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Abstract – In the course of designing and optimizing arrays, 
many difficulties are often experienced. Due to the complex 
nature of modern arrays, finding the optimal configuration from 
scratch can be a challenging task. Many synthesis options are 
available for certain array types, however they are not without 
their problems as well. This paper will deal with a technique for 
optimizing an array using Bayesian sampling and inference 
techniques. This technique can be applied to any array with any 
configuration to determine the best fitting parameters for a 
given radiation pattern.  Also to be discussed includes how the 
procedure is implemented in a modern programming methods 
and its applicability to parallelization. Results will show that this 
method allows for the examination of an entire parameter space 
so that the best parameters for an arbitrary linear array can be 
quickly and efficiently examined. 
 

I. Introduction 
 

The design of antenna arrays is often challenging in that 
there are a large number of parameters that must be taken into 
account.  Typically, the design of an antenna array is 
simplified by holding certain sets of parameters constant, 
such as the element spacing, so that other parameters, such as 
the element phasing and amplitudes, may be determined 
independently.  Many analytic approaches, such as Fourier or 
Woodward-Lawson synthesis, have been used in the past to 
assist in the design on arrays. These methods, however, can 
be lacking in the flexibility that is often required in many 
cases. Conversely, trying to fully explore an array with many 
parameters becomes difficult due to computational limitations 
once the number of parameters becomes large.  The 
constraint of parameters can cause problems as this approach 
is limited, in that it does not explore the full range of an 
array’s parameters, which can lead to an antenna array that is 
larger, more costly, and less efficient than it could be. 

 
Some have explored the use of genetic algorithms to search 

the parameters of an array.  These methods use the principles 
of generic evolution to try to “mutate” the parameters to find 
the best answer. However, this method is not based on any 
mathematical theory, and is typically slow and hard to 
implement.  Bayesian parameter estimation, however, will be 
demonstrated to have the ability to computationally explore a 
much wider range of parameters, in a faster and more 
complete manner, than would be possible using traditional 
algorithms.  Along with the use of a space-filling curve, this 

algorithm will be shown to significantly increase the accuracy 
of the results, as well as overcome some problems 
encountered when the dimensionality of the problem 
becomes high.  Finally, an elegant and novel implementation, 
using an object-oriented paradigm, will be discussed. 

 
II. Optimization of a Linear Array of 

Isotropic Elements 
 
For simplicity, we will examine a linear array of isotropic 

elements.  This array has N elements, each with a spacing of 
dn, along the z-axis.  Each element will also have an 
amplitude, αn, and a phase, βn.  The array factor for this 
model will have the form 

 

   (1) ( ) (2 cos( )

0

n
N

j nkd
n

n
F e π θ βθ α +

=

= ∑ )n

n

 
If the phase of the first element is held to zero, to prevent a 

multi-modal problem, there will be 3N-1 parameters that can 
be explored.  This model will be of the form 
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The ranges of each parameter will be the following: 
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It can be seen that, for even a small, idealized system such 

as this, the number of iterations needed to examine each 
parameter, for even course intervals, would be prohibitively 
large.  Thus, a parameter estimation algorithm, based on 
Bayesian probability will be employed. 

 
III. Bayesian Parameter Estimation 

 
The main concept that separates genetic algorithms from 

this Bayesian parameter estimation technique is that sampling 
theory will be used to characterize the fitness of the entire 



parameter space instead of evolutionary theory. It should be 
made clear that genetic algorithms often share many of the 
same concepts as Bayesian parameter estimation in that both 
are in essence Monte Carlo methods [1], however genetic 
algorithms often make choices that are not based in any 
mathematic theory, but rather in broad mathematic metaphors 
to evolutionary processes. The methods used here are based 
in information and sampling theory, as well as statistical 
methods. 

 
To start a Bayesian parameter search, the data for which 

the search is to fit the model to is provided.  For instance, if a 
radar-search pattern is desired, the data may take the form: 
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An example of this is shown in Figure 1.  After the ideal 

pattern is characterized, it is used as a comparator to the 
patterns generated during the parameter estimation. In the 
figure above, there is a main lobe between 45 and 80 degrees 
with no sidelobes. In reality certain characteristics such as 
sidelobes will never be able to be eliminated, but setting the 
ideal pattern to 0 in these areas will cause the parameter 
estimation routines to attempt to minimize them as much as 
possible.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1 – Radar Search Pattern 
 

The user will input the ranges over which the parameters 
are to be estimated, however in the computational routines 
the parameter space is normalized to [0,1]. This allows for the 
routines to be generalized for greater applicability in many 
different situations. The limits of each parameter are saved 
for transformation back into the true parameter space when it 
is time to compare the proposed parameter set with the ideal 
pattern. 

 
The user will be able to specify a number of Markov chains 

to be used in the parameter estimation. By using a number of 
different independent chains, each starting at random 

positions throughout the parameter space, the program will be 
able to more effectively explore the full parameter space.  At 
each sampling point, every Markov chain will calculate an 
energy function associated with its current position in the 
parameter space. This energy is related to the probability that 
its current position in the parameter space is correct.  This 
energy is defined as,  
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where D is the set of data points (ideal pattern, etc) and M is 
the set of points that the model yields for the Markov chain’s 
current position in the parameter space. 

 
The movement about the parameter space for each chain 

will be determined by the use of slice sampling [2]. In order 
to adequately characterize the entire parameter space, many 
independent samples are required. Slice sampling was 
developed by Neal as a highly efficient method to generate 
independent samples from a parameter space. It allows for 
independent samples to be generated with an order of 
magnitude fewer movements than random-walk methods 
such as metropolis or Gibbs. If applied correctly in the ideal 
situation, every sample from the slice method would be 
independent. Once an independent sample has been generated 
from the parameter space, its characteristics will be compared 
with the ideal solution. 

 
Unfortunately in many real life situations, even the most 

carefully crafted algorithms can get stuck in local extremes 
and fail to fully explore the full parameter range. Being able 
to have a program that will fully explore the parameter range 
to find the best fitting parameters is a necessity is sampling 
theory is to be used. Using many independent chains is one 
method to allow greater exploration of the space but cannot 
fully insure this requisite. Another process is needed to 
ensure full exploration of the parameter space.  
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IV. Simulated Annealing 

 
The process of simulated annealing is utilized in order to 

not only allow for greater parameter exploration, but also has 
the added benefit of speeding up convergence for the answer. 
This process is analogous to annealing metal, which is the 
slow cooling of a forged metal piece in order to make it 
stronger. The goal is to allow the Markov chains to freely 
explore the parameter space, without regard to local 
extremes, during the beginning of the simulation, yet have the 
majority of the chains located at the most probable solution 
position by the end of the simulation.   In order to ensure full 
exploration, simulated annealing modifies the probability 
distribution by scaling the returned energy function, E. 

 
 P Eλ=     (6) 
 



The power factor, λ, is a real number with a range [0,1] 
that is given by: 
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where Rc is a user-defined constant with a magnitude of much 
less than one, and σp is the standard deviation of the energies 
of all the Markov chains. 

 
 At the beginning of the processes (akin to a hot metal), λ 

is equal zero and the probability distribution is unity 
throughout.  As the simulation progresses, σp becomes 
smaller and λ becomes larger at a rate defined by Rc, slowly 
allowing the underlying probability distribution to emerge.  
Once λ has reached or exceeded unity, the simulation ends. 
This prevents chains from getting stuck in local extremes.  A 
graphical representation of this process is shown in Figure 2. 
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Figure 2. Three-Dimensional Plot of the Annealing Process 
 

During the annealing process, however, some chains will 
still be located in areas of low probability. In order to speed 
up the simulation it is possible to discard some of the points 

with a low probability and replace them with points that have 
a higher probability of being the correct points.  This is 
accomplished by importance sampling in which the current 
points are resampled using a weighted method.  In this case 
there is a collection of points each with an associated 
probability. Importance sampling allows some of the chains 
with points at a low probability to have their location 
replaced with a point of higher probability. The replacement 
points are picked from the original sample in such a way that 
a point with a high probability of being the correct solution 
has a high probability of being picked as a replacement point.  
In this way, importance sampling reduces the randomness of 
the sampled points and speeds convergence to the most 
probable solution. 

 
V. Space-Filling Curve 

 
The slice-sampling routine will break down as the 

parameter space into each separated dimension and perform 
choose a new point based on its method. However when 
slicing is performed on high dimensional problems, certain 
assumptions and the need for detailed balance, which are 
required for the slice sampling to be effective, will begin to 
fail.  To solve this problem, a Hilbert curve (Fig. 2) will be 
used to map the coordinates from each dimension into a 
single dimension.  This process of mapping from multiple 
dimensions to a single dimension is non-trivial, as there is no 
algebraic form relating the two.  Butz[3], however, introduces 
an algorithm in which the coordinates are converted into 
binary numbers, and a series of binary operations are 
performed to convert from a single, one-dimensional 
coordinate into multiple coordinates.  Lawder[4] expands on 
this algorithm by noting that a conversion from binary to 
grey-code is used in one step.  Lawder also presents the 
algorithm to convert back from multiple dimensions into one 
dimension. 
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Figure 3 – The Space Filling Curve in (a.) a Two-Dimensional Parameter 

Space and (b.) a Three-Dimensional Parameter Space 
 
By performing the slice sampling in one dimension along 

the space filling curve, the need for detailed balance and 
other assumptions required, will remain intact. This allows 
for the use of slice sampling and will permit the program to 
become more effective. 

 
 
 

V. Object-Oriented Implementation 
 
A severe limitation to using a binary implementation of the 

Hilbert curve is the number of bits that can be stored in a 
variable.  On most personal computers, the maximum number 
of bits that can be stored in a single variable is 32.  However, 
given a system with 10 parameters and a 10th order Hilbert 
curve, 100 bits would need to be stored to represent each 
position on the one-dimensional curve.  One could use an 
array of data to store this information, but indexing each bit 
position would be unwieldy and would require a complicated 
bit-masking algorithm. 

 
Use of an object-oriented programming language, such as 

C++, easily solves this problem by defining a data type that is 
an array of single bits.  This “BitArray” class can insert or 
retrieve a single bit at any index in the array.  It has built-in 
functions that can expand or contract its size as needed, add 
another “BitArray” object to itself, or perform a two’s-
complement conversion on itself.  One can also instance an 
array of BitArray objects, so that all the information from 
every dimension in the parameter space can be stored in a 
single variable array. 

 
Another advantage to using an object-oriented method is 

that each Markov chain can be instanced separately, without 
dependence on other Markov chains.  Each Markov chain 
object contains its current position in both the one-
dimensional, as well as the multi-dimensional parameter 

space.  Each Markov chain object also carries with it a copy 
of the target data so that each can independently determine its 
own probability.  Each chain also has the ability to slice-
sample itself, in that it needs no separate code to direct it to 
the next point.  Using this object-oriented method minimizes 
the looping and computations needed by the overall search 
engine. 
 

VI. Parallel Implementation 
 

Since each Markov chain is independent from every other 
chain, parallelization becomes simply a matter of assigning a 
number of chains to each processor.  Using the popular 
Message Passing Interface, or MPI, method of parallel 
processing[5], all of the processors will send their value of 
the standard deviation of the energy for their chains, and 
processor 0 will receive them, determine the largest standard 
deviation, and compute the next value of λ.  Processor 0 will 
then broadcast the value of λ to be used in the slice-sampling 
routine, to all of the other processors.  Once λ has achieved a 
value of unity, all processors will send their chain’s position 
to processor 0 for output to file. 

 
VII. Results 

 
Preliminary results show that this method is quite effective 

for determining the required element amplitudes needed to 
reproduce a variety of radiation patterns.  One must take care, 
however, in the definition of the model as multi-modal results 
can occur.  For the following examples, the following model 
is used. 
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where an is the complex element excitation, k is the 
wavenumber, and d is the inter-element spacing. 

 
Figure 4 shows the radiation pattern computed for the 

computed element excitations when given the radiation 
pattern for a 5-element array with uniform excitation of 
an=0.5.  Very good agreement is observed between the 
estimated pattern and the target pattern.  
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 Figure 4 – Target Pattern and Parameter Estimated Pattern Figure 6 – Target Pattern and Parameter Estimated Pattern for a 7-
Element Fourier Synthesized Array  

Figure 5 shows the radiation pattern for the computed 
element excitations when given the radiation pattern for a 7-
element binomial array.  Again, it is observed that the 
estimated values closely match the target data. 

 
VIII. Conclusions 

 
Through the use of Bayesian techniques, the entire 

parameter space of even large arrays can be characterized and 
analyzed. The Bayesian technique allows for estimation of 
any variable in the parameter space.  The novel and elegant 
object-oriented implementation is shown to be quite robust in 
its handling of the parameter estimation. It has been shown 
that the software implementation of this method can 
accurately predict parameters for an arbitrary linear array.    
These parameters will include, but are not limited to the 
element amplitude, phase and spacing.  Thus, an array can be 
designed for any arbitrary radiation pattern without limiting 
the design parameters or sacrificing array performance. 
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