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Abstract—The Body-of-Revolution FDTD (BOR-FDTD)
method was designed to model rotationally invariant cylindrical
structures. By representing the azimuthal angle dependence
in the expected cylindrical wave solutions with sinusoidal
functions, such structures are modeled with an efficient two-
dimensional FDTD grid hosting all six field components. It will
be demonstrated here that this method can be easily extended
to model partially rotational structures such as sectoral horns
and circular sectoral waveguides by appropriate selections of
non-integer azimuthal modes.

I. BOR-FDTD DISPERSION RELATION

The Body-of-Revolution (BOR) FDTD update equations are
a discreet form of Maxwell’s equations in cylindrical coordi-
nates, with the ∂/∂φ partial derivatives explicitly presented
based on the anticipated azimuthal field variations cosmφ or
sinmφ, depending on the field component. The parameter m
here represents the azimuthal mode or expected field variation
along the φ direction around the cylindrical axis of rotation.
The discrete equations themselves are written based on the
six-field compact two-dimensional grid shown in Fig. 1 [1],
[2]:
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Fig. 1. The 2D compact grid used for the BOR-FDTD method.
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where the index counters r, κ, n correspond to ρ, z, t, re-
spectively. BOR-FDTD, in general, accommodates inhomo-
geneities within the ρ-z space, though not along the φ dimen-
sion.

To the best of our knowledge, all published papers dis-
cussing or using the BOR-FDTD method have restricted
treatment to integer values of the rotational mode m [1]–
[7]. It will be demonstrated next that the same method could
be used as is to model partially rotational structures where
the azimuthal invariance is limited to any random φ range,
provided that the structure remains homogeneous along the
φ dimension and provided that the boundary φ “plates” are
either perfect electric or perfect magnetic conductors.
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Fig. 2. A circular-sectoral waveguide with a 2φ0 flare and radius a = 2λ at
1 GHz.

TABLE I
TM CUTOFF FREQUENCIES FOR A QUARTER-CYLINDRICAL WAVEGUIDE

OF RADIUS 2λ AT 1 GHZ.

Mode TM21 TM22 TM23

fc, GHz 0.4086 0.6694 0.9259

Normalized fc 1 1.638 2.266

Normalized fc [8] 1 1.639 2.262

II. PARTIALLY ROTATIONAL STRUCTURES

We first observe that selecting m = 1 will allow BOR-
FDTD to simulate, say, TMz

1n modes of a circular-cylindrical
waveguides. All Ez solutions of this waveguide will have
nulls at φ = ±π/2 as per its cosmφ behavior. The obtained
solutions would still be valid if we insert a perfect electric
conductor (PEC) to coincide with the φ = ±π/2 nulls. In
other words, BOR-FDTD can model a metallic waveguide with
a cross-section of half a circle, provided the rotational modes
are restricted to m = 1, 3, 5, . . .

To generalize this finding, consider a cylindrical-sectoral
structure which is bounded by PEC at φ = ±φ0. The azimuthal
Ez field dependence would be cos(πφ/2φ0) = cosmφ. It is
clear that the choice φ0 would dictate the usable m values in
BOR-FDTD simulations. For example, φ0 = 3π/4 leads to
the relevant rotational modes m = 2/3, 6/3, 10/3, . . .

As a validating example, we choose a metallic waveguide
along the z-axis and bound within the transverse plane at ρ =
a and φ0 = ±π/4, with a = 2λ at 1 GHz (see Fig. 2). The
waveguide is energized with an initial axial impulse at ρ = a/4
and the Ez time series is collected at ρ = 7a/8. Spatial and
temporal resolutions were selected as Δρ = Δz = 1.9 mm
and Δt = 3.5 ps and the BOR-FDTD simulation was run
for 1016 time steps. Specifying m = 2 for the simulation,
the first azimuthal mode for this quarter-cylinder waveguide,
will isolate all TM2n modes. These modes can be observed
by collecting the Ez time series at the observation point and
running it through an FFT engine, resulting in Fig. 3.

The following table compares the resulting cutoff frequen-
cies from this simulation with those computed analytically in
[8]. It should be noted that mode indices in [8] are defined
differently from this presentation. The TM21, TM22 and TM23

in this presentation correspond to TM11, TM12 and TM13 in
that reference, respectively.
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Fig. 3. TM2n cutoff frequencies for the quarter-circular-sectoral waveguide
(Fig. 2 with φ0 = π/4).

III. CONCLUSION

The BOR-FDTD method was demonstrated to apply equally
well to circular-sectoral structures where the physical φ invari-
ance extends only to part of the 2π circulation. If the physical
φ boundaries enforce vanishing tangential electric or magnetic
fields there, then the cosmφ and sinmφ field dependencies
on which BOR-FDTD is based are usable as is. The only
deviation required to analyze such structures would be in the
appropriate choice of the, now, non-integerm-azimuthal mode
inputs to the simulation.
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