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Abstract—We present a novel FDTD-based adjoint sensitivity 

analysis approach.  Using only one extra FDTD simulation, the 
sensitivities of the desired objective function with respect to all 
parameters are estimated regardless of their numbers.  Unlike 
previously published approaches, our technique does not utilize 
the wave equation and results in a much simpler formulation.  
Our approach is illustrated here through one example. 
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I. INTRODUCTION 
Adjoint sensitivity analysis (ASA) of high frequency 

structures received wide interest recently [1]-[6].  These 
algorithms allow the evaluation of the sensitivities of the 
desired response or objective function with respect to all the 
optimizable parameters, regardless of their number, using at 
most one extra simulation.  This can be contrasted with finite 
difference approximations whose computational cost scales 
linearly with the number of parameters.  The gain of using 
ASA algorithms become more significant for structures with 
intensive computational time or with a large number of 
parameters as in microwave imaging. 

Adjoint algorithms have been developed for different types 
of numerical solvers.  These include the finite element method 
(FEM) [1], the method of moments (MoM) [2], the mode 
matching (MM) method [3], and the transmission line 
modeling (TLM) method [4].  It was also applied to the finite 
difference time domain (FDTD) method [5],[6].  The existing 
FDTD implantations utilize the wave equation as the starting 
point for deriving the adjoint approach.  Because this 
implementation utilizes second order space derivatives, it is far 
from being trivial and requires more storage in the 
neighborhood of affected discontinuities. 

In this work, we propose an FDTD-based adjoint sensitivity 
analysis approach that is based on Maxwell’s differential 
equations rather than the wave equation.  The suggested 
approach utilizes only first order space derivatives and is thus 
more simpler to implement.  We report here on the derivation 
of this approach for the 1D case.  We illustrate our approach 
through a 1D example and show how this approach can be 
extended to 2D and 3D problems. 

II. ADJOINT SENSITIVITY ANALYSIS 

A. 1D FDTD Derivation 
First, we consider the 1D case.  At a point in the parameter 

space, the governing Maxwell’s equations are given by 
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Writing this equation for the whole computational domain, and 
approximating the derivatives using finite differences, we can 
write (1) for the whole domain as:  
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where E and H are the vectors of electric and magnetic field 
components in the entire computational domain.  The diagonal 
matrices and are the permittivity and permeability at the 
corresponding positions in the space.  The symmetric matrix Kc 
approximates the spatial derivatives.  Je,s and Jm,s are the 
electric and magnetic current density sources that exist in the 
whole domain. 

The system of equation (2) can be cast in the more standard 
form: 

,NV KV G                                (3) 

where V is the vector of all electric and magnetic field 
components in the whole domain.  A similar derivation can be 
carried out for the 2D TM case and the full 3D case to obtain a 
system of the same form as (3).  We limit the derivation here to 
the 1D case due to space limitation. 
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Fig. 1.  The domain of the dielectric slab example.  A current source is 
excited at z=20 z and the objective function is observed at z=580 z. 
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B. The adjoint system
Using a derivation similar to the one given in [4], the 

adjoint system corresponding to (3) is given by:  

.T TN K V
                            (4) 

Here,  is the vector of adjoint electric and magnetic fields 
over the whole domain and  is the kernel of the objective 
function integral [4].   Switching the direction of the time 
variable (thus reversing the sign of the time derivative in (4)) 
and expanding the adjoint variable  for the 1D case into 
electric and adjoint fields, we can thus write: 
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The adjoint system supplies the adjoint fields E and H.  The 
system matrices of the adjoint system (4) are identical to those 
of the original FDTD simulation (2).  The only difference 
between the two simulations is the excitation.  The excitation 
in (4) is the derivative of  with respect to the vector of 
original electric and magnetic field components.  Using the 
original fields calculated through the FDTD solution of (2) and 
the adjoint fields obtained from (4), all derivatives of the 
objective function with respect to all optimizable parameters 
are estimated. 

III. EXAMPLE 
As an example for the 1D FDTD case, we consider the 
dielectric slab problem shown in Fig. 1. We consider the two 
parameters  p=[L     r]T, the length of the discontinuity and the 
relative permittivity of the discontinuity material.   The utilized 
discretization is z=0.5 mm. The domain is excited with a 
Gaussian-modulated electric current density source at z=20 z.  
The domain has a length of 600 z. The considered objective 
function is given by:  
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where the electric field in (6) is measured at z=580 z, which is 
our observation point.  We allowed for 12,000 time steps with 

t= z/c. Mur’s boundary conditions are used to terminate the 
domain.  We estimate the sensitivities of the objective function 
with respect to the two parameters for a sweep of the parameter 
L. We compare our results against forward finite differences 
(FFD), backward finite differences (BFD), and the accurate 
central finite differences (CFD). Good match is achieved 
between the adjoint approach and the expensive CFD approach 
as shown in Fig. 2.  We achieved similar good results for the 
2D and 3D FDTD cases and will be presented at the 
conference. 

IV. CONCLUSION 
We presented an FDTD-based algorithm for adjoint 

sensitivity analysis.  Unlike previous algorithms, the algorithm 
utilizes Maxwell’s equations directly.  The algorithm supplies 
the sensitivities  of  the  objective  function  with  respect  to all  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.  A comparison between the ASA sensitivities ( ) as compared to the 
CFD sensitivities ( ), the FFD sensitivities ( ) and the BFD estimates (x) for a 
sweep of the parameter p1 of the dielectric slab example. 
 
parameters using only one extra FDTD simulation. Our 
approach was applied successfully to 1D, 2D, and 3D FDTD 
problems.   
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