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Low-load nanoindentation can be used to assess not only the plastic yield point, but the
distribution of yield points in a material. This paper reviews measurements of the so-
called nanoscale strength distribution (NSD) on two classes of materials: crystals and
metallic glasses. In each case, the yield point has a significant spread (10–50% of the
mean normalized stress), but the origins of the distribution are shown to be very different
in the two materials classes. In crystalline materials the NSD can arise from thermal
fluctuations and is attended by significant rate and temperature dependence. In metallic
glasses well below their glass-transition temperature, the NSD is reflective of fluctuations
in the sampled structure and is not very sensitive to rate or temperature. Computer
simulations using shear transformation zone dynamics are used to separate the effects of
thermal and structural fluctuations in metallic glasses, and support the latter as dominating
the NSD of those materials at low temperatures. Finally, the role of the NSD as a window
on structural changes due to annealing or prior deformation is discussed as a direction for
future research on metallic glasses in particular.

I. INTRODUCTION

The advent of nanoindentation and other nanoscale
mechanical tests has permitted the study of deformation
mechanisms at the finest scales, often as fine as the
carriers of plasticity themselves. For example, low-load
spherical nanoindentation techniques have successfully
detected subnanometer perturbations associated with
“incipient plasticity” phenomena such as dislocation
nucleation in crystalline materials1–7 and shear banding
in metallic glasses.8–10 By applying low loads to impress
a diamond tip into a test material while dynamically
recording load and displacement with high resolution,
deformation is stably promoted in a local region that is
free from interference from prior sample deformation.
What is more, due to the fine length scales of these tests,
they can in principle be compared with atomistic or
mechanistic simulations.11–14

A key strength of nanoindentation testing is that it
permits rapid acquisition of data; hundreds of experi-
ments can be conducted on a single sample in a matter
of hours. This opens the door to new types of studies
focused on statistics or spatial mapping of local mechan-

ical properties. For example, in composite microstruc-
tures an array of local nanoindentations can be used to
map modulus, hardness, or other properties.15–20 Even
within a single-phase sample, nanoindentation can be
used to assess the statistical distribution of plastic events
that may happen under nominally identical test condi-
tions. Such measurement statistics can be used to infer
details of the controlling physics that underlie deforma-
tion. In our group’s recent work, we have studied the
distribution of plastic events in materials with both crys-
talline4,21,22 and amorphous23,24 structures, and in each
case have been able to discern interesting details about
the onset of plastic flow.

The purpose of this paper is twofold. First, we provide
an overview of our recent work using low-load nano-
indentation to measure the nanoscale strength distribution
(NSD) in crystalline materials, including the methods
and results of some prior published works.4,21–24 Second,
we present new data on the NSD of several amorphous
metals, which offers an intriguing contrast to the results
from crystalline materials. The origins of the NSD in the
two classes of materials are compared and contrasted,
and implications for plasticity of metallic glasses are
discussed.

II. MEASURING THE NANOSCALE STRENGTH
DISTRIBUTION

For nanoindentation at low loads, it is possible to
observe the elastic-plastic transition. In many materials
the yield point is manifested as a “pop-in” event, which is
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characterized by a rapid depth excursion. Figure 1 shows
some characteristic examples of load–displacement traces
for (a) single-crystal (110) platinum and (b)–(d) three
metallic glasses of different compositions, with the first
pop-in event that marks the onset of global plasticity
identified. In each of these four cases, the data were
acquired with a nominally spherical diamond indenter
tip, with further experimental details assembled in the
Appendix.

In such experiments there are often many dis-
placement bursts, so the identification of the yield point
typically involves a more nuanced search for the first
plastic event. For example, in each of the cases in Fig. 1,
the first pop-in is also found to mark the first clearly
measurable departure from the Hertzian elastic curve for
sphere-on-plate contact25,26:

P ¼ 4

3
ErR

1=2h3=2 ; ð1Þ

where P is the load, R is the tip radius, h is the indenta-
tion depth, and Er is the reduced elastic modulus. The
curve described by Eq. (1) is shown in each panel of
Fig. 1 as a solid gray line (see the Appendix for experi-
mental inputs). In addition to the pop-in in the load–
displacement curves, for each of the four cases in Fig. 1,
there was always a corresponding spike in indenter

velocity, the analysis of which is elaborated in Refs. 4
and 9. The simultaneous observation of a displacement
burst, velocity spike, and the first departure from elastic
contact theory together are required to identify the yield
point in the experiments reported here.
This paper is concerned not with the details of individ-

ual experiments such as those in Fig. 1, per se, but rather
with the distribution of responses from many experi-
ments. We assess the so-called nanoscale strength distri-
bution (NSD) by repeating the experiment of Fig. 1 many
times; we find that more than about 100 indentations are
necessary to develop a clear picture of the distribution.
These experiments are all conducted in the same general
region of the same specimen at about the same time
(within a few hours, generally), separated by a small
distance that is sufficiently larger than the impression
depth to guarantee that there is no overlap of the plastic
zones. For a single spectrum, the same loading function
(rates/times) is used for each experiment in the series; the
experiments in the series are all nominally identical. The
Appendix contains details for the four materials tested
here.
Typical nanoscale strength distributions for each of

the four materials in Fig. 1 are presented in Fig. 2. We

FIG. 1. Representative load–displacement curves that show the initial

yield points of four materials, including (a) single-crystal (110) plati-

num, after Ref. 22, (b) Pd40Ni40P20 metallic glass, after Ref. 9,

(c) Pd40Cu30Ni10P20 metallic glass, and (d) Fe41Co7Cr15Mo14C15B6Y2

metallic glass, after Ref. 23. In each case, the experimental data are

shown by black data points and compared to the predictions of

the Hertz contact theory [Eq. (1)] for sphere-on-plate contact with the

reduced moduli and indenter tip radii assembled in the Appendix. The

first pop-in event is denoted by an arrow in each case.

FIG. 2. Cumulative probability distributions for the load at the yield

point or nanoscale strength distributions (NSDs) for the four experi-

mental materials measured at room temperature: (a) single-crystal

(110) platinum, (b) Pd40Ni40P20 metallic glass, (c) Pd40Cu30Ni10P20
metallic glass, and (d) Fe41Co7Cr15Mo14C15B6Y2 metallic glass. The

data in (a) appeared previously in Refs. 4 and 22, while that in

(d) appeared previously in Refs. 23 and 24. The loading rates for these

experiments were (a) 25, (b) 0.2, (c) 0.5, and (d) 2.5 mN/s.
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present the distributions by ordering the results to repre-
sent the cumulative fraction (F) of yield loads for each
material. A cumulative plot is preferred to a histogram,
as the former permits every individual test to be
represented by a single data point, while a histogram
involves an arbitrary process of binning that can lead to
biases in representation. Plotting the full distribution in
this way reveals subtle changes to the distribution that
might be obscured by limited sampling or by recording
only average values. For all four materials in Fig. 2, the
range of yield loads measured here significantly exceeds
the measurement uncertainty in nanoindentation; the
spread in the data are reflective of a true physical
response, the origin of which is explored in more detail
in subsequent sections.

The results in Fig. 2 are raw data, so comparison
among different materials, or in some cases with physical
models, requires normalization of the data in some way.
For example, instead of the load at yield, the distribution
could be presented in terms of a characteristic stress,
such as the maximum (Hertzian) shear stress or the mean
contact pressure at yield. To account for different moduli
of the tested materials, a characteristic strain can also
be used for normalization, such as, e.g., the mean
contact pressure (Pm) divided by the reduced indentation
modulus:

Pm

Er

¼ 4

3p

ffiffiffi
h

R

r
; ð2Þ

which we refer to for convenience as the “contact strain.”
Figure 3 replots all of the raw data from Fig. 2 using this
parameter; the curves for all four materials now share the
same scale.

In Figs. 1 to 3, two different classes of material (crys-
tal versus glass) are presented, and the basic features
of the elastic-plastic transition appear similar: the yield
point manifests as a displacement burst that marks
the departure from Hertzian contact theory (Fig. 1) and
exhibits a broad statistical distribution (Fig. 3) that
spans a similar range of contact strains. However, the
process of plastic yield in crystalline and amorphous
metals is, of course, physically very different. We can
imagine two different sources for the spread in the
NSDs in Fig. 3:

(i) Structural fluctuations: Across the many experi-
ments used to collect the NSD, the indenter may sample
many different atomic configurations (including both
internal and surface configurations), each of which yields
through a somewhat different critical event.

(ii) Thermal fluctuations: The same critical plastic
event may be triggered upon each indentation, but it may
be subject to stochastic noise from thermal fluctuations.

Of course, combinations of (i) and (ii) are also possible.
In Secs. III and IV, we examine in more detail the NSDs of

crystalline and amorphous materials, and demonstrate that
their origins are dominated by (ii) and (i), respectively.

III. NSD IN CRYSTALLINE MATERIALS

We first consider experiments such as those conducted
on (110) platinum in Figs. 1(a) and 2(a), in which the test
material is a single crystal with an exposed surface plane
that is the same for all of the indentations in the series. If
a crystal is well annealed, and if its surface has been
carefully prepared to render surface ledges or irregulari-
ties rare, then the initial defect density is low, and given
the small size of the indentations, it is a fair assumption
that all of the experiments are literally identical (to
within an atomic translation). When such a homogeneous
material is tested many times under identical conditions
and widely variable results are obtained, one unavoidable
source of variability—thermal fluctuation—is likely
responsible. In this view, plasticity is controlled by a
stress-biased, thermally activated process requiring some
time for a suitable thermal fluctuation to occur and trig-
ger it. As such, the process is variable and also very
sensitive to time and temperature. Low temperatures
reduce thermal fluctuations, and high imposed strain
rates limit the available time for them to occur, both of
which delay the yield event.

Thus, a critical piece of evidence for a thermal fluctu-
ation origin of the NSD is its dependence on applied
indentation rate and temperature. Figure 4(a) shows data
from Ref. 4 for the (110) platinum specimen, where a
shift in the NSD toward higher strength is seen as the
loading rate is increased. Further evidence of thermal
activation is seen in Fig. 4(b), which shows the effect of
test temperature on the distribution, with higher temper-
atures promoting earlier yield. These two sets of data are

FIG. 3. The same nanoscale strength distributions from Fig. 2, nor-

malized for geometry and elasticity: Pm is the mean contact pressure

given by Eq. (2), and Er is the reduced modulus of the contact (given

in the Appendix for each material).
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representative of many other combinations of rate and
temperature from Ref. 4, all of which follow the same
basic trends and align with intuition for a thermally acti-
vated process.

Beyond the observation of rate- and temperature-
dependent shifts to the NSD, it is possible to compare
such data to the expectations of a thermal activation
model. Schuh and Lund21 originally laid out the frame-
work for such analysis, which has been adapted and
refined somewhat in subsequent works.4,22,27 Essentially,
those authors assumed an Arrhenius rate law for the
single, critical event that controls yield, incorporated a
stress bias from the Hertzian elastic field that prevails
beneath the indenter, and related the rate law to the
probability of measuring the critical event during
nanoindentation. The result is an estimate for the cumu-
lative distribution function, which, in a simplified form
for a condition of constant loading rate, writes4

F¼ 1� exp � 9pRZ

4Er
_Pa6

exp � e
kT

� �
½120þ expðP1=3aÞ

�

�ðP5=3a5 � 5P4=3a4 þ 20Pa3 � 60P2=3a2 þ 120P1=3a

�120Þ�
�

; ð3Þ

where k is the Boltzmann constant and

a ¼ 0:47

p
4Er

3R

� �2=3 V

kT
: ð4Þ

Equation (3) contains both of the critical test parame-

ters from Fig. 4, loading rate _P and temperature T, and
also contains the kinetic activation parameters for the
process controlling yield: activation enthalpy e, activa-
tion volume V, and attempt frequency Z. A principal
value of the model in Eq. (3) is that if, as hypothe-
sized, a single critical process controls yield, then all of
the NSD data measured on a single material can be
fitted with this expression using one set of activation
parameters. Not only does the model capture changes
in the mean strength values with rate and temperature,
it can in principle validate that all of the spread in the
NSD itself arises from thermal fluctuations; for a set
of identical experiments, some measurements sample
favorable fluctuations that locally weaken the crystal,
while others sample fluctuations that oppose plastic
yield.
In the case of single-crystal Pt, this indeed turns out to

be the case: a single thermally activated event with e �
0.34 eV and V � 10 Å3 can essentially explain the full
suite of experimental data (including the six NSD series
in Fig. 4 as well as several others not shown). The solid
curves shown in Fig. 4 show a fit of this kind [although
with a more sophisticated model than the simplest form
of Eq. (3) from Ref. 4], emphasizing that the shapes of
the curves as well as their shifts with rate and tempera-
ture are all captured well with this kind of a model. NSDs
extracted from a second crystal surface of Pt (111) found
similar activation parameters, suggesting a similar rate-
limiting mechanism for yield.4

Apart from Pt, other single crystalline materials have
also been subjected to NSD analysis including SiC,21

Ta,28 and Ni3Al
27; these always reveal a marked rate

(and, where it is measured, temperature) dependence as
expected for a thermally activated process. In every case
where activation parameters have been extracted, they
have been found to be very small—with scales character-
istic of a single-atom process. The meaning of this has
been discussed at length in Ref. 4; we believe that it gen-
erally suggests a heterogeneous dislocation nucleation
process as underlying the first pop-in event, at least in
the experiments from our group. Of course, in the various
different materials under investigation the mechanism

FIG. 4. Effect of (a) indentation rate and (b) test temperature on the

NSD of single crystal (110) platinum. The solid lines show the simul-

taneous fit of all the data to a thermal activation model, of a form

similar to that of Eq. (3). Adapted from Ref. 4.
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can certainly vary in many details, and a number of
specific mechanisms remain under active discus-
sion.22,28–32 One benefit of extracting activation parame-
ters from a full NSD, though, is that these quantities are
abstracted based on time, rate, and temperature depen-
dencies; they are less sensitive to, e.g., the validity of
Hertzian mechanics, nonlinear elastic effects, etc., than
are estimates of the local stresses at yield and thus can
provide more nuanced insight into mechanisms.

The fact that NSD data for single crystals are often
extremely well fitted by a thermal activation model is
interpreted as strong support for the notion that these
types of experiments sample essentially the same critical
event in each indentation, and the variability in the mea-
sured response is dominated by thermal fluctuations. The
fact that the same amount of plastic strain is accommo-
dated for every event in the distribution in some cases
further supports this argument.21 However, such fits by
no means rule out the possibility that additional variabil-
ity in the NSD arises from structural fluctuations. Vacan-
cies, impurities, surface ledges, pre-existing dislocations,
etc., are all expected to occasionally be sampled during
nanoindentation even at the finest scales.4,7,33 As pointed
out in Ref. 4, these structural fluctuations introduce addi-
tional observation probabilities in the NSD, and could
account for some features of the NSD that are not well
explained by thermal activation. For example, it has been
noted that the tails of the curves4 are usually the most
poorly fitted by such models, and it seems reasonable
that the outlier states of the distribution could arise from
relatively rare structural fluctuations in single crystals.

Although the present work deals only with nano-
indentation, the same statistical approach described here
should be amenable to any nanoscale test geometry.
For example, the discussion of yield and plasticity in
microcompression testing is recently focusing attention
on variability in results and the role of defect distribu-
tions.34 We suggest that study of the NSD and separation
of thermal activation from structural fluctuations could
provide quantitative insight on such issues.

IV. NSD IN AMORPHOUS METALS

We now consider the NSD for amorphous metals
such as shown in Figs. 2(b) to 2(d). Amorphous metals,
or metallic glasses, have no lattice structure and do not
deform by dislocation plasticity. Instead, the pop-ins
observed during nanoindentation in metallic glasses corre-
spond to rapid shear localization (shear banding) along a
plane of material exceeding the yield stress of the bulk
material.31,35 Flow serration in nanoindentation load–dis-
placement curves is observed to be sensitive to composi-
tion, processing history, tip shape, applied loading rate,
and temperature.31,36–44 The shear band corresponding to
the initial yield event in low-load spherical indentation

does not originate from the point of maximum shear stress
in the Hertzian field (located at a distance of roughly half
a contact radius into the material26,40), but instead is
believed to span a trajectory ranging from the edge of the
contact to a depth greater than twice the contact radius.9

Two considerations enter into our expectations about
the NSD of metallic glasses. First, when a series of
nanoindentations is conducted on a glass, although the
test geometry and conditions are identical, the metallic
glass lacks the chemical and structural homogeneity of
crystalline material. There are a wide variety of topolog-
ical states45–47 and free-volume sites48,49 located sporad-
ically throughout the glass structure, and a corresponding
spectrum of activation conditions to induce flow.50–54

Second, the process of shear localization that is believed
to underlie the yield point is known to be a highly coop-
erative process. Although strain rate and temperature
have a strong effect on the density and velocities of shear
bands,55,56 the yield strength is characterized by a very
large apparent activation volume and energy, and is
therefore only weakly sensitive to temperature and rate.57

Based on these considerations, we expect that the large
variability in the NSDs of the glasses in Figs. 2 and 3 is
not principally related to thermal activation, but instead
is predominantly a reflection of the structural variability
of the glasses themselves. In the following, we proceed
to verify this expectation through experiments that probe
the rate and temperature dependence of the NSD, and
then through simulations that model the unit process of
glass deformation during nanoindentation.

A. Temperature and strain rate effects

As noted in Sec. III, a critical feature of thermal
fluctuation–induced spread in the NSD is a correspond-
ing significant dependence on rate and temperature. We
now apply this test to some metallic glass specimens, by
assessing rate sensitivity of the NSD over several orders
of magnitude in indentation rate (for two glasses) and its
temperature dependence below the glass transition (for a
third glass). The Appendix contains all of the experimen-
tal details for these series of indentations.

We first turn our attention to the temperature experi-
ments. Although our group55,58 and others44 have applied
high-temperature nanoindentation to metallic glasses in
the past, the present experiments are the first to explicitly
study the first yield event at nonambient temperatures.
We note that these experiments require a customized
apparatus capable of maintaining a nonoxidizing envi-
ronment, so that the measured results can be confirmed
free of artifacts from surface oxide layers (see the Appen-
dix). Figure 5 presents some examples of the raw load–
displacement curves for these tests. All of the curves
shown are for temperatures below the glass transition
(288 �C59), so the basic response is the same, including
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apparent elastic deflection and a pop-in marking the
onset of measurable plastic flow.

The NSD of this Pd-based glass is broad (see Fig. 3),
and we find that temperature lowers the mean yield point
of the glass. While at room temperature the median value
of Pm at yield is 7.8 GPa, it drops by about 10% at 50 �C
and another 5% at 100 �C, to values of 7.0 and 6.6 GPa,
respectively. This softening is relatively minor, and at
least partly due to the lowering of the elastic modulus
with temperature. When the NSDs are plotted using the
modulus-compensated mean pressure (or characteristic
strain) as in Fig. 6, the curves for these three tempera-
tures are quite close together.

At a somewhat higher temperature of 150 �C, which
is about 75% of the glass transition temperature of this
glass on the absolute scale, the measured behavior shows
a deviation from expectations, with the NSD shifted to
apparently higher strengths. As seen in Fig. 5, the load–
displacement curves at this temperature have signifi-
cantly lower curvature in the range below the nominal
yield point. In fact, these curves are not well fitted by the
Hertzian contact theory [Eq. (1)], which we believe is a
reflection of time-dependent (viscous) flow mechanisms
setting in; it is common to observe such mechanisms
beginning to emerge at these temperatures for metallic
glasses.55 Accordingly, the physics of flow are different
at this temperature. The first pop-in measured is not
necessarily reflective of the same physical event, and
the Hertzian calculations used to analyze the data are no
longer strictly valid. As a result, the NSD at this temper-
ature lies notably above those for the lower temperatures
in Fig. 6. Even so, the data clearly show that there is no
strong temperature dependence of the NSD in this mate-
rial. [Compared with the effect of temperature in single

crystal Pt, for example, in Fig. 4(b), the trend here is
negligible.]
Next, turning our attention to the indentation rate

experiments, we find that the effect of rate on the NSD
curves is also negligible. Our data for two different
glasses are shown in Fig. 7, where the various-rate data
sets are tightly grouped and follow the same general
shape, despite several decades of difference in the
applied indentation rates.
The above results on the NSD of metallic glasses are

in stark contrast to those for single crystal Pt in Fig. 4.

FIG. 5. Examples of the load–displacement curves measured on the

Pd40Cu30Ni10P20 metallic glass at elevated temperatures. The curves

are offset along the x-axis for clarity of presentation, and arrows

denote the specific location of the first pop-in event in these tests.

FIG. 6. Nanoscale strength distribution of Pd40Cu30Ni10P20 metallic

glass, measured at four different temperatures. When normalized by

temperature-dependent reduced modulus, the data for the lower tem-

peratures agree reasonably well, suggesting weak temperature depen-

dence of the specific plastic deformation mechanism that controls

yield. The data at 150 �C are anomalously high because the tempera-

ture is approaching the range where mechanisms shift (see text).

FIG. 7. Nanoscale strength distribution (NSD) of two metallic glasses

is found to be essentially unchanged as the rate of the test is varied

over two orders of magnitude.
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In Pt, the spread of the NSD as well as its change with
rate and temperature are all consistent with thermal acti-
vation, whereas in metallic glasses there is a large spread
in measured strength but essentially no rate dependence.
The temperature dependence of the metallic glass NSD is
also trivially compensated for by the temperature-depen-
dent modulus, at least at low temperatures well below the
onset of viscous creep flow.

In one sense, these results are exactly as expected for
metallic glasses deformed at low temperatures where
shear banding prevails: yield is known to be strain con-
trolled and thus strength scales with modulus,50,57,60

while the essential rate-independence of flow is also well
documented.57 The negligible temperature and rate
dependence suggest that thermal activation plays a rela-
tively smaller role in the yield of these materials (at least
for temperatures well below the glass transition), and
despite this, there is a very large spread in the NSD.
We therefore conclude that in metallic glasses, the NSD
spread does not principally arise from thermal fluctua-
tions in the system. [Although one could attempt to fit
any individual dataset from Figs. 6 or 7 with a thermal
activation model like that of Eq. (3), it is not possible to
fit all of the rate and temperature series with a single
set of activation parameters.] Instead, we suggest that
the NSD data represent an actual distribution of local
strengths, controlled by the local atomic configuration
sampled beneath the indenter tip.

B. Computer simulations

One way to verify the above inference—that structural
fluctuations inherent to the glass structure cause the
spread in the NSD data—is to use computer simulation
to explicitly study the effects of structural heterogeneity
on nanoindentation. Here we make use of a newly devel-
oped mesoscale simulation method for metallic glasses,
termed “shear transformation zone dynamics.”12,61,62

The shear transformation zone (STZ) is envisioned as
the unit process of plastic deformation in metallic glasses
and is essentially a local shear rearrangement of a cluster
of atoms; through many such local shear transformations
distributed through the glass volume, global plasticity
of the glass is realized. The STZ dynamics modeling
framework considers a coarse-grained representation of
a metallic glass on a finite element mesh, where potential
STZs are mapped onto features of the mesh and can
be activated throughout the simulation cell according to
a rate law that depends on the local stress and tempera-
ture. The framework is controlled by the kinetic Monte
Carlo (KMC) algorithm, and the stress and strain distri-
butions following the volume-preserving shear-shape
distortions of STZs are calculated using finite element
analysis (FEA). The combination of KMC and FEA
provides the ability to capture the expected behaviors of

a metallic glass on experimentally relevant time and
length scales, while offering a microscopic picture of
the deformation.12

In principle, the STZ dynamics model can closely
match experimental length and time scales, and here we
use a model that is somewhat smaller but reasonably
comparable in scale to what is experimentally achiev-
able in nanoindentation. Specifically, we use a two-
dimensional plane-strain model, which is indented by a
cylindrical indenter of 40 nm radius, at a fixed rate of
1 nm/s. However, the purpose of the model is not to
provide predictive comparisons with the experiments,
but to separately study the effects of thermal and struc-
tural fluctuations. We achieve this separation as follows.
The simulated glass structure that we study is prepared
by simulated cooling from the liquid, from 1000 to
300 K at a rate of 10 K/s, as described in more detail in
the Appendix. Such processing leads to considerable
quenched-in disorder, in the form of a pre-existing distri-
bution of local strains and stresses. The starting condition
of the material is shown graphically in Fig. 8, where the
local STZ strains are shaded in Fig. 8(a), and the local
von Mises stresses are shown in Fig. 8(b). With the
structure shown in Fig. 8, we conduct two different series
of simulations:
(i) In the first series, 10 copies of the simulation cell

are produced, and 10 simulated indentations in exactly
the same location are conducted, but with different ran-
dom number generator seeds. In this series, the simula-
tions therefore sample the same structure but different
thermal fluctuations.
(ii) In the second series, 10 variants of the simulation

cell were produced, by translating and rotating it by
180� (in various combinations) relative to the indenter

FIG. 8. Representations of the simulation cell used for the STZ

dynamics simulation of indentation, where the local (a) total STZ

strain and (b) von Mises stress distribution are colored in grayscale.

These images illustrate the variety of local states contained in the

simulated glass and which are sampled during a nanoscale contact.
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position. In this series, the indentations therefore sample
10 different local glass structures (as well as different
thermal fluctuations).

The NSD analysis proceeds in essentially the same
way for these simulations as it did for the experiments.
An example raw load–displacement curve for one simu-
lation is shown in Fig. 9, where it is compared with the
elastic deflection curve. In these simulations the depar-
ture from elastic loading is not marked by a severe pop-
in, for a number of reasons discussed elsewhere,23

including the size of the indenter and the lack of a strain
softening mechanism in the simulation. However, the
yield point can be easily identified by recording the very
first STZ activation, with its corresponding triggering
load, contact pressure, and indenter displacement (with
a degree of resolution higher than is experimentally pos-
sible). Upon subsequent loading, additional STZs form
and gradually develop into individual slip lines, as shown
in the inset to Fig. 9 at a later time well into the plastic
regime.

After conducting each series of indentations, the NSD
is compiled as shown in Fig. 10, using the contact strain
for the ordinate, as done for the experimental data previ-
ously. First examining the data labeled “series 1: thermal
fluctuations,” we directly see the role of thermal activa-
tion on the NSD, as these indentations all sampled
exactly the same glass configuration. The degree of
spread in the NSD in this case is small (9% of the mean),
and the curve is almost vertical with most of the variation
located in the tails. On the other hand, for “series 2:
structural fluctuations,” the spread is significantly larger
(20% of the mean), and the shape of the distribution is

different, comprising a shallower slope across the full
range.
Comparing the raw simulation results to the experi-

ments is not strictly appropriate (as a result of the differ-
ences in geometry, glass properties, etc.). However, on a
normalized basis some limited comparisons are possible.
For example, it is significant that the spread in the exper-
imental NSDs (between, say, the 10th and 90th percen-
tile) is always close to �20% of the mean (see Fig. 3),
similar to what is seen in the simulations that probe
structural fluctuations, but significantly broader than
seen in the simulations that sample only thermal fluc-
tuations. In fact, for the glass that most closely matches
the elastic and thermal properties of the simulated glass
(Pd40Cu30Ni10P20), the correspondence between the sim-
ulated NSD and the experimental one is encouraging,
with the (10, 50, 90)th percentile values of Pm/ER being
(0.068, 0.075, 0.084) and (0.067, 0.078, 0.084), respec-
tively. These results provide support for our interpreta-
tion that variability in the local glass structure is the
dominant source of the spread in the experimental NSDs
of metallic glasses.

C. Induced structural variations

Given that the spread in measured yield points derives
from structural variations in metallic glasses, it follows
that the NSD might be sensitive to changes in the glass
structure. We offer this as a key direction for future
studies of metallic glasses, since the connection between
glass structure and properties is poorly understood and
usually based only on macroscopic measurements that
implicitly average over the NSD. We offer two examples
of the kinds of studies that are needed in this area below.

FIG. 9. Typical simulation result showing the load–displacement

result for simulated nanoindentation of a metallic glass with a pre-

existing stress distribution. The data gradually depart from the elastic

curve (solid gray line), as a plastic zone of STZ activity develops (see

inset). The first plasticity to occur is difficult to discern in the dis-

placement of the indenter, but is identifiable based on the activation of

the first STZ, at the point noted.

FIG. 10. Nanoscale strength distributions for the glass simulated by

STZ dynamics. Here the first plasticity is measured as the point of the

first STZ activation (see Fig. 9) for two sets of simulations with

different fluctuations imposed. For series 1, only thermal fluctuations

are different among the tests in the series, while for series 2, the

structure under the indenter was different in each of the 10 cases.
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First, the most widely appreciated method of chang-
ing glass structure is to anneal and relax out free
volume.57,63,64 In Fig. 11, we compare the NSD on two
different glasses in as-cast and well-annealed states (12 h
at 80% of the glass-transition temperature). The effect
of annealing is found to be extremely subtle: if only a
few measurements were conducted then there would be
no clear change in the average yield point or its standard
deviation. Only by assembling a thorough cumulative
NSD do we observe any change at all, and even then
the results are still subtle (although consistent): there is
a slight tendency toward strengthening at all points in the
distribution for both of the glasses tested here. Perhaps
more interesting is that the lower tail of the NSD seems
most affected by annealing. This suggests that the
“weakest” sites in the glass structure may be preferen-
tially removed; if the weak sites are presumed to be those
of the highest free volume, then the present results may
offer an interesting comparison with observed changes
in positron annihilation data that show the loss of high
free-volume sites upon annealing.49 Correspondingly,
the higher tail of the NSD is relatively less affected,
which suggests that “strong” sites are not susceptible to
relaxation. On the whole, though, the average strength of
the glass is only slightly affected by annealing. This
aligns well with macroscopic measurements, which gen-
erally show little change in strength or hardness after
annealing. Annealing has a far more pronounced effect
on toughness65,66—this may relate to the preferential loss
of “soft” sites in the NSD, although much more work is
needed to make a true connection between these local
measurements and any global property.

Second, glass structure may be affected by deformation,
and in some of our recent work this has been observed
during cyclic loading under the nanoindenter.23,24

Figure 12 shows data reproduced from those works,

FIG. 11. Nanoscale strength statistics for metallic glasses in as-cast and

annealed states. (a) Pd40Ni40P20 and (b) Fe41Co7Cr15Mo14C15B6Y2. The

annealing was conducted at 80% of the glass transition for 12 h.

FIG. 12. Example data showing the shift in the NSD of metallic

glasses subjected to prior cyclic loading in the nominal elastic range.

In each of the three glasses, substantial cyclic hardening is observed.

These data appeared previously in Refs. 23 and 24; note that the data

for Pd40Ni40P20 here used a different tip radius (1.1 mm) than the data

in the rest of this paper.
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plotting the NSD both for the as-received glass and for
glass that was subjected to sub-yield cycles of indentation
(in the nominal Hertzian elastic regime) before being
loaded up to the yield point. For all three glasses, the
NSD is found to strongly shift to the right after cyclic
loading, and in general, the effect is progressive over the
course of a few cycles. This cyclic hardening phenomenon
is clear (although indirect) evidence that cycles of nominal
elastic loading, during which no shear bands form, lead to
microplastic structural rearrangement of the glass. Inter-
estingly, these deformation-induced structural changes far
more drastically impact the NSD than does annealing
(compare Figs. 11 and 12). In annealing, even a small
effect seen in the NSD manifests as a large effect on, e.g.,
fracture toughness; the comparatively large effect of cyclic
microplasticity could perhaps be expected to have an even
more significant effect on macroscopic properties. The
connections of this phenomenon to fatigue of metallic
glasses are being explored presently, as a local mechanism
for glass structure change is required to explain conven-
tional cyclic crack advance during fatigue of metallic
glasses.57

V. CONCLUSION

We propose that the combination of nanoscale testing
with large statistical datasets is a powerful approach to
understanding deformation mechanisms. From a series of
nominally identical nanoscale experiments, not only the
mean measurement, but also its full statistical distribu-
tion, are reflective of details of the nanoscale fluctuations
that control properties. Here we have reviewed measure-
ments of the nanoscale strength distribution (NSD) for two
classes ofmaterials: crystals and amorphousmetals. In each
case, the NSD is assessed by low-load spherical nano-
indentation measurements, and in each case a broad spread
of results emerges. However, the details of these NSDs
and their variation are distinctly different between crystals
and glasses, which is a direct result of the fundamentally
different nature of plastic flow in these classes of materials.

In crystalline metals, the spread of the NSD as well as
its change with indentation rate and test temperature can
all be essentially explained based on thermal activation.
Thermal noise is the principal source of variability in
such systems, because every test samples essentially an
identical atomic environment. The yield event is a stress-
biased dislocation-based process, and the activation pa-
rameters from experiments reported to date are generally
consistent with a heterogeneous mechanism of disloca-
tion multiplication or nucleation.

In metallic glasses well below their glass transition,
the variability in the yield point is dominated not by
thermal fluctuations, but by structural ones; nominally
identical tests probe different local atomic structures,
which intrinsically have different yield strengths. Here

we have presented new experimental data that confirm
this proposal. The effects of rate and temperature upon
the NSD of metallic glasses are essentially negligible,
which in turn means that thermal fluctuations cannot be
the primary cause of the spread in the NSD. This infer-
ence has also been tested using an STZ dynamics model
of nanoindentation in metallic glass, which permits a
separation of thermal and structural fluctuations on the
measured NSD that is not possible in experiment. These
simulations confirm that in a glass below the glass tran-
sition, the structural variability probed during a series of
nanoindentations is the more significant source of spread
in the NSD than is thermal noise.
Finally, we observe that because the NSD of metallic

glasses is reflective of their underlying distribution of
structures, it can be thought of as a sensitive probe for
local structural changes. Here we describe two specific
processes of structural change: annealing and cyclic
loading. Annealing is found to shift the NSD in a rela-
tively subtle way; it does not change the average strength
of the glass by much, but does seem to preferentially
remove weaker regions of the glass. On the other hand,
cyclic loading in the nominal elastic range (before a
shear band forms) leads to local structural change that is
attended by hardening.
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45. K. Saksl, H. Franz, P. Jóvári, K. Klementiev, E. Welther,

A. Ehnes, J. Saida, A. Inoue, and J.Z. Jiang: Evidence of icosahe-

dral short-range order in Zr70Cu30 and Zr70Cu29Pd1 metallic

glasses. Appl. Phys. Lett. 83, 3924 (2003).

46. J. Sietsma and B.J. Thijsse: An investigation of universal medium

range order in metallic glasses. J. Non-Cryst. Solids 135, 146
(1991).

47. D.B. Miracle, T. Egami, K.M. Flores, and K.F. Kelton: Structural

aspects of metallic glasses. MRS Bull. 32, 629 (2007).

48. K.M. Flores, E. Sherer, A. Bharathula, H. Chen, and Y.C. Jean:

Sub-nanometer open volume regions in a bulk metallic glass

investigated by positron annihilation. Acta Mater. 55, 3403

(2007).

49. K.M. Flores, B.P. Kanungo, S.C. Glade, and P. Asoka-Kumar:

Characterization of plasticity-induced structural changes in a

C.E. Packard et al.: Nanoscale strength distribution in amorphous versus crystalline metals

J. Mater. Res., Vol. 25, No. 12, Dec 2010 2261



Zr-based bulk metallic glass using positron annihilation spectros-

copy. J. Non-Cryst. Solids 353, 1201 (2007).

50. A.S. Argon: Plastic-deformation in metallic glasses. Acta Metall.
27, 47 (1979).

51. F. Spaepen: Microscopic mechanism for steady-state inhomoge-

neous flow in metallic glasses. Acta Metall. Mater. 25, 407 (1977).

52. J.S. Langer: Shear-transformation-zone theory of deformation in

metallic glasses. Scr. Mater. 54, 375 (2006).

53. A.S. Argon and H.Y. Kuo: Free-energy spectra for inelastic defor-

mation of 5 metallic-glass alloys. J. Non-Cryst. Solids 37, 241
(1980).

54. D. Rodney and C. Schuh: Distribution of thermally activated plastic

events in a flowing glass. Phys. Rev. Lett. 102, 235503 (2009).
55. C.A. Schuh, A.C. Lund, and T.G. Nieh: New regime of homoge-

neous flow in the deformation map of metallic glasses: Elevated

temperature nanoindentation experiments and mechanistic model-

ing. Acta Mater. 52, 5879 (2004).

56. D. Klaumunzer, R. Maass, F.H. Dalla Torre, and J.F. Loffler:

Temperature-dependent shear band dynamics in a Zr-based bulk

metallic glass. Appl. Phys. Lett. 96, 061901 (2010).

57. C.A. Schuh, T.C. Hufnagel, and U. Ramamurty: Mechanical be-

havior of amorphous alloys. Acta Mater. 55, 4067 (2007).

58. C.E. Packard, J. Schroers, and C.A. Schuh: In situ measurements

of surface tension-driven shape recovery in a metallic glass. Scr.
Mater. 60, 1145 (2009).

59. N. Nishiyama, A. Inoue, and J.Z. Jiang: Elastic properties of

Pd40Cu30Ni10P20 bulk glass in supercooled liquid region. Appl.
Phys. Lett. 78, 1985 (2001).

60. W.L. Johnson and K. Samwer: A universal criterion for plastic

yielding of metallic glasses with a (T/Tg)
2/3 temperature depen-

dence. Phys. Rev. Lett. 95, 195501 (2005).

61. E.R. Homer, D. Rodney, and C.A. Schuh: Kinetic Monte Carlo

study of activated states and correlated shear-transformation-zone

activity during the deformation of an amorphous metal. Phys. Rev.
B 81, 064204 (2010).

62. E.R. Homer and C.A. Schuh: Three-dimensional shear transfor-

mation zone dynamics model for amorphous metals. Modell.
Simul. Mater. Sci. Eng. 18, 065009 (2010).

63. A. Slipenyuk and J. Eckert: Correlation between enthalpy change

and free volume reduction during structural relaxation of

Zr55Cu30Al10Ni5 metallic glass. Scr. Mater. 50, 39 (2004).

64. A. Vandenbeukel and J. Sietsma: The glass-transition as a free-

volume related kinetic phenomenon. Acta Metall. Mater. 38, 383
(1990).

65. U. Ramamurty, M.L. Lee, J. Basu, and Y. Li: Embrittlement of a

bulk metallic glass due to low-temperature annealing. Scr. Mater.
47, 107 (2002).

66. J.J. Lewandowski, W.H. Wang, and A.L. Greer: Intrinsic plasticity

or brittleness of metallic glasses. Philos. Mag. Lett. 85, 77 (2005).
67. T. Mukai, T.G. Nieh, Y. Kawamura, A. Inoue, and K. Higashi:

Dynamic response of a Pd40Ni40P20 bulk metallic glass in tension.

Scr. Mater. 46, 43 (2002).

68. X. Hu, S.C. Ng, Y.P. Feng, and Y. Li: Glass forming ability and

in-situ composite formation in Pd-based bulk metallic glasses.

Acta Mater. 51, 561 (2003).

69. J. Shen, Q.J. Chen, J.F. Sun, H.B. Fan, and G. Wang: Exception-

ally high glass-forming ability of an FeCoCrMoCBY alloy. Appl.
Phys. Lett. 86, 151907 (2005).

70. J.T. Trenkle, C.E. Packard, and C.A. Schuh: Hot nanoindentation

in inert environments. Rev. Sci. Instrum. 81, 073901 (2010).

71. C.A. Schuh, C.E. Packard, and A.C. Lund: Nanoindentation and

contact-mode imaging at high temperatures. J. Mater. Res. 21,
725 (2006).

72. Z.C. Duan and A.M. Hodge: High-temperature nanoindentation:

New developments and ongoing challenges. JOM 61, 32 (2009).

APPENDIX

In this Appendix we assemble the various experimen-
tal test conditions and material data used in the body of
the paper. All of the room-temperature nanoindentation
experiments reported in the paper were conducted using
a Hysitron nanoindenter. Room-temperature test proce-
dures used for each specimen were:
(i) (110) Oriented Single-Crystal Platinum. The data in

this paper are reproduced from the prior work of Mason
and coworkers.4,22 The diamond tip radius used for this
sample was 150 nm, and the sample surface was mechan-
ically and then electrochemically polished. The reduced
modulus of Pt is 171 GPa.
(ii) Pd40Ni40P20 Metallic Glass. The NSD data for this

material, tested with a conospherical tip of radius
590 nm, are reported here for the first time, although
some of the experiments (including surface preparation)
are described in Ref. 9. Material synthesis details are
available in Ref. 67. The reduced modulus of the speci-
men is 117 GPa. The baseline rate for testing was
0.2 mN/s, and the data in Fig. 7 also show data acquired
at lower rates of 0.02 and 0.002 mN/s.
(iii) Pd40Cu30Ni10P20 Metallic Glass. The data for this

material with a tip radius of 1.2 mm are new to the
present paper, although some different tests, using a dif-
ferent tip radius (1.1 mm) and studying different phenom-
ena, are reported in Ref. 23. That reference also contains
details on the sample preparation procedures. Material
synthesis is described in Ref. 68 and elastic properties in
Ref. 59. At room temperature the reduced modulus of
this material is 100 GPa. The rate used in the experi-
ments was 0.5 mN/s.
(iv) Fe41Co7Cr15Mo14C15B6Y2 Metallic Glass. Some

of the data for this material appeared previously in
Refs. 23 and 24, where details on surface preparation
are also provided. Material preparation details can be
found in Ref. 69. Additional new data for this material
are also presented, using a 1.1 mm radius tip, and a re-
duced modulus of 217 GPa. The baseline rate used to
acquire the NSD was 0.3 mN/s, although additional data
are presented using rates covering the range 0.2 to 25
mN/s, with a peak load of 4 mN.
In addition to the room-temperature experiments

described above, additional new experiments were per-
formed involving nonambient temperatures. The data
shown in Fig. 11 are for glasses that were exposed to
a 12 h anneal at 80% their respective glass-transition
temperatures (Tg ¼ 303 and 565 �C for Pd40Ni40P20 and
Fe41Co7Cr15Mo14C15B6Y2, respectively). High-tempera-
ture nanoindentation experiments were conducted on
the Pd40Cu30Ni10P20 glass, using a custom apparatus
described in Ref. 70, which not only incorporates a
heating stage, but also a controlled-atmosphere chamber
that permits testing in an inert environment. Experiments
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were conducted at room temperature (24 �C), 50, 100,
and 150 �C (0.52, 0.57, 0.66, and 0.75 Tg, respectively),
with a loading rate of 500 mN/s and a diamond tip radius
of 1.2 mm. At the four test temperatures, the reduced
moduli are Er � 100, 98, 97, and 95 GPa, respectively.
A peak load of 3 mN was used at room temperature, but
this was lowered to 2 mN at elevated temperatures.
The system was equilibrated for 45 min prior to testing
at elevated temperatures, and the tip was kept in contact
with the surface throughout the experiments in accor-
dance with the procedure described in Refs. 70 to 72.
In order to avoid oxidation at nonambient temperatures,
the tests were performed in a controlled atmosphere
attained by drawing a mechanical vacuum and back-
filling with ultrahigh-purity argon three times. The final
base pressure was <2.5 Pa during testing. A series of
room-temperature reference measurements were re-
peated twice (after the tests at 50 to 100 �C and also after
those at higher temperatures); through this procedure we
verified that the room-temperature NSD was not affected
by high-temperature testing (due to either oxidation or
other structural change).

The simulations described in the manuscript are based
on the STZ dynamics simulation method described in
detail in Ref. 12, and its adaptation to the case of inden-
tation contact in Ref. 23; the results reported here, how-
ever, are all new to the present work. The simulated

glass was 0.7 nm thick (plane strain conditions were
applied in this direction), 100 nm wide, and 35 nm high.
The input parameters that describe the glass properties
included a shear modulus of 35.8 GPa, Poisson’s ratio of
0.352, Debye temperature of 327 K, an STZ volume
of 1.6 nm3, and an intrinsic activation energy barrier of
2.63 eV, as taken from Refs. 12, 23 and 61. Prior to
testing the glass, an internal stress/strain distribution
was developed as follows. The pre-existing stress distri-
bution for this glass was developed through simulated
thermal processing in the STZ dynamics framework by
allowing a simulation cell to reach an equilibrated state
through STZ activity at 1000 K and then allowing the
glass to relax through STZ activity during cooling of the
glass at 10 K/s until it reached 300 K, as described in
Ref. 12. This pre-existing stress distribution was then
mapped onto the present simulation cell and allowed a
minor degree of equilibration to satisfy the boundary
conditions used in the present simulations. These condi-
tions (which were used for the indentation simulations)
included fixed nodes along the bottom edge of the cell,
and periodic boundary conditions at the sides of the cell.
Frictionless hard contact was assumed between the tip
and the top of the simulation cell, which was otherwise
free. The tip radius was 40 nm and the elastic reference
curve in Fig. 9 was obtained by suppressing STZ activity
to recover the purely elastic response of the model.
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