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Summary

The Conley index theory was developed by Conley and his students (for an
overview, see [4]) in late 1960s and early 1970. At that time, it applied to continuous-
time dynamical systems and was meant to be a robust tool for studying isolated in-
variant sets and their gradient-like structure. The problem of extending the theory for
discrete dynamical systems, posed already by Conley in [4] together with a suggestion
that such an extension may provide a way of relating the dynamics of continuous-
time systems to their discretizations, was successfully solved by J.W.Robbin and
D.Salamon in [20] and independently by M.Mrozek in [18]. This extension and later
observations that it can be further extended to special multivalued maps [10] led to
applications of the ideas of Conley index theory to computer assisted proofs, [13],
[14], [17], [28]. Later on, similar ideas proved to be useful in time series analysis [15],
[16]. This work is meant to be a gentle introduction to the topic. We review the
basics of the Conley index theory, without stepping into arduous algebraic details of
its formal definition and proofs of its properties which are not essential if the main
goal is applying these ideas to computer assisted proofs or time series analysis. Then,
a method of reducing the problem to a combinatorial one is described, together with
some details on how to obtain representable index pairs and compute homology in
2D. Finally, we discuss an application of the approach to time series analysis, where
an index pair computation can be used to obtain results about what variety of time
series data one may expect to collect from a given experiment. For more general state-
ments of theorems and more extensive discussion of the topic the reader is advised to

consult the references.



Chapter 1

Symbolic Description of Dynamics via Index Pairs

One of the main goals of the theory of dynamical systems is to describe the
structure of invariant sets. A popular way of modeling the dynamics is via symbolic
dynamics: the invariant set is parameterized by a set of infinite sequences of symbols
over some alphabet in such a way that its dynamics is equivalent to the dynamics
of the shift map on that set of symbol sequences. Techniques based on the Conley
index theory allow to obtain a slightly weakened variant of such a description as a
result of the following two-stage process. In the first stage the problem is globalized.
One substitutes the original dynamical system with a different one, defined by a
self-map of a pointed compact topological space. The distinguished point is a local
attractor. The dynamics on a neighborhood of the invariant part of the complement
of the distinguished point is the same as on the neighborhood of the invariant set
in the original system. An example of such a globalization for a hyperbolic fixed
point on the plane this is shown in Figure 1. A small square containing the fixed
point  whose edges are transversal to the stable and unstable manifolds of r is cut
out of the phase space. Then, two triangles are glued to its edges intersected by the
unstable manifold of r. Vertices of the two triangles are made meet at a point a
which will be the dual attractor of r in the new system. From Figure 1, it should
be apparent that the dynamics can be extended from the square to the entire new
phase space in such a way that the dynamics around r is preserved and the attractor-
repeller structure of the global invariant set is as described above. The next stage is

essentially analysis of the topological structure of the new dynamical system. For our



Figure 1: Globalization for a hyperbolic fixed point

hyperbolic fixed point one may compute the Lefschetz Number of the map induced
by the new system on the pointed space (Y, a). Since it is —1, the Lefschetz Fixed
Point Theorem implies the existence of a fixed point different from a in the new
dynamical system. Any such fixed point belongs to the dual repeller of a, which
is an exact copy of the invariant set we wanted to describe. Thus, we have shown
that that invariant set contains a fixed point. Of course, this is not surprising since
the invariant set is a hyperbolic fixed point. However, as we shall see later, our
approach applies in much more general settings and can be used for detecting far
more complicated dynamical features than fixed points. Moreover, it is robust under
perturbation: the construction in Figure 1 goes through also for dynamical systems
close to the original one in the C? sense. This is the main reason for the strength of

our approach. First of all, it implies that it is not necessary to know the dynamical



system exactly in order to describe its dynamics. Secondly, it means that when this
type of analysis is applied to models of physical processes, the physically insignificant
properties of the dynamics are automatically filtered out. By ‘physically insignificant
properties’ we mean properties which are either too fragile to be noticed and measured
in an experimental system in a repeatable way or are too small in magnitude to be
observed.

In the rest of this chapter we introduce the concept of an isolating neighborhood
and isolated invariant set and define index pairs which provide a general way of
globalizing the dynamics of an isolated invariant set. Then, we describe a way of
obtaining a symbolic description for the globalized system (and hence for the original

one since both are equivalent).

1.1 Isolated Invariant Sets

Although most dynamical systems which are interesting for general mathematical
audience are single-valued, multivalued maps have proven to be an extremely powerful
tool in the Conley index theory (see [9], [26], [31], [13], [10] for examples). Because
of this, we shall give the basic definitions in the multivalued setting and make use of
their generality later.

Throughout this section, F' stands for a multivalued map of a locally compact
metric space X into itself. We assume that F' is upper semicontinuous, i.e. that for
each open set U C X the set of all points whose value under F' is contained in U
is open. We also assume that F' maps each point into a closed set. A single valued
map f : X — X can be treated as a special case of a multivalued map, sending
a point z into the one-point set consisting of f(z). Notice that this map is upper

semicontinuous iff f is continuous.



Definition 1.1 A trajectory of F through x is a double-sided sequence (x;)®, such

o0
—0o0

that, for each i € Z, x;11 € F(x;) and x = xy. A sequence with the above property

indexed by Z~ (Z™") will be called a backward (forward) trajectory.

Definition 1.2 The invariant part of a set N C X under F, denoted by InvpN is

defined as the union of all trajectories of F' contained in N.
Theorem 1.1 If N is compact then InvgpN is compact.

Proof. Define the double-sided sequence of sets (N;)*, recursively by setting Ny = N

and
N — NN F(N;1) if2>0
T NN F‘l(NiH) if 1 <0,

where by F~'(A) for a set A C X we mean the set of all points of X whose images
intersect A. By upper semicontinuity of F', all N; are compact. Since the invariant

part of N is the intersection of N; over ¢ € Z, it is a compact set. O

The following definition introduces the main object of interest in the Conley index
theory: isolated invariant set. Although our definition is modeled after that in [10],
it is not exactly the same: it does not involve the maximum diameter of an image of

a point in N under F'.

Definition 1.3 A compact set N 1is called an isolating neighborhood if and only if
its invariant part is contained in its interior. A set S is called an invariant set ff its
invariant part equals S. An invariant set which is an invariant part of some isolating

neighborhood will be called an isolated invariant set.
We finish this section with a simple theorem which will be useful later on.

Theorem 1.2 Assume that F' and G are multivalued maps of X into itself and that
each point x € D C X has a neighborhood U such that F(x) C Nyer G(y) and

4



F(z) C int G(x). Any isolating neighborhood N C D for G is also an isolating
neighborhood for F' and Invg N C int InvgN.

Proof. Take a trajectory (z,) of F' contained in N. Let U C N be an open
neighborhood of z such that F(zy) C G(z) for all z € U. Any double-sided sequence
obtained from (z,) by substituting zo with a point y € UNint G(z_1) is a trajectory
of G. Therefore, U Nint G(z_;) is a neighborhood of z; in N contained in InvgN.

O

1.2 Globalizing with Index Pairs

This section describes a general way of globalizing the dynamics of an invariant
set. We start with the definition of an index pair which plays a crucial role in this
process. Like some of the other definitions given earlier, it differs slightly from those
in [9], [10], [18], [25], [26] or [27]. However, in the single-valued case, it is a special

case of the one in [20].

Definition 1.4 An index pair for a multivalued map F' : X — X is a pair of compact

sets (Q1,Qo) such that:
1. F(QoNel(@1\ Qo)) NQ1 C Qo
2. F(@Q1\ Qo) C @
3. Invecl(@Qr \ Qo) C int(Q1 \ Qo)
The following proposition is an immediate consequence of the above definition.

Proposition 1.1 Assume that F and G are multivalued maps such that F(x) C G(z)

for each x € X. Any index pair for G is an index pair for F.

5



The next lemma will be used later on to construct index pairs.

Lemma 1.1 Let f: X — X be a single-valued continuous map and F' a multivalued
upper semicontinuous map such that, for each x € D C X, F(x) is a closed neigh-
borhood of f(x) and there exists a neighborhood U of x such that f(z) € Nyer F(y)-
Let N C D be an isolating neighborhood for F. Then:

1. N':=1InvgN is an isolating neighborhood for f

2. For any compact set M such that f(N') C M C F(N'), the pair (M U N, cl(M \

N')) is an index pair for f.
3. (F(N'),cl(F(N")\ N")) is an index pair for f.
Proof. 1. By Theorem 1.2,
Inv;N' C Inv¢N C int InvpN = intN'.

Hence N’ is an isolating neighborhood for f.
2. Let @1 = MUN' and Qg = cl(M \ N'). We have to show that (Q1, Qo) is an index
pair for f. Clearly, f(Q1 \ Qo) C f(N') C M C Q. By the previous part,

Inv el (M UN')\ (M \ N')) € Inv;N" C int N' C int (M U N") \ cl(M \ N")).

It remains to show that f(QoNcl(Q1\ Qo)) NQ1 C Qo. Assume the contrary and take
z € Qo Ncl(Qy \ Qo) such that f(x) € Q1 \ Qo. Since f(z) € N’, there is a forward
trajectory of F' through f(x) contained in N. There is a neighborhood U C N of z
such that f(z) € F(y) for each y € U. Thus, there is a forward trajectory of F in
N through any point of U. U intersects M \ N’ and any point in the intersection
has a backward trajectory (of F') through it contained in N, since M C F(N'). By

merging the two half-trajectories one can obtain a trajectory of F'in N through such
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a point. Hence any such point is in N’, which is a contradiction.

3. Follows from part 2 applied for M = F(N'). O

We shall call an index pair stable if it is an index pair for any map g close enough
to f in the compact-open topology sense. The simplicity of the proof of the theorem
below demonstrates the power of the multivalued approach to the Conley index. For

a slightly different proof of the same theorem, the reader is referred to [9].

Theorem 1.3 Let f : X — X be a single-valued map of a locally compact space and
N be an isolating neighborhood for f. There exists a stable index pair Q@ = (Q1, Qo)
with Q1 C N and Inv,cl(Q1 \ Qo) = Inv,N.

Proof. For any positive real number ¢, let the multivalued map F; be defined by
F.(x) := B(f(x)). For € small enough, N, = Invy N C int N and F.(N.) C N. By
Lemma 1.1,

Q = (Fe(Ne), cl(Fe(Ne) \ No))
is an index pair for f. Since the assumptions of the Lemma are satisfied for any map

sufficiently close to f on N, @) is in fact a stable index pair. O

An important consequence of the above theorem is that, in principle, the global-
ization method described here can be applied to any isolated invariant set. Stability
of the index pair is also important since it means that it is an index pair also for
small perturbations of the original dynamical system. With some additional mild
assumptions (which seem to never fail in practice), this property ensures that the
symbolic description of the dynamics obtained using our method is robust under
small perturbations of the dynamics. The reader is advised to consult the references
[4], [9], [10], [12], [13], [14], [18], [20], [22], [25] or [27] to find out more about the
robustness property also known as the homotopy continuation property in the Conley

index theory.



In the sequel, for a pair of compact subsets (Q1,Qo) of X by @Q1/Q we shall
mean the space resulting from (); when the points of )y are identified to a single

distinguished point, denoted by [Qo]-

Definition 1.5 (taken from [20]) A pair (Q1,Qo) is called a weak index pair for
a single-valued map f : X — X if and only if Invscl(Qq \ Qo) C int(Qq \ Qo) and
the map fgo: Q1/Qo — Q1/Qo (called the index map) given by

fall) = { {5 e

1S continuous.

The following simple theorem shows that any index pair is a weak index pair. In

particular, it implies that weak index pairs exist for any isolated invariant set.

Theorem 1.4 Any index pair for a single valued map f : X — X is a weak index

pair.

Proof. It isenough to show that the map fQ : Q1 — Q1/Qp given by fQ(x) = fQ([aj])

is continuous at any point z € ;. Consider four cases:

1. z, f(z) € @1\ Q. Then, for all y in some neighborhood of z in @1, vy, f(y) €
Q1 \ Qo. Therefore, fo(y) = [f(y)] which proves the continuity of fg at .

2. f(z) € Q. Let U be a neighborhood of [Qy] in @1/Q. Take a neighborhood V' of
Qo such that VN Q; C 7= 1(U), where 7 : Q1 — Q1/Qy is the projection map.
For all y in some neighborhood of z, f maps y into a point of V' and hence fQ

maps [y] into U. Thus, fQ is continuous at .

3. f(z) € Qyor z & Q1. Then, f(y) &€ @, or y & @, for all y in some neighborhood

of z. Hence fQ is constant on a neighborhood of x and therefore continuous at

x.



4. x € Qo and f(x) € @1 \ Qo. By Definition 1.4 (1.), z & cl(Q1 \ Qo), and therefore
it has a neighborhood disjoint from @ \ Q. Thus fQ is locally constant and

therefore continuous at x.

Weak index pairs provide a general way of globalizing the problem of describing the
dynamics of an invariant set and therefore enable the use of the algebraic topological

tools for this task. The following proposition makes this precise.

Proposition 1.2 Let @ = (Q1, Qo) be a weak index pair for f and S = Invcl(Q; \

Qo). The map fq has the following properties:

1. The dynamics of fg on Invy, (Q1/Qo \ [Qo]) is the same as the dynamics of f on
S.

2. The distinguished point [Qo] has a neighborhood U in Q1 /Qo which is mapped into

[Qo] by some iterate of fq

Proof. 1. The projection map from @; to QQ1/Qo defines the equivalence

2. Assume that no such neighborhood exists. Let (U,)32, be a decreasing sequence of
compact neighborhoods of [Qo] such that Uy NInv, (Q1/Qo \ [Qo]) = 0 and f§,(U,) C
U for : = 0,1,...,2n, n € N. For each n € N there exists a point [z,] € U, such
that f¢([z4]) # [Qo] for 0 < i < 2n. Then, f'(zn) € M = {z € Q1 \ Qo : [z] € U}
and therefore all cluster points of f"(x,) are in cl M. Pick such a cluster point z,.
The diagonal method allows to construct a trajectory of f through z, contained in

cl M. This contradicts SNM =(. O



1.3 Symbolic Dynamics from Globalization

Let (Y, ) be a pointed compact metric space and g : (Y,y0) — (Y, 0) a con-
tinuous map. Assume that {A;}¥, is a family of compact subsets of ¥ whose
union is Y and such that each two intersect at y,. We can define continuous maps

i+ (Y,y0) = (Y, yo) by the following formula:

ri(y) = { yo otherwise.

Let g; = g or;. The rest of this section demonstrates how these maps can be used to
describe the invariant part of Y\ yo with respect to g in terms of symbolic dynamics.

We start with the following simple proposition, whose proof is left to the reader.

Proposition 1.3 If y € Y satisfies gi, © gi,_, © ... © giy(y) # vo then ¢7(y) € Ai; \ yo
forj=0,1,...,n.

Definition 1.6 We shall say that the point yo is a strong sink for g if and only if

there exists a neighborhood U of yo and a natural number n such that ¢g"(U) = {yo}.

Maps as in Definition 1.6 arise naturally as index maps (cf Proposition 1.2; note

that (QQ1/Qo is metrizable by the Urysohn’s Metrization Theorem; see [23]).

Corollary 1.1 Assume that yo is a strong sink for g. If the sequence (i;)52, such
that i; € {1,2,...,k} has the property that the composition g;, © gi;_, © ... 0 g;, s
not the constant map into yo for each j € Z*1 then there erists y € Y such that

Yo # 97 (y) € Ay, for each j € Z7.

Proof. By Proposition 1.3, for each j € Z* there exists z; (j € Z") such that

i; © 9i;_, © - - © giy(2;) # Yo. Define

Zj1 = i © Gir_, © - - - © Gig(25)-

10



Thus, z;; # yo for all j. Notice that

%55 = 9i; ©Gij_4 ©--.© gim+1(2j,m)

for 7 > m. Since
9i; ©Gij 1 © -+ -0 Gipia (U) = {yO}
provided j > m + n, it follows that z;,, ¢ U for such j and m. Let y be a cluster

point of (z;). Since for any I € Z* g;, 0 g;,_, 0...0 g (y) is a cluster point of (z;;)3,,

9.,°8%, 1©-.-0 gio(y) 75 Yo

for all m. By Proposition 1.3, the point y has the required properties. O

Recall that, for Y being an ANR, the Lefschetz number of a map h : (Y, y) —
(Y, yo0), denoted by A(h), is defined as

A(h) = i(—ni trH;(h) = i(—l)itrHi(h),
=0 i=0
where by H; and H' we denote the i-dimensional homology and cohomology functors
with coefficients in Q. In order to obtain algebraic criteria for existence of periodic
points we are going to use some of the properties of the fixed point index. For more

details on the Lefschetz number and the necessary information about the fixed point

index the reader is referred to [2].

Corollary 1.2 Assume that Y is an ANR and the Lefschetz number of the compo-
sition gi,_, © Gi, 5 ©---° Giy : (Y,y0) = (Y, %0) is nonzero. Then, g has a p-periodic

point y # yo such that ¢’(y) € Aj; for each j=0,1,...p—1.

Proof. Since yq is a strong sink for the composition map, it is an isolated fixed
point and its index is 1. The fixed point index of the set of all fixed points of the

composition map is equal to the Lefschetz number plus 1. If that Lefschetz number

11



is nonzero, the index is not equal to the index of yq and therefore the composition

map has a fixed point different from gy. Such a point ¥ is a p-periodic point of ¢ and

Yo 7# Gipr © Gip_s © --- © Gis(y) = ¥
By Proposition 1.3, ¢7(y) € 4;, for j € {0,1,...,p—1}. O

We finish this section with a restatement of the above theorems in the language of
symbolic dynamics. Let IT = []°,{1,2,...,k}. By ST we shall denote the positively
invariant part of Y \ yp, i.e. the union of all forward trajectories of g contained in
Y \ 9. S will stand for the invariant part of Y\ yo. It is not hard to see that S* is a
compact set and S = N2, ¢"(ST). By o we shall denote the shift map on II. Define

the continuous map ¢ : ST — II by
a(y) = (i) <= ¢’ (y) € A;, for all j € Z*.

Clearly, g o fis+ = 0 o0 q. Below we provide lower bounds for the complexity of the

dynamics of S.

Definition 1.7 For a functor F' defined on the category of pointed topological spaces,
let

o' ({ (10520 Flgi; 0952 00 gig) # Fleyy)

foraujez+}),

3

e ((Y,50), 9, {A}e,) =

t=0

where ¢y, s the constant map into yj.
Assuming that Y is an ANR and n € N we define

Per, ((Y, Y0)s 9, {Ai}le) = { (45)72¢ : (45) is n — periodic and

A(gin—l © gin—2 6...0 gzo) # 0 }

12



The following theorem is a consequence of Corollary 1.1 and 1.2.

Theorem 1.5 1. Iy ((Y, Y0), 9, {Ai}le) C q(S) for any functor F

2. Pern((Y, Y), 9, {Ai}le) is contained in the image of the set of n-periodic points of
f in S under q. Note that if a sequence . € Per, ((Y, Y), 9, {Ai}le) is of least
period n then any n-periodic point mapped into v by q has to be of least period

n.
Proof. 1. By Corollary 1.1,
q(S*) D T o= {(i5)0 : Fgi; © i,y © - © gig) # Fley,) for all j € Z+}.

Thus, q(¢'(ST)) D o'(Ily) for each t € Z*. By compactness of ST,

1 (Y 0). 9. 4) = o' € () ala'(57) < o) (5 = a(5).

2. follows immediately from Corollary 1.2. The second statement follows from the

definition of ¢. O

13



Chapter 2

Discretization

The approach presented in the previous section can be used to reduce the problem
of describing the dynamics in terms of symbols to a purely combinatorial computation.
This section explains the details of how such a reduction can be done. We shall start
with a few definitions which allow one to convert the problem on the continuous
level to an analogous one on the discrete level. Then, we describe an algorithm
for constructing representable isolating neighborhoods and index pairs. Finally, we
briefly discuss one-dimensional homology computation and give a few examples where
our approach can be used to obtain interesting information about the dynamics of an
isolated invariant set. Most of the results presented in this section can be found in

[28].
2.1 Cubes, Representability and Enclosures

Subsets of R™ are often represented on a computer as unions of grid cubes. We
shall follow this approach here since it is very simple and appears sufficient for our
purposes.

Fix positive real numbers €, €,,...,€, and let € be the smallest of them. By a

grid cube we shall mean a subset of R™ of the form

[k161, (kl + 1)61] X [k262, (kQ + 1)62] X [knﬁn, (kn + 1)€n],

14



where ki, ks, ..., k, are integers. By 2 we shall denote the set of all grid cubes. For
a subset A of Q2 by | A| we denote the subset of €2 represented by .A, i.e. the union of
all grid cubes in A. By o(A) we denote the set of all grid cubes intersecting |A|. In
other words, o(.A) is the representation of the smallest representable neighborhood of
|A|.

Let F be a multivalued map of Q into itself such that F(K) is finite for each
K € Q. In what follows, we shall think of F as a dynamical system, in particular, we
shall apply to it some of the definitions from the previous chapter (like that of the
invariant part).

Let f : R®" — R" be a single-valued continuous map. The following definition

introduces a way to finitely represent f.

Definition 2.1 A multivalued map F : Q — Q is an enclosure of f if and only if
f(K) C int|F(K)| for any K € Q.

The following theorem shows that such a finite representation of the map f can

be used to obtain isolating neighborhoods and index pairs.

Theorem 2.1 Let N be a finite subset of Q such that N = Invro(N) where F is an

enclosure of f. Then:

1. |N| is an isolating neighborhood for f
2. (|[FN)|, [ FN)\NY) is an index pair for f.
Proof.

1. Assume the contrary. Let (7;)%2  be a trajectory of f with zo € bd|NV|. For
each j, let K; be a grid cube containing x;, with K, chosen so that it is not
in V. Then, (Kj) is a trajectory of F contained in o(N'). Therefore, K, €

Invro(N) = N. This is a contradiction.

15



2. Since cl(|F(N)|\|F(N)\N|) = |N|, we have just proven that the third condition

in Definition 1.4 is satisfied. Also,
FAFWN)NIFWN)AN]) € FIN]) € [FN),
which proves the second condition. It remains to prove that
FUFNANIN V)N FN)| C[FN)\N].

Assume the contrary. There is an z € |[F(N) \ N| N |N]| such that f(z) €
|IFNM)|\ |FWN)\ N|. Let L be a grid cube in F(N) \ N containing z. Take
K € N such that L € F(K). Since f(x) € |N|, there is an M € N such that
f(z) € M. Such an M is also in F(L). Since K and M are in N, they have
a backward and forward trajectories (respectively) contained in N, which we

shall denote by (K;)}_ ., and (M;)52,. The double-sided sequence (L;) defined

j=—o00
L ifj=0
L= Ko ifj<0
M., ifj>0.
is a trajectory of F through L contained in o(N'). Thus, L € Invro(N) = N.

by

However, L was chosen from F(N)\ A. This is a contradiction.

2.2 Invariant Parts by Depth-First Search

A multivalued map F : Q — Q on a finite subset N/ of Q will be represented as
a set of records, one per element of A/. Each record corresponding to K € N will
contain a list of elements of N in the image of K under F and a list of elements of

N in the inverse image of K.

16



var

Z,D : subset of €2;

function rec_inv_plus ( a: element of Q2 ) : boolean;
begin
if a€ 7 return TRUE;
if a€ D return FALSE;
7 :=7TU{a};
for each be F(a)nN do :
if rec_inv_plus(b) then
return TRUE;

1 :=1T7\{a};

D :=DU{a};

return FALSE;
end;

function inv_plus ( N: subset of Q) : subset of {;

begin
Z:=0;D:=0;
for each a€ N do rec_inv_plus(a);
return Z;

end;

Figure 2: Pseudocode for the positively invariant part computation (function inv_plus)

The invariant part of N with respect to F is the intersection of its positively and
negatively invariant parts. The negatively (positively) invariant part is the union of
all backward (forward) trajectories of F contained in V.

The pseudocode of the procedure for computing the positively invariant part is
given in Figure 2. If the sets Z and D are stored as characteristic functions (i.e. by
giving each of the elements of A/ a flag saying if that element is in the set or not, so
that insertion/deletion of an element takes a constant time) then the running time of
the above procedure is linear.

Since forward trajectories correspond to backward trajectories via time reversal,

the negatively invariant part can be computed in linear time in an analogous way.
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The invariant part, being the intersection of the positively and negatively invariant
parts, can be determined from the results in linear time.

The input data for the procedure in Figure 2 can be looked at as a directed graph
whose vertices correspond to elements of N and edges join an element of K € N
to an element of F(K). The positively invariant part computation is based on the

following two principles:

1. all elements of V' on any path ending at an element of the positively invariant set

are in the positively invariant set;

2. all elements of A on a path starting at an element of A" and ending on an element

which has been visited by that path before are in the positively invariant part.

The set Z in the procedure on Figure 2 consists of the elements which have already
been decided to be in the positively invariant part, either by finding a ‘witness’ path
(principle 2.) or by finding a path through it ending at a cube already known to be
in the positively invariant part (principle 1.). The paths are searched exhaustively
via depth-first search. Recursing is terminated when an element in the set D is
encountered. The set D consists of all elements which have been decided not to
belong to the positively invariant part. An element K € N is added to D whenever

no path as described in 1. and 2. above starting at K is found.

2.3 Computing a Representable Isolating Neigh-
borhood Contained in a Specified Set

Representable isolating neighborhoods for which a computation yielding interest-
ing results can be performed at the prescribed level of detail tend to be complicated

and hard to specify manually (see examples in the following sections). In this section
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we describe an algorithm for constructing an isolating neighborhood contained in a
given representable set. Let us start with a theorem providing the abstract back-
ground for the algorithm. Throughout this section, F stands for an enclosure for a

continuous single-valued function f.

Theorem 2.2 Let B be a finite subset of Q. Put By = B. Let B; and C; (i =

1,2,...,m) be subsets of Q satisfying the following conditions.

Ian:(Bi_l) = Bz U Ci, (1)
o(B)NC; =0, (2)
o(By) C B (3)

Then By, = Invz(0(Bp) UCm) M o(By).

Proof. U; = CiUCsU...UC;, 1 =0,1,...,m. We prove inductively that Inv(B\U;) =
Invz(B;). It is obvious for ¢ = 0. Supposing that this equality holds for some i < m

and using (1) and (2), we obtain

Inve(B\ Uiy1) = Inve((B\U) \ Ciy1) C Inve(B\Us;) \ Cis1 =
=Invz(B;) \ Cit1 = Bis1.

Hence Invz(B \ U;y1) C Inve(Biy1). Since By C B\ Uy, the converse inclusion
holds and the proof is finished. By (2) and (3), o(B,,) C B\ U,,,. It follows that

v 7 (0(Bn) UCr) N0(Bam) € vz ((B\ Un) UCr) No(By) C
CInve(B\ Up_1) No(Bn) = Inve(Bn_1) No(By) =
= (B UCn) No(By) = By

To see that the reverse inclusion is true notice that B, C o(5,,) and

B CInve(Bp_1) = Invelnvz(By,—1) C Inve (B, UCyp) C Inve(o(By) UCh)

Theorems 2.1 and 2.2 imply the following corollary.
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function index pair ( N : subset of Q ) : pair of subsets of ;
var D,A : subset of Q;
begin
D := d(N); /] AN)=0(Q\N)
A = InveN;
while (DNA# () do:
choose a K € A;
A := A\ conn comp(K,A);
A = InvsA;
return (F(A), F(A)\ A);

end;

Figure 3: Computing index pairs

Corollary 2.1 If the sets B; and C; are as in Theorem 2.2 and C,, = 0 then B,, =
Invro(By,). Thus, if F is an enclosure for a single-valued continuous map f then
N = B,, represents an isolating neighborhood for f and (JF(N)|,|FN)\N]|) is an

index pair for f.

An easy consequence of Corollary 2.1 is that the index_pair function on Figure 3,
when called for a subset N of , returns the representation of an index pair for f, i.e.
a pair (Q1, Q) of subsets of 2 such that (|Q1],|Qo|) is an index pair for f. The call
conn_comp (K, A) returns the subset of €) representing the connected component of A
containing K and can be implemented as a special case of an algorithm for computing
a connected component in a graph [5]. Note that in the procedure index_pair the
choice of K within the loop is arbitrary and by changing the criteria for making that

choice one may obtain different index pairs.
2.4 One Dimensional Cohomology Computation

This section outlines the basic steps of the procedure for computing the endomor-

phism induced by the index map on the one-dimensional cohomology over the field
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of rational numbers. The idea is based on the algorithm for computing fundamental
groups of graphs and on the concept of a cell collapse (cf [7], [11]). Our presentation
is, to some extent, influenced by the work on mesh compression [21] and [30]. In what
follows, F stands for an enclosure of a continuous map f : R? — R? and (Q;, Qo)
is the representation of an index pair obtained using the algorithm described in the
previous section. We shall further assume that |F(K)| is a rectangle for each K € Q.

The main steps of the algorithm are listed below.
1. Find a deformation retraction of (|Q:|,|Qy|) to a graph G;

2. Find paths generating Hi(]Q1|/|Qo|) by finding a spanning tree of the graph G
obtained in step 1 with all vertices in the exit set identified to one vertex and
leading loops through edges in the complement of that tree (called critical edges

later on);

3. Find homotopy classes of images of each of the generating paths under the index
map by joining images of the consecutive vertices along each of the generating

paths;

4. Project (‘press’) the image paths into G by applying the deformation retraction

constructed in step 1.

5. Compute the coefficients of the matrix of the induced endomorphism by looking at
how the paths in G which are homotopy equivalent to the images of generating

paths pass through the critical edges.

The subsections below illustrate each of these steps. Since the methods used in this
section are quite standard in combinatorial topology, we shall often skip the details

and keep our discussion on a low level of abstraction. Since we will be dealing with
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Figure 4: Retraction to a graph. The dotted lines correspond to edges of a spanning
forest of the adjacency graph; the roots of the (in this example, two) trees are marked
with black dots. Bold edges are edges of G, a graph being a retract of (|Q1],|Qo|)-
More precisely, (|G| U|Qo|, |Qol) is a strong deformation retract of that pair and the
retraction can be obtained as a composition of square collapses [7] performed in an
order given by a depth-first search traversal of each of the trees.

the two dimensional case, we shall call grid cubes squares (although in general they

may be rectangles).

2.4.1 Retraction to a Graph

By the adjacency graph of the pair (Q;, Qy) we mean the graph whose vertices
correspond to squares in Q; \ Qp and edges join adjacent squares. A boundary square
is a square in Q; \ Qp adjacent to one outside Q;. For the rest of this chapter,
we shall assume that each connected component of the adjacency graph contains a
boundary square. This assumption is satisfied for all examples described further in
this paper. Let us note that even if it is not, the computation does not necessarily
have to fail - one can always delete components which do not contain a boundary
square, obtaining another index pair for f, which definitely satisfies our assumption.

We shall also assume that there are no connected components of |Q; \ Qp| which
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Figure 5: Paths representing the generators of the one dimensional homology (shown
as dotted lines).

do not intersect |Qg|. It is not hard to see that those two assumptions are in fact
equivalent to assuming that the cohomology of the pointed space |Q;|/|Qy| is zero in
dimensions 0 and 2.

In order to find a graph G being a retract of the pair (|Q1],|Qo|) we first find a
spanning forest of the adjacency graph. Each tree of that forest is a spanning tree
of the connected component containing it and will be thought of as rooted at one of
its boundary squares. In Figure 4, the edges of the forest are drawn as dotted lines
joining centers of the grid squares. For the root square, we draw another dotted line
connecting its center to the center of an adjacent square in the complement of Q;.
G is defined as the set of those edges of the grid squares in Q; which are are not

intersected by the dotted lines and are not edges of squares in Qj.
2.4.2 Generating Paths

In order to find a set of paths forming a set of generators for H'(|Q,|, |Qol), we
first look for a spanning tree of the graph G’ obtained from G by identifying its
vertices lying in |Qp| (black dots in Figure 5) to one vertex, denoted by ¢o. Efficient

algorithms for computing a spanning tree are well known [5]. Edges of one possible
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spanning tree are shown as bold solid lines in the Figure. Edges of the graph G’ which
do not belong to the spanning tree (later referred to as critical edges) are shown as
large arrows. Paths generating the first homology group are shown as dotted lines.
They are in one-to-one correspondence to the critical edges and can be obtained as
follows. First, fix an orientation of each of critical edges arbitrarily (for example as
indicated by arrows in the Figure). For each endpoint of such an edge there is a path
connecting it to qo. In order to obtain a generating path corresponding to a critical
edge, first follow a path from ¢y to the starting point of that edge. Then, move along

the critical edge and follow a path joining its endpoint with gy.

2.4.3 Images of the Generating Paths

Assume that vy, vs, ..., v are vertices along one of the generating paths. In order
to compute the homotopy class of the image of that path under the index map we first
pick an arbitrary vertex w; of one of the squares in the intersection Ngecq..ex F(K)
for each 7. Then, we join each two consecutive vertices w;, w;;1 with a path consisting
of at most two straight line segments, first of which is horizontal and joins w; with
the point whose z-coordinate is the same as that of w;;;. The second segment is
vertical and joins the endpoint of the first one with w;;. This is illustrated in
Figure 6. Notice that, since the basis paths start and end in |Qy| and each square
in Qg is mapped by F into a representation of a rectangle which does not intersect
|Q1]\ |Qol|, the path described above starts and ends in |Qg| and can leave or enter
|Q1] \ |Qo| only through |Qg|. Therefore, it defines a valid continuous loop in the
quotient space |Q;|/|Qo|. Using the convexity of |F(K)| for K € Q; one can show
that the path defined above and the image of the basis path under f are homotopic.
More precisely, one shows that the convex combination of the two paths with varying

coefficients defines a deformation of one path into the other.
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Figure 6: a) Selection of w;, an arbitrary grid point in the intersection of the images
of the four squares surrounding v;; b) Image (bold black line) of a basis path (dotted),
constructed as described in Section 2.4.3

2.4.4 Pressing the Image Paths into G

The goal of this stage is to replace each of the image paths obtained above with
a homotopy equivalent path which stays within G for the time it passes through
|Q1] \ |Qo|- We do that as follows. First, do a depth-first search traversal of the
spanning forest of the adjacency graph obtained in step 1., starting from the roots
of each of its trees. Then, look at the grid squares in the traversal order (a possible
traversal order for the component on the right of Figure 4 is shown in Figure 7a). For
each square, consider its edge which is crossed by the tree edge along which the square
was entered during the traversal. Substitute that edge in any of the image paths with

the ‘detour’ path as shown in Figure 7b. After taking a detour we ‘simplify’ the path
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b)

Figure 7: a) An example depth-first search traversal order; b) Detouring an edge of a
grid square

by removing moves along an edge and then back in the next step. All stages of this
process for the piece of the image path in Figure 6b within the component on the

right are shown in Figure 8.

2.4.5 Computing the Matrix

It is now time to turn the results of the computations described above into the
matrix B of the endomorphism induced by the index map on one dimensional coho-
mology. Let us number the critical edges with integers 1,2,...,m. B willbe amxm
square matrix whose entry in i-th row and j-th column is given by the number of

times the j-th critical edge appears along the path in G homotopic to the image of the
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2 [ 7 12
3 |5 |8 9
4 16 1 1
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2 ) 7 12
3 |5 |8 9
4 6 1 1
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4 16 1 1

Figure 8: Pressing an image path into G: consecutive stages
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path corresponding to the ¢-th critical edge. Passes through a critical edge against

its orientation are counted as negative.

2.4.6 Retractions induced by Decomposition of the Isolating

Neighborhood into Connected Components

Let Cl, 02, ..

., C; be all connected components of |Q| \ |Qo|. Then A; = {[z] :

z € C;} U|[Qo] is a compact set for each 7 and each two of them intersect at [Qy].

Therefore, the maps 7; : |Q1|/|Qo| — |Q1]/|Qo| can be defined as in Section 1.3.

Below we describe how to obtain the matrices of the endomorphisms g} = H*(fgor;).

Assume that the critical edges are ordered in such a way that there exist j;, ¢ =

0,1,...,1+ 1 such that

0=71 <jo <...< 41 = Fcritical edges = dimH' (] Q1]/|Qo|)
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and that the critical edges between (j; + 1)-th and j;;1-th are contained in C;. Then,
the matrices of the endomorphisms g} can be obtained from B by replacing all its
entries which are above the (j; + 1)-th row or below the j;;1-th row with zeroes.
To make our notation concise, we shall indicate that by dividing the matrix B with
horizontal lines into blocks, each of them corresponding to one of the A;’s. For
example, if there are two components of |Q;|\ |Qy/, the first one contains two critical
edges, the second one - one critical edge and the fy map is homotopic to the identity

then

™
|
o|lo —
ol o
—lo o

2.5 Examples

This section contains a brief description of two applications of the techniques
described earlier in this chapter. We present results of the computation of the endo-
morphism induced on cohomology for certain index pairs of the Hénon map and the
area preserving Hénon map. For a description of applications to the Lorenz Equations

the reader is referred to [13], [14] and [17].

2.5.1 Hénon Map

The Hénon map, introduced in [8] (see also [19]), is a homeomorphism of the plane

defined by
H(z,y) = (1 — az® +y, bx).

a and b are constants, in the original paper being 1.4 and 0.3, respectively. The map

H can be shown to have an attractor which exhibits complicated dynamics [19]. The
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Figure 9: An index pair for the Hénon map; the set Qg is shown gray and ()1 consists
of grid squares which are either black or gray.

procedure outlined in the previous section can be used to find an index pair for H
contained in the region whose boundary is shown as solid black line in Figure 9. The
edges of grid cubes have lengths ¢; = 1/66 and e = 1/220. Note that the ratio
€2/€1 is equal to b - this is to make up for the scaling of z in the formula for the
second coordinate. A representation of H as a multivalued map H : Q2 — Q was
computed using interval arithmetic. More precisely, to compute it for a grid square
K = [iver, (i1 + 1)e1] X [ig€q, (12 + 1)€2] we substitute x and y in the formula for H
with intervals [i1€1, (i1 + 1)€1] and [igeq, (12 + 1)e2]. As a result, we obtain a pair of
intervals representing a rectangle R bounding H(K). As H(K) we take the set of all
grid rectangles intersecting R. The resulting index pair is shown in Figure 9. The

cohomology computation procedure run for that index pair produces the following
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matrix:

OO OO O O 0O0O|C O|OO|0e PO =

OO OO O OO O|oo|ofec = RO O

OO OO O oO0oIoolc o|loo|oe m RO -

O OO0 OO0 C Oooo— ool o

OO OO O OO0 0|C Oo+ojo o ol o

O OO0 O o000l Hrooocoooo

OO OO0 O oOHHolo oolooc o ooo
O OO0 O oOHHolo oolooc o ooo
OO OO O OO0 OO OO0 OOl O
OO OO~ HOIoOo|lC O|o|o|oc o o|lo O
OO OO+ HOIOo|C O|Oo|ojc o o|lo O
|
OO OO O OO0 O+ O|HO|oc o Oo|lo O
O H OO O OO|I0o|C O|Co|ojc o o|lo O
OO OO O O0oIoo ooo|oc o olo o
O OO0 O OO0+ IC OIoo|oc o o|lo o
= O OO0 o oooloo oo|looloc o oo o
OO OO O oOoIoolc o|loo|+oc o oo o
OO OO O o000l o|loo|oc o ol o
O O OO O OO0 OO OO 0O|0(Cc © Ol O

There is a lot of information that can be derived from that matrix. Here is an

example.

Corollary 2.2 The Hénon map contains a periodic orbit of any minimal period p €

N\ {3,5}.

Proof. Let B; be the matrix obtained from B by substituting all entries in rows
corresponding to generating paths for critical edges outside the i-th component with
zeroes. Equivalently, B; is obtained from B by replacing all its entries above the
(¢ — 1)-th horizontal line and below the i-th line with zeroes. A straightforward but

arduous computation shows that:
1. tr By = —1

2. tr BoBjg=—1

3. tr B1B;1B,By = —1

4. tr BgB1B11B;B¢Bs = —1
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5. tr BngB1B11B7B6(B5)k = (—1)k for k Z 1.

By Theorem 1.5 (part 2), H has periodic points of all minimal periods except for
(possibly) 3 and 5. O

In [28] we have shown that the periodic orbits whose existence is proved above in
fact belong to the Hénon attractor. Furthermore, by using a simple argument based
on the technique of Lyapunov functions we showed that in fact there are no orbits of

period 3 and 5 within the attractor.

2.5.2 Area Preserving Hénon Map

The area preserving Hénon map is a homeomorphism of the plane given by the

formula
H(z,y) = (cosa x —sina y +sina 2%, sina 2 + cosa y — cosa 12),

where « is a parameter, in our case assumed to be cos™! 0.24. It is not hard to see that
|det DH| = 1 at any point of the plane and hence that H is indeed an area-preserving
homeomorphism. For this example, we applied the procedures described before for
€1 = €5 = 2/345. One of the index pairs produced by the algorithm is shown on
Figure 10. The solid dark line is the border of the set in which the index pair was
searched for. The discrete representation of H was computed as in the preceding

example. The cohomology computation procedure produces the following matrix.
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Figure 10: An index pair for the area preserving Hénon map.

0 0 0

-1

0 0 -1

0

An example of a property which can be inferred from the results of the computa-

tion described above is given below.
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Corollary 2.3 The map H has an isolated invariant set S such that there is a sur-
jection @ : S — ¥ := [1°{0, 1} such that Go H® = o o q, where by o we denote the
shift map on X. Moreover, ¢ can be chosen in such a way that each periodic sequence

in Y is an image of a periodic point x € S of H' of the same least period.

Proof. Let g be defined as follows. Consider the map ¢: S — IT:=[]{1,2,...,12}
defined in Section . For x € S let g(x); be the i-th entry of ¢(x) (recall that, by con-

vention, we start indexing the sequence ¢(z) with 0). Define () := (1(q(z)19i+2))520,

where
(a) = 1 ifa=8
M= 0 otherwise.
Let e, es,...,e1g be the consecutive vectors of the basis in which the matrix B is

written and matrices B; be defined as in the previous section. Let P be the matrix of
the orthogonal projection onto the one-dimension space spanned by the 10-th basis

vector. It is straightforward to see that
Bi10B12Bs Bs ByBg = B19B12 By B3 B1 By B1 B11 B12 By Bs By Bg = P.

Let B(l) = B10B12B835B4B6 and Bi = BloBlngBgBlB2B7B11B1238B5B4BG. Put
B, = B}Bj and By = B Bj. Any product of By and B; is equal to P and therefore
has the trace of 1. By Theorem 1.5 (part 2), any periodic sequence in IT which can be

obtained by concatenating a finite number of sequences (each of them of length 19)
(10,12,8,5,4,6,10,12,9,3,1,2,7,11,12, 8,5, 4, 6)

and

(10,12,9,3,1,2,7,11,12,8,5,4,6,10,12, 8,5, 4, 6)

and repeating the concatenation indefinitely is an image of a periodic point of H of

the same least period. Similarly, any infinite concatenation of these sequences is in
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the image of S under ¢q. The statement which we want to prove is nothing but a

restatement of that using ¢ rather than q. O
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Chapter 3

An Application to Time Series Analysis

This chapter describes an application of the techniques presented before to a
dynamical system modeled using time series data coming from the magnetoelastic
ribbon experiment. A detailed description of that experiment can be found in Section
3.2.3. The results of our computation carry some information about the diversity of
time series data one can expect to collect by running the same experiment for varying
initial conditions. Our method is robust under perturbation (see [17], [27], [28] for
more precise statements), and therefore is not as sensitive to measurement errors or

inevitable inaccuracies of the experimental setup as other approaches.
3.1 Experimental Assumptions and Notation

We shall present in this section a series of assumptions concerning the physical
system and the experimental measurements, comments concerning these assumptions
and some of their simplest consequences. In an experimental setting, we cannot hope
to verify these assumptions, but we present them as a check to the experimentalist.

The most fundamental of the assumptions is that the physical system can be
modeled by a continuous map f : X x A — X. One can look at f as a parameterized
family of maps of X into itself. By fy we shall denote the map f(.,\) : X — X. By
an ezperiment we mean a sequence {z;, A; }5-]:0 of points of X and parameter values in

Ap C Asatisfying z;11 = f3,(z;). In practice all experiments are finite but sometimes
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it will be convenient to use the concept of an infinite experiment, i.e. one in which
J = o0.

An important observation at this point is that we allow the parameter values )
to vary randomly. This appears to be the only physically realistic assumption that is
possible. The experimentalist can never have complete control over the experiment
or exactly choose parameter values. Therefore, the only constraint that we impose
on the parameter values is that during the experiment they can be controlled to lie
within Ag C A. An implication of this is that if we are given a point x € X then

after one iteration all we can assume is that it lies in

fas(@) == f({z} x Ag) C X.

A second reason for insisting that parameter values should be allowed to vary ran-
domly over some Ag is that physically it is impossible to sample at precise time
intervals. Therefore, if one views the sampling as choosing points along a trajectory
of f,, then small uncontrolled changes in the time of sampling can be thought of
as being equivalent to choosing points along a trajectory obtained by the sequence
of maps fr,, fr, fr, etc. By continuity with respect to time these maps are small
perturbations from f, and therefore can be incorporated into Ag assuming the space
of perturbations A is chosen large enough.

The process of measuring an experiment inherently involves errors. Therefore, we
choose to model the measurements as multivalued maps. Namely, by a measurement
we shall denote a multivalued map, assigning an interval 6(z) = [a,,b;] to every
point z € X. Thus, we chose the measurement tolerance error b, — a, to depend only
on x, not on time. In order for the experimental data to have any meaning there
must be some amount of continuity in the measurement map. If not, then arbitrarily
small changes in the physical system could result in instantaneous arbitrarily large

changes in measurements. We choose to impose this restriction by assuming that a

36



hypothetical ‘true’ measurement, y(z) € R exists even if it cannot be performed.
More precisely, we assume that v is a continuous function being a selector of 6, i.e.
such that y(z) € 0(zx) for each z € X.

We are now in position to define a time series.

Definition 3.1 A time series data is a sequence of real numbers (Uj);]:o for which
there exists an experiment E = {x;, \;}7_y such that u; € 0(x;). The time series is

sampled from A C X if, additionally, x; € A for all 0 < j < J.

Observe that the relationship which is required to hold between the time series

data and the ‘true’ physical process is that, pointwise,
|uj = 7(25)| < bay — a,

One of the consequences of the above definitions is that if the system is in
state x at some moment in time then the next n measurements of its state may
be 0(z1),0(z2),...,0(x,), where z1,29,...,z, are such that z;;; € fa,(x;) for i =
1,2,...,n—1 and z; = z. This motivates the following definition which introduces

a map capturing all possible measurements for up to n time steps.

Definition 3.2 The generalized reconstruction map is a multivalued map of X into
R"™ defined as follows.
My(z) == U O(x1) X O(xa) X ... X O(xy),
(ml,xg,...,xn)eTn(z)

where

T.(z) = {(xl,xg, coyTy) € X™ 2y =z and there exist A\, Aoy ..., Ay 1 € AR

such that x; 1 = fi,(x;) fori=1,2,...,n — 1}.
Clearly, the range of M,, contains all points which can be achieved through exper-

imentation.
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In practice the points which come from experiments usually are not spread out
over the whole range of M,,. Instead they tend to accumulate around a much smaller
region of R™. We shall assume that this kind of behavior is a result of the existence
of a set A such that fr,(z) C A for any z € A and the time series data reflects the
dynamics of f on A in the sense which will be defined later. Our goal is to describe
the dynamics of f on A.

Clearly, f induces a multivalued dynamical system E,, on O, = M, (A) defined by

E.(y) := {v € Oy, @ Jyea such that y € M, (),
Jdxea,, such that v € Mn(f,\(a:))}

Given only the constraints described above, F,, represents the optimal knowledge
of the dynamics on A as viewed through an n-dimensional delay reconstruction. This
can be seen by realizing that given y a vector obtained from n consecutive data points,
y = (Uj, Ujt1, ... Ujin_1), the best safe prediction that can be made concerning w,,, is
that (u;41,...,%j4n) € E,(y). Any set smaller than E, (y) fails to contain a possible
image point. Unfortunately, it is impossible in practice to compute FE,. Therefore,

we weaken our expectations concerning the dynamics which will be studied on R".

Definition 3.3 A multivalued map F : D — D (where D C R") is an envelope of
f if, for some true measurement vy, the following two conditions are satisfied for any

sequence of parameter values in Ap C A (A1, g,y -, An)-

1. F,)Y\I,)\Z,---,)\n—l(A) C D, where
Mharetne (@) = (V@) (£ (@) Y(rns © Fraa 00 fy (@)

2. The diagram

A Doy
‘l’ PKI,)\Z,---,)\n—l ‘l’ FKZ,A:},...,A»,L
D £ D
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upper-semicommutes i.e., for every r € A,
v v
Lm0 (@) € FoT 3, s, (T)

One of our fundamental assumptions will be that our model of the system con-
structed based on the time series data is an envelope of f. The following two propo-

sitions are straightforward.
Proposition 3.1 E, is an envelope for f.

Proposition 3.2 If F : D — D is a multivalued map such that E,(y) N D C F(y)

for all y € D then F is an envelope for f provided that for some true measurement -y
th)\z,...,)\n,l(A) cD

for any A, Aa, ..., A1 € Ag.

3.2 Implementation

In this section, (uj)jzo stands for a time series sampled from A C X. Clearly,
we cannot ensure that the time series is sampled from A if it was obtained from a
physical experiment. However physical systems quite often possess global attractors
and their positively invariant neighborhoods are a natural choice for A. In such cases,
the state of the system must eventually enter A during the experiment and it never
leaves A afterwards. Thus, any time series can be transformed to one sampled from
A by discarding some number of its initial entries. Again, it is not possible to tell how
many entries have to be discarded. In practice, we discard so many that the resulting
series yields a clean reconstruction of the system, with relatively small values of each

cube in D.
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In what follows, {x;, \;}/_, is the experiment giving rise to (u;), i.e. such that

u; € 0(x;). We shall assume that J < oco.
3.2.1 Modeling of the System

Define
Yy 1= {(Uj,uj+1,---,uj+n—1) :j€{0,1,...,J = n}}

By D we shall denote the set of all grid cubes in €2 intersected by >,,. Let T}, : 3, —

R" be the multivalued map defined by

T (vo,v1,y. . sV 1) = {(uj+1,uj+2,...,uj+n) 0<j<J—n,

(UO, U1y -, Un—l) = (Uja Ujt1y - Uj+n—1)}-

The map T, is a natural representation of the dynamics of the time series data.
However, it is defined on a finite set of points X,,. This set certainly neither covers the
entire range that can be achieved by experimentation nor possesses any interesting
topology. Therefore, a fundamental problem which we are facing at this point is
how to extend that map to a neighborhood of ¥, so that the extension is likely
to be an envelope of the physical system f. We decided to take a straightforward
approach to that problem: for each grid cube K we make its image be a convex
neighborhood containing all points (w11, % 42, ..., %;+,) such that the point defined
by the preceding window in the time series, i.e. (u;,ujt1,...,Ujtn—1), is in K. The
definitions are given below.

Define the multivalued map 7, : 2 — Q by

To(K) ={Le€Q: T,(KNZ,)NL#0}.
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Definition 3.4 A map G : Q2 — € is said to be consistent with the time series data

if the following condition is satisfied:
T.(KNX,) C|G(K)| foreach K €.

Obviously, 7, is consistent with the time series data.

However, 7, is not ‘large’ enough for our purposes. The fact that there is only
one point of 3, in a grid cube does not necessary mean that the image of that cube
(or even that point) under the generalized reconstruction map (cf Definition 3.2)
intersects only one grid cube. To make our approach completely reliable, we would
have to make sure that our model of the system is its valid envelope. Since we cannot
have complete knowledge about the physical system, this is impossible in practice.
We do what seems to be a reasonably good try. In order to get a value of a cube
under the model map we start with the smallest convex representable set containing
T.(K) and then enlarge it by applying the ‘o’ operation (defined in Section 2.1). More
precisely, for a set A C 2 and a nonnegative integer ¢ let Bs be defined recursively

as follows:

Bo(A) = A, Basi(A) == o(Ba(A)).

By r(A) we shall denote the representation of the smallest representable convex
set (i.e. either empty or of the form [lie, ki€] X [lo€, koe] X ... X [l,€, kp€], where
li, k1, 1o, ko, . . ., L, ky, are integers such that [; < k; for i = 0,1,...,n) containing |.A].
The discrete model of the system will be defined by the multivalued map F? given

by (see Figure 11 for an illustration)
Fa(K) = Bs(r(Ta(K)))-

The multivalued map F? : D — D, where D = |D| (recall that D is the set of

grid cubes containing sample points from the time series), which will represent the
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

K @\@/\///\ /,\// d

Figure 11: Construction of F°. Arrows indicate the action of T,, small circles are
points of K N'Y, and d = de. The large dashed rectangle is the set represented by
F(K).

physical system in the reconstruction coordinates is given by

Fi(z):==Dn [ |F@)

KeQ:zeK

The two most important factors influencing the choice of § are as follows.

1. It should be large enough so that the multivalued map represented by F? (i.e. the

map F?) is (in practice, is likely to be) an envelope of f.

2. 4 should not be too large — otherwise it would not provide enough information to

infer anything interesting about the dynamics of f.

In practice, it is easy to verify if the chosen ¢ satisfies condition 2 — one simply runs
the procedure described in the following section for F? and, if it does not produce
expected results, attempts to decrease . On the other hand, condition 1 is impossible

to verified in practice without a doubt. We take a pragmatic approach and require
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that the following condition which is obviously necessary (but not always sufficient)
is satisfied. For any set of grid cubes in D with nonvoid intersection, the intersection
of their images under JF? is also nonvoid. An alternative criterion for F? to be an
envelope of f, based on the modulus of continuity of B,,, is given in Section 3.3. It is
much more elegant from theoretical standpoint. However, it is much harder to verify
in practice for an experimental time series. In fact, we were not able to do that for
the magnetoelastic ribbon time series data described later on since our time series

was not long enough and of good enough quality.

3.2.2 Symbolic Dynamics from the Model

The procedure for isolating neighborhoods described in Section 2.3 can be applied
for the map F = F?, yielding a set N’ C  such that A" = Invzo(N'). Having empty
image, grid cubes outside D do not have forward trajectories and therefore cannot
belong to N. Hence N' C D. Let N = |[N|, Ny = bdpN = cIN Necl(D\ N) and
F = F?. Assume that F?(No) NN C Np.

By Z we shall define the union of all connected components of |D \ M| not in-
tersected by F(Ny). Let {Bi, Bs,..., By} and {Cy,C,...,Cy} be decompositions
of N and cl((D \ Z) \ N) (respectively) into pairwise disjoint compact sets. We
shall assume that those decompositions are such that only pairs of consecutive sets
in Cy, B1,C4, Bo, ..., By, C,, have nonempty intersection. Note that the sets B; and
C; are not uniquely determined by D and N (see Figure 12 for an example).

Fori=0,1,...,mlet B} = B;NC;;; and B, = B; N C;. By assumptions about
D and N, F maps B} into the union of C;’s (for x € {+, —}). By I} we shall denote
the set of all indices j for which F(By) intersects C;. For two sets of integers Jy, Js

we shall use the notation J; < J; to indicate that each element of .J; is strictly less
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Figure 12: Examples of partitions of N and cl(D\ N) into disjoint compact sets. The
imwverted-Y shaped curve bounds D and the set N is shaded.
than any element of J; (equivalently, max J; < min.J;). The set S; is defined as the

set of indices lying ‘between’ J; and Jo. More precisely,

(max I;",min I;7 | NN if I;" < I
S;=1¢ (maxI; ,min ;NN if I, <I
0 otherwise.

By B we shall denote the connectivity transition matriz i.e. the m x m matrix [b;;]

whose coefficients are given by

b"—{ 1 ifj€8,
YL (0 otherwise.

For the example shown in Figure 13, I} = {1}, It = {2}, I, = {0,1}, I,y = {3},
Iy = {0} and I = {1}. Thus, S; = {2}, Sy = {2,3} and S3 = {1}. Hence the
transition matrix is

0
0
1

O =
o~ o

The following definition will play a crucial role in our way of describing the dy-

namics of the time series in terms of symbols.
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Figure 13: An example partition of D and the way F acts on it (indicated by the
arrows).

Definition 3.5 A sequence (ij)$2, of numbers in {1,2,...,m} is called admissible if

and only if the following two properties are satisfied.

1. There is a path o : [0,1] — A such that for all parameter values py, fig, - . ., pin—1 €
Ap, T o yns © 0 18 a path starting in Cy, 1 and ending in C;,; 7y s a true

measurement satisfying the conditions in Definition 3.3

2. For each j, the entry of B in the i;-th row and i;,1-th column is nonzero.

Let P; be the projection of B; onto the first coordinate, i.e. the set of all z € R
for which there exist y1,¥s,...,Yn_1 such that the point (x,y1,¥2,...,¥yn 1) belongs

to B;. We have the following theorem.

Theorem 3.1 Let (i;)%2, be an admissible sequence. For any sequence of parameters
{Ai}320 C Ag there exists an experiment {x;, \;}32, sampled from A such that (z;)N
P, #0 for all j € Z*.

Proof. Define I'; = T'].

\j 1Aj+1 7""Aj+n—1 ’

3.5,1., i.e. such that 'y 0 0(0) € Cj,—1 and 'y 0 (1) € C;,. We shall show that there

Let o : [0,1] — A be a path as in Definition
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B B

Ij+1 Ij+1

Figure 14: The inductive step of the proof of Theorem 3.1. The path Tjrp, Tuns

from C; to C, and therefore crosses B;, ., .

exists a sequence of intervals
0,1] DLy DL D...
satisfying the following conditions.

(*) The math o; := I'j o fy,_, o fo,_, ©...0 fy, 00 maps the interval L; into B,

sending one of its endpoints into B;]T and the other - into Bi; .

Having proven the above, the assertion of Theorem 3.1 follows easily: for any u €

720 Lj, the sequence {f;,_, o fa;_, ©...0 fa(o(u)), A;} is an experiment satisfying
the required properties. We shall construct intervals L; satisfying the condition (*)
using induction on j.

For 7 =0, let
Ly:= [max o~ !(B;;), min{t € 07'(B;,) : t > max 0_1(BZ-;)].

Assume that L; has been defined so that the condition (*) holds. Definition 3.3 and
assumptions about how F' acts on B}’s imply that the map I';j 0 fjo f;_10...0 fpo0
maps one of the endpoints of the interval L; into Cs and the other into C, where

it In

5 € I;j’ and e € I;;. Thus (see Figure 14) the path Oj+1), has to cross B
particular, this means that there exists an interval L;;; C L; such that o;,; maps

Lj.1 into By, one of its endpoints into B;;Jr

and the other - into BZ-;H. O

1
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Figure 15: The reconstruction plot for the magnetoelastic ribbon time series data

3.2.3 Analysis of Magnetoelastic Ribbon Experiment

The magnetoelastic ribbon is a thin strip of material with the property that its
Young’s modulus varies with the strength of an applied magnetic field. A region of
uniform magnetic field was created by the use of three Helmholtz coils. The ribbon
was placed in the uniform magnetic field, and clamped from the bottom. The ribbon
and Helmholtz coils were encased in a Plexiglass box. The box was placed upon a
vibration isolation table, and the entire apparatus was in a temperature-controlled,
sealed room. Thus environmental effects were minimized. Nevertheless, the system
was extremely sensitive, and thus a significant amount of error needed to be taken
into account when doing the calculations. An oscillating magnetic field was applied
vertically. When the magnetic field strength is within a certain range, the ribbon
will buckle under its own weight. Under these conditions, the ribbon will oscillate
back and forth as its stiffness changes. Depending upon the strength of the applied
uniform field, and the strength and frequency of the applied oscillating field, as well
as the physical characteristics of the ribbon, the motion of the ribbon may exhibit
a wide variety of different behaviors. Due to the nonlinear relationship between

Young’s modulus and the strength of the applied field, the motion of the ribbon may
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Figure 16: The set D, consisting of cubes in D, i.e. those whose coordinates are pairs
of consecutive numbers in the time series

be chaotic. The position of the ribbon once per driving period was investigated.

The data set consisted of 100,000 consecutive data points {v, | n = 1,...100,000}
taken from voltage readings on the photonic sensor, sampled at the drive frequence
of 1.2 Hz. The voltage readings were measured up to 1073 volts. In our analysis, we
used 30,000 data points {v, : 30,000 < n < 60,000} and chose the reconstruction
dimension of 2, producing the reconstruction plot shown in Figure 15.

The combinatorial representation of the domain D of the envelope of the recon-
structed dynamical system consists of grid squares intersecting the reconstruction
plot. For the time series data described here, we chose the side of a grid square to be
€ = 0.0106. The squares which are in D, the representation of D, are shown shaded
in Figure 16

Figure 17 depicts the decomposition of the set |V into disjoint and compact Bis
and the decomposition of |D \ N| into disjoint and compact sets C;. The cubes

contained in D which are adjacent to a cube in A/ but do not belong to N/ are the
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Figure 17: A partition of D into C;’s and B;’s (left) and the way B;’s are mapped
into Cls by the model F (right)

darkest. The dark square in the middle of By is in fact contained in Z, i.e. it is
not intersected by images of any of the dark shaded squares. The multivalued map
modeling the dynamics of the time series was constructed as described in the previous

section. The transition matrix for our system (see Figure 17) turns out to be

0 001
0110
A_l()OO
0110

Let e be the maximum measurement error on A, i.e. the supremum of the lengths
of intervals f(x) over all z € A. The result of the above computation and Theorem 3.1
imply that the physical system exhibits chaotic dynamics and sensitive dependence

on initial conditions in the sense stated by the following theorem.
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Theorem 3.2 Assume that:

1. The multivalued map F used for the transition matrix computation is indeed an

envelope for the physical system f

2. There is a path o : [0,1] — A such that for all parameter values 1, fia, - - -, fin—1 €
Ag and some true measurement 7y satisfying the conditions in Definition 3.3,

D0 soriin_y © O 18 a path starting in Cy and ending in Cs.

Then, no matter how the parameters evolve in time, for any binary sequence ()2,
with the property that there is at most one ‘1’ in each quadruple of consecutive symbols

there is a time series data (u;)$2, such that

. [—oo,a+e] ifa; =0
u,e{[b_e’oo] if o =1,

where a and b are as on Figure 18

Proof. Any sequence (i;)32, being a concatenation of strings ‘2’ and ‘2314 is an
admissible sequence. Therefore, for the binary sequence () satisfying the assump-
tions of the theorem, substituting each ‘0001’ with ‘2314’ and each binary symbol
which is not a part of a ‘0001’ by ‘2’ yields an admissible sequence. By Theorem 3.1,
for any sequence of parameter values (A;) from Ap there is an experiment {z;, A;}32,
such that 6(z;) intersects the projection of B;; onto the x-axis. It is easy to see that
the experiment {z;,3, A3} gives rise to a time series with the required properties.

O

3.3 Modulus of Continuity and envelopes

In this section we state a sufficient condition for a multivalued map to be an

envelope for f in terms of the modulus of expansion of E,, i.e. the function
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F g
-
| b |
i -
*
*‘
a b

Figure 18: a and b: a is the rightmost point of the projection of By and b - the leftmost
point of the projection of By

€:[0,00) = [0,00) defined by

€(9) :== sup{dist(wl,wQ) | Ju1 00 € Oy dist(vy, ve) <9,
wy € En(Ul),UJQ € En(’UQ)}

Proposition 3.3 Let F': D — D, D C R" be a multivalued map and 6 > 0 a fized
number. If the first condition of Definition 3.3 is satisfied and:

1. DC UWEEn Bﬁ(n);
2. Vnes, Vyensm) DN Be(d)(T(n)) C F(n),
3. the time series is sampled from A,

then F' 1s an envelope of f.
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Proof. Lety € D. There exists n € ¥, such that dist(y,n) < §. By the definition of
the modulus of expansion (notice that T(n) € E,(n) since the time series is sampled
in A),

En(y) N D C By (T(n)) N D C F(y).

By Proposition 3.2, the proof is finished. O

Let us note that, in practice, the requirement that the experimental data set
approximates a sufficiently large portion of D should be satisfied if the experiment
is run for a sufficiently long time or sufficiently many times. Unfortunately, there is
no a priori method for determining these times. The second hypothesis is also not
rigorously verifiable in practice, but for reasonable physical systems one expects that
using sufficiently many data points one can obtain a reasonable approximation to the
expansion rates. In fact, approximations of this form are by now standard in the

analysis of time series [1].
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