The effectiveness of the analytical study has been validated
through numerical simulations of several representative FSS
examples.

Index Terms—Frequency selective surfaces (FSS), multilayer,
transmission phase range, transmitarray antenna.

I. INTRODUCTION

T HE vast diversities of antennas can be classified into
low gain antennas ( 10 dBi), middle gain antennas

(10 dBi–20 dBi), and high gain antennas ( 20 dBi). Trans-
mitarray antennas belong to the high-gain antenna group.
Traditionally, a high gain can be realized using two approaches:
one is based on the optic theory that manipulates the geomet-
rical curvature of antenna surface to focus the radiation beam;
the other is based on antenna array theory that controls the
interference of elements radiation appropriately. Represen-
tations for the first approach are the parabolic reflectors and
Luneburg lens, and examples of the second approach include
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Fig. 1. Geometry of a M-FSS type transmitarray antenna.

waveguide-slot arrays and printed microstrip antenna arrays. As
an emerging concept, the transmitarray antenna combines the
favorable features of the optic theory and the array technique,
leading to a low profile conformal design with high radiation
efficiency and flexible radiation performance.
A transmitarray antenna consists of an illuminating feed

source and a flat transmitting surface composed of one or
multiple layers, as shown in Fig. 1. The feed source is usu-
ally located on an equivalent focal point. On the transmitting
surface, there is an array of printed antenna elements. The
transmission coefficients of these elements are individually
designed to convert the spherical phase front from the feed to
a planar phase front. As a result, a focused radiation beam can
be achieved with a high gain.
There are three different techniques for transmitarray designs:

multilayer frequency selective surfaces (M-FSS) [1]–[4], re-
ceiver-transmitter design [5]–[9], and metamaterial-transforma-
tion approach [10], [11]. The frequency-selective surfaces ap-
proach is popularly used to control the transmission magnitude
and phase of each element in the array individually by varying
the element’s dimensions [1]–[4]. However, a full 360 phase
range compensation cannot be achieved by only one layer of the
printed antenna elements array [1], [2]. Thus, multilayer design
in which the layers are separated by either air gap or dielectric
material is required to increase the transmission phase range of
the antenna element. In [3], seven conductor layers of dipole ele-
ment transmitarray antenna are designed to achieve the required
transmission phase range of 360 . A four identical layers trans-
mitarray antenna is designed in [4], which aims to increase the
transmitarray bandwidth, and achieves full transmission phase
range of 360 using double square loop element as a unit cell. In
the second approach, a transmitarray antenna is typically con-
sisting of two planar arrays of printed antennas. One of the ar-
rays is illuminated by the antenna feed source, and it acts as
a receiver. A coupling structure or transmission lines between
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Fig. 2. Single layer with a conducting element.

both arrays are designed to achieve a specific phase and magni-
tude distribution over the second array, which acts as a trans-
mitter radiating into free space [5]–[9]. Planar lens antennas
with stripline delay lines are described in [5], [6]. In [7], the
design and characterization of planar transmitarrays at 10 GHz
with 1-bit and 2-bit phase quantization is presented. Circular po-
larized transmitarray are demonstrated in [8] and [9]. The third
approach to control the element phase of the antenna array is to
vary the effective substrate permittivity and permeability using
metamaterial configuration [10], [11]. Reconfigurable and ac-
tive transmitarrays for the purpose of antenna beamforming and
gain improvement are discussed in [12]–[14].
This paper investigates the transmission behaviors of M-FSS

for transmitarray designs. In contrast to previous publications
that studied specific FSS geometries, the goal of this paper is to
reveal the transmission phase limit of M-FSS structures, which
will be general for arbitrary FSS geometries. It is derived that
the phase limit of M-FSS is determined by the number of layers,
the substrate material, and the separation between layers, and re-
gardless of the element shape. The validity of the derived phase
limits has been verified through numerical simulations of sev-
eral representative FSS examples.
The paper is organized as follows. Section II derives the

S-matrix of a single FSS layer and reveals its transmission phase
limit. Sections III and IV study the transmission coefficients
of double-layer configuration and multi-layer configurations,
respectively, as a function of the spacing between layers and the
substrate permittivity. The conclusion is presented in Section V.

II. SINGLE-LAYER FSS ANALYSIS

A. Theoretical Analysis of Single Layer FSS

A single layer with a conducting element can be considered as
a two-port system [1], [2], as shown in Fig. 2. It is assumed to
be illuminated on both sides. The incident and reflected plane
waves are and , respectively, at the left side terminal
plane. Similarly, and are the incident and reflected plane
waves, respectively, at the right-side terminal plane.
According to the linear two-port networks theory [15], these

four complex quantities are related to each other as

where is the scattering matrix of the two-port system. Sev-
eral assumptions and approximations are adopted to derive the
useful features of the matrix of the FSS layer.
• Assumption a): the FSS layer is symmetrical and recip-
rocal. Then, the following relations are satisfied [15]:

and (1)

Fig. 3. Transmission coefficient of a single layer configuration.

• Assumption b): the FSS layer is lossless. Then, we have
[15],

(2)

(3)

By substituting (1) in (3), we get

(4)

Equation (4) shows an interesting observation: the phase differ-
ence between the reflected and transmitted waves of any con-
ductor layer is regardless of the FSS shape and transmis-
sion magnitude.
• Approximation c): the higher order harmonics of the FSS
layer are relatively small and can be neglected. Then, based
on the Fresnel reflection and transmission coefficients [16],
we get

(5)

By substituting (4) in (5), we get

(6)

Equation (6) can be decomposed into two equations repre-
senting the real and imaginary parts; thus,

(7)

and

(8)

It is worthwhile to explain and emphasis in (7), which reveals
the relation between the transmissionmagnitude and phase. This
relation is general and independent on the element shape. It can
be demonstrated in a polar diagram as shown in Fig. 3, such that
the magnitude represents and the angle represents .
The transmission coefficient represents a circle on the

polar diagram. The maximum transmission coefficient
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TABLE I
TRANSMISSION PHASE MAGNITUDE RELATIONSHIP

OF A SINGLE CONDUCTOR LAYER

Fig. 4. Unit cells of (a) a cross dipole, (b) a square loop, and (c) a cross slot.

( dB) is achieved only at multiples of
. Practically, we may accept reduction

in the transmission coefficient to a certain limit. Through this
paper, we determine the transmission phase ranges for trans-
mission magnitude limits of 1 dB and 3 dB. Fig. 3 shows
the magnitudes of 1 dB and 3 dB by the dashed green
and red circles, respectively. Table I presents the transmission
coefficient phase at certain transmission coefficient magnitude.
Accordingly, the maximum phase range that can be achieved
in a single layer is 54 for 1-dB transmission coefficient and
90 for 3-dB transmission coefficient regardless of the shape
of the conducting element.
Equation (8) presents the reflection magnitude as a function

of the transmission phase. The positive sign in valid when
is positive, and vice versa. From (1), (4), (7), and

(8), the S-parameters of a single layer FSS can be represented
as a function of its transmission phase [1]:

(9)

(10)

B. Numerical Demonstration of Single Layer FSS

To demonstrate the validity of the assumptions (a), (b), and
approximation (c) as well as the accuracy of the phase limits
in the previous subsection, three representative single layer unit
cells of a cross dipole, a square loop, and a cross slot elements
are simulated separately at 8.4 GHz.
Fig. 4 shows the three element unit cells, with half wave-

length periodicity ( mm), variable element
length from 7 mm to 17.5 mm, and element width (
mm). The cross dipole and the square loop elements are simu-
lated using Ansoft Designer software [17]. The cross slot ele-
ment is simulated using CST Studio Suite software [18].
Fig. 5(a) and (b) is the transmission coefficient magnitude

and phase, respectively, of the three elements versus the element
length . Fig. 6 depicts the transmission coefficient magnitude
and phase of the three elements in polar diagrams with the vari-
ation of the element length .
Despite the differences of the transmission coefficient results

for the three elements as shown in Fig. 5, the transmission phase

Fig. 5. Transmission coefficients of the single layer elements (a) and (b)
.

Fig. 6. Transmission coefficient presented on polar diagrams for (a) a cross
dipole, (b) a square loop, and (c) a cross slot elements.

magnitude relationship of all three elements agrees with the ana-
lytical result of (7) as shown in Fig. 6. These results demonstrate
the generality of the theoretical analysis, but the phase range of
varying the element length is not sufficient to cover the com-
plete circle of Fig. 3.
It is valuable to realize the differences between the three ele-

ments according to Figs. 5 and 6. Regarding the cross dipole and
the square loop elements, when the size is small ( mm),
the maximum transmission coefficient is achieved with a phase
close to 0 . This represents a point located on the right edge of
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Fig. 7. Unit cell of a double square loop element [4].

the polar diagram with angle equals to 0 as shown in Fig. 6(a)
and (b). By increasing the length , the transmission magni-
tude decreases, moving clockwise on the polar diagram, until
the element resonates. The resonance considers a full reflection
(no transmission) and is represented by a point located at the
center of the polar diagram. The cross dipole element resonates
when , while the square loop element resonates when
its perimeter, measured from the center of each side length, is
close to one wavelength . With the continued
increase in the length , the transmission coefficient starts to
increase again.
Conversely for the slot-type elements, when the length of the

cross slot element is small ( mm), the minimum transmis-
sion coefficient is achieved, which represent the point located
at the center of the polar diagram, as shown in Fig. 6(c). By
increasing the length , the transmission magnitude increases,
moving clockwise on the polar diagram, until the element res-
onates. The resonance for slot-type elements considers a full
transmission and is represented by a point located on the right
edge of the polar diagram with angle equals to 0 . The cross slot
element resonates when . With the continued increase
in the length , the transmission coefficient starts to decrease.

C. Single Layer of Double Square Loop Elements

In order to achieve the maximum transmission phase range,
we have to select a suitable element shape such that by varying
its dimensions within the allowed periodicity of the array unit
cell, the complete circle of Fig. 3 is achieved. Selecting an ele-
ment with double resonance can achieve this demand, because it
ensures reaching the center point on the polar diagram twice, or
the point on the right edge of the polar diagram for the case of
slot-type elements, by varying the element dimensions, which
represents a complete circle.
An example of the double resonant elements is the double

square loop shape shown in Fig. 7 [4]. A single layer unit cell
of this element is simulated at 8.4 GHz with half wavelength
periodicity ( mm) using Ansoft Designer
software [17]. The outer loop length varies from
mm to mm. The inner loop length changes with
the change of , such that the separation between the two loops
is constant ( mm). The widths and are equal to
0.5 mm.
Fig. 8(a) presents the transmission coefficient magnitude and

phase versus the outer side loop length , which shows the two
resonant points at mm and mm. The black
solid lines contain the region that achieves transmission coef-

Fig. 8. Transmission coefficient of the single layer double square loop element.
(a) , and (b) polar plot.

ficient equals to or better than 1 dB, with phase ranges from
27 to 27 (phase range of 54 ). Similarly, the red solid lines

contain the region that achieves transmission coefficient equals
to or better than 3 dB, with phase ranges from 45 to 45
(phase range of 90 ). These results agree with the information
of Table I. Fig. 8(b) depicts the transmission coefficient magni-
tude and phase in a polar diagram with the variation of the outer
side loop length, which conforms to the circle obtained analyt-
ically shown in Fig. 3. This design is capable of achieving the
complete circle in the polar diagram.
It is worthwhile to mention that this analysis also satisfies for

oblique angle of incidence. Fig. 9 depicts the transmission co-
efficient of the single layer double square loop element under
oblique incidence angle of 30 for both the perpendicular and
parallel polarizations. Because of oblique incidence and polar-
ization effects, the magnitude and phase curves shift in the rect-
angular coordinates. However, the magnitude and phase rela-
tionship remain the same, as shown in the polar diagrams.

III. DOUBLE LAYER FSS ANALYSIS

A. Theoretical Analysis of Double Layer FSS

The double-layer FSS configuration shown in Fig. 10 can be
considered as three cascaded sections, the first conductor layer,
the dielectric substrate, and the second conductor layer. In this
paper we consider both conductor layers are identical, so they
have the same transmission coefficient phase . The overall
transmission coefficient can be obtained through the cascading
process, as illustrated in details in the Appendix.
By varying the transmission coefficient phase of the con-

ductor layers, we can present in a polar diagram the variation of
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Fig. 9. Transmission coefficient of the single layer double square loop element
under oblique incidence angle of 30 . (a) , (b) , (c) perpendicular
polarization in a polar diagram, and (d) parallel polarization in a polar diagram.

Fig. 10. Double-layer FSS configuration.

Fig. 11. Transmission coefficients of the double layer for different dielectric
permittivity but constant electrical thickness of .

the transmission coefficient magnitude and phase of the double
layer configuration for different substrate permittivity as shown
in Fig. 11, and for different substrate thickness as shown in
Fig. 12. It is observed that the transmission phase magnitude
relationships in all cases are symmetric around the vertical axis
of the polar diagram.
From Fig. 11, we notice that increasing the substrate per-

mittivity with constant electrical thickness enhances the trans-
mission coefficient magnitude at certain phase ranges (around
points B and C) but reduces it at another phase range (around
point A). With the same electrical thickness of , a
substrate permittivity of has transmission coefficient
reduction of 1 dB at point A and the case of a substrate per-
mittivity of has transmission coefficient reduction of
3 dB at point A.
From Fig. 12, the case of substrate electrical thickness of

and permittivity of has no transmission co-
efficient reduction at point A but maximum reduction at points

Fig. 12. Transmission coefficients of the double layer for different substrate
thickness using dielectric permittivity .

TABLE II
TRANSMISSION PHASE RANGE OF A DOUBLE LAYER FSS

B and C. Increasing or decreasing the electrical thickness away
from enhances the transmission coefficient magni-
tude at points B and C but reduces it at point A. The case of
substrate permittivity of , electrical thickness of

and 142.2 has transmission coefficient re-
duction of dB at point A, and the case of electrical thickness
of and 155.5 has transmission co-
efficient reduction of 3 dB at point A.
The changes of the transmission coefficient magnitude at

points A, B, and C in Fig. 11 are equivalent to their changes in
Fig. 12. Accordingly, we can determine the maximum trans-
mission phase range that can be obtained from any double layer
of conducting elements according to the substrate permittivity
and the separation between the conductor layers regardless of
the conductor element shape.
Table II summarizes the phase range for 1 dB and 3 dB

transmission coefficient according to the substrate permittivity
and electrical thickness. Accordingly, the maximum transmis-
sion phase range that can be obtained from a double layer con-
figuration for 1 dB and 3 dB transmission coefficients are
thus 170 and 228.5 , respectively. These phase ranges are still
far from the desired phase range of 360 in order to support the
design of transmitarrays.

B. Numerical Demonstration of Double Layer FSS

To demonstrate the accuracy and validity of the above phase
limits under the approximation of ignoring the higher order har-
monics, a double layer unit cell of the double square loop ele-
ment of Fig. 7 is simulated at 8.4 GHz using CST Studio Suite
software [18]. In order to consider the material losses, prac-
tical materials have been selected in the numerical simulations.
We used copper for conductor layers with conductivity of 5.8e7
S/m. Roger and Taconic substrates were used for dielectric ma-
terials with loss tangent of 0.0009 and 0.0018, respectively.
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Fig. 13. Transmission coefficient presented on a polar diagram for the double
square loop element in a double layer configuration.

Fig. 14. Triple layer FSS configuration.

Fig. 13 depicts the transmission coefficient magnitude and
phase in a polar diagram at different substrate permittivity with
constant electrical thickness of . A good agreement
between full wave simulation and analytical results can be ob-
served. Furthermore, we notice a small shift from the analytical
predictions at some points when the permittivity increases. This
is because the separation between layers decreases with the in-
crease of the substrate permittivity, which hence leads to the
increase of the higher order mode coupling between layers.

IV. MULTILAYER FSS ANALYSIS

A. Numerical Demonstration of Triple Layer FSS

Since the double-layer FSS cannot achieve the required trans-
mission phase range of 360 , we continue to study the triple
layer FSS. The S-matrix of the triple layer configuration of Fig.
14 can be obtained by cascading two more sections, the dielec-
tric substrate and the third conductor layer, to the double layer
configuration of Fig. 10. In this paper, we consider all conductor
layers are identical, so they have the same transmission coeffi-
cient phase .
By varying the transmission coefficient phase of the three

identical conductor layers, we present in a polar diagram the
variation of the transmission coefficient of the entire triple layer
configuration for different substrate permittivities and constant
electrical thickness of , as shown in Fig. 15.
From Fig. 15, we notice that at , the transmission

phase magnitude relationship in all cases are symmetric around
the horizontal axis of the polar diagram. The case of
has the smallest phase range. Increasing the substrate permit-
tivity enhances the transmission coefficient magnitude at cer-
tain phase ranges (around points C, D and E) and reduces it at
another phase ranges (around points A and B).
A substrate permittivity of has transmission coeffi-

cient reduction of 1 dB at points A and B. Thus, we consider
it the optimal permittivity that achieves maximum phase range
for 1 dB transmission coefficient. The case of a substrate per-
mittivity of has its minimum transmission coefficient

Fig. 15. Transmission coefficient of the triple-layer FSS for different dielectric
permittivity and constant electrical thickness of .

TABLE III
TRANSMISSION PHASE RANGE OF A TRIPLE-LAYER FSS WITH ELECTRICAL

THICKNESS BETWEEN THE CONDUCTOR LAYERS OF

Fig. 16. Transmission coefficient presented on a polar diagram for the double
square loop element in a triple layer configuration.

of 3 dB at point E. Also a substrate permittivity of
has its minimum transmission coefficient of 3 dB at points
A and B. Consequently, a full phase range of 360 for 3-dB
transmission coefficient can be obtained using substrate permit-
tivity between and .
Table III presents the phase range for 1 dB and 3 dB

transmission coefficients with different substrate permittivities.
In summary, the maximum transmission phase range that can
be obtained using triple layer configuration is 308 for 1-dB
transmission coefficient, and a full transmission phase range of
360 for 3-dB transmission coefficient.

B. Numerical Demonstration of Triple-Layer FSS

A triple-layer FSS consisting of the double square loop ele-
ment of Fig. 7 is simulated at 8.4 GHz using CST Studio Suite
software [18]. Fig. 16 presents the transmission coefficient in
a polar diagram at two different substrate permittivities with
constant electrical thickness of . We notice that the
numerical results conform well to the analytical results when

. When the substrate permittivity increases, the higher
order mode coupling between layers also increases, leading to a
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Fig. 17. Quaternary-layer FSS configuration.

Fig. 18. Transmission coefficient presented on a polar diagram for the double
square loop element in a quaternary layer configuration, with and

.

shift between the full wave simulations and the analytical pre-
dictions at some points. Nevertheless, the analytical results can
provide a good reference for the transmission phase limits.

C. Quaternary Layer FSS

For further improvements in the transmission phase range and
to avoid the higher-order mode coupling between layers due to
the high substrate permittivity, one more conductor layer can be
added as shown in Fig. 17.
The polar diagram of Fig. 18 illustrates that a full transmis-

sion phase range for 1-dB transmission coefficient can be
achieved using the quaternary layer of conducting elements
with substrate permittivity of and electrical separation
between layers of . The full wave simulation results
of the double square loop element of Fig. 7 in quaternary layer
configuration conform to the results obtained analytically.

V. CONCLUSION

Analytical study of the transmission coefficient of multilayer
conductors separated by dielectric material is presented in this
paper. The limits of the transmission phase range for 1-dB and
3-dB transmission coefficients have been derived according to

the number of layers, substrate materials, and layer separations.
Themaximum transmission phase range of a single layer config-
uration for 1-dB and 3-dB transmission coefficients are 54
and 90 , respectively. The maximum transmission phase range
of the double layer for 1-dB and 3-dB transmission coef-
ficients are 170 and 228.5 , respectively. For the triple layer
the maximum transmission phase of 308 for 1-dB transmis-
sion coefficient and a full phase range of 360 for dB trans-
mission coefficient can be achieved. The quaternary layer can
achieve full phase range of 360 for 1-dB transmission co-
efficient. These analytical limits are generally applicable, inde-
pendent from the selection of a specific element shape. The pro-

posed phase range limits are validated through numerical simu-
lations of several representative FSS geometries.

APPENDIX

In order to obtain the S-parameters of the multilayer config-
urations, we should first develop the S-matrix of any two cas-
caded layers using the knowledge of the S-parameters of each
individual layer as [1], [2]

(11)

(12)

(13)

where , and are the S-parameters of the first
layer, , and are the S-parameters of the second
layer, , and are the S-parameters of cascaded
two layers.
Accordingly, the S-matrix of multiple-conductor layers sep-

arated by dielectric substrate can be computed (and hence the
transmission coefficient ) by repeatedly cascading the S-pa-
rameters of the conductor layer defined in (9) and (10) and the
S-parameters of the dielectric substrate defined as [19],

(14)

(15)

where for normal plane wave incidence

and

It is worthwhile to notice that the S-matrix of the dielectric
substrate is a function of the dielectric permittivity and the
substrate thickness , while the S-matrix of the conducting
element layer is a function of its .
For the case of oblique incidence, both and have to be up-

dated based on the analysis of the reflections and transmissions
at oblique wave incidence as discussed in [19].
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