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Abstract

With each isolating block for a homeomorphism of an orientable
manifold we associate a cup product pairing. Up to an isomorphism,
this is a pairing of the discrete Conley indices of the homeomorphism
and its inverse on the isolating block. We show that this pairing is
nondegenerate. As a corollary we prove a time duality result for the
discrete Conley index.

0. Introduction

The observation that the Poincare-Lefschetz duality theorem can be used
to establish a relationship between the Conley indices of an isolated invariant
set with respect to forward and backward time comes from C.McCord [4].
A simple proof of a result of this type in the continuous setting was given
by M.Mrozek and R.Srzednicki in [7]. In the unpublished typescript [9] a
discrete counterpart of the time-duality is proved. Roughly speaking, it states
that the g-dimensional cohomological Conley index of an isolated invariant
set with respect to an orientation preserving homeomorphism is equal to
the (n — ¢)-dimensional homological Conley index of the same invariant set
with respect to its inverse, where n is the dimension of the manifold. If

the homeomorphism reverses orientation, the index maps with respect to
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forward and backward time differ by a sign. However, in applications another
version of the time-duality turns out to be of more use. Intersection pairings
defined by Kurland [3], provide the language for a concise representation
of the time-duality isomorphisms, which can be obtained from a statement
about nondegeneracy of the intersection pairings on Conley indices. In our
paper we follow this approach and prove a nondegeneracy theorem for a
pairing of the discrete-time Conley indices defined by the cup product. In
this respect, this paper extends the results of [9]. Our main motivation for
this extension is an application for a topological version of the Smale-Birkhoff

theorem [2].

1. Linear algebraic preliminaries

Let F be a fixed field and V' a vector space over F. For an endomorphism
@ of V, the generalized image and the generalized kernel of ¢ are defined by
gim ¢ = ﬂ im F, gker ¢ = U ker .
kel ke

One can easily check that ¢ maps both gim ¢ and gker ¢ into themselves.
Therefore, it induces endomorphisms of V/gker ¢ and gim ¢, which will be
denoted by Li(y) and Ly(p) (respectively). The Leray reduction of ¢ [6,
section 4] is the endomorphism Ly(Li(p)) of gim Li(¢). In the sequel, we
shall denote it by L(p). It can be shown (see [6]) that the Leray reduction
of any endomorphism is an isomorphism. We say that two endomorphisms
w:V > Vand ¢ : W — W are conjugate iff there exists an isomorphism
a:V — W (called a conjugacy) such that ¢ o @ = a0 ¢. Clearly, the
conjugacy relation, which will be denoted by =, is an equivalence relation.
For an endomorphism ¢ by [¢] we shall denote the conjugacy class of ¢, i.e.

the class of all endomorphisms which are conjugate to ¢.
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The endomorphism ¢ is called of finite type if there exists an n € N such

that dim im ¢" < co. Equivalently, ¢ is of finite type iff, for some m € N,
gim ¢ = im @™

and gim ¢ is finite dimensional.

Let us prove a few useful facts now.

Proposition 1.1. If ¢ is of finite type then it maps its generalized

image tsomorphically onto itself.

Proof. Let n € N be such that gim ¢ =im ¢". Then

gim ¢ = im """ = p(im ") = p(gim ).

Lemma 1.1. Assumethaty - W =W, o:V >V, a:V - W and

B : W =V are homomorphisms such that the following diagram commutes

4
V 4
Q B o}
w L4 w

Then:
(i) L(¥) = L(y)
(i) o is of finite type if and only if ¢ is of finite type

(iii) of ¢ and ¢ are of finite type then o maps gim ¢ isomorphically onto

gim v and B maps gim v isomorphically onto gim .



Proof. For the proof of (i), see [6, Theorem 4.4].
In order to prove (ii), assume that ¢ is of finite type. There is an n € N

such that dim im ¢" < oo. Since
wn—kl:(aoﬂ)n—kl:ao(ﬁoa)noﬂ:aownoﬁ’

the image of "' finite dimensional. It follows that ) is of finite type.
Similarly one proves that the reverse implication holds.
Since o = Ypoa and fop = o f, a(gin ¢) C gim ¥ and

B(gim 1) C gim . Hence, by Proposition 1.1,

gim ¢ = p(gim ¢) = §o a(gim ¢) C B(gim v).
Analogously one proves that gim ¢ C a(gim ¢). It follows that gim ¢ and
gim v are of equal dimensions and hence the above inclusions imply (iii).

O

Corollary 1.1. If an endomorphism ¢ : V. — V is of finite type then

L(p) = La(p).

Proof. Let o; be the restriction of ¢ to V; = im ¢* (i € Z*). We have the
following diagram, in which the vertical arrows are inclusion-induced and the
slant one is the appropriate restriction of ¢.

Vit
Vit Visa

@

©i

V; -V,

By Lemma 1.1, L(y;) = L(p;11). Since ¢ is of finite type, V,, = gim ¢ for

some n. Moreover, for such an n, ¢, is an isomorphism. Hence

L(p) = L(po) = L(pn) = pn = La(p)
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and the proof is finished. O

Lemma 1.2. Let ¢ : V. — V be an endomorphism. Assume that
¢* = Hom(p, F) : Hom(V, F) — Hom(V, F) is of finite type. Then, ¢ is of
finite type. Moreover, if & € gim ¢* is nonzero then there is an r € gim ¢

such that &(x) # 0.

Proof. Let n € N be such that im ¢*" is finite dimensional. Then, also im ¢"
is finite dimensional and hence ¢ is of finite type. Take an N € N be such that
im oY = gim ¢. There is an n € Hom(V, F') such that £ = (¢*)¥(n) = no?.

Since £ is nonzero, there exists a y € V such that

E(y) = n(e™(y)) # 0.

Now, ¢™(y) belongs to gim . Therefore, by Proposition 1.1, there is an

r € gim @ such that " (z) = ¢ (y). For such an z,

£(x) = n(e" () = n(e™(y)) # 0.

In what follows, by a pairing we mean either a bilinear map defined
on the Cartesian product of two vector spaces over F' or the linear map
corresponding to it defined on the tensor product of these spaces. A pairing
w: Vi x V5 — F is called nondegenerate iff for each nonzero v € V; there
exists a w € V5 such that w(v, w) # 0 and for each nonzero w € V; there is a
v € V4 such that w(v,w) # 0. The following proposition which we state for

further reference is a restatement of a standard fact in linear algebra.

Proposition 1.2. Let Vi and V; be finite dimensional vector spaces,

a pairing w : V3 x Vo — F be nondegenerate and o; : V; — V; (i=1,2) be
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endomorphisms such that w(oy(v),w) = w(v,as(w)) for each v € Vi and

w € Vy. Then [a;] = [Hom(ay, F)].

Proof. Let 8 :V; — Hom(Vj, F') be defined by 3(v) = w(v,.). By the

nondegeneracy of w, [ is an isomorphism. Furthermore,

Blas(v)(w) = wla (v), w) = w(v, az(w)) = F(v)(az(w)).

Hence o a; = Hom(ay, F') o 3, so that 3 is the desired conjugacy. a

2. The discrete Conley index

In this section we recall briefly the basic concepts of the Conley index
theory for homeomorphisms of locally compact metric spaces. For more
details, the reader is referred to [6], [8] or [11]. Let X be a locally compact
metric space and f : X — X be a homeomorphism. For a set A C X the
invariant part of A is defined by

Inv;A = ﬂ f"(A).
neZ
A compact set K C X is called an isolating neighbourhood if Inv;K C int K.
A set S is an invariant set iff f(S) = S or, equivalently, S is its own invariant
part. It is said to be an isolated invariant set if and only if it is the invariant
part of some isolating neighbourhood. A pair @ = (Q1, Qo) is called an index

pair for S iff the following three conditions hold.
(i) IanCI(Ql \ Qo) =5cC 1nt(Q1 \ Qo)
(ii) f(Qo) N Q1 C Qo

(iii) f(Q1\ Qo) C Q-



For such a pair, the index map fg : Q1/Qo — Q1/Qo is defined. More

precisely, fg is the map induced by f, given by the formula

rae) = { 55 e @

We note that, as it is usually done in the Conley index theory, by the quotient
space (Q1/Qo we mean the pointed space resulting from (); as the points
of @)y are identified to a single distinguished point denoted by [Qp]. The
g-dimensional cohomological (homological) Conley index of fg, which will
be denoted by hi(S, f,X) (he(S, f, X)), is the conjugacy class of the Leray
reduction of the endomorphism H?(fg) of H4(Q1/Qq) (respectively, H,(fq)
of Hy,(Q1/Qo)). By H* we mean the singular cohomology. In the sequel we
are also going to use the Cech cohomology, which will be denoted by H*.

Our reference for algebraic topology is [1].

3. The cup product pairing

Throughout this and the next sections, F'is a fixed field and f stands for
a homeomorphism of an n-dimensional connected F-orientable topological
manifold M into itself. All homology and cohomology used in the sequel has
coefficients in F'. Let d(f) be +1 if f preserves orientation and —1 otherwise.
By d(f) we shall also denote the homomorphism of F' being the multiplication
by d(f) = £1.

Let N be an isolating block for f, i.e. a compact subset of M such that
FYN)N NN f(N) C int(N). For i € Z* we define the sets N;" and N
inductively by

Ny =Ny, =0,

Ny =Nn0fH((M\N)UN),



Ni:Ll:Nﬂf((M\N)UNz'—)-

Thus, N;" (N;7) is the set of all points of N which are mapped outside N by
a j-th iterate of f (respectively, f~!), for some j € {1,2,...,i}. By N;" and
N, we denote the closures of the sets N;” and N; (respectively). We note
that the N;* sets are open in N and N;* are compact. Moreover, for each

; + + NES +
ieZ*, NF ¢ Nf c NE,.

Definition 3.1. The graded endomorphisms
fi: H*(N,Ny") — H"(N, N")
and
f*:H*(N,Ny) — H*(N,Ny)
are defined in such a way that the following two diagrams commute.
H*(N,N;")

~

fi H*(N\ N{", N\ NY')

H*(N, Nj)
H*(N, Ny )
%)*
fr H*(N'\ Ny, Ny \ Ny)

The graded subspaces R*(N,Ny) of H*(N,Ny) and R*(N,Ny) of
H*(N, Ny ) are defined by

R*(N,Ny) = gim f;.

8



By g% we denote the endomorphisms of R*(N, N;E) being the restrictions of
fi

Now we can define the U-product pairing. In the definition below, (.,.)
stands for the scalar product [1, section VII.1] and, for a compact set K C M,
by ox € H,(M,M \ K) we mean the fundamental class of M along K [1,
Definition VIIL.4.1].

Definition 3.2. The U-product pairing

() (R*(N, Ni) ® R*(N, N;)) S F
is defined to be the following composition
(B (N, N ) @ R (N, N7)) —— (H(N,Nj) @ H*(N, Ny ) —2~
— H™(N, Nj U Ny )~—— H"(M,(M\ N)UN; UNj)
exc

- F

<"0N\(N;'UN2_)>

Note that in the above definition an unmarked arrow represents an
appropriate inclusion-induced homomorphism (this convention applies to all
diagrams in this paper).

The main result of this section is the following theorem, stating that g7

and ¢g* are dual with respect to the U-product pairing.

Theorem 3.1. If g* is an isomorphism then, for each q € Z,

£€ RY(N,NJ) andnpe R 4N, N, ),

{g3(€),n} = d(){&, 9" ()}

Proof. The idea is quite straighforward: we use the naturality of cup and
scalar products with respect to inclusions and the map f. The only problem

is to choose interfacing pairs allowing to relate g% and g*.
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We have the following commutative diagram.

H*(N,NQ_)
z. u
HA(N\ Ny, Ny \ N7) — B (N \ Nf, N\ V)
()
H*(N,NQ_)

One can use this diagram and Definition 3.1 to obtain another one,

namely
R*(N,Ny) H*(N,Ny)
\f*‘
(g)~" f H*(N\ Ny, Ny \ Ny')
R*(N,Ny) H*(N,N,)

The above diagram together with Definition 3.1 implies the commutativ-
ity of the upper part of the following one (its remaining part is easily checked

to commute as well)
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RI(N,NF)® R*~9(N, N;)

HI(N,N}) ®H" 9(N,Ny)

93 ® (g9t

RI(N,NF)® R*~9(N, N5)

4N, Ny) ® H™ (N, Ny)

~

HI(N\ N, NF\ N )y® H*9(N \ N, N7\ N})

U
Y Y « Y
H™(N,Nj UN; ) —— H*(N\ N}, (N uN; )\ N) /

A y A

Z1R

C

IR

o
b
o

H™(M,(M\ N)U Ny UNy) g H"(M,(M\N)

S

H™(M,(M\ N)UN§ UNy)

<""N\(N;ruN;)>
<"ON\(N2+UN2_)> ( o )
BON\(NFUN])

= ) r

We conclude that, for £ € RY(N, N,f) and n € R" (N, N, ),

{97(8), (92) 7 ()} = d(f){&, n}

and the identity in the theorem follows.

4. Nonsingularity of the cup product pairing

~——— H™(N, N}

UN,)

2

C

UNF UNy)

In what follows, p will stand for the natural transformation of the Cech

cohomology functor into the singular cohomology functor, as defined in [1,

Definition VIII.6.11]. Thus, for each locally compact pair A C B contained

in some ENR and ¢ € Z we have a homomorphism p = pp,4) : HYB,A) —

HY(B, A).

Lemma 4.1. Let N be an isolating block for f. Then f7}

of finite type (i.e. of finite type in any dimension),
h(InvyN, f, M) = [L(f)] = [¢¢]

11
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and

h(Invy N, £, M) = [L(f?)] = [¢7].

Proof. First of all, notice that Q = (N, N;") is an index pair for f (cf [5,
Proposition 4.7]). Let  : (N, N;") — N/N;" be the projection map. We have
the following commutative diagram, in which j} and j; are inclusion-induced.
In its second row the convention of treating quotient spaces as pointed spaces

is violated.

i £ .
H(N/N;") ~ HI(N/N{")
it it
fq
HY(N/N{,w(Nf)) ———— HY(N/N{ \ [N ], n(NF )\ [N{T]) ~——<—— HUN/N{,n(N))
exc
>gy =7 ji=m* |4
Y f* Y Y
HI(N,NS) HY(N\ N, N\ W) = HY(N, N;)
A A exc A
~|id exc ~|id
_ f* _ _
HY(N, Ny) > HYN\N{,Nf\N{) < = HY(N, Ny")
exc
. %
J3 !
Y f* Y Y
HY(N, N3) ~ HYN\N{,Nf\N{) = = H4(N, Ny")

@
b
¢]

Note that j, is a homeomorphism and therefore ji is an isomorphism. From

the diagram it follows that so is jj. The homomorphism

fo « HY(N/N{") — HY(N/Ny") is of finite type by [10, Lemma 5.2] (as N is
a compact subset of a manifold, it is contained in an open subset of M being
an ENR - cf [1, Proposition VIII.1.3], so that the argument of [10] works in
our setting). It follows by Lemma 1.1 (ii) that so is f{ (it is the composition

of the lower horizontal arrows). By the (i) part of the same Lemma and
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Corollary 1.1, the statements concerning the Conley index with respect to

f hold as well. The remaining ones can be proved by time reversal. O

Theorem 4.1. For any isolating block N for f and q € Z, the cup

product pairing
{,.}:RY(N,NS)® R"9(N,N,) — F
associated with N is nondegenerate.

Proof. Take any nonzero & € R" (N, N; ). Let K; = (M \ Nj-) U N},
Ky = (M\N)UN; \N;S)UN;", Ly = M\ N} and Ly = (M\ N)UN, \ N;".
Figure 4.1 shows these sets (note that all of them are open) in the case of
N being a rectangular isolating block for a hyperbolic fixed point. In all
diagrams in this proof, by ¢ with a subscript we denote an inclusion map.
Here is an outline of the proof. First, one finds a nonzero element &;
in H" 9(Ly, Ly) which, in some natural sense, corresponds to &, and is not
annihilated by any iterate of the endomorphism induced by f~! (defined with
the aid of the pair (K, K3) in a similar way as f*). Lemma 1.2 and the fact
that the coefficient ring is a field allow to find an element 1y of H,_,(L1, L2)
whose scalar product with & is nonzero and which belongs to the generalized
image of the endomorphism induced by f~!. Since (M\ Lo, M\ L;) is an index
pair for f, the Alexander-Spanier dual of 79 can be viewed as an element of
RY(N, N, ). The final step is to show that the {.,.} pairing of that element

with & is indeed nonzero.
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Ny Ny’

N } Ny
N L] [ ] }Ni
N, N,

K,
AR AR
I
I I
AR AR
1 2

Figure 4.1

Consider Diagram 4.1 below, in which the homomorphisms on the bottom
are ¢ = Hom(H,,_,(45), F') and ¢ = Hom(H,,—,(k), F') and the o homomor-
phisms are given by «(§)(n) = (£,n) and are isomorphisms since the coeffi-
cient ring is a field [1, Proposition VII.1.7]. By Lemma 1.1, the composition
aoiio(i5) Lo} oiloil maps R"9(N, N, ) isomorphically onto gim o !

Therefore, a0 i} o (1) 04 015 0i%(&) is a nonzero element of gim 1) o ™!
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By Lemma 1.2 (note that Diagram 4.1 and Lemma 4.1 show that 1) o ¢ *
is of finite type) there exists an 7y € gim(H,,_,(i5) * o H,_,(k)) such that,
for & = i o (i7) ™" 075 0 i5 0 i1 (&),

(&1,m0) = (&) (mo) # 0.

H"™9(N,Ny) HP N\ Ny, Ny \Ny) H"™(N,Ny')

A
7
L
=
*
[e]
2
o

H™ (N \ N, Ny \ N{")

%:
k R
(e]

i H" (N \ (N UNT), Ny \ (N[ UNT))
A —1)*

HY (N AN Ny AND) T gy o HTUNANGN \N)

—~
~

/

i H™9(N\ (N UND), Ny \ (Vg UNT)
, 1y

T
S
J
=
-
>
¥+
C
=
z
-
z
C
mzl
N3

y

qIR

C

H"_Q(Ll,Lz) " Hn_q(Kl,Kz)
= =2l Zla
' W
Hom(Hy_¢(L1,L2), F) 4('0T Hom(H, _4(K1,K3), F) ———— Hom(H,_4(L1,L2),F)
€xc
Diagram 4.1

Let M; = (N \ N;) UNy (for i = 1,2). Consider the commutative up
to a sign (this refers to the top left rectangle, only if f reverses orientation)
Diagram 4.2. Note that its upper two rectangles commute by [1, VIII.7.6]
and [1, Proposition VIIL.10.10] and D; and D, are the Poincare-Lefschetz

duality isomorphisms [1, Proposition VIII.7.2]. The arrows marked with p'
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represent homomorphisms being compositions of the natural transformation

p and an inclusion map.

k* = (f_l)* i5*
Hn—q(L1,L2) Hn—q(K1, K2) = Hpn—q(L1,L2)
A A exc
o D1 = Nox, ~ Dz_mOMQ\Nf' ~ Dy
(M, Ny) HY(M> \ N, NS\ NY) = HY(M>, N5f)
A y exc
i
Hq(MlaN;—) Hq(Ml\Nf—zﬁj\Nl-i_) ] Eq(MhN;)
A y exc
&
i
Ao, N SR\ NE AN e Ao )
exc
1
HIY(N,Nf) ———— HIYN\N{,NS\N{) ~——F—— HIYN,N;)

i*
11
exc z

HY(N\ NS ,NnV\N)

\
S

HY(N,NNV)

Diagram 4.2

Let us take a look at the upper four levels of Diagram 4.2. Since 1) o ¢ *
is of finite type, Lemma 1.2 implies that so is (i5,)”! o k,. By Lemma 1.1,
there is a & € gim((i5) ™' 04)') such that D o} 015(&,) = 1. There are open
neighbourhoods U, V of N and N, such that V Cc U and & € HY(U,V)

such that & = (&), where u :

HY(U,V) — HI(N, Ny) is the universal
transformation. To make the formulas simpler, let j = iy 0 iy 0 i3. By [,

VIILS.12],
0% (&1, 35 015(&) Nony) = (=11 D (ig 0 i (&) Ut 0nr,) = (v(&) U1, ory),
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where v : HY(U,V) — H9(M,, NJ) is the universal transformation. Let us
note that the cup product used above is the one defined on the product of the
Cech and singular cohomology [1, VIII.8.10]. Since v(&;) € HI(M,, Ny) and
& € HV9(Ly, Ly) = H (L, M \ Ms), v(&)U & € HY(M, M \ Ms). The
cup product maps on the next diagram are singular cohomology products.
In order to finish the proof, let us consider the commutative Diagram 4.3
in which ay, as, 71, 72, 73, 01, 02, 3, 04, Lo and ¢y are induced by the inclusion
maps. By the commutativity of Diagrams 4.2 and 4.3 and the definition of

the appropriate cup product [1, VIIL.8.9],

0 # (v(&2) U &, 00) = (to0 0, ' 0 fro (€ ® &), 0nn,) =
= (07 0 Broan(&® &), omvun;)) =
= (07" (111(&) U (15 © (i) ) (&), om\wuwy)) =
= (05 (i5 © 115(&2) U 5 (&), om\(vuny)) =
= (05 (112(&2) U &) omyvu, ) =
= (01 (1% © i12(&2) U &), omy(vuy)) =

= {i}5(&), &} = {p' cu(&a), &} = {/'(&), &}

Since & € gim (53)7! o ¢, p'(&) € RI(N,N)) by the lower part of
Diagram 4.2.

To sum up, we have proved that for each nonzero & € R""9(N, N, ) there
is a & € RY(N, N3") such that {£},&} # 0. By time reversal one can show
that also for each nonzero vy € RI(N, N,) there is an vj € R* 4(N, N, )

such that {v, v} # 0. The proof is finished. O
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HY(U, V) i1y ® (i3 0 (1))

H"~%(Ly, L2)

Q3

HY(U\ N,V \ Nj)
®
H"~9(U\ N}, (U\ N)u Ny \ Nj))

B1|U

71

H*(U\ Ny, (U\N)UVUNy )\ Ny ) —— H"(N\ NS, (N V) UN; ) \ N

©
%R
a

HIN\N{,NOVANS)  iej  HUN,NNV) i1, ®id HY(N, Nf)
® ) ® ®
H"=9(N\ Nf,N; \ N;) H"™%(N,Ny) H"~%(N, Ny )
(@] @] @]

@
IR
@
AlR

& 5

H™"(M,M \ M>)

{-yon,)

Y
73

Y2
y——— H"(N,Ny U(NNV)) ————> H"(N,Nj UNy)

o)

54 | €Xc

L1

H™(M,(M\ N)UV UN;)

A;az/:\czmvv

Diagram 4.3

> H"(M,(M\ N)UNSUN;)

A.MQZ/AZWCZMVV
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We finish with a statement of the time-duality theorem for discrete dy-
namical systems. For a conjugacy class ® = [p] and k € F, by Hom(®, F)
and kP we denote the conjugacy classes of Hom(¢p, F') and k¢. Note that

these classes do not depend on the choice of a representative for ®.

Corollary 4.1. Let S be an isolated invariant set with respect to a

homeomorphism f of an n-dimensional F'-orientable manifold M. Then
d(f)hI(S, f, M) = Hom(h™ (S, f ', M), F) (4.1)

and

ho(S, £, M) = d(P)R"9(S, £, M). (4.2)

Proof.  Since there exists an isolating block for S (the argument of [8,
Theorem 4.5] can be used to obtain a simple proof), (4.1) follows from
Proposition 1.2, Lemma 4.1 and Theorems 3.1 and 4.1. Application of

the universal coefficient formula yields (4.2) O

Let us note that, in fact, (4.2) does not require field coefficients - it
can be proved directly (not as a corollary of the nondegeneracy of the cup
product pairing) by a similar method (see also [9]). An application of the
above theorem for f being the time-one map for a continuous-time flow yields

continuous-time duality of [4] and [7].
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