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Abstract

We present theorems concerning the relations between the discrete ho-
motopy Conley index in the affine invariant subspace and the index calcu-
lated in the entire space or in the half space. Our basic tool is the no-
tion of a representable index pair, i.e. an index pair composed of hyper-
cubes. As an application we prove an index theorem for homeomorphisms
f:R* 1 x [0,400) = R" ! x [0, 400) of compact attraction.
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0 Introduction

In this paper we study continuous maps f : R™ ! x [0, +00) — R™ ! x [0, +00)
such that £ = R""* x {0} is invariant under f. Let S C E be an isolated invariant
set for such an f. Then S is also an isolated invariant set with respect to fig. We
investigate the relationship between the Conley indices of S with respect to f and
fiz- We show that if the unstable set of S is contained in E then these indices are
the same and if the stable set of S is contained in F then the index with respect to
f is trivial. In mathematical ecology a map f is said to be permanent (or uniformly
persistent) when E is a repeller (see [6], [7]). Our theorem 2 implies that if the
index of S with respect to f is nontrivial then there exists an z € R"™ x (0, 00)
such that f™(z) tends to E. In particular if such a set S exists then f is not
permanent. In the context of flows the results in this direction were obtained in
[3], [20] and [21]. It is well known [2] that if z € E is an isolated fixed point of f
then the fixed point index of x with respect to f and the fixed point index with
respect to f|g can be arbitrary integers, with the values unrelated to each other
even for C* maps. Using Mrozek’s result [11] we obtain the relationship between
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the fixed point indices of S with respect to f and f g under the assumption that
S is of attracting or repelling type. As an application we prove a fixed point index

theorem for homeomorphisms of compact attraction.

1 Main results

Let (X, p) be a metric space, f : X — X a contiunous map and K C X. We
define the unstable and stable sets of K by

WY(K) = { xz € X :there exists 0 : Z~ — X such that ¢(0) = =z,
F(o(i — 1)) = o(i) for i € Z~ and lim;_,_o p(o(i), K) = 0 }

WH(K) = {z € X : lim p(f'(z), K) = 0}.

For an isolated invariant set S with respect to f the discrete Conley index of S will
be denoted by h(S, f, X) (the next section explains what we mean by the Conley
index). Fix n € N and let R? = R™™" x [0,00) and E = R"™" x {0}.

In section 4 we shall prove the following two theorems

Theorem 1 Suppose that f : X = X (X = R"r R") is a continuous map such
that f(E) C E and S C E is an isolated invariant set for f such that W¥(S) C E.
Then h(S, £, X) = h(S, fi, B).

Theorem 2 Suppose that f : R} — RY is a continuous map such that f(E) C
E and S C E is an isolated invariant set for f satisfying W*(S) C E. Then
K(S, £,R]) = 0.

2 Preliminaries

R,Z,Z", 7 and N will denote the sets of real, integer, nonnegative integer, non-
positive integer and natural numbers respectively. We shall consider sequences
indexed by either N or Z. Sequences of the latter type will be referred to as
double-sided sequences.

For a pair P = (Py, P2) of compact sets, by P;/P, we denote the pointed space
resulting from P; when the points of P, are identified to a single distinguished
point, denoted by [P;]. Htop will stand for the homotopy category of pointed
topological spaces. For a basepoint preserving map g its homotopy class will also
be denoted by g. This ambiguity should not cause misunderstanding.
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Let X denote a fixed locally compact metric space and f be a continuous map
of X into itself. For a given the set N C X, by Inv}'N, Ian?N and InvyN we
shall denote the positively invariant, negatively invariant and invariant part of N
relative to f, respectively, defined by (see [15, section 3])

IvfN={ze€X:f(z)eNforalliez"},

Inv; N = { x € X : there exists 0 : Z~ — N such that ¢(0) = z and
flo(i—1)) = oi) fori € Z~ }
InvyN = InV}LN NInv, N.
A set S is said to be invariant if f(S) = S. This is easily seen to be equivalent to
S =1InvyS. S is called an isolated invariant set if it admits a compact neighbor-

hood N such that S =InvyN. Such a neighborhood N is then called an isolating
neighborhood of S.

Now, let us recall the definition of the category of objects equipped with a morphism
(see [18] for details) over a given category K, denoted by K,,. Put

Ob(Kp) = {(X,a) : X € Ob(K) and o € Mori(X,X)}
and
MOT}Cm ((X, a)a (Xlaal)) = M((X, a)a (Xlaal))/ =
where
M((X,a),(X',a") = {B€ Mor(X,X"): Boa=a' o} xZT

and = is the equivalence relation in the above set defined by

(8,d) = (8,d) <= akeZ+ Boa®™™* = Foaldtk,

The morphism represented by (3,d) € M((X,a),(X’,a/)) will be denoted by
[8,d]. The composition of morphisms in X, is defined by

[ﬂlvdl] o [ﬂv d] = [ﬂl o ﬂvdl + d]

In the sequel we shall use the notation [X,a] for the class of all objects in Kpp,
isomorphic to an object (X, @).

Any morphism in Htop being the homotopy class of a constant map will be denoted
by 0. The trivial isomorphism class in Htop,, will be denoted in the same way, i.e.
we put 0 = [C,0] where C is any pointed space. This class is independent of the
choice of C'. This notation is ambiguous, but it will always be clear from context
what is meant by 0. We note that [X,a] = 0 if and only if o™ = 0 for some
mezt.

In order to assign an index to each isolated invariant set, we need the notion of an
index pair.
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Definition 1 A compact pair P = (Py, P2) of subsets of N will be called an in-
dex pair for an isolated invariant set S (with respect to f) iff the following three
conditions are satisfied.

(i) S = IHVfCI(Pl \Pg) C int(P1 \PQ),

(ii) f(PL\P) C Py,

(iii) f(P) NP C PB,.

For an index pair P = (P, P,), f induces the continuous map fp : P,/P> — P /P
which will be called the index map (cf [10],[16],[18]). The (homotopy) Conley index
of S, denoted by h(S, f, X) is defined as the class of all objects in the Htopn,

category isomorphic to (P;/Ps, fp). This class can be shown to be independent
of the choice of an index pair P for S.

In the sequel we shall use the following simple

Proposition 3 Let (Y, g) be an object in Htopm, Y' a subspace of Y containing
the distinguished point and g' ' Y — Y a continuous map. Assume that g(Y') C
Y, ¢'(Y) CY' and, for some m € Z*, g™ is homotopic to g' relative toY'. Then,
the objects (Y, g) and (Y',g) are isomorphic in Htop,,, where g:Y' — Y' denotes
the restriction of g to Y.

Proof. Consider the following two morphisms in Htop,,:
[7’30] : (Ylag) — (Ya g)a
[9 0 g™, 2m]: (Y, 9) — (Y',9),

where i : Y/ — Y is the inclusion map and ¢’ : Y — Y is the restriction of g'.
The latter morphism is well-defined since, by our assumptions on g and g¢',

(9'og™)og=gogogh~gogog =grogog =

=goghog =gogog ~go(g'og™).

The two morphisms turn out to be reciprocal isomorphisms, since

ioglogm:glogmNg2m and é/ogmoi:g2m_ O

3 Existence of representable index pairs
Let n be a fixed natural number. For an € > 0 we define a family €2, of subsets of
R" by
n
Q. = { I [kie, (ki + Vel ki € Zfori=1,2,...,n }

=1
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In what follows we shall mainly be concerned with subsets of R™ being unions
of elements of Q.. Such sets will be called e-representable (or just representable
if € is of no importance). Similarly, a pair of sets will be called representable if
and only if both of its components are e-representable for some positive €. For an
e-representable set R we put

Rez{KeQE:KCR}.

Note that each e-representable set R is €/M -representable for any M € N, so that
the set R./y is also well-defined. For a set A C €2 by |A| we denote the union of
all elements of A. The aim of this section is to prove the following

Lemma 4 Let f be a continuous map of a representable subset R of R" into
itself. Any isolated invariant set for f admits a representable index pair.

Although a proof is essentially contained in [19], we give it in a detailed way for the
sake of completeness. An alternative proof can be based on [8] using the method
of [17, lemma 5.1].

Proof. In what follows, by int, bd and cl we denote the interior, boundary and
closure relative to R. Assume R is e-representable. For any M € N let the function
Fum : Reypr — 2Fe/m be defined by

Fu(K) ={ L€ R : L0 f(K) £0 }
for all K € R/p- For aset D C R, /) we put
Invg, D= { K € Q¢ @ there exists a double-sided sequence

{K;} C D such that Ko = K
and Kiy1 € Far(K;) for all i € Z }

Let N be an isolating neighborhood for an invariant set S. Without the loss of
generality we can assume that N is e/M-representable for some M € N. Let us
begin with showing that, for some k € N,

‘Inv]:kM Ne/(kM)l U f(lInV]:kM Ne/(kM)D C int N (1)

We show (1) by contradiction. Assume it does not hold for any k. Then, for any
k € N, there exists a double-sided sequence {K*} C N, /(kp) such that

(K5 U f(K) NCA(R\N) #0 2)

and
K}, € Fem(KF). (3)
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For each i € Z and k € N let z¥ be any point of K¥. Using the compactness of N
and the diagonal method one can obtain a strictly increasing sequence of natural
numbers {k;} such that for each ¢ € Z the limit

o

T

lim 2

J—00

exists. Clearly, (2) implies that either z§ € cl(R\ N) or f(z3) € cl(R\ N).
Moreover, by (3), z},; = f(z}). We conclude that either zf or x] belongs to
Inv;N Ncl(R\ N), which results in a contradiction since N was assumed to be an
isolating neighborhood and z} € N for each i. Hence (1) is proved.

Let § = ¢/(kM). At this point we are able to give a formula for a §-representable
index pair for S. Let :
A= IankM N(;,

B={K€R5 . K € Fru(L) forsomeLeA}.
We will finish the proof by showing that the pair
(P, P2) = (IB|,|B\ Al)

is an index pair for S. We note that, by (1), P, C N.

To begin with, notice that cl(P, \ P») = |A| C N, so that Invy cl(P; \ P») C S.
On the other hand, for any = € S there exists a double-sided sequence {z;} C N
such that g = x and f(z;) = x4 for all 4 € Z. Let K; be any element of N;
containing x;. Then, K;1 € Frm(K;) for all i. Therefore, Ky € A. To sum up,
any K € Nj containing x belongs to A. Therefore, z € int |A|, so that S C int |A]
and the condition (i) in the definition of the index pair follows.

In order to show (ii), notice that for any = € P, \ P> C |A| there is a K € A such
that € K. By the definition of B and Fjar,

f(z) € int| Frpr (K)| C |B| = P

and (ii) follows.

It remains to prove (iii). Take any K € B\ A. We begin with showing that
Frm(K)N A = 0. Since K € B, there is a K' € A with K € Frp(K'). As-
sume there is a K" € Fa(K) N A. The definition of A implies the existence of
double-sided sequences {K|} and {K}'} of elements of N; satisfying the following
conditions: Ky = K', Kj = K", K | € Fru(Kj) and K| € Fpp(K]') for all

i € Z. Define the double-sided sequence {K;} C Nj by

K., foriez\Z*
K;={ K, forieN
K fori=0
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Clearly, K; 11 € Frm(K;) for all i € Z. Hence Ko = K € Invy,,,Ns = A, which is
a contradiction. Therefore, the following condition, even stronger that (iii), holds

FB)N(P\B) ClANf(IB\A)C |J |AIN int |Fau(K)[ =0 (4)
KeB\A

O

4  Proofs of the main theorems

Proof of theorem 1. Let f: X — X be a continuous map such that f(E) C E,
where X = R} or R". Let S be an isolated invariant set for f such that W*(S) C
E. By lemma 4 there exists an e-representable index pair P = (P;, P,) for S for
some € > 0. Let Y = P, /P2, g = fp,

Vo={laleV : we (R x[~¢/2,¢/2)N P }U{[P]}

and YI:{[x]eY:iL'EEﬂpl}U{[PQ]}-

Note that the distinguished point is added in an artificially-looking way in order
to deal properly with the case of P, being disjoint with E. Notice that by e-
representability of P, Y is a strong deformation retract of Yy with a deformation
r:Yy x [0,1] = Y given by

’l"( [$1,$2,---,Z‘n],t) =[.Z’1,.CL'2,...,1'",1,(]. _t)xn ]

Since W¥(S) C E, there is an m € N such that g™ (Y) C Y. To see this, for k € N
define

Fk:{xeX : there is a y € X such that fi(y) € cl (P \ P»)
fori:O,l,...,kandf’“(y):a:}

Clearly,
() Fi=Tnv, o (PL\ ) Cc W*(S) CE.
keN

Since {F}} is a decreasing sequence of compact sets, there is an m € N such that
Fn C R" ! x [—€/2,¢/2], which results in g™(Y) C Y,. Now, one can apply
proposition 3 with ¢’ = ry o g™, where 71 : Yo — Y is defined by r1(y) = r(y, 1),
to show that (Y, g) and (Y',g) (g is the restriction of g) are isomorphic in Htopy,.
Hence,

h(SJfaX):[YJg]:[Ylag]:h(57f|E7E) o
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Before the proof of theorem 2 let us make one remark. At first look theorem 2
appears to be essentially obvious. Why should not one just check that an arbitralily
small perturbation of the form f.(z) = f(x) + €e,, where e, is the normal vector
of the boundary, destroys the isolated invariant set S and use the continuation
invariance of the Conley index? However, there is an error in this reasoning: we
can not be sure that the invariant set for the perturbed map is indeed an empty
set.

Proof of theorem 2. Let f : R} — R} be a continuous map leaving E invariant
and S be an isolated invariant set of f such that W?*(S) C E. Let P = (P1, P») be
an e-representable index pair for S. Put Y = Py /P, g = fp, yo = [P2] € Y and

Y, = { [z] €Y : z€ (R™ ! x[e/2,00) NP }u {[P2]}-

One easily sees that Y, is mapped by g™ into the distinguished point for some
m € N (if it was not, then for each m there would exist an z,, € R™ ! x [¢/2, 00)
with fi(z,,) € PL\ P, for i = 0,1,...,m. Clearly, any accumulation point of
the {z,} sequence is an element of Invfcl(Pl \ P,) C W*(S) and, at the same
time, is not contained in E. This is a contradiction). Notice that Y is a strong
deformation retract of Y. Indeed, a deformation 7 : Y x [0,1] — Y can be defined
by
r([z1, %2, ..., Tn],t) = [Z1, %2, ..., Tn_1, max(T,, te/2)].

Let # =r(.,1). Since g™ o #(Y) = g™(Yx) = {vo},

m

g +1:gmog~gmofog:(]‘
Thus, h(S, f,X) =[Y,g9] =0. O

5 An application

Let us recall the relationship between the Conley index and the fixed point index
first. In what follows, by H* we shall denote a cohomology functor with coefficients
in the field of rational numbers. An isomorphism class of objects in Htop,, is said
to be of finite type if and only if it for any of its representatives (or equivalently, for
one of its representatives) (Y, g) there exists a k € N such that the graded vector
subspace Im H*(g)* of H*(Y) is of finite type (cf [17, section 4]). For such a class
7 we define its Lefschetz number, denoted by A(Z) by

AZ) = Agg) = ) _(—1)" tr g§

where by g¢ we denote the graded endomorphism of Im H*(g)* being the restric-
tion of H*(g). It can be shown that the right-hand side does not depend on the
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choice of (Y, g) and k. The following theorem, which is a very special case of [11,
theorem 4], can easily be obtained as a corollary of lemma 4.

Theorem 5 If f is a continuous map of a representable set R C R™ into itself
and S is an isolated invariant set for f then h(S, f, R) is of finite type and

ind(f, S) = A(h(‘sa fa R))a

where by ind(f,S) we denote the fized-point index of f on the interior of any
isolating neighborhood of S.

Sketch of proof. Take a representable index pair P = (Py, P2) for S, constructed
in lemma 4. Since h(S, f,R) = [P1/P, fp] and H*(P;/P) is of finite type, the
index is of finite type.

Consider the semidynamical system fp on Py /Ps treated as a topological space,
not a pointed space (fp is induced by the index map fp). Let 7 : P, — P,/ P be
the projection map, 7(z) = [z]. Clearly, 7(S) is an isolated invariant set for fp
and, since the dynamics of f around S and the dynamics of fp around = (S) are
topologically equivalent (7 is a local conjugacy on a small neighborhood of S),

ind(fp,7(S)) = ind(f, S).

Moreover, (4) implies that the distinguished point [P%] has a neighborhood which
is mapped by fp into [P»]. Therefore, it is an isolated fixed point of index 1. We
conclude that

ind(f,5) = ind(fp, n(S)) = ind(f, P, /Py) — ind(fp, [P2]) =
= A(H*(fp)) — 1 = AH*(fr)) = A(k(S, , R)).
O

For the rest of this section, fix a continuous map f of RY into itself such that
f(E) C E. An isolated invariant set S C E will be called of attracting type if
W¥(S) C E and of repelling type if W*(S) C E. As an immediate consequence
of theorems 1, 2 and 5 we obtain the following

Corollary 6 If S is of attracting type then ind(f,S) = ind(fig,S). If it is of
repelling type then ind(f,S) = 0.

Recall that the map f is of compact attraction if and only if there exists a compact
set A such that for every x € R’} the w-limit set of x intersects A. For such an f,
the set Fix(f) of all its fixed points can be shown to be compact and of index 1 (the
second statement is a special case of the normalization property of the fixed-point
index proven in [5]). Also, Fix(f) N E, being the set of all fixed points of f g, is
compact and of index 1 with respect to fg-.

Now we are ready to prove the main result of this section.
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Theorem 7 Assume that f is of compact attraction and
Fix(fy CAURUK,

where A, R, K are pairwise disjoint isolated invariant sets, A C E is of attracting
type and R C E is of repelling type and K N E = (. Then

ind(fa K) +1nd(f\EaA) =1

and

ind(f,K) = 1nd(f|E7R)

Proof. Additivity of the fixed point index yields:
1=1ind(f, K) + ind(f, A) + ind(f, R)

and
1 = ind(f|,,4) + ind(f ., R).
By Corollary 6
ind(f|,, A) = ind(f, A)
and
ind(f,R) = 0.

Obviously, theorem 7 follows from these identities. O

Remark 8 The same problem for flows on R™was first investigated by A. Capi-
etto and B.M. Garay [3]. Their approach works only for flows induced by a vector
field and some special isolated invariant sets called saturated. By application of
the time duality of the Conley index [14], results of [20] extend work Capietto and
Garay to the case of any continuous flow and attracting and repelling type sets.
Actually, Corollary 15 and Theorem 16 in [20] is a special case of our Theorem 7
and Corollary 6 , by results of [12].

Theorem 9 Let f be as above. Let S be an isolated invariant set (not necesserily
contained in E). Suppose that h(S, f,R}) # 0. Then either there exists x € R} \ E
such that w(z)NE # ( or there exists a compact invariant set S which is contained
in RY \ E.

Proof. Suppose that
Ve RNE w@)NE=0 (5)
We have to show that there exists compact invariant set S; such that S; N E = {.
Suppose that S C E. From (5) follows that that W*(S) C E. From this and the-

orem 2 we obtain h(S, f, R} = 0, which is in contradiction with our assumptions.
So we proved that S is not contained in E.

Let us take z € S\ E. Obviously S; := w(z) is nonempty compact invariant set.
From (5) follows that Sy N E = (). This finishes the proof. O
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