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Abstract

Let f be a continuous map of a locally compact metric space X
into itself. Suppose that S is an isolated invariant set with respect to
f being a disjoint union of a fixed finite number of compact sets. We
define an index of Conley type for isolated invariant sets admitting
such a decomposition and prove some of its properties, which appear
to be similar to that of the ordinary Conley index for maps. Our
index takes into account the existence of the decomposition of S and
therefore carries more information about the structure of the invariant
set. In particular, it seems to be a more accurate tool for the detection
of periodic trajectories and chaos of the Smale horseshoe type than
the ordinary Conley index.

0. Introduction

The Conley index has become an important tool in the study of the
qualitative behaviour of dynamical systems, with both discrete and continu-
ous time. The results concerning attractor-repeller decompositions ([1], [15],
[18]), the connection matrix theory ([3], [4], [5]) as well as recent papers by
Ch.McCord, K.Mischaikow and M.Mrozek [7] and the latter two authors [9]
(see also [20]) show that the Conley index reflects the structure of an iso-
lated invariant set. In this paper we are mainly interested in the Conley
index as a tool for the detection of chaos and periodic orbits. Comparing
the results of [9] and [20] with the criterions for chaos based on the fixed

point index in [19] or [23] shows that the ones based on the Conley index
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are, in some sense, weak. They only guarantee that some iteration of the
map restricted to the isolated invariant set is semiconjugate with the shift
map. Thus, they provide information about the dynamics of some iteration
of the map rather than the map itself. The information about the number
of periodic orbits is also not as accurate as that provided by the methods
based on the fixed point index. The aim of this paper is to define an index
of Conley type which fills this gap. Our index is defined for a decomposition
of an isolated invariant set into a fixed number of disjoint compact sets. The
knowledge of the decomposition allows to equip the index with an additional
structure, which carries more information than the ordinary Conley index.
The main potential application of our index is for the detection of chaos.
The Conley index for decompositions can also be used to state topological
analogues of some results in the theory of smooth dynamical systems (e.g.

the Poincare-Birkhoff theorem). This topic will be discussed in a separate

paper.

1. Preliminaries

By Z*t and R we shall denote the sets of nonnegative integer and real
numbers (respectively). If X is a metric space and @ = (@1, Qo) is a pair
of its compact subsets then by @1/Qo we denote the pointed space resulting
from @), when the points of )y are identified to a single distinguished point,
denoted by [Qo]. Htop, M and Mg will stand for the homotopy category
of pointed topological spaces, the category of modules and the category of
graded modules over a fixed ring with unity =. For a basepoint preserving
map ¢ its homotopy class will also be denoted by g. This should not cause
misunderstanding. For an object O in a category K by [O] we shall denote the
class of all objects in K isomorphic to O. A functor F' : K — £ induces the

map sending an isomorphism class [O] into [F'(O)] for each object O € Ob(K).
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We shall denote this map by the same letter F'.

Let us recall the basic concepts of the Conley index theory now. Our
presentation is based mainly on [21] and [20] (see also [11], [13], [16], [17]).
We begin with the definition of the category of objects equipped with a

morphism over a given category K, denoted by K,,. Put
Ob(Ky,) ={(X,) : X € Ob(K) and o € Morx(X,X)}

and

Mor,, (X, ), (X',d)) = M((X,a),(X',d))/ =
where
M((X,a),(X',d)={8 € Morx(X,X"): foa=ad' o} x Z*
and = is the equivalence relation in the above set defined by
(8,n) = (B,n) <= Jpez+ Boa™* =poa™™

The morphism represented by (8,n) € M((X,a), (X', o)) will be denoted

by [B,n]. The composition of morphisms in K, is defined by
(8,00 [B,n] = [B" o B,n +n].

Given a functor F' : K — L one can define the induced functor F,, : IC,, —
L,, in the following way. For an object (X, @) and a morphism [3,n| in I,
we put

Fau(X, ) = (F(X), F(a)),

Fa([8,n]) = [F(B),nl.

In the sequel we shall use the notation [X, a] for the class of all objects

in IC,, isomorphic to an object (X, ).



In each of the categories Htop, M, Mg for each object X there exists
the zero morphism of X into itself (i.e. the homotopy class of the constant
map or the zero homomorphism, according to the case). We shall denote this
morphism by 0. In the same way we shall denote the trivial isomorphism
classes in the categories of objects equipped with a morphism over each of
the three categories, i.e. we put 0 = [C,0] where C is any pointed space
or (graded) Z-module. This class is independent on the choice of C. This
notation is ambiguous, but it will always be clear from context what is meant
by 0. We note that [X, a] = 0 if and only if o = 0 for some n € Z*.

For the rest of this section, fix a locally compact metric space X and a
continuous map f of this space into itself. Let S be an isolated invariant set
with respect to f. A pair Q@ = (Q1, Qo) of compact subsets of X is called
an index pair for S with respect to f if and only if S = Invcl(Q1 \ Qo) C
int(Q1 \ Qo), Qo is positively invariant in @; (i.e. f(Qo) N Q1 C Q) and
Qo is an exit set for ); (which means that f(Q; \ Qo) C Q1). For such @,
f induces the continuous map fg : Q1/Q¢ — @1/Qo which will be called
the index map. The (homotopy) Conley index of S, denoted by A(S, f, X) is
defined as the class of all objects in Htop,, isomorphic to (Q1/Qo, fo). We
define the cohomological and the g-dimensional cohomological Conley indices
by

W (S, f, X) = (H)m(h(S, f, X))
and
he(S, f, X) = (H")m(h(S, f, X))

where H* : Htop — M is a fixed cohomology functor with coefficients in
To the end of this section, let = be the field of rational numbers. Then,

M and Mg are the categories of vector spaces and graded vector spaces over
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this field. An object (V,¢) in M,, is called of finite asymptotic dimension
(cf [20], definition 2.1 and proposition 2.2) if and only if there exists an
object (W,1) with W finite dimensional, isomorphic to (V,¢). In this case,
we define the trace of (V,¢), denoted by tr(V,¢) as the ordinary trace of
. Using the methods of [20] (see theorem 1.1, definition 4.1 and remark
4.1) one proves easily that it is independent on the choice of (W, ). Now,
let (V*,¢*) be an object in (Mg)n,. It is said to be of finite type if and
only if there exists an object (W*,4*), with W* of finite type, isomorphic to
(V*, ). In this case, we define the Lefschetz number of (V*,¢*), denoted

by A(V*, ¢*), as the ordinary Lefschetz number of ¢*. Clearly,

A(V* ") = i (=1)2tr(Ve, 7).
g=0
An isomorphism class I of objects in (Mg)., is said to be of finite type if it
admits a representative being of finite type. In this case, all of its represen-
tatives are of finite type and they have the same Lefschetz number, which we

call the Lefschetz number of I and denote by A(Z). The following theorem is

taken from [20] (see lemma 5.2). For related results, see [10],[12],[14].

Theorem 1.1 If X is an FEuclidean neighborhood retract (ENR), then the
cohomological Conley index of any isolated invariant set with respect to f
s of finite type. If the Lefschetz number of the Conley index of an isolated

imwvariant set S is nonzero then f has a fized point in S.

2. Categorial constructions

There are a lot of Conley-type indices for isolated invariant sets (see [1],
[11], [13], [17], [18], [21]), but all of them take the form of an isomorphism
class of objects in a certain category. In the classical, continuous-time case,

the homotopy category of pointed topological spaces is used and therefore
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the Conley index is simply a homotopy class of a pointed space. In the
discrete-time case the situation is much more complicated: in order to give
a good definition one has to use more sophisticated categorial constructions.
The shape category ([13], [17]), the Leray functor ([11], [13]), the direct
and inverse limit functors ([13]) and the category of objects equipped with a
morphism ([21]) can serve as examples here. Below we define a generalization
of the latter concept, which is suitable for the definition of the Conley index
for decompositions of isolated invariant sets.

Let K be a category and A a finite set. In the sequel, we shall often deal
with finite sequences of elements of A. By * we shall denote the concatenation

operation on the set of such sequences, defined by
(Zy, Zay o s Zn) % (2], Zigy oo 20 ) = (Z1y Zigy e oy Ty 21y gy oo oy 1) € ATHT

for all (Z1,2,,...,7,) € A™ and (Z],25,...,7Z!)) € A™. For Z being a
sequence of members of A by Z* we shall denote the result of the * operation
performed on k copies of Z. By «(Z) we shall denote the sequence Z with
the entries in the reversed order.

Let us define the category K4y now. For n € Z* and X, X' € Ob(K)
put:

Ob(K (1)) = OB(K),
Morg, , (X, X') = (Morg(X, X")™,
Mork,,,(X,X') = U Mory, , (X, X').

nezZ+

The composition of morphisms
a={a%}zeam € Mor,'é(A)(X, X"

and

Z
o ={a }zeam € Mor,rg(A)(X',X")
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is defined as follows:

o' oa={(a/ o)’} ;e ymin € Mor,’cn(t?(X, X"

where
(@ oa)’ ¥ =a/" 0a¥.

for all Y € A" and Y’ € A™. Since A° consists of exactly one element, we
shall identify M or,OC(A) (X, X') with Morc(X,X’) in the obvious way. Sim-
ilarly, there is an obvious bijection of Mork (X, X") onto (Morc(X,X"))".
Therefore, we treat morphisms in this set as families of morphisms of X into
X' in K, indexed by members of A. It is straighforward to verify that /C )
is indeed a category. Notice that its identity morphism over an object X is
idx € Morg,, (X, X).

The K(4) category is only an intermediate step in the definition of the
K] category, which we are going to use in the definition of the Conley index

for decompositions of isolated invariant sets. Put

Ob(Ka) = {(X, @) : X € Ob(K(4)) = Ob(K),a € Mor,lc(A) (X, X)}.
In order to define morphisms in K4}, for objects (X, ) and (X', /) put
M((X, ), (X', d)) ={(B,n) : B € Morg , (X, X'), n€ Zt, Boa=a'of}.
In this set we introduce the equivalence relation = in the following way.

(B,n)=(B,7) <= Fhez+ Bod™F=Foa" (in K.
Now, define

Mory (X, ), (X', ') = M((X,a), (X", 0'))/ =

The morphism represented by (3,n) will be denoted by [#,n]. The compo-
sition of morphisms

B,n]: (X,a) — (X', )
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and
[ﬂl,nl] . (XI’ Of’) _) (X”’Of”)
is defined as follows

(6,010 [B,n] = [6 0 8,0+ n.

One can easily verify that this definition is correct, i.e. independent on
the choice of representatives for [3,n] and [#',n'] and that K4 is indeed a

category. Note that the identity morphism over (X, ) is [idx, 0].

Proposition 2.1 For each [3,n] € Morg,,,((X, @), (X', ') and k € Z*
[B,n] = [a'k oB,n+k]=[Boa"n+Ekl.

Proof. This follows immediately from the definition of =. O

The Conley index for decompositions of isolated invariant sets will "con-
tain’ information about ordinary Conley indices of some sets which are im-
portant for understanding of the dynamics of the map. Below we give the
definition of functors which will enable us to extract this information.

Let k be a positive integer and Y = (V1,Ys,...,Y,) € A*¥. The functor
Py : Kia) — Ky, is defined as follows. For an object (X, a) in K4 with

a = {a?}zca put
Py(X,a) = (X,a" 0a™o...0a).

Now, let [#,n] be a morphism of (X, «a) into (X’,o/). By proposition 2.1,
without the loss of generality we can assume that n = mk for some m € Z7.

Suppose that § = {$7} zc4n. Put
Py((8,n]) = 8", m].

A routine check that Py is a well-defined functor is left to the reader.
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Remark 2.1. An important property of the construction given above is the
naturality with respect to functors. Let F' : L — L be a functor. Then we
have the induced functors F 4y : K4y — L4y and Fly : K4 — L4 defined
as follows.

() (X) = F(X),

{F( )}ZeAk if F' is covariant

Fiy({a”} zea) = {

{F(a®)}, 4 if F is contravariant

for all objects X and morphisms {a?} ;. 4« in K4y and
Fla(X, o) = (Fa(X), Flay(a)),

Flay([8; n]) = [Fla)(8), 7]

for all objects (X, o) and morphisms [3, n] in K 4. Furthermore, the following

diagram of categories and functors commutes for each Y € A*

F
Kia = Lia
Py P
F,, !
ICm > Em

where

LF(Y) =

. (Y) if F is contravariant
Y  if F is covariant

As in the case of categories equipped with a morphism, by 0 we shall de-
note the isomorphism classes of the trivial (zero) objects in Htopa), (Mg)(4]

and M|y, defined in the obvious way.

3. The index



This section contains the basic definitions of the Conley index theory for
decompositions of isolated invariant sets. In what follows, B,X and f will
denote a fixed finite set, a locally compact metric space and a continuous
map of X into itself. We shall make use of the categories of K4 type with
A = 2B If {Ny} is a family of sets indexed by members of B then for each

set Z C B by Nz we shall denote the union of N, over b € 7.

Definition 3.1 Let N be a compact subset of X. A family {Ny} = {Np}ben

of pairwise disjoint compact sets is called a decomposition of N if N =

UbeB Nb-

From now to the end of this section, by S we shall denote a fixed isolated

invariant set with respect to f and by {S,} its decomposition.

Definition 3.2 An index pair Q = (Q1, Qo) for S is said to be compatibile
with the decomposition {Sy} of S if and only if there exists {Dy} a decompo-

sition of cl(Q1 \ Qo) such that S, = S N Dy for each b € B.

Let us emphasise that, in general, the decomposition { Dy} is not uniquely

determined by @ and {Sp}.

Definition 3.3 Let Q = (Q1,Qo0) be an index pair for S compatibile with
the decomposition {Sy} of S and {Dy} be a corresponding decomposition of

cl(Q1\ Qo). Then, for any Z € A we can define the continuous map

r? = Q{D,,} 1 Q1/Qo — Q1/Qo

by the following formula

TZ([JT]) _ { [[33] ifr € Dy

Qo] otherwise
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The index object, denoted by I(Q,{Ds}, f), is the object in Htopra given by

I(Q’ {Db}7 f) = (Ql/QOa {fZ}ZEA)

where f? = f(ZQ’{Db}) = foor? (recall that fq is the index map).

In order to simplify the notation, we shall often write briefly I(Q, {Ds})
instead of I(Q,{Ds}, f) whenever the map f is clear from context. For each

Z € A and = € ; we have the following formula

[f(z)] ifz € DzN(Q1\ Qo)
[Qo]  otherwise

(e = {

For further reference, let us note the following formula for compositions of

the maps fZ. Let Z = (Zy, Z1,...,Zr_1) € AT. For all z € Qy,

fZT—l o fZT—Q 0...0 fZO([.’L‘]) —

(@) i Fi(@) € Dy, 0 (Qi\ Qo) (31)
= for each i€ {0,1,...7 -1}
[Qo]  otherwise

Let N be a compact neighborhood of S admitting a decomposition { N} such
that S, = N, NS for each b € B. By the existence theorems for index pairs
(see [6], [10], [11], [13], [16]) there is an index pair @ = (Q1, Qo) for S with
()1 contained in N (Q may be even assumed regular in the sense of [10] or
[20]). Obviously, such an index pair is compatibile with the decomposition

{Sy}. We have proved the following

Proposition 3.1 There exist index pairs for S compatibile with the decom-

position {Sp}, arbitrarily close to S.
The following theorem is of fundamental importance in our construction.

Theorem 3.1 If Q = (Q1,Qo) and Q = (Q1,Qo) are index pairs for S,

compatibile with the decomposition {Sy} of S and {Dy} and {Dy} are decom-
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positions of cl(Q1 \ Qo) and cl(Q1 \ Qo) satisfying the conditions of defini-
tion 3.2 then the index objects 1(Q,{Dy}) and I(Q,{Dy}) are isomorphic in

Htopya).

Proof. We proceed in several steps.
Step 1. There exists T' € Z* such that the following two implications hold

for each sequence (Zy, Z1, ..., Zor_1) of members of A and z € X.

(Viego,..2r—13  ['(z) € Dz,) = f"(x) € Dz N (Q1\ Qo) (3.2)

and

(Vieto,.or—1y  ['(2) € Dz) = f"(2) € Dz, N (Q1\ Qo). (3.3)
For the proof, notice that the set U given by

U= JDynDyn (Q1\ Qo) N(Q1\ Qo))

beB

is a neighborhood of S. As a consequence of lemma 4.2 in [21] (cf also lemma
6.2 in [17]) we obtain the existence of a nonnegative integer 7" such that the

following two implications holds for each z € X.

(Viego,.or—1y  f'(z) € d(Q1\ Qo)) = f(x) €U,
(Vieqo,....2r—1} fi(z) € (@i \ Qo)) = fF(z) eU '
Now, suppose that Vieqo,. or—1}f*(z) € Dg,. Then, by (3.4), f(z) € U.

(3.4)

Since simultanously f7(z) € Dy,
fT(x) € UN Dz, C Dz N (Q1\ Qo)

We have proved that the implication (3.3) holds. In a similar way one proves

that so does (3.2).

Step 2. Let T € Z* be such that (3.2) and (3.3) hold. For a sequence

Z = (Z1,Zs, ..., Z3r) of members of A we define the function

F2 = o mpainyy * @/Qo — Q1/Qo
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by the following formula

[f3(z)] i Viego,.or—13 f'(z) € Dzy . N (Q1\ Qo)
F(la]) = and f7(z) € Dz,,, N (Q1\ Qo)
[Qo] otherwise

Our task is to prove the continuity of fZ.

The proof goes along the lines of other continuity proofs in the Conley
index theory (cf [17], [18], [21]). Let fZ : @, — Q1/Qq be defined by the

same formula as fZ. Clearly, it is enough to show that fOZ is continuous. Put

and  fT*(z) € Dg,,_. N (Q1\ Qo)},

Oy ={r€Q: Jicqo,...2r-1} fZ(JU) & Dz, , or fTH(ﬂU) 4 DZQT_i}-

Clearly, O, is open in (); and fOZ is constant on O, and therefore continuous
at each point of this set. Since fZ(z) = [f37(z)] for each z € Oy, in order
to prove the continuity of fOZ at each point of O, it is enough to show that
this set is open in ();. Take z € O;. There exists U an open neighborhood

of z in X such that

fZ(U) N (QO U DB\Z3T—i) = @ = fT_H(U) N (QO U DB\ZZT—i) (35)

foreach i € {0,1,...,2T—1}. Let us show that UNQ; C O;. Let y € UNQ;.
Our assumptions about U imply y € @Q; \ Qo and fi(y) & Qo for each
i€ {0,1,...,2T — 1}. Since Qq is an exit set for Q1, f'(y) € Q1 \ Qo. By
(3.5), fi(y) € (Q1\ Qo) N Dz,,_.. Hence, by (3.3),

fT(y) € DZ2T n (Ql \ QO) C Ql \QO
By the previous argument,
T (y) € Dg,, . N(Q1\ Qo) forallie {0,1,...2T — 1}

so that y € O;.
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We conclude that, in order to prove the continuity of de , it is enough to
show that it is continuous at each point of @1 \ (O;UQOs). Let x be a member

of this set. Then, in particular,
Vie{o,...,ZT—l} fz(x) € DZST—i and fT+i(x) € DZ2T—7,’ (36)

and fZ(z) = [Qo]. By (3.2) applied for z replaced with f7(z), f27(z) € DzN
(Q1\ Qo). Since f(z) € Dg,,_, C Q, for each i € {0,1,...,2T — 1}, positive
invariance of Qp in @Q; implies f*(z) € Dy, .N(Q1\Qo). Thus, since z ¢ Oy,
for some j € {0,1,...27 —1} we must have f7*(z) & Dz,, ,N(Q1\Qo). By
(3.6), fTH(x) € Qo. By (3.6) and positive invariance of Qg in Q1, f37!(z) €
Qo- Let V' be an open neighborhood of [Qg] in Q:/Qq- By 7 we shall
denote the projection map of Q; into Q1/Qo. Put M = 771((Q1/Q0) \ V).
Clearly, M is a compact subset of Q; \ Qo. By positive invariance of Qg
in Q1, f*7(x) € M. Let V be an open neighborhood of z in @, such that
(V)N M = (. Notice that for all y € V, fOZ(y) is equal to either [Qq]
or [f3T(y)] (the second posibility can occur only if f3T(y) € Q). Hence,

fZ(y) € V'. In this way we have proved that fZ is continuous at .

Step 3. If (Zl, ZQ, ceey Z3T_|_1) € A3+ then

Z
FEB o [ = FGqpyy © SO

Therefore, we have the following morphism in Htop4).
f@pun@ipey = [{f "} e 3T] 1 1(Q,{Dy}) — I(Q, {Ds}).

To prove this, consider the following two conditions:

Vieto,.ory [ (x) € Dzypyy, N (Q1\ Qo) and

€ Pzir \&0) (3.7)
Vieqt,2ry f1 ) € Dzppyy, N (Q1\ Qo)

14



and .
Vieto,.or—1y  f'(%) € Dzpry . N(Q1\ Qo) and

Vieqo,...2T} fTi(z) € DZZTJFH N (Q1\ Qo)-

Notice that if for some z € X (3.7) holds then applying (3.3) gives f7(z) €

(3.8)

Dzyrs N (Q1\ Qo). Therefore, (3.8) holds. We have proved that (3.7) =
(3.8). Since the reverse implication can be proved in a similar way using
(3.2) with x replaced with f7(z), (3.7) and (3.8) are equivalent. To finish

the proof apply the formulas for f# and fZ to obtain that, for all x € @)1,

- a1 et if (3.7) hold
fe )oféz{Db})([x])_{ | [QO](Q:)] Ltl(lervgiseo S

and

FA o flatari) = [f" 1 (z)] if (3.8) holds
(@ADs}) [Qo] otherwise .

Step 4. The morphism f(g 1p,1),,{5,}) defined in step 3 is an isomorphism

in Htopa)-

Notice that steps 1 through 3 remain valid if we replace @ by @Q and vice
versa. Hence we have the morphism
f@my. @) =
= {1001 0.00y 2 a5 3T+ L@, {Do}) — 1(Q,{Dy}).

Now, consider the composition

S A Z o
9= J@.tbu@. (o) © J@(ou@. (0w
for given Z = (Zl,ZQ, .. .,Z3T) € A3T and }7 = (}/1’1/2, .. .,Y:’),T) € A3T.
Using the formula used to define the maps in step 2 we get

[ [f%"(x)] if the condition (3.9) given below holds
9(l=)) = { [Qo]  otherwise ’
Vie{o,2r—13 f'(x) € Dzg, N (Q1\ Qo),
fT(x) € Dzypy N (Q1\ Qo)
f3T () € Dygr_, N (Q1\ Qo)
and  fY7(z) € Dy, N (Q1\ Qo)
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Using the implications (3.2) and (3.3) one can easily prove that the above

condition is equivalent to the following one

Vieqo,....37-1} fi(z) € Dy, N (Q1\ Qo) and [ (z) € Dy,, . N (Q1\ Qo)-

Hence, by the formula (3.1),

_rY; Y- Y- VA VA 7
9= f@.o ° f@ow © - f@im © T@.owy © T@ioyy © -+ - © f@imy-
This means that

7z Z _
{f(Q,{Db}L(Q,{Db})}ZEAST © {f(Qa{Db})v(Qs{Db})}ZEABT -
T
= (oo} zea)”
in Htop(4) and therefore, by proposition 2.1,
faamunio © faanp@ipy =

67 .
= [({f(%g,{Db})}ZeA) ’6T} = id1(Q{Dy})-

In a similar way one proves that

f@.o @) © f@by@ o) = Wi oy O
The just proved theorem justifies the following definition.

Definition 3.4 Let f : X — X be a continuous map, S an isolated invariant
set with respect to f and {Sy} its decomposition. The Conley index of {Sp},
denoted by h({Sy}, f, X) is defined as the class of all objects in Htoppa iso-
morphic to the index object 1(Q, {Dy}) for any index pair Q for S compatibile
with the decomposition {Sp} and any decomposition { Dy} of cl(Q1\ Qo) such
that DyN'S = Sy for each b € B. The cohomological and the g-dimensional

cohomological indices of {Sy} are defined by

and
hq({Sb}> f7 X) = (Hq)[A](h({Sb}a fa X)),

respectively.
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4. Properties
We begin this section with proving the continuation property of the Con-

ley index for decompositions of isolated invariant sets.

Theorem 4.1 (Continuation property) Suppose that X is a locally com-
pact metric space and a continuous map f : X x [0,1] — X x [0,1] is
parameter-preserving, i. e. for each X € [0, 1] it satisfies f(X x A\) C X x A.
For each set A C X x [0,1] and A € [0,1] we put Ay = {z € X : (z,\) € A}.
The map fr: X — X is defined by f(x,\) = (fa(z),N). If S is an isolated
invariant set with respect to f and {Sy} is its decomposition then, for each
A € [0,1], Sy is an isolated invariant set with respect to fx, {Sex} = {Sor}een

is its decomposition and h({Sp}, fr, X) does not depend on A.

Proof. It is enough to show that each A € [0,1] admits a neighborhood
U such that h({Sy,}, fu, X) is constant in u € U. Let N be an isolating
neighborhood for S, with respect to f\ which admits a decomposition {N,}
such that N, N Sy, = Sy for each b € B. As a consequence of the existence
theorem for index pairs for multivalued upper semicontinuous maps (see [6],
theorem 2.6) we obtain the existence of a stable index pair, i. e. a pair
@ = (Q1, Qo) which is an index pair for S, with respect to f, for each p in
a certain interval J being a neighborhood of A in [0, 1], such that @; C N.
Let Dy = cl(Q1 \ Qo) N N, for each b € B. Since D, N Sy = Sy, by making

J smaller if necessary we may assume that
Db N SH = Sb“

for each y € J. This means that () is compatibile with the decomposition
{Spu} of S,. Furthermore, since J is an interval, the homotopy class of
the index map (f,)g : @1/Qo — Q1/Qo does not depend on p € J. By
definition 3.3, the index object I(Q,{Ds}, f.) is independent of p € J. O
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The next theorem shows that the Conley index for a decomposition {Sp}

carries information about ordinary Conley indices of some subsets of S.

Theorem 4.2 Let {S,} be a decomposition of an isolated invariant set S
with respect to a continuous map f : X — X. For each sequence Y =
(Yo, Y1,..., Y 1) of members of A we put Sy = N f~%(Sy;) and Sy =
Invgn (S’y) Sy s an isolated invariant set with respect to f™ contained in S
and
h(Sy, [", X) =Pz (h({Se}, f, X))

Proof. Let N be an isolating neighborhood for S with respect to f admitting
a decomposition {N,} such that N, NS = S, for each b € B. By proposition
2.1 in [20], Ny = =4 f *(IVy;) is an isolating neighborhood with respect
to f" and its invariant part is contained in S. Therefore, Invm(Ny) =
Invsn (S’y) = Sy, which means that Ny is an isolating neighborhood for Sy
with respect to f”. We have completed the proof of the first part of the
theorem. In order to see that the formula for the Conley index of Sy holds
we shall make use of the following fact (see [20], lemma 3.1).

If @ = (Q1,Qo) is a regular index pair for S such that @; C N then
n Yn—1 Y2
h(Sy, f7,X) = @1/ Qo fig ey © fSimn © - © Jid o)
where D, = cl(Q1 \ Qo) N N, for each b € B.

Since such index pairs exist, this formula together with the definition of

the P-type functors prove the theorem. O

Theorem 4.3 (Locality) If f : X — X and g : X — X are continuous
maps, S is an isolated invariant set with respect to f and f and g are equal
on a certain neighborhood of S then S is an isolated invariant set with respect

to g and for any its decomposition {Sy},

h({Sb}= fa X) = h({Sb}a 9, X)
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Proof. By proposition 3.1, there exists an index pair @@ = (@1, Q) for S
compatibile with the decomposition {S,} such that f and g restricted to
(1 are equal. Since the corresponding index objects depend only on the

restrictions of both maps to )1, they are the same. O

The rest of this section is devoted to the formulation and proof of the
Wazewski property of the Conley index for decompositions of isolated invari-
ant sets and a bound for the number of periodic points of f in terms of the
Conley index for decompositions. Fix a locally compact metric space X, a
continuous map f of X into itself, an isolated invariant set S and its decom-
position {S;}. Let N be a fixed isolating neighborhood for S admitting a

decomposition {N,} such that N, S = S;. Let
St =InvtN ={zx € N :Viez+ f'(z) € N}.
The map p: St — I = [[;cz+ B is defined by
p(@) = (n(f*(2)));Z (4.1)
where 1 : ST — B is defined by
n(z) =b if and only if = € N,

Clearly, both p and n are continuous if we topologize B with the discrete
topology. Furthermore, po f = o o p where ¢ : II — II is the shift map. This
means that p is a semiconjugacy onto its image. In what follows, we shall
give lower bounds for the image of p and the image of the set of periodic

points of f under p in terms of the Conley index for decompositions.

Definition 4.1 Let (Y, {g”}zc4) be an object in a category K4y (K = Htop,
M or Mg). We put

o (Y, {97} zea) = {(b:)2 € L : Vpepr gt o gtPn-tt o 0 gttod £ 0},

19



(Y, {g"}zea) = ) o"(Mo(Y, {9} zcn)),

nezZ+

5(Y, {97} zea) = {(0:)20 € L : Vpepr g™ 0 glPh o, o gt} #£ 0},

(Y, {9"}zea) = () o"(I(Y, {g”}zea))-

nez+
The next proposition collects some of the properties of the sets defined

above.

Proposition 4.1 Let (Y,{9”}zea) and (Y,{g”}zca) be objects in K4
1°. oY, {g%} zea) and T15(Y,{g%}zca) are compact,

2°. o(o(Y, {97} zea)) C Ho(Y, {97} z¢4)

and o(IT5(Y, {97} zea)) C T5(Y, {97} zea),

3°. if (Y,{9%}zea) and (Y,{g%}zea) are isomorphic in K4 then

Jnez+ Oﬁ(rb(y:{gz}zeA))C:rb(Y:{gZ}ZEA)

and
Imezt 0I5V, {97} zea)) C IG(Y, {77} zea)-
Therefore,
(Y, {g”}zea) = (Y , {57} zea)
and

(Y, {97} zea) = (Y, {7} zea).-

In particular, the sets II(I) and IT*(I) can be defined in the obvious way for
isomorphism classes I in KCp4).

4°. Suppose that K and L are categories, each of them equal to Htop, M or
Mg and F : K — L is a functor mapping the zero morphisms into the zero

morphisms. If F is covariant then
o (Fla(Y, {97} zea)) C Io(Y, {97} zea)
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and
IG5 (Fra (Y, {97} zea)) C T5(Y, {97} zen)-

If F is contravariant then
I (Fla)(Y; {97} ze4)) C To(Y, {97} ¢ a)

and
o (Fai (Y, {97} ze4)) € T5(Y, {97} zea)-
The same inclusions hold for Iy replaced with 11.
Proof. We shall prove only the parts concerning TI(Y, {g?} z¢c4) and

o(Y, {97} ze4)- The proofs of the other parts of the proposition are dual.
1°. If (b;)2 & Io(Y, {9%} zc4) then, for some n € ZT,

g{bn} le) g{b’n—l} 0...0 g{bo} — 0

Hence

f[o{bz} X ﬁ B C I\ IIy(Y, {97} ze ).

i=n+1
Thus, the complement of IIo(Y, {g%}2c4) is open in II so that this set is

compact.

2°. If (b;)22, € Ho(Y,{9?}zca) then, for each n € Z+,
g{bn+1} o g{b”} ©...0 g{bO} # 0.

Hence,

g{bn+1} fe) g{b"} O0...0 g{bl} % 0_

It follows that
(bi1)2g = o ((b:)20) € Ho(Y, {97} zea)-

3°. Let
{17} zean )+ (Y, {97} 2e4) — (Y, {57} z¢n)
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and

({17} zeam,m] = (V,{5%} ze4) — (Vi {9} zea)
be reciprocal isomorphisms. Then, by the definition of the Kp4; category
and definition 4.1, for each (b;)2, € (Y, {g%?}zc4) and sufficiently large
ke Zt,

0# glnimin1to o glbo} =
l(bn+m+kfla---7bn+k) fe) h(b*rH—kfla--':bk) lo) g{bkfl} 0...0 g{bO} —

— l(bn+m+k—la---7bn+k) o g{bn+k—1} O0...0 g{bn} [e) h(bnfl ----- bO)'

Hence, git»++-1} o . o git»} £ 0 and therefore o™ ((b;)2,) € o (Y, {97} ze4)-
The second part of 3° follows immediately from the first one, proposition
4.1,2° and definition 4.1.

4° follows immediately from definition 4.1. O

Theorem 4.4 (Wazewski property) Let (Y,{g?}zc4) be an object in

Htoppa) such that

h({Sb}a f7 X) = [Y7 {gZ}ZEA]'
Then:
1°. There exists n € Zt such that

o™ (o (Y, {97} zea)) C p(ST),

2°. II(Y, {97} ze4) C p(S).

Proof. Let @ = (Q1,Qo) be an index pair for S such that Q; C N. Let
Db = Cl(Ql \Qo) N Nb. Clearly, Db ns = Sb. The index object I(Q, {Db})

is isomorphic to (Y, {g%}zc4). Hence, by proposition 4.1, 3°,

Fnezt " (Mo(Y, {g”} zea)) C Mo(1(Q, {Dy})).

It follows that to prove 1° it is enough to show that the set on the right-hand
side is contained in p(ST). Take (b;)32, € Iy(I(Q, {Ds})). Then, for each
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k € Z* there exists an z;, € Q1 such that

f({bk{}Db}) -0 f({ Q,{Dy}) ([l"k]) # [Qo].

The formula (3.1) proves that

Viego,.ky [ (zk) € Dy, N (Q1\ Qo).

Now, let x, be an accumulation point of the sequence {z}. Clearly, fi(z,) €
D,, C N for all i € Z*. Thus, z, € ST and p(z.) = (b;)2,. The proof of 1°

is complete. To prove 2°, notice that

oM (Mo (Y, {97} zea)) C 0" (p(S™)) = p(f*(S7))

for each k € Z*. Hence,

(Y {g }ZeA m Uk+n Y{g }ZeA C m pfk S+))

kez+ kezZ+
Since {f*(S*)} is a decreasing sequence of compact sets intersecting at S,

the set on the right-hand side is equal to p(S). O

Theorem 4.5 (Detection of periodic points) Let (b;)3°, € II be T-per-
iodic. PutY = ({bo},{b1},---,{br_1}) € AT. If, for some positive integer
n}

A(Pyn (W ({Sh}, £, X)) #0 (4.2)

then there exists an nT-periodic point x € S of f such that p(z) = (b;)52,. If
(4.2) holds for n =1 and T is the principal period of (b;)3°, then x can be

chosen in such a way that T is ils principal period.

Proof. By (4.2), theorem 4.2 and remark 2.1,
A(B*(Syn, £, X)) # 0.
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By theorem 1.1, there exists an z € Sy such that f"T(z) = z. Since
p(Sy») = {(0:)$2,}, this proves the first part of the theorem. Since po f =
o o p, the principal period of p(z) must not exceed the principal period of x

with respect to f. Thus, if n = 1 then the principal period of z equals 7". O.

5. Horseshoes

In many chaotic dynamical systems arising from differential equations
a kind of behaviour resembling that of the Smale’s horseshoe map is ob-
served (see [8], [22]). In this section we provide an example of a criterion
for chaos based on the index defined in section 3 and compute the indices of
decompositions of invariant sets of the Smale’s horseshoe (U-horseshoe) and
the G-horseshoe maps. In the sequel, we deal only with decompositions of

isolated invariant sets into two disjoint subsets, i.e. we set B = {1,2}. By

Q11 a1,2 A1,
Q.1 Qg2 Qk,n
Og+1,1 Ok41,2 Qk+1,n
L an,l an,2 an,n |

we denote the class of all objects in M|, isomorphic to the object

(", {1/?} zc4) such that the matrices of ¥){!} and 9{?} in the standard basis

are
—CL1,1 a1,2 al,n— [0 0 0 ]
ag,1  Qk2 Qk,n 0 0 0
and
0 0 0 Opt1,1 Ogt1,2 (k+1n
| 0 0 0 | | Gnga n2 Qnp

(respectively) and 1)Z = ¥y, (% for each Z € A. Let us note the following

Corollary 5.1 Let f be a continuous map of a locally compact metric space

X into itself, S an isolated invariant set with respect to f and {Sy} its de-
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composition. Suppose that, for some q € Z7,

h({ S}, f, X) = lw] _

G2,1 Q22

where a; ; € Z are nonzero. If = is a domain then the map p : S — 11 defined

by (4.1) is a surjection. If, in addition,
hr({Sb}ﬂ /s X) =0

for each r # q, = 1is the field of rational numbers and X is an ENR then each
periodic sequence in 11 is an image (under p) of a periodic point of f in S of

the same principal period.

Proof. Let 1,1 : 22 — =2 have matrices 1 @2 and 0 0
0 0 az1 Q22

in the standard basis. For each sequence (by,by,...,br—1) of members of B,

waq © ¢bT—2 ©...0 djbo 7é 0.

More precisely, the matrix of the composition on the left-hand side has one
row of zeros and one row of nonzero members of = (in particular, its trace is

nonzero if = is a field: we shall use this fact later). Thus,

IT* <l G111 Q12 ]) — 1L
Q21 Q22

Applying proposition 4.1,4° for F' being the g-dimensional cohomology func-

tor,
I(A({Se}, f, X)) = IL

To finish the proof of the first part, apply theorem 4.4,2°. In order to prove
the remaining part, take a sequence (b;)3°, € II of principal period 7. Let
Y = ({bo},{b:},-..,{br_1}). By assumptions, tr(Pg(h"({Ss}, f,X))) = 0

for all r # q. Since the trace is nonzero for r = ¢, the Lefschetz number of

25



Py (h*({Sp}, f, X)) is nonzero. Theorem 4.5 implies that (b;)7°, is an image

of a periodic point of f of principal period 7. O

In a moment we shall show that the assumptions of the above corollary
are satisfied by the G-horseshoe and the U-horseshoe maps. We note that, by
the continuation property of the Conley index for decompositions, corollary

6.1 generalizes theorem 2.4 in [9] and theorem 2.1 in [23].

Example (cf [11]). Let G : R — R? be a G-horseshoe map, i.e. a map of
R? into itself being affine on each of the rectangles 4;B;C;D; (i=1,2). The

rectangles and their images under G are depicted on figure 1.

G(A) G(By) G(Az) G(B,)

AT O™
D o
A B
p LTI T

G(Dy)  G(CY)  G(Dy) G(Gy)

Fig.1. G-horseshoe
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We are interested in the Conley index of the decomposition {S,} of the
maximal invariant set S in A; B;C1D1UA;ByCy Dy, where S, = SNA; B;C;D;
for each b € B = {1,2}. By theorem 4.3 we can assume that G maps the
rectangle As BoC1D; outside the rectangle A1 B1CyDs. Let Qg be the set of
all points in the rectangle A;B;C5Dy mapped by G outside its interior (it
is the shadowed region being a disjoint union of three rectangles - see fig.1).
One can easily see that if we put Q1 = Ay B1Cy D, then the pair @ = (Q1, Qo)
is an index pair for S, compatibile with the decomposition {Sy} of S. Clearly,
the quotient space ()1/Qo has the homotopy type of the wedge sum of two

pointed circles. Thus,

=2 e
H(Q1/Qo) = { B i)ftge;wlise
In H*(Q1/Qo) we can chose the basis consisting of vectors e, (b € B), being
the images of the generators of H'(A;B1CoDy/(A1_3B1_sC1_3D1_p U Qp))
under the inclusion-induced homomorphism. Then, H*(Gg) maps e, into
e1 + ey or e; + ey — 2e;  according to the choice of generators. Hence
(notice that H'(r?) is the natural projection onto the submodule generated

by {ey: b€ Z}),

hl({S,,},G,R?):“ ”:[_1 ‘H

Clearly, the cohomological indices in other dimensions are trivial. In the
same way, one can prove that if U is the U-horseshoe map (cf [11]) and {S,}

is the decomposition of its invariant set obtained in the analogous way then
1 -1
h'({S}, U, R?) = lﬁ]

and the cohomological indices of all other dimensions are trivial.
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