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Larue, David Maurice (Ph. D., Mathematics)

Left-Distributive and Left-Distributive Idempotent Alge bras

Thesis directed by Professor Richard Laver

A left-distributive algebra (LD) is an algebra satisfying t he left-distributive

law a � (b� c) = ( a � b) � (a � c). A left-distributive idempotent algebra (LDI) additiona lly

satis�es a � a = a.

The �rst part of the thesis concerns LD's, speci�cally their relationship to the

braid groups. For C an LD, a; b2 C, let a < L b if and only if b = ((( a � c1) � c2) � : : : � cn )

for someci 's with n > 0. Let A be the free LD on one generatorx. We give a direct

proof of a proposition about braid groups, simplifying the proof that < L is irre
exive

on A (and that in fact < L linearly orders A and the word problem for A is solvable).

Generalizations of the braid groups are de�ned, and a representation of the free LD on

n generators (n > 1) into them is found, giving improved bounds on the solution of

the word problem for these algebras. Finally, theorems are proved about certain braid

actions on the left-distributive structures, which are related to notions of positivity in

the braid groups and to a linear ordering of the braid groups.

The second part of the thesis is about LDI's. The equational theory of LDI's

is shown to be a proper subset of the equational theory of group conjugation. There

are a number of natural equational theories extending LDI; we prove a result showing

they are all the same as the equational theory of group conjugation. We �nd an in�nite

family of independent (over LDI) laws in group conjugation. Finally, it is shown (as is

also true for LD) that the rewriting laws for LDI's are con
ue nt, and that a composition

operation can be conservatively added to free LDI's.
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CHAPTER 1

INTRODUCTION

A left-distributive algebra (LD) is an algebra in one binary operation satisfying

the left-distributive law, a � (b � c) = ( a � b) � (a � c), that is to say, left multiplication is

a homomorphism. Perhaps the two main non-trivial classicalexamples of LD's are

groups under conjugation (a � b = a � b� a� 1) and vector spaces under barycentric mean

(a � b = ra + sb with �xed r + s = 1). Historically, the notion of left-distributivity is ti ed

in with knot theory. One of the �rst invariants considered fo r a knot K � R 3 was the

fundamental group � 1(R 3 � K ) of the complement of the knot. This does not determine

K , but Joyce in [Joy 82b], analyzing conjugation on � 1(R 3 � K ), built an LD QK which

he called a quandle and which does determineK (namely, QK
�= QK 0 , there is a

homeomorphismH : R 3 ! R 3 such that H [K ] = K 0, i.e., the quandle is a complete

invariant for unoriented knots). Kaufmann ([Kau 91]) has left-distributive structures

associated with knots which generalize those of Joyce. In addition, left-distributive

algebras are involved in some of the constructions of the Alexander polynomial and of

the Burau representation of the braid groups.

The above-mentioned classical LD algebras all satisfy additionally the idem-

potent law a � a = a. De�ne a left-distributive idempotent algebra (LDI) to be a set

with a binary operation satisfying left-distributivity an d idempotence.

The �rst part of this thesis (Chapter 2) is about LD and its rel ation to the

in�nite braid group and other related groups. The second part (Chapter 3) concerns
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LDI. Beyond the common thread of basic facts about the left-distributive law, the

techniques used in these two parts are di�erent from each other.

1.1 LD

We write A n for the free LD on n generators. The structure ofA = A 1 was

elusive for a time, and it was not obvious whether this algebra occurred naturally.

A very strong large cardinal axiom in set theory asserts the existence of an

elementary embeddingj : V� ! V� , � a limit ordinal, j not the identity ([SRK 78]).

For j , k such embeddings, it may be seen thatj � k = [ �<� j (k \ V� ) is also such

an embedding, and that the setE� of such embeddings is left-distributive under this

operation. Laver [Lav 92] showed that for j 2 E� , A j , the closure of f j g under �, is

isomorphic to A , giving a representation ofA .

For C an LD, a; b 2 C, de�ne a < L b if and only if b = ((( a � c1) � c2) � : : : � cn )

for some ci 's with n > 0. Then the above proof involved showing that< L is a linear

ordering on A j , and hence onA. For irre
exivity, note that if < L is irre
exive on some

LD, then it is irre
exive on A. Laver showed< L is irre
exive on E� .

Dehornoy around this same time proved in [Deh 89a, Deh 89b] the part of

the linear ordering theorem for A not involving irre
exivity, namely that for any two

u; v 2 A , one has eitheru � L v or v � L u. His method involved showing that the

rewriting rules for A are con
uent . Con
uence is the result that if two words (terms in

the language of one binary operation) are equivalent under left-distributivity then they

can each be expanded to a common word, where a wordc is an expansion of a wordb if

c can be obtained fromb by repeatedly making substitutions (r � (s � t)) ! (( r � s) � (r � t))

on subterms.
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We describe Laver's proof of the part of the linear ordering apart from irre
ex-

ivity.

Some LD's can be endowed with a second operation, commonly called com-

position and denoted by � , to satisfy the set of laws � = f x � (y � z) = ( x � y) � z,

(x � y) � z = x � (y � z), x � (y � z) = ( x � y) � (x � z), and x � y = ( x � y) � xg. Note that

� implies the left-distributive law. For example, groups ( G; � ; �) satisfy � when � is

the group operation and � is conjugation, and E� satis�es � when � is as de�ned above

and � is functional composition. Then Laver [Lav 92] actually showed that for j 2 E� ,

the set Pj generated by f j g under � and � is the free �-algebra P on one generator.

De�ne a relation < L on any �-algebra C by a < L b if and only if for some c0; c1; : : : ; cn ,

b = ((( a � c0) � c1) � : : : � cn � 1) � cn , where � is either � or � . Then ([Lav 92]) < L lin-

early ordersP, and ([Lav 92, Lav 93a]) the following division algorithm holds for P. If

u; v 2 P , u < L v, then there is a< L -greatestw such that u �w � L v. Write w = Q(v; u).

Then v = (( u0 � u1) � : : : un � 1) � un , where u = u0, ui +1 = Q(v; (u0 � u1) � : : : � ui ), and �

is either � or � .

Left open was the question whether there is a proof in ZFC (i.e., without large

cardinals) that < L is irre
exive (and hence a linear ordering) on A.

Subsequently this was done by Dehornoy, who ([Deh 92]) de�ned an LD and

proved irre
exivity on it in ZFC. Namely, recall that the in� nite braid group (B1 ; � ) is

the group generated byf � 1; � 2; : : : ; � n ; : : :g and subject to the relations � i � � i +1 � � i =

� i +1 � � i � � i +1 for all i , and � i � � j = � j � � i when ji � j j > 1. The shift operation

s(� i ) = � i +1 induces an endomorphism ofB1 . Dehornoy's bracket operation on B1

is de�ned by a[b] = a � s(b) � � 1 � s(a)� 1; it is seen to be left-distributive. He then

showed that < L is irre
exive on ( B1 ; [ ]) if the \ � 1-proposition" holds for B1 . The � 1-

proposition states that a braid expressed as a product of generators and their inverses,
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including at least one � 1 but not � � 1
1 , cannot be trivial. Dehornoy proved the � 1-

proposition by an analysis in a larger group. In Section 2.1 we give a direct proof of the

� 1-proposition; this considerably shortens the proof of irre
exivity.

There are natural, faithful actions of B1 on the free group on generators

f x0; x1; : : : ; xn ; : : :g. One of these, ((x i )� i = x i +1 x � 1
i x i � 1, (x j )� i = x j if i 6= j ), we

use extensively in the proof of the more general \� n -proposition", namely, that a braid

written as a product of generators and their inverses, including at least one � n but no

� � 1
n , cannot be trivial.

In Dehornoy [Deh 92] it is also shown that the linear ordering< L on A induces

a linear ordering < on B1 . One characterization of< is as follows. De�ne a� -positive

braid to be a braid that can be written as a product of generators and their inverses

in such a way that the generator with the least subscript occurs only positively. Then

� < � if � � 1� is � -positive. Another characterization of < is that it is the unique linear

ordering on B1 which is compatible with left-translations and the shift-m ap, and such

that � i is in�nitely large with respect to � j (j > i ), i.e., � < � i � for every � , � in

the subalgebra generated byf � i +1 ; : : :g. An interesting feature of the proof was that to

�nd a � -positive (or � -negative) braid word equivalent to a given word, new generators

not in the original word were used. In Section 2.3 we show thatthis is not necessary:

every braid word is equivalent to a � -positive word or a � -negative word in which no

new generators appear, or to the identity.

A third de�nition (actually, the main working de�nition) of the linear ordering

< on B1 is in terms of the action of B1 on A ! , induced by

ha0; a1; : : : ; an � 2; an � 1; an ; an +1 ; : : :i � n = ha0; a1; : : : ; an � 2; an � 1 � an ; an � 1; an +1 ; : : :i :

Then this is only a partial action, but it turns out that for �; � 2 B1 , � < � ,
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for some/all ~a 2 A ! such that (~a)� ; (~a)� both exist, (~a)� < Lex (~a)� , where < Lex is

the lexicographical ordering onA ! induced by < L on A. In Section 2.2 we prove the

following result. Consider the free LD A ! on generatorsf x0; x1; : : :g. Let B1 act on

(A ! )! as above. Then the set of braids� such that � acts onhx0; x1; : : :i is precisely the

set of positive braids B+
1 , where a braid � is positive if and only if it can be written as

a (possibly empty) product of generators� i , omitting their inverses. This is related to

results in a proof of Laver ([Lav 93b]) that for each n, B+
n (the set of positive braids in

generators� 1; : : : ; � n � 1) is well-ordered under < . A recent result of Burckel ([Bur 94])

computes the order type ofB+
n to be ! ! n � 2

.

By Dehornoy's result, the closure of" (or, indeed, of any � 2 B1 ) under the

bracket operation is a subset ofB1 isomorphic to A . Whether A n (n > 1) has a similar

representation in B1 is unknown, but in Section 2.4, an extension ofB1 is de�ned

and studied, and shown to containA n . This gives an improved upper bound on the

complexity of the word problem for A n (n > 1).

1.2 LDI

Among the �rst to study arbitrary left-distributive idempo tent algebras were

Burstin & Meyer [BM 29], Stein [Ste 59], Kepka [Kep 81] and Joyce [Joy 82b]. Useful

notions include those of an LDI being 1-1 and being onto. We will call an LDI Q 1-1

if Q is left-cancellative; that is, each endomorphismL a of Q given by L a(b) = a � b is

1-1. An LDI Q is onto if each L a is onto. Then Joyce's quandles, mentioned above, are

essentially 1-1-onto LDI's (written in terms of di�erent op erations).

Let LD , LDI , and GC be the equational theories of left-distributivity, left-

distributivity and idempotence, and group conjugation. We evidently have LD �

LDI � GC . Kepka and Laver independently raised the question of whether the second
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inclusion is proper. In Section 3.5 we show that it is (this was independently rediscov-

ered by A. Dr�apal, T. Kepka & M. Mus��lek in [DKM 93]). There a re a number of equa-

tional theories betweenLDI and GC . We have LDI onto � LDI 1� 1 � LDI 1� 1� onto =

Quandles � GC (the �rst inclusion is the only one which needs a proof; it is a result

of Kepka given here in Section 3.3). ButQuandles = GC is in Joyce [Joy 82a] (given

here in Section 3.3), andLDI 1� 1= LDI 1� 1� onto follows from Kepka [Kep 81]. In fact,

in Section 3.3 we prove thatLDI onto = LDI 1� 1, thus giving LDI onto = GC . Thus we

are back to just three theories: LD � LDI � GC .

A good supply of non-onto LDI models is helpful in determining what equations

live in GC nLDI , and two methods of producing these are given in Sections 3.4and 3.6.

In Section 3.6, we use these LDI's in a proof that there is an in�nite independent family

of equations in GC n LDI .

In parallel with Dehornoy's con
uence for LD , we show in Section 3.7 that

con
uence also holds inLDI .

Part of the above-mentioned proof of Laver involved showingthat � is a con-

servative extension ofLD , i.e., that equations involving only � which are consequences

of � are consequences ofLD . In Section 3.8 we show the same for LDI, namely that �

together with idempotence is a conservative extension of the axiomsLDI .



CHAPTER 2

BRAID GROUPS AND
LEFT-DISTRIBUTIVE ALGEBRAS

2.1 On Braid Words and Irre
exivity

A left-distributive algebra is a set B equipped with a binary operation such

that a(bc) = ( ab)(ac) for all a; b; c2 B . The free left-distributive algebra on n letters is

denoted A n , and we write A for A 1.

If P; Q 2 B write P < L Q i� P is a strict pre�x of Q, i.e., that Q =

((P Q1) : : :)Qk for some Q1; : : : ; Qk ; k � 1. Then a proof that < L is irre
exive under

large cardinal assumptions (that is, that P 6= (( P Q1) : : :)Qk for all P; Q1; : : : ; Qk 2 A )

on A was found by R. Laver ([Lav 92]) as part of a theorem that A is isomorphic to a

certain algebra of elementary embeddings from set theory.

It was also proved in [Lav 92] that < L linearly orders A , the part that for all

P; Q 2 A at least one ofP < L Q; P = Q; Q < L P holds being proved independently and

by a di�erent method by P. Dehornoy ([Deh 89a, Deh 89b]). The linear ordering of A

gives left cancellation, the solvability of the word problem, and other consequences. Left

open was whether irre
exivity, and hence the linear ordering, can be proved in ZFC.

Recently, Dehornoy ([Deh 92]) found such a proof, involvingan extension of

the in�nite braid group but without invoking axioms extendi ng ZFC. The purpose of

this section is to give a shorter proof of this which does not use the additional machinery

of this extended group.
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2.1.1 The � 1-Proposition Implies Irre
exivity We now recall from

[Deh 92] the connection between the braid group andA.

Note that since A is free, if for some left-distributive algebraB, < L is irre
exive

on B, then < L is irre
exive on A. Dehornoy found such aB, where B is a subset of the

in�nite-dimensional braid group endowed with a bracket operation.

De�nition 2.1.1 The in�nite braid group hB1 ; "; �i is given by generatorsf � i : i 2 ! + g

and relations � i � � j = � j � � i when ji � j j > 1 and � i � � j � � i = � j � � i � � j when ji � j j = 1 .

De�nition 2.1.2 s is the endomorphism ofB1 which extends the shift maps(� i ) =

� i +1 (possible becauses preserves the de�ning relations ofB1 ).

De�nition 2.1.3 (The Dehornoy bracket) For p; q 2 B1 de�ne a binary operation [ ]:

p[q] = p � s(q) � � 1 � s(p)� 1

.

Motivation: Suppose that B is a left-distributive algebra with left cancellability

(as A turns out to be from the linearity of < L ). Then the braid group has a partial

action on B! +
de�ned by, for ~b 2 B ! +

,

�
(~b)� i

�

j
=

8
>>>>><

>>>>>:

bi bi +1 if j = i

bi if j = i + 1

bj otherwise

with left cancellability making the partial actions of the i nverses of braid generators well

de�ned. Thus (P; Q; R; S; : : :)� 2 = ( P; QR; Q; S; : : :) for P; Q; R; S; : : : 2 B .

Then one is led to the Dehornoy bracket in the braid group by noting that,

for x; P; Q 2 B and p; q 2 B1 , if ( x; x; x; : : : )p = ( P; x; x; : : : ) and (x; x; x; : : : )q =
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(Q; x; x; : : : ), then

(x; x; x; : : : )p[q] = ( x; x; x; : : : )p � s(q) � � 1 � s(p) � 1

= ( P; x; x; : : : )s(q) � � 1 � s(p)� 1

= ( P; Q; x; : : :)� 1 � s(p)� 1

= ( P Q; P; x; : : :)s(p) � 1

= ( P Q; x; x; : : : )

which suggests, in order that (x; x; x; : : : )p[q] = ( P Q; x; x; : : : ), the above de�nition of

p[q].

Dehornoy proved as a corollary of his irre
exivity result th e following theorem:

Theorem 2.1.4 (Dehornoy|the � n -proposition) If p 2 B1 is written as a product of

generators and their inverses, including at least one� n and no � � 1
n , then p 6= " .

He also showed that a direct proof of Theorem 2.1.4 would givea relatively

short proof of irre
exivity, namely:

Theorem 2.1.5 (Dehornoy)

1. The Dehornoy bracket[ ] on the braid groupB1 is left distributive;

2. If the � 1-proposition holds then irre
exivity holds in B1 and so also in A ;

furthermore, the closure under the Dehornoy bracket of any element of the braid

group is isomorphic to A .

Proof: Proof of 2.1.5.1: Compute

p[q[r ]] = p � s(q) � s2(r ) � � 2 � � 1 � s2(q)� 1 � s(p) � 1 = p[q][p[r ]]

to get left-distributivity.
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Proof of 2.1.5.2: Supposep; q1; : : : ; qk 2 B1 satisfy p = p[q1] : : : [qk ]. The right

hand expands to p � (r1 � � 1 � s1) � (r2 � � 1 � s2) � : : : � (r k � � 1 � sk ) with r i ; si 2 s(B1 ).

Then multiplying by p� 1 one obtains a contradiction to the � 1-proposition. Therefore

irre
exivity holds in B1 , and hence inA .

Let x be the generator of the free left-distributive algebra A. For r 2 B1

de�ne the homomorphism � r : A ! hB 1 ; [ ]i inductively by � r
x = r and � r

P Q = � r
P [� r

Q ].

This is well de�ned as [ ] is left-distributive and A is free. To show that � r is injective,

if P 6= Q in A, by trichotomy suppose P < L Q. Conclude � r
P < L � r

Q , and so by

irre
exivity in B1 that � r
P 6= � r

Q . Hencehr; [ ]i is isomorphic to A . 2

2.1.2 Proof of the � 1-Proposition We will prove the � 1-proposition

�rst, using the action of the braid group B1 as automorphisms of the free group on

countably many generators, getting as quickly as possible to the minimum needed for

irre
exivity. Subsequently, we will prove the full � n -proposition, for which we use a

somewhat non-standard action, and have to deal with a greater number of cases.

De�nition 2.1.6 hFG ; "; �i is the free group on generatorsG = f gi : i 2 ! g.

De�nition 2.1.7

(gi )� i = gi � gi +1 � g� 1
i

(gi +1 )� i = gi

(gj )� i = gj if j 6= i; i + 1 :

The following is well known, see for example [Bir 75, cor. 1.8.3, pg. 25] (al-

though our group has an extra generatorg0 for convenience later, and we do not require

faithfulness).
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Lemma 2.1.8 The action of the � i 's on the gj 's extends to a faithful action of B1 on

FG .

We record for convenience the action of� � 1
i :

(gi )�
� 1
i = gi +1

(gi +1 )� � 1
i = g� 1

i +1 � gi � gi +1

(gj )� � 1
i = gj if j 6= i; i + 1 :

In passing we observe without proof that if � is the antiautomorphism of B1

obtained by reversing products of generators and their inverses (so� (� 1 �� � 1
2 ) = � � 1

2 �� 1),

then

(g1; g2; : : :)� (p) = (( g1)p; (g2)p; : : :);

where the left-hand side is the action described after De�nition 2.1.3 consideringFG as

a left-distributive algebra under conjugation (gh = g � h � g� 1), and the right-hand side

is the actions of braids on elements ofFG just de�ned in De�nition 2.1.7.

The main property about this action that we need is the following observation:

Lemma 2.1.9 If a reduced word f in FG begins withg1, and � 2 B1 is a generator or

the inverse of a generator, but not� � 1
1 , then the reduced form of(f )� also begins with

g1.

Proof: Assume that the action of � is applied to each generator or its inverse in the

reduced form of f , and then a �xed reduction is applied to the term that results to

produce the reduced form of (f )� .

There are two cases where the reduced form of (f )� may fail to begin with g1:

Case 2.1.9.1 � = � � 1
i with i > 1.
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In this case, all g� 1
1 's are unchanged by the action of� on f , and none are

produced. Therefore the only way that the leadingg1 could be cancelled in the reduction

of (f )� is by a g� 1
1 already present in the reduced form off .

Let f = g1 � f 1 � g� 1
1 � f 2, in reduced form, display that instance of g� 1

1 . Then

(f )� = g1 � (f 1)� � g� 1
1 � (f 2)� , so (f 1)� = " . But then f 1 = " , so that f was not in

reduced form, contradiction.

Case 2.1.9.2 � = � 1.

In this case,g� 1
1 's are produced by (g� 1

1 )� 1 = g1 � g� 1
2 � g� 1

1 and by (g� 1
2 )� 1 =

g� 1
1 .

There are two possibilities for the leadingg1 produced by the action of � 1 on

f to be cancelled in the reduction:

SubCase 2.1.9.2.1 The leading g1 in the unreduced form of (f )� 1 is cancelled by a

g� 1
1 produced by the action of� 1 on a g� 1

1 .

First we note that the g� 1
1 occurrence of f which produces the g� 1

1 which

cancels the leadingg1 of (f )� 1 is distinct from the leading g1 of f .

As above, let f = g1 � f 1 � g� 1
1 � f 2, in reduced form, display that instance ofg� 1

1 .

Then (f )� 1 = g1 � g2 � g� 1
1 � (f 1)� 1 � g1 � g� 1

2 � g� 1
1 � (f 2)� 1, so g2 � g� 1

1 � (f 1)� 1 � g1 � g� 1
2 = " .

But then f 1 = g� 1
1 � g� 1

1 , so that f was not in reduced form, contradiction.

SubCase 2.1.9.2.2 The leading g1 in the unreduced form of (f )� 1 is cancelled by a

g� 1
1 produced by the action of� 1 on a g� 1

2 .

Again, let f = g1 � f 1 � g� 1
2 � f 2, in reduced form, display that instance of g� 1

2 .

Then (f )� 1 = g1 � g2 � g� 1
1 � (f 1)� 1 � g� 1

1 � (f 2)� 1, so g2 � g� 1
1 � (f 1)� 1 = " . But then
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f 1 = g� 1
1 � g2, so that f was not in reduced form, contradiction. 2

We are now prepared to prove the� 1-proposition.

Proof: Assume that p 2 B1 is formed from a product of generators ofB1 and their

inverses, with at least one� 1 and no � � 1
1 . Write p = p1 � � 1 � p2 where � � 1

1 does not

occur in p1 and � � 1
1 does not occur inp2.

Then

(g� 1
1 )p = ( g� 1

1 )p1 � � 1 � p2

= ( g� 1
1 )� 1 � p2

= ( g1 � g� 1
2 � g� 1

1 )p2

Since g1 � g� 1
2 � g� 1

1 is in reduced form and begins with g1, and since � � 1
1

does not appear inp2, then by repeated application of lemma 2.1.9 it follows that the

reduced form of (g1 � g� 1
2 � g� 1

1 )p2, and hence of (g� 1
1 )p, must begin with g1. Therefore

(g� 1
1 )p 6= g� 1

1 , and sop 6= " . 2

2.1.3 Proof of the � n -Proposition We now prove the full � n propo-

sition. It can be done by the braid action de�ned above, using as an invariant that

the reduced form begins with
Q n

i =0 gi � g� 1
m for some m > n , and showing that words

retain that property when acted upon by a braid generator or its inverse, except for

� � 1
n , obtaining the desired result by starting with

Q n
i =0 gi .

We make use of instead a slightly di�erent group action which decreases the

number of cases to check. The map� : FX ! F G given by (x i )� =
Q i

n =0 gn , with do-

main the free grouphFX ; "; �i on generatorsX = f x i : i 2 ! g, extends to an isomorphism
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with inverse (g0)� � 1 = x0, (gi +1 )� � 1 = x � 1
i � x i +1 .

Then the action of B1 on FG induces an action onFX by, for f 2 F X ; p 2 B1 ,

de�ning ( f )p = ( f )�p� � 1.

We record the actions of generators ofB1 and their inverses on generators of

FX :

(x i )�
� 1
i = x i � 1 � x � 1

i � x i � 1

(x j )� � 1
i = x j if i 6= j:

See Figures 2.1, 2.2 and 2.3 for a geometric illustration. The numbered dots are punc-

tures in the plane. The generator x i of FX is viewed as a directed two-way in�nite

line in the plane going between puncturesi and i + 1. The action of the braid � i is a

homotopy interchanging punctures i and i + 1 in a counterclockwise rotation. Then for

each� 2 B1 , (x i )� is a directed curve in the punctured plane.

u
i

6

6
x i

u
i + 1 � i

�!

6

u
i

u
i + 1

6
x i +1 � x � 1

i � x i � 1

Figure 2.1: (x i )� i = x i +1 � x � 1
i � x i � 1.

u
i

6

6
x i

u
i + 1 � � 1

i
�!

6

u
i

u
i + 1

6
x i � 1 � x � 1

i � x i +1

Figure 2.2: (x i )� � 1
i = x i � 1 � x � 1

i � x i +1 .

We note the possible ways a generator or its inverse of the braid group can

change the leading variable of an element of the free group written in reduced form:



15

u
i

6

6
x i

u
i + 1 � 2

i
�!

6

6

u
i

u
i + 1

(x i )� 2
i = x i +1 � x � 1

i � 1 � x i � x � 1
i +1 � x i � 1

Figure 2.3: (x i )� 2
i = x i +1 � x � 1

i � 1 � x i � x � 1
i +1 � x i � 1.

Lemma 2.1.10 If the reduced form of a wordf 2 F X begins withxm , then the reduced

form of (f )� � 1
k begins with (this same)xm except in the following two cases (with the

displayed words in reduced form):

1. (xm � x � 1
m � 1 � : : :)� � 1

m � 1 = xm � 1 � : : :

2. (xm � : : :)� � 1
m = xm � 1 � x � 1

m � : : :

Proof: Write � for � � 1
k .

In each of the following cases we assumef is reduced, the braid action is

applied to f , and then some unspeci�ed but �xed reduction is applied to the word in

FX that results.

Case 2.1.10.1 m 6= k, and the leadingxm is cancelled out in the reduction of(f )� by

an x � 1
m which is already present in the reduced form off .

This means that f had the reduced formf = xm � f 1 � x � 1
m � f 2. Then (f )� =

xm � (f 1)� � x � 1
m � (f 2)�: But then ( f 1)� = " , so f 1 = " , and f was not in reduced form,

contradiction.

Case 2.1.10.2 m 6= k, and the leadingxm is cancelled out by anx � 1
m which was pro-

duced by the braid action onf .

An examination of cases shows that the only ways that anx � 1
m can be so
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produced are:

1. (x � 1
m � 1)� � 1

m � 1 = x � 1
m � xm � 1 � x � 1

m � 2

2. (x � 1
m � 1)� � 1

m � 1 = x � 1
m � 2 � xm � 1 � x � 1

m

This means that f had the reduced form f = xm � f 1 � x � 1
m � 1 � f 2 and that

k = m � 1.

SubCase 2.1.10.2.1 � = � � 1
m � 1.

The �rst of these two possibilities develops as: (f )� � 1
m � 1 = xm � (f 1)� � 1

m � 1 � (x � 1
m �

xm � 1 � x � 1
m � 2) � (f 2)� � 1

m � 1. In order that this x � 1
m should be the one which cancels the

leading xm , it must be that ( f 1)� = " , and so f 1 = " . Hence the reduced form off

must be f = xm � x � 1
m � 1 � f 2.

This is the left-hand side of the �rst possibility of the lemm a. To �nish this

case we need to ensure that thexm � 1 produced above, which is the leading factor of

(f )� before reducing, remains the leading factor after reducing.

If it were to cancel out in the reduction, then it must do so by cancelling with

an x � 1
m � 1 produced by the action of � on an xm � 1 inside f 2.

Hencef 2 = f 3 � xm � 1 � f 4 in reduced form, so that f = xm � x � 1
m � 1 � f 3 � xm � 1 � f 4.

Then (f )� = xm � 1 � x � 1
m � 2 � (f 3)� � xm � 2 � x � 1

m � 1 � xm � (f 4)�: In order that this x � 1
m � 1 be

the one to cancel the leadingxm � 1, it must be that x � 1
m � 2 � (f 3)� � xm � 2 = " , and so

f 3 = " . But then f was not in reduced form.

SubCase 2.1.10.2.2 � = � � 1
m � 1.

The second of these two possibilities develops as: (f )� � 1
m � 1 = xm � (f 1)� � 1

m � 1 �

(x � 1
m � 2 � xm � 1 � x � 1

m ) � (f 2)� � 1
m � 1: In order that this x � 1

m be the one to cancel the leading

xm , it must be that ( f 1)� � 1
m � 1 � x � 1

m � 2 � xm � 1 = " , and so f 1 = x � 1
m � xm � 1. But then f
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was not in reduced form.

Case 2.1.10.3 k = m.

Let f = xm � f 1 in reduced form. Then (f )� = xm � 1 � x � 1
m � xm � 1 � (f 1)� � 1

m :

SubCase 2.1.10.3.1 The second factor of(f )� , x � 1
m , does not cancel in the reduction

of (f )� .

If this x � 1
m does not cancel in the reduction, then this case leads to the second

possibility stated in the lemma.

SubCase 2.1.10.3.2 The second factor of(f )� , x � 1
m , does cancel in the reduction of

(f )� .

In order that this x � 1
m cancel, there must be anx � 1

m in the reduced form of f 1,

i.e., f 1 = f 2 � x � 1
m � f 3 and sof = xm � f 2 � x � 1

m � f 3 in reduced form.

Hence (f )� = xm � 1 � x � 1
m � xm � 1 � (f 2)� � x � 1

m � 1 � xm � x � 1
m � 1 � (f 3)�: In order that

this xm be the one to cancel the secondx � 1
m , it must be that xm � 1 � (f 2)� � x � 1

m � 1 = " ,

and sof 2 = " . But then f was not in reduced form.

This completes the proof of the lemma. 2

De�nition 2.1.11 Say that a reduced word inFX leans right at n if it begins with

either xm or xn � x � 1
m with m > n .

Lemma 2.1.12 If f 2 F X leans right at n, then so does(f )� � 1
i , where � � 1

i 6= � � 1
n .

Proof: We �rst verify that if f leans right at n, then the leading factor of the reduced

form of (f )� � 1
i is somexm with m � n.

By lemma 2.1.10, the index of the leading factor can change byat most 1.
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Hence assume by way of contradiction thatm = n and the action of � � 1
i on f

leaves it with a leading factor of xn � 1.

The �rst possibility a�orded by lemma 2.1.10 is

(xn � x � 1
n � 1 � : : :)� � 1

n � 1 = xn � 1 � : : :

but this is ruled out by the requirement that the index of the second factor exceedn.

The second possibility is (xn � : : :)� � 1
n = xn � 1 � x � 1

n � : : :, and this is ruled out

by � � 1
i 6= � � 1

n .

Hence if f leans right at n then (f )� � 1
i leads with xn or xm with m > n .

Now we verify that if f leans right at n, and (f )� � 1
i starts with xn , then its

second factor isx � 1
m with m > n .

Two cases arise: eitherf starts with xn +1 or with xn .

In the �rst case, where f starts with xn +1 , the lemma gives two instances

where (f )� � 1
i will start with xn .

The �rst instance is ( xn +1 � x � 1
n � : : :)� � 1

n = xn � : : :, but this is ruled out by

� � 1
i 6= � � 1

n .

The second instance is (xn +1 � : : :)� � 1
n +1 = xn � x � 1

n +1 � : : :, and this result (which

is in reduced form) leans right at n.

In the second case, wheref starts with xn , as f leans right at n, f must start

with xn � x � 1
m with m > n . We note that a dual version of lemma 2.1.10 shows that

a reduced word starting with x � 1
m and acted upon by a braid generator or its inverse

either does not change its leading factor, or the leading factor becomesx � 1
m � 1. Hence the

only concern isf = xn � x � 1
n +1 � : : : acted on by a braid generator or its inverse that does

not change the leadingxn and does changex � 1
n +1 � : : : into x � 1

n � : : :, which contradicts

that the leading xn is not cancelled.
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Therefore if f leans right at n, and (f )� � 1
i leads with xn , then its second factor

is x � 1
m with m > n .

This completes the proof. 2

We now can prove the� n -proposition.

Proof: Assume that p 2 B1 is formed from a product of generators ofB1 and their

inverses, with at least one� n and no � � 1
n .

Write p = p1 � � n � p2 where � � 1
n does not occur inp1 and � � 1

n does not occur

in p2.

Then

(xn )p = ( xn )p1 � � n � p2

= ( xn )� n � p2

= ( xn +1 � x � 1
n � xn � 1)p2

But xn +1 � x � 1
n � xn � 1 leans right at n, and hence so does (xn +1 � x � 1

n � xn � 1)p2.

Sincexn does not lean right at n, xn 6= ( xn +1 � x � 1
n � xn � 1)p2, and sop 6= " . 2

2.2 The Support of hx0; x1; : : : ; xn ; : : :i
is the Set of Positive Braids

Recall the partial action of B1 on (A ! )! (the set of ! -sequences on the free

left-distributive algebra with generators f x i : i � 0g) induced by:

hc0; : : : ; ci � 1; ci ; : : : ; cn ; : : :i � i = hc0; : : : ; ci � 1ci ; ci � 1; : : : ; cn ; : : :i :

Of course (~c)� � 1
i need not exist, but this action is well-de�ned, if it exists, for the

inverses of generators, sinceA ! has left-cancellation (see [Deh 89a, Deh 89b, Deh 92,
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Lav 92]).

De�ne the positive braids B+
1 to be those braids � that can be written as a

(possibly empty) product of the generators � i , omitting their inverses. Then clearly

every ~v 2 (A ! )! is in the support of any positive braid � 2 B +
1 , i.e., (~v)� exists.

De�ne ~x = hx0; x1; : : : ; xn ; : : :i . The purpose of this section is to show that

(~x)� exists if and only if � 2 B +
1 .

A good characterization of all the braids � for which (~v)� exists seems to be

lacking at this time. For example, if ~v = hx0; x0; x0; : : :i then non-positive braids, such

as � 2� 2
1 � � 1

2 , act on ~v. One possible conjecture is that the set of braids in a givenBN

(N �nite, generated by � 1; : : : ; � N � 1) which act on a �xed ~v is well-ordered (under

Dehornoy's ordering ofB1 described in the introduction) By Laver [Lav 93b], eachB+
N

is well ordered.

We assume some results on the< L partial ordering of A ! , de�ned by p < L q if

q = ((( pp0)p1) : : : pn ) for some n � 0, and its extension to a linear ordering� given by

p � q , p < L q or q dominates p in a variable clash. For q to dominate p in a variable

clash (with respect to the ordering x0 � x1 � : : :) means that for somea0; : : : ; an � 1 2

A ! (n � 0) and i > j one hasa0(a1(: : : (an � 1x i ))) � L p and a0(a1(: : : (an � 1x j ))) � L q.

See Dehornoy [Deh 92], and see [Lav 93b] for use of this particular ordering.

In particular we use

Fact 2.2.1 � 2 B +
1 and (~x)� = ~p implies p0 � p1 � : : :.

Fact 2.2.2 If a > L bc or ca >L cb or both a � b and ac >L b, then a > L b.

Fact 2.2.3 j + 1 < i � k or i � k < j � 1 implies

� j (� i � i +1 : : : � k ) = ( � i � i +1 : : : � k )� j :
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Fact 2.2.4 i � j < k implies

� j +1 (� i � i +1 : : : � k ) = ( � i � i +1 : : : � k )� j :

The following lemma is su�ciently strong to permit the induc tion proof needed:

Lemma 2.2.5 If, for � 2 B +
1 , (~x)� = hp0; p1; : : :i and pn > L pm (and hencen < m )

for some n; m, then there is a � 2 B +
1 such that � = � (� n +1 � n +2 : : : � m ).

Proof: We proceed by induction on the length of� . Sincex i 6> L x j wheneveri 6= j ,

the lemma is true for j� j = 0 vacuously.

Fix � 2 B +
1 , and suppose that the lemma holds for all positive braids of

length at most j� j. Fix i > 0 and consider whether the lemma holds for�� i . Set

(~x)� = hp0; p1; : : :i and (~x)�� i = hq0; q1; : : :i , and suppose thatn < m are such that

qn > L qm .

Case 2.2.5.1 i < n or i > m + 1 .

Then pn = qn and pm = qm , so that pn > L pm . By the induction hypothesis,

one can �nd � 2 B +
1 so that � = � (� n +1 : : : � m ). Hence

�� i = � (� n +1 : : : � m )� i

= �� i (� n +1 : : : � m )

by Fact 2.2.3, as desired.

Case 2.2.5.2 i = n.

Then pn � 1 = qn and pm = qm , so that pn � 1 > L pm . By the induction

hypothesis, one can �nd � 2 B +
1 so that � = � (� n : : : � m ). Hence

�� i = � (� n : : : � m )� n
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= �� n +1 � n (� n +1 : : : � m )

by Fact 2.2.4, as desired. (This works whethern = m � 1 or n < m � 1.)

Case 2.2.5.3 i = n + 1 = m.

This case is immediate, as�� i = �� n +1 is all that is called for.

Case 2.2.5.4 i = n + 1 < m .

Then qn = pn pn +1 and pm = qm , so that pn pn +1 > L pm . Since pn � pm by

Fact 2.2.1, we conclude by Fact 2.2.2 thatpn > L pm . By the inductive hypothesis, one

can �nd � 2 B +
1 such that � = � (� n +1 : : : � m ). Hence

�� i = � (� n +1 : : : � m )� n +1

= �� n +2 (� n +1 : : : � m )

by Fact 2.2.4, as desired.

Case 2.2.5.5 n + 1 < i = m.

Then pn = qn and pm � 1 = qm , so that pn > L pm � 1. By the induction

hypothesis there is a� 2 B +
1 such that � = � (� n +1 : : : � m � 1). Hence

�� i = � (� n +1 : : : � m � 1)� m

= � (� n +1 : : : � m )

as desired.

Case 2.2.5.6 n + 1 < i < m .

Then pn = qn and pm = qm , so that pn > L pm . By the induction hypothesis
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there is a � 2 B +
1 such that � = � (� n +1 : : : � m ). Hence

�� i = � (� n +1 : : : � m )� i

= �� i +1 (� n +1 : : : � m )

by Fact 2.2.4, as desired.

Case 2.2.5.7 i = m + 1 .

Then pn = qn and pm pm +1 = qm , so that pn > L pm pm +1 , and conclude

pn > L pm by Fact 2.2.2. By the induction hypothesis there is a � 2 B +
1 such that

� = � (� n +1 : : : � m ).

Let (~x)� = hr0; r1; : : :i . Notice that rn = pm , rn rn +1 = pn = qn and rm +1 =

pm +1 . Then qn > L qm = pm pm +1 implies that rn rn +1 > L rn rm +1 , and conclude

rn +1 > L rm +1 by Fact 2.2.2.

Applying the induction hypothesis one last time, conclude that there is a 
 2

B+
1 such that � = 
 (� n +2 : : : � m +1 ).

So �nally then,

�� i = � (� n +1 : : : � m )� m +1

= 
 (� n +2 : : : � m +1 )( � n +1 : : : � m +1 )

= 
 (� n +1 : : : � m +1 )( � n +1 : : : � m )

by repeated applications of Fact 2.2.4, as desired. 2

We specialize the lemma to the situation of interest:

Lemma 2.2.6 If � 2 B +
1 , i > 0 and (~x)�� � 1

i exists, then �� � 1
i 2 B +

1 .
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Proof: Write ( ~x)� = hp0; p1; : : :i and (~x)�� � 1
i = hq0; q1; : : :i . Then pi � 1 = qi � 1qi > L

qi � 1 = pi . Citing Lemma 2.2.5, with n = i � 1 and m = i , conclude that there is a

� 2 B +
1 such that � = �� i , and hence�� � 1

i = � 2 B +
1 as desired. 2

Theorem 2.2.7 (~x)� exists precisely when� 2 B +
1 .

Proof: If � 2 B +
1 , then (~x)� clearly exists. Suppose that (~x)� exists. By Garside

[Gar 69], write � = �
 � 1 where �; 
 2 B +
1 . Write 
 = � i 1 � i 2 : : : � i k for some k � 0.

Write � 0 = � and � j = � j � 1� � 1
i j

for 0 < j � k, so that � k = � .

Claim: � j 2 B +
1 for each 0 � j � k. The proof is by induction on j . The

claim is true for j = 0 by the assumption on � . Then if � j � 1 2 B +
1 , notice that

(~x)� j � 1� � 1
j exists since� j � 1� � 1

j = � j = �� k � k � 1 : : : � j +1 , and since (~x)� exists then

so does (~x)�� k : : : � j +1 . Citing Lemma 2.2.6 gives� j � 1� � 1
j = � j 2 B +

1 .

In particular, � = � k 2 B +
1 , as desired. 2

Taking pjq to mean that there exists an r such that q = pr, we can draw the

following out of Lemma 2.2.5:

Corollary 2.2.8 If (~x)� = ~p and pn > L pm (and so n < m ), then

pm jpn ; pn +1 ; : : : ; pm � 1:

2.3 Sigma-Positive Braids Can Be Represented
As Such Without Additional Generators

An amusing limitation of the original proof that the linear o rdering of B1

mentioned in the introduction exists was that the representation of a braid � as, say,

� 1-positive (that is, as a product of generators and their inverses where� 1 occurs, and
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occurs only positively) required a huge number of additional generators not present in

the original representation of � .

We will write Bn for the set of words on generators � i (i < n ) and their

inverses.

Although rewriting a � 1-positive braid word as explicitly � 1-positive might

require lengthening the word (witness � � 1
1 � 2� 2

3 � 2� 1 = � 2� 1� � 1
2 � 2

3 � 2� 1� � 1
2 ), in this

section we show what was suspected all along, that a� 1-positive � 2 Bn � B 1 (where

Bn is generated byf � 1; : : : ; � n � 1g) can in fact be explicitly represented as� 1-positive in

Bn , and that the length of such a representation is reasonable (at most j� j + n23j � j =4).

The proof embodies an algorithm with running time of the sameorder.

Laver has a di�erent proof of this representation result, using methods of braid

actions on sequences of elements from free left-distributive algebras, in the same spirit as

the original linear-ordering result. Dehornoy has investigated a simple and apparently

fast algorithm to produce the representation, but lacks a proof of termination.

We make use of an action ofB1 on the free groupF ! with generators f x i :

i 2 ! g of Section 2.1.3: (x i )� i = x i +1 x � 1
i x i � 1, and (x j )� i = x j if i 6= j .

From Lemma 2.1.10 we note how a braid generator can change thehead or tail

of a reduced word inF! :

Fact 2.3.1 If a reduced word f 2 F! begins (resp. ends) withx �
k , � 2 f� 1; 1g, then the

reduced form of (f )� � 1
m begins (resp. ends) with (this same)x �

k except in the following

cases (with the displayed words in reduced form):

1. (: : : x �
m )� � 1

m = : : : x � �
m x �

m � �

2. (: : : x � �
m x �

m � � )�
� 1
m = : : : x �

m

3. (x �
m : : :)� � 1

m = x �
m � � x

� �
m
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4. (x �
m � � x

� �
m : : :)� � 1

m = x �
m : : :

An immediate consequence is that

Fact 2.3.2 If a braid � is � 1-positive (resp. negative; neutral), then the reduced form

of (x1)� ends with x0 (resp. begins withx0; equalsx1).

The converse will follow as a corollary to the algorithm below. The � 1-neutral case does

not require any special consideration:

Fact 2.3.3 If � is � 1-neutral, that is, can be written as a product of generators without

� 1, then it can be explicitly exhibited to be so without involving additional generators.

De�nition 2.3.4 A segment is a non-empty reduced word inF! of alternating sign

(for example, x3x � 1
1 x0). A loop (the loop associated withf ) is a word in F! +1 of the

form x �
! fx �

! where f is a segment and�; � 2 f 1; � 1g preserve alternating sign (for

example, x � 1
! x3x � 1

1 x0x � 1
! { note that (f )� is a segment wheneverf is (� 2 B1 ), and

in particular each (x i )� is a segment).

De�nition 2.3.5 Let () r be the reversing antiautomorphisms ofF ! +1 and B1 , where

(x i )r = x i , (� i )r = � i and (�� )r = � r � r .

De�nition 2.3.6 A pair (u; v) of reduced words inF! +1 will be said to have the property

that u is initially left of v if u = xe
c0

x � e
c1

: : : and v = xe
d0

x � e
d1

: : :, e 2 f +1 ; � 1g, and one

of the following obtains:

1. e = +1 , and one of:

c0 < d 0 < c 1; d1 or c1; d1 < c 0 < d 0 or d0 < c 1; d1 < c 0;

2. e = � 1, and one of:

c0 > d 0 > c 1; d1 or c1; d1 > c 0 > d 0 or d0 > c 1; d1 > c 0.
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Say that (u; v) has the property thatu is terminally right of v if u� 1 is initially left of

v� 1. Conversely, say thatu is initially right of v if (ur )� 1 is initially left of (vr )� 1;

and sayu is terminally left of v if u� 1 is initially right of v� 1.

De�nition 2.3.7 A pair (u; v) of reduced words inF! +1 is a primary intersecting in-

stance if u = xe
c0

x � e
c1

: : : x( � 1) n e
cn and v = xe

d0
x � e

d1
: : : x( � 1) n e

dn
with e 2 f +1 ; � 1g, n > 0,

ci = di for 0 < i < n , and u is initially left of v but u is terminally right of v.

See Figure 2.4 for a geometric illustration of a primary intersecting instance.

u
c0

6
u

u
d0

6
v = xd0 � x � 1

d1
� xd2

u
c1 = d1 u

d2

6

v

u
c2

6

u = xc0 � x � 1
c1

� xc2

Figure 2.4. (u; v) = ( xc0 � x � 1
c1

� xc2 ; xd0 � x � 1
d1

� xd2 ) a primary intersecting instance, with
c0 < d 0 < c 1 = d1 < d 2 < c 2, n = 2, e = +1, with u initially left of v but u terminally
right of v.

De�nition 2.3.8 A pair (u; v) of reduced words inF! +1 is an intersecting instance if

applying some combination of(a; b) 7! (b; a), (a; b) 7! (a� 1; b), (a; b) 7! (ar ; br ) yields a

primary intersecting instance.

De�nition 2.3.9 A pair (u; v) of segments is anintersecting pair if some pair of sub-

strings u0, v0 of the associated loops ofu and v is an intersecting instance. A segment

u is self-intersecting if (u; u) is an intersecting pair.

See Figure 2.5 for an illustration of a self-intersecting segment requiring the

extension to a loop.
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6
u

u
1

6

u
2

: : : u
!

u`u
1

u
2

: : : u
!

?

6
u1u2

u
1

?
6

u
2

: : : u
!

?

Figure 2.5. A More Complex Self-Intersection. The segmentu = x2 � x � 1
1 � x2 � x � 1

1 � x0

is self-intersecting as follows: Extend to the corresponding loop u` = x � 1
! � x2 � x � 1

1 � x2 �
x � 1

1 � x0 � x � 1
! , and extract substrings u1 = x � 1

! � x2 � x � 1
1 � x2 and u2 = x � 1

1 � x2 � x � 1
1 � x0.

Then u1 is initially right of u2 while u1 is terminally left of u2.
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Lemma 2.3.10 If (u; v) is not an intersecting pair, then neither is ((u)�; (v)� ) for any

� 2 B1 .

We place the proof to this lemma in Appendix A due to its lengthy examination

of cases. It is done by showing it to be true for� = � � 1
i by case analysis, which shows

it for arbitrary � by induction.

As a corollary to Lemma 2.3.10 we have the cases of direct interest:

Lemma 2.3.11 If u is a non-self-intersecting segment, in particular if u = ( x1)� for

some� 2 B1 , then none of the following can occur as substrings ofu:

1. Both xax � 1
b and xr x � 1

s with a < r < b < s , and variations gotten by inverting

one or both, or reversing both.

2. Both xax � 1
b xc and xr x � 1

b xs with a < r < b < s < c , and variations.

3. Both xax � 1
b and xr with a < r < b and the xr occurring at the tail of u, and

variations.

4. Both xax � 1
b xc and xr x � 1

b , the latter occurring at the tail of u, with a < b < c

and either r < a or b < r , and variations.

We write u < v to indicate that the word u is a (possible improper) subsegment

of the word v.

Lemma 2.3.12 Suppose thatu is a non-self-intersecting segment, that0 � a < b <

c < ! , and that (xax � 1
b xc)� 1 < u. Let

� abc =
c� 1Y

i = b

b� a� 1Y

j =0

� i � j

= ( � b� b� 1 : : : � a+1 )( � b+1 : : : � a+2 ) : : : (� c� 1 : : : � c� b+ a):

Then the reduced form of(u)� abc is shorter by at least two than that ofu. Note that
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� abc 2 Bn and is explicitly � 1-neutral if a > 0, or � 1-positive if a = 0 .

Also, if (xcx � 1
b xa )� 1 < u, then letting

� 0
abc =

c� 1Y

i = b

b� a� 1Y

j =0

� � 1
i � j

= ( � � 1
b � � 1

b� 1 : : : � � 1
a+1 )( � � 1

b+1 : : : � � 1
a+2 ) : : : (� � 1

c� 1 : : : � � 1
c� b+ a )

has the reduced form of(u)� 0
abc shorter by at least two than that ofu. Note that � 0

abc 2 Bn

and is explicitly � 1-neutral if a > 0, or � 1-negative if a = 0 .

Proof: We examine the �rst possibility, where (xax � 1
b xc)� 1 < u and 0 � a < b < c <

! . We look at the behavior of certain strings under the action of � = � abc.

1. Supposea � r; s � b. Then (xr x � 1
s )� 1� = ( xc� b+ r x � 1

c� b+ s)� 1.

2. Likewise, if b � r; s � c, then (x � 1
r xs)� 1� = ( x � 1

r + a� bxs+ a� b)� 1.

3. But if r � a or r � c, then (x � 1
r )� = x � 1

r .

4. Finally, ( xax � 1
b xc)� 1� = x � 1

c� b+ a .

Hence it remains to show thatu can be partitioned up into substrings of these

types, including the one of type 4, in order to show that (u)� has shortened by at least

two.

But if a < r < b and xr < u, then (by Lemma 2.3.11.3)xr cannot be the tail of

u, nor can xr x � 1
s < u with s < a or s > b (by Lemma 2.3.11.1). Similarly, if a < s < b

and x � 1
s < u, then x � 1

s cannot be the head ofu, nor can xr x � 1
s < u with r < a or r > b .

Corresponding statements forb < r < c and b < s < c obtain. In these cases, pair o�

the xr x � 1
s .

Suppose (xr x � 1
b xs)� 1 < u. If s < b or s > c then a < r < b by Lemma 2.3.11.3,

and one partitions o� ( xr x � 1
b )� 1. If b < s < c , then r � a or r > b , so partition o�

(x � 1
b xs)� 1. Finally, if r = a and s = c, then partition o� ( xr x � 1

b xs)� 1.
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If xr x � 1
b is the tail of u, then a � r < b by Lemma 2.3.11.4, and partition o�

xr x � 1
b . Similarly for the head, and variations.

This accounts, exactly once, for allx � 1
r < u with a < r < c , putting each into

a partition class that � does not lengthen.

The second case, where (xcx � 1
b xa)� 1 < u, is entirely similar. 2

See Figure 2.6 for a geometric illustration of the sort of pattern xa � x � 1
b � xc

referenced in Lemma 2.3.12, and the e�ect of� abc on it and other non-intersecting words.

6

6
x1

u
2

u
3

u
4

u
5

u
6

u
7

6
x � 1

6 � x5 ?

6
x2 � x � 1

4 � x7

6

# � 247

6

6
x1

u
2

u
3

u
4

u
5

u
6

u
7

6
x � 1

4 � x3 ?

6
x5

6

Figure 2.6. Non-self-intersecting Segmentu contains pattern xa � x � 1
b � xc = x2 � x � 1

4 � x7

with a < b < c , also containsx1 and x � 1
6 �x5, is shortened by� abc = � 247 = � 4� 3� 5� 4� 6� 5

as (x2 � x � 1
4 � x7)� = x5, (x1)� = x1 and (x � 1

6 � x5)� = x � 1
4 � x3.

Lemma 2.3.13 If u is a segment ending inx � 1
c x0, and 0 < a < b � c, then (u)� 0

0ab

ends in x0.

Proof: We make repeated use of Fact 2.3.1. Ifb < c, then (u)� 0 ends in x � 1
c x0 as all

the subscripts in � 0 are at most b � 1. Assuming b = c, the part of � 0 up to the �rst
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� � 1
b� 1 leavesu ending in x � 1

c x0. Hence consider

(: : : x � 1
b x0)( � � 1

b� 1� � 1
b� 2 : : : � � 1

b� a):

If b� a > 1 then this clearly ends in x0, so assumeb� a = 1. None of � � 1
b� 1 : : : � � 1

2 can

change the trailing x0, and they can change the subscript of thex � 1
b by at most one.

Hence (: : : x � 1
b x0)� � 1

b� 1 : : : � � 1
2 = : : : x � 1

d x0 with d > 1, so the �nal � � 1
1 cannot change

the �nal x0. 2

The main lemma, given next, yields the desired theorem immediately by in-

ducing on the length of (x1)� .

Lemma 2.3.14 If � 2 Bn is such that the reduced form of(x1)� ends in x0, then there

is a � 2 Bn which is explicitly exhibited by a braid word inBn of length at most n2=4

to be � 1-negative or � 1-neutral, such that the length of the reduced form of(x1)�� is at

least 2 less than that of (x1)� , and such that the reduced form of(x1)�� either equals

x1 or ends in x0.

Proof: The � in question will be a � abc or � 0
abc from Lemma 2.3.12 with the appro-

priate (xax � 1
b xc)� 1; (xcx � 1

b xa )� 1 < (x1)� = u, the latter being non-self-intersecting by

Lemma 2.3.10. Hence (x1)�� will be at least two shorter than (x1)� . If a > 0, or a = 0

and � = � abc, then � will be � 1-neutral or � 1-positive, and hence (x1)�� will continue

to end in x0. When a = 0 and � = � 0
abc, then arguments will be given to show that

(x1)�� ends in x0 or equalsx1.

Write u = xu2n : : : xu2 x � 1
u1

x0 with 0 6= u1 6= u2 : : : 6= u2n . Note that ( x1)� = u

is indeed of odd length and alternating sign. Since� : F ! ! h Z; + i given by � (x � 1
i ) =

� i is a homomorphism with � (( f )� ) = � (f ) for all f 2 F ! , � 2 B1 , one has� (u) =
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� ((x1)� ) = � (x1) = 1, and hence (u2n � u2n � 1) + : : : + ( u2 � u1) + 0 = 1. Therefore the

following is impossible:

0 < u 1 > u 2 < u 3 > : : : < u 2n � 1 > u 2n : (2.1)

Consider the �rst such relation to fail:

Case 2.3.14.1 First failure of (2.1) is u1 < u 2.

SubCase 2.3.14.1.1 n = 1 , so u = xu2 x � 1
u1

x0 with 0 < u 1 < u 2 and u2 � u1 + 0 = 1 .

Then (u)� 0
0u1 u2

= xu2 � u1 +0 = x1.

SubCase 2.3.14.1.2 n > 1, and u2 < u 3, so that u = : : : x � 1
u3

xu2 x � 1
u1

x0 with 0 < u 1 <

u2 < u 3.

Then � = � u1 u2 u3 works as desired.

SubCase 2.3.14.1.3 n > 1 and u2 > u 3.

Then one cannot have

u3 < u 4 > u 5 < : : : > u 2n � 1 < u 2n ; (2.2)

for then (u2n � u2n � 1) + : : : + ( u4 � u3) + ( u2 � u1) > 1. Consider the �rst such relation

to fail:

Case 2.3.14.1.3.1 First failure of (2.2) is u2k < u 2k+1 .

Must have 0 < u 1 � u3 � : : : � u2k � 1 < u 2k < u 2k+1 � u2k � 2 � : : : � u4 � u2 by

Lemma 2.3.11. In particular, 0 < u 2k � 1 < u 2k < u 2k+1 , so � = � u2k � 1 u2k u2k +1 works as

desired.

Case 2.3.14.1.3.2 First failure of (2.2) is u2k � 1 > u 2k .
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Must have 0 < u 1 � u3 � : : : � u2k � 3 � u2k < u 2k � 1 < u 2k � 2 � u2k � 4 � : : : � u4 � u2

by Lemma 2.3.10. In particular, 0 < u 2k < u 2k � 1 < u 2k � 2, so � = � u2k u2k � 1 u2k � 2 works

as desired.

Case 2.3.14.2 First failure of (2.1) is u2k > u 2k+1 , with k > 0.

Must have 0 � u2 � : : : � u2k � 2 � u2k+1 < u 2k < u 2k � 1 � u2k � 3 � : : : � u3 � u1

by Lemma 2.3.10. In particular, u2k+1 < u 2k < u 2k � 1, so consider� = � 0
u2k +1 u2k u2k � 1

.

If u2k+1 > 0, then � is � 1-neutral and we are done, so suppose that 0 =u2k+1 . Then

� = � 0
0u2k u2k � 1

with u2k � 1 � u1 and u ends in x � 1
u1

x0. Citing Lemma 2.3.13, conclude

that ( u)� ends in x0, as desired.

Case 2.3.14.3 First failure of (2.1) is u2k � 1 < u 2k , with k > 1.

Must have 0 � u2 � : : : � u2k � 2 � u2k � 2 < u 2k � 1 < u 2k � u2k � 3 � : : : � u3 � u1

by Lemma 2.3.10. In particular, u2k � 2 < u 2k � 1 < u 2k , so consider� = � 0
u2k � 2 u2k � 1 u2k

.

If u2k � 2 > 0, then � is � 1-neutral and we're done, so suppose that 0 =u2k � 2. Then

� = � 0
0u2k � 1 u2k

with u2k � u1 and u ends inx � 1
u1

x0. Citing Lemma 2.3.13, conclude that

(u)� ends in x0, as desired. 2

Theorem 2.3.15 If � 2 Bn is � 1-positive (in B1 ), then � can be explicitly exhibited

to be � 1-positive in Bn by a braid word of length at mostj� j + n23j � j =4.

Proof: Since a braid generator or its inverse can at most triple the reduced length of a

word in F! , the length of (x1)� is at most 3j � j . Repeated applications of Lemma 2.3.14

must, in s steps (s < j(x1)� j=2 � 3j � j =2), yield a braid word � in Bn , of length at most

sn2=4, which is explicitly � 1-negative and so that (x1)�� = x1. Hence�� is � 1-neutral,

and let the braid word 
 explicitly represent �� as � 1-neutral in Bn , of length at most
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j� j + j� j. Then 
� � 1 is an explicit representation of � in Bn as a� 1-positive braid word,

of length at most j
 j + j� j � j � j + 2 j� j � j � j + n23j � j =4. 2

Re�nements to the bound of 3j � j on j(x1)� j would directly improve the bound

on the representation of � , but since j(x1)( � 1 � � 1
2 )n j = 2 F2n +1 � 1 where Fi is the i th

Fibonacci number, this method of bounding the size of the representation of � in Bn

as explicitly � 1-positive is inherently exponential. It seems plausible however that more

precise estimates of the number of stepss could yield a polynomial bound.

Corollary 2.3.16 If u 2 F n is a non-self-intersecting segment of odd length with

� (u) = 1 , and u ends (resp. begins) inx0, then u = ( x1)� for some � 2 Bn with

� explicitly � 1-positive (resp. negative).

2.4 Group Representations of
Free Left-Distributive Algebras,
and the Word Problem for A n

In [Deh 92] and Section 2.1 it was shown that the in�nite braid group B1 has

an irre
exive left-distributive binary operation (the Deh ornoy bracket), and hence that

A , the free left-distributive algebra on one generator, is faithfully represented in B1 . In

this section we obtain a faithful representation of A n in a larger group Gn , and obtain

that the word problem in A n has an exponential time solution (which was known for

n = 1 from [Deh 92], and improves, for n > 1, a tower of exponentials bound which

comes from Dehornoy's con
uence methods).

2.4.1 The Group

De�nition 2.4.1 Let H be a set of sizen (taken later to be the set of generators of

A n ). Let hi = hh; i i for h 2 H , i 2 ! + . The group hGn ; �; " i , is given by the generators
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f � i : i 2 ! + g [ f hi : h 2 H; i 2 ! + g and subject to the relations

� i � � j � � i = � j � � i � � j when jj � i j = 1 ;

� i � � j = � j � � i when jj � i j > 1;

� i � hj = hj � � i when h 2 H; j > i + 1 :

De�nition 2.4.2 We de�ne the Dehornoy bracket onGn by

g � g0 = g � s(g0) � � 1 � s(g)� 1:

The Relations 2.4.1 are the minimum necessary in order that the shift map s,

below, be a group endomorphism, and that the Dehornoy bracket is left distributive.

This section is devoted to showing:

Theorem 2.4.3 The operation � is left-distributive; the word problem for Gn is solvable

in polynomial time.

Let � B : Gn ! B 1 and � F : Gn ! F H � ! + be the natural projections of Gn

onto the braid group and the free group on countably many generators. There is a

natural projection of � � : B1 onto the permutation group � ! + given by � � (� i ) = ( i; i +

1). These are all group homomorphisms. Additionally, � B preserves� , the Dehornoy

bracket.

The shift endomorphism, given by s(hi ) = hi +1 for h 2 H , and s(� i ) = � i +1 ,

is compatible with the relations that de�ne Gn and so is well de�ned.

Lemma 2.4.4 � is left-distributive on Gn .

Proof: We verify this by computing �rst

p � (q � r ) = p � (q � s(r ) � � 1 � s(q)� 1)

= p � s(q � s(r ) � � 1 � s(q)� 1) � � 1 � s(p)� 1
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= p � s(q) � s2(r ) � � 2 � s2(q)� 1 � � 1 � s(p)� 1

= p � s(q) � s2(r ) � � 2 � � 1 � s2(q)� 1 � s(p)� 1

and then

(p � q) � (p � r ) = ( p � s(q) � � 1 � s(p)� 1) � (p � s(r ) � � 1 � s(p) � 1)

= ( p � s(q) � � 1 � s(p)� 1) � s(p � s(r ) � � 1 � s(p)� 1)

� � 1 � s(p � s(q) � � 1 � s(p)� 1)� 1

= p � s(q) � � 1 � s(p)� 1 � s(p) � s2(r ) � � 2 � s2(p)� 1

� � 1 � s2(p) � � � 1
2 � s2(q)� 1 � s(p)� 1

= p � s(q) � � 1 � s2(r ) � � 2 � � 1

� s2(p)� 1 � s2(p) � � � 1
2 � s2(q)� 1 � s(p) � 1

= p � s(q) � � 1 � s2(r ) � � 2 � � 1 � � � 1
2 � s2(q)� 1 � s(p) � 1

= p � s(q) � s2(r ) � � 1 � � 2 � � 1 � � � 1
2 � s2(q)� 1 � s(p) � 1

= p � s(q) � s2(r ) � � 2 � � 1 � � 2 � � � 1
2 � s2(q)� 1 � s(p) � 1

= p � s(q) � s2(r ) � � 2 � � 1 � s2(q)� 1 � s(p)� 1

as desired. 2

To be able to solve the word problem inGn , we need to be able to determine

when a braid word � 2 B1 has the property that it is equivalent to a word in Bk , for

a given k, where Bk � B1 in the natural way. (Take B0 = B1 = f "g.)

So suppose one has such a braid� and a integer k. If the permutation � � (� )

associated with � does not lie in � k � 1, then clearly � does not lie in Bk , so suppose

that it does. Then let � 0 be the induced braid on the �rst k � 1 strings. Therefore �
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lies in Bk if and only if � = � 0 (as braids).

We describe anO(j� j) computation of � 0 from � (which reduces the complexity

of determining if � 2 B k to that of the word problem for B1 ). One creates� 0 by, so to

speak, dissolving stringsk and higher. Form the sequence" = � 0; � 1; : : : ; � m = � with

� i +1 = � i � � ei
j i

(ej 2 f� 1; 1g), and the associated permutations" = b0; b1; : : : ; bm = b

with bi +1 = bi � (j i ; j i + 1), and let the permutations act on the right. Then de�ne the

sequence" = � 0
0; � 0

1; : : : ; � 0
m = � 0 where � 0

i +1 = � 0
i � � ei

j 0
i

or � 0
i +1 = � 0

i , with associated

permutations " = b0
0; b0

1; : : : ; b0
m , so that at each stage, the value of (1; 2; : : : ; k � 1)b0

i is

the value of (1; 2; : : :)bi after deleting k; k + 1 ; : : :. This is easily done by setting � 0
i +1

to � 0
i if either of the j i ; (j i + 1)th positions of (1 ; 2; : : :)bi is k or larger, and otherwise

setting � 0
i +1 to � 0

i � � ei
j 0

i
where j 0

i is the number of values in the 1st through (j i � 1)th

positions in (1; 2; : : :)bi which are less thank.

We note for later that if � 2 B k then (x i )� = x i for i � k. (The converse

is also true, but not needed here.) Recall from Section 2.1 that, letting x0; x1; : : :

be the generators of a free group, then the braids act as automorphisms by (x i )� i =

x i +1 x � 1
i x i � 1; (x j )� i = x j if i 6= j .

Reduction 2.4.5 If a word g 2 Gn (strings of generators and their inverses under

concatenation) has the formg1 � h� 1
i � � � h� 1

i � g2, and if � 2 B i � 1 then hi commutes with

� and sog reducesto g1 � � � g2.

Thus in this situation say that the pairing of h� 1
i and h� 1

i is commuting.

Lemma 2.4.6 Supposeg 2 Gn does not have a subword of the form of Reduction 2.4.5

and g contains an hi . Then g 6= " in B1 .

Proof: If � F (g) 6= " , then clearly g 6= " , so suppose that� F (g) = " . Consider g as a

word in Gn . In a �xed reduction of the free group word � F (g) to " , there is a nested
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pairing of the various hi :h� 1
i appearing in g. For example,

g = hi � � � h0
j � � 0 � h0

j
� 1

| {z }
�� 00� h� 1

i

| {z }

�� 000

might pair as indicated by the underbraces. Call such a pairing completeas everyh 2 H

in g is paired with someh� 1 in g.

If there is some complete pairing ofg so that every pair h� 1 � g0 � h� 1 in this

pairing of g has h� 1 � � B (g0)h� 1 a commuting pair, then clearly g = " .

It is su�cient to show, for a g 2 Gn with � F (g) = " , that if every such nested

complete pairing contains at least one pair

g = g1 � h� 1
i � g2 � h� 1

i| {z }
�g3

with � B (g2) =2 B i � 1 (so that this pair does not reduce), then the same is true for any

g0 2 Gn obtained by a single application of the relations which de�ne Gn .

Clearly the property is preserved under the braid relations, for lying in Bi � 1

is a braid invariant.

It is also preserved under� i � hj � hj � � i with j � i > 1, for lying in Bj � 1 is

preserved by multiplying by � � 1
i if i � j � 2.

Hence the concern is forhi � h� 1
i � " .

If " in g is replaced byhi � h� 1
i (or h� 1

i � hi , for the argument is symmetrical),

to yield g0, then there are basically three cases of a complete pairing for g0 (here we

display those pairs which touch thehi ; h� 1
i 's in question):

1. g0 = g1 � hi � h� 1
i| {z }

�g2

2. g0 = g1 � h� 1
i � g2 � hi| {z }

� h� 1
i � g3 � hi| {z }

�g4

3. g0 = g1 � hi � g2 � h� 1
i � g3 � hi| {z }

�h� 1
i

| {z }
�g4
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(with the gi 's in Gn ).

The �rst case is trivial, for deleting the hi � h� 1
i| {z }

yields a complete pairing for

g, which must have a non-commuting pair which is hence also in the pairing for g0.

The second case yields a complete pairing forg by deleting the inner hi ; h� 1
i and

pairing the outer hi ; h� 1
i to get g1 � h� 1

i � g2 � g3 � hi| {z }
�g4 Then if the non-commuting pair

for this pairing of g is other than the indicated hi ; h� 1
i , then it is also one for the pairing

of g0. But if it is the indicated one, then one could not have both � B (g2); � B (g3) 2 B i � 1

for then � B (g2 � g3) 2 B i � 1 would follow; therefore the pairing of g0 has a non-commuting

pair.

The third case is similar to the second.

Conversely, if hi � h� 1
i in g is replaced by" in g0 then a pairing of g0 = g1 � " � g2

extends to a pairing

g = g1 � hi � h� 1
i| {z }

�g2

of g, which by assumption must have a non-commuting pair (which must be di�erent

from the indicated hi ; h� 1
i ), and hence the pairing ofg0 had one as well. 2

This reduces the word problem for Gn to that for B1 : Maximally reduce,

via 2.4.5, a word g 2 Gn to g0. If some h� 1
i still occurs in g0, then g 6� " . If not,

compute whether � B (g0) 2 B1 is " or not, concluding that g is equivalent to " or not,

accordingly. As B1 has a polynomial time word problem ([Thu 92]), so doesGn .

2.4.2 The Mapping from A n to hGn ; �i

De�nition 2.4.7 Let H be the set of generators ofA n , f hi : h 2 H; i 2 ! + g [ f � i :

i 2 ! + g be the set of generators ofGn . Let � : A n ! hG n ; �i be the homomorphism

induced by by� (h) = h1 for h 2 H (� is a homomorphism sinceA n is free and hGn ; �i
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is left-distributive).

Theorem 2.4.8 � : A n ! hG n ; �i is an injective homomorphism; the word problem for

A n is solvable in exponential time.

Proof: We need to show� is injective. Once this is obtained, then the closure of

f h1 : h 2 H g under � will be isomorphic to A n . Then, given a polynomial-time algorithm

for comparing two words in Gn , and seeing that the length of� (g) is exponential in the

length of g, we conclude that the word problem for A n is solvable in exponential time.

Two words a; b in An can be compared for equality inA n by the following

strategy: identify all the generators in H , getting words â; b̂ in A1. Then by Dehornoy's

con
uence result â and b̂ can be expanded (replacing subterms of the formc(de) by

(cd)(ce), only) so that either they are equal or one is a strict initial subterm of the other

(i.e., one isc and the other is ((cd1)d2 : : : dk )).

One now performs these same distributions on the originala; b of An to obtain

a0; b0. Then one of three things happens: Ifa0; b0 are identical, then a = b in A n . If one

of a0; b0 is a strict initial subterm of the other, then a 6= b. And if neither happens, then

a 6= b and there is a �rst place where they di�er, say at generators h and h0. Further

distributions position these di�ering generators so that

a0 = ((( a0a1)a2) : : :)ai

b0 = ((( b0b1)b2) : : :)bj

where

a0 = LD rp(rp� 1(: : : (r2(r1h))))

b0 = LD rp(rp� 1(: : : (r2(r1h0))))

for some integersi; j; p , somea1; : : : ; ai ; b1; : : : ; bj ; r1 : : : rp 2 An , and generatorsh 6=
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h0 2 H .

To show injectivity of � , one needs to show that in each of the two possibilities

(one of a0; b0 is a strict initial subterm of the other, or a0 and b0 have a variable clash)

we have� (a) 6= � (b).

That the �rst possibility yields � (a) 6= � (b) follows from the � 1-proposition and

irre
exivity in B1 in Section 2.1, as one of� B (� (a0)), � B (� (b0)) is a � -initial segment

of the other in B1 . Hence� B (� (a)) 6= � B (� (b)), and therefore a 6= b in A n .

The second possibility is more delicate.

First, we examine the form of � (a0); � (b0). Write Ri for � (r i ).

Compute

� (a0) = � (rp(rp� 1(: : : (r2(r1h)))))

= Rp � (Rp� 1 � (: : : � (R2 � (R1 � h1))))

= Rp � s(Rp� 1) � : : : � sp� 2(R2) � sp� 1(R1) � hp+1

� � p � sp(R1)� 1 � � p� 1 � sp� 1(R2)� 1 � � p� 2 � : : : � � 1 � s(Rp)� 1

= R � hp+1 � � p � s(R)� 1

where

R = Rp � s(Rp� 1) � : : : � sp� 1(R1)

and

� p = � p � � p� 1 � : : : � � 1

as � i commutes with sj (g) when j � i > 0, for all g 2 Gn .

Likewise, � (b0) = R � h0
p+1 � � p � s(R)� 1.

Now expand, writing A i for � (ai ):

� (a) = � (((( a0a1)a2) : : :)ai )
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= ((( A0 � A1) � A2) � : : :) � A i

= (((( R � hp+1 � � p � s(R)� 1) � A1) � A2) � : : :) � A i

= R � hp+1 � � p � S

where S 2 s(Gn ) � (� 1 � s(Gn )) i . Likewise,

� (b) = R � h0
p+1 � � p � S0

where S0 2 s(Gn ) � (� 1 � s(Gn )) j .

In order to determine that � (a) = � (b) is impossible, that is, to show that in

Gn it cannot happen that R � hp+1 � � p � S = R � h0
p+1 � � p � S0, it is su�cient to show that

g = ( S0)� 1 � � � 1
p � (h0

p+1 )� 1 � hp+1 � � p � S

cannot equal " . Consider g as a word in Gn . In order for g to be equivalent to " , there

must be a complete pairing with all the pairs commuting as discussed in Lemma 2.4.6.

One cannot have the displayed (h0
p+1 )� 1 pair to the right and simultaneously have the

displayed hp+1 pair to the left without violating nesting, so without loss o f generality

assumehp+1 pairs in this pairing to the right. Since � p 2 B1 already, hp+1 must pair

with an h� 1
p+1 in S. HenceS = S1 � h� 1

p+1 � S2 with S1 2 s(Gn ) � (� 1 � s(Gn )) i 1 .

Then g appears paired as

g = ( S0)� 1 � � � 1
p � (h0

p+1 )� 1 � hp+1 � � p � S1 � h� 1
p+1| {z }

�S2:

In order that this be a commuting pairing, i.e., one that reducesg to " , it must

be that � B (� p � S1) 2 Bp.

We claim this is impossible, namely, the action of � B (� p � S1) on xp from

Section 2.1.3 is given by

(xp)� p � � B (S1) = ( xp+1 x � 1
1 x0)� B (S1):
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But � B (S1) 2 s(B1 ) � (� 1 � s(B1 )) i 1 , and since no� � 1
1 thus appears in � B (S1), then,

by the methods of Section 2.1, if� B (S1) is applied to a reduced word ending inx0, the

reduced result also ends inx0, and hence the result cannot bexp.

Therefore, since� B (� p � S1) has a non-trivial action on xp, it cannot lie in Bp.

Hence the displayed pairing ofhp+1 ; h� 1
p+1 in g is not a commuting pair, and sog is not

equivalent to " . This shows the desired� (a) 6= � (b), and hence� is injective. 2

For completeness we give the variant of the results from Section 2.1 alluded to

two paragraphs above.

Lemma 2.4.9 For any f 2 F G and � 2 B1 , and () r is the reversing antiautomorphism

(see De�nition 2.3.5), then (f r )( � r )� 1 = (( f )� )r .

Proof: By induction on the lengths of representations off and � . For f = " or � = "

there is nothing to prove, as is the casef = x �
i , � = � �

j with i 6= j and �; � 2 f� 1; +1 g.

We directly check that, for f = x �
i and � = � �

i ,

(f r )( � r )� 1 = (( x �
i )r )(( � �

i )r )� 1

= ( x �
i )� � �

i

= x �
i � �� � x � �

i � x �
i + ��

= ( x �
i + �� � x � �

i � x �
i � �� )r

= ( x �
i )� �

i

= (( f )� )r

Then if the result holds for (f 1; � ) and (f 2; � ), compute

(( f 1 � f 2)r )( � r )� 1 = ( f r
2 � f r

1 )( � r )� 1



45

= ( f r
2 )( � r )� 1 � (f r

1 )( � r )� 1

= (( f 2)� )r � (( f 1)� )r

= (( f 1)� � (f 2)� )r

= (( f 1 � f 2)� )r

and similarly if the result holds for ( f; � 1) and (( f )� 1; � 2), compute

(f r )(( � 1 � � 2)r )� 1 = ( f r )( � r
2 � � r

1)� 1

= ( f r )(( � r
1)� 1 � (� r

2)� 1)

= (( f r )( � r
1)� 1)( � r

2)� 1

= ((( f )� 1)r )( � r
2)� 1

= ((( f )� 1)� 2)r

= (( f )( � 1 � � 2)) r

and thus the result holds for all f and � . 2

Lemma 2.4.10 If the reduced form of a wordf 2 F X ends with xm , then the reduced

form of (f )� � 1
k ends with (this same) xm except in the following two cases (with the

displayed words in reduced form):

1. (: : : � x � 1
m � 1 � xm )� � 1

m � 1 = : : : � xm � 1

2. (: : : � xm )� � 1
m = : : : � x � 1

m � xm � 1

Proof: This follows directly from Lemmas 2.1.10 and 2.4.9. 2
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2.5 Open Problems

Problem 2.5.1 Is there an embedding ofA n , the free LD on n generators, into B1 ,

the in�nite braid group equipped with Dehornoy's left-distributive bracket?

Problem 2.5.2 For any �nite vector ~v of elements of a free LD, is the set of braids�

for which the partial braid action (~v)� is de�ned well ordered under< ?



CHAPTER 3

LEFT-DISTRIBUTIVE IDEMPOTENT ALGEBRAS

The classical binary operations satisfying the left-distributive law a � (b � c) =

(a � b) � (a � c), such as Boolean meet and join, group conjugation, and barycentric

mean, also satisfy idempotence:a � a = a. This chapter considers algebras satisfying

left-distributivity and idempotence (LDI's). In places we relate this to recent work

on left-distributive algebras. The axioms LDI have been studied in Kepka [Kep 81]

and Joyce [Joy 82b]; in [Joy 82a] LDI's called quandles are studied and related to knot

theory.

In Section x3.1 we consider the notions of 1-1 and onto for an LDI, and Joyce's

quandles. Inx3.2, for completeness, we give some results of Kepka [Kep 81]: an arbitrary

LDI is in a universal way homomorphed to a 1-1 LDI; and in x3.3 an arbitrary 1-1 LDI is

embedded into a 1-1-onto LDI. We give examples of constructions of LDI's in x3.4. We

show in x3.5 and x3.6 that the equational theory of LDI's is strictly weaker th an that

of conjugation in groups, while in x3.3 we show that the equational theories ofLDI 1� 1,

LDI onto LDI 1� 1� onto , Quandles and GC (group conjugation) are equal. We show

in x3.7 that the rewriting rules for LDI terms are con
uent. In va rious LD and LDI

algebras a composition-like operation can be added. It is subject to a natural set of

identities; we show in x3.8 that this set of identities, augmented by idempotence, is a

conservative extension of LDI.
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3.1 LDI's and Quandles

We investigate algebrashQ; �i , consisting of a setQ and a binary operation �

on that set, which satisfy the two axioms:

[I] a � a = a (Idempotence)

[LD] a � (b� c) = ( a � b) � (a � c) (Left Distributivity)

We call such an algebra an LDI.

Consider the conditions on an LDI Q:

[1-1] For eacha 2 Q, the map L a : b 7! a� b is one-to-one (that is,Q is left-cancellative;

we will write instead that Q is 1-1).

[onto] For each a 2 Q, the map L a : b 7! a � b is onto (that is, Q is left-divisible; we

will write instead that Q is onto).

Joyce's notation for a quandle ([Joy 82b]) uses the binary operations . , . � 1;

then hQ; .; . � 1i is a quandle if it satis�es the laws:

[Q1] x . x = x

[Q2] (x . y ) . � 1 y = x = ( x . � 1 y) . y

[Q3] (x . y ) . z = ( x . z ) . (y . z ):

Thus a quandle is essentially a 1-1-onto LDI. Given a quandlehQ; .; . � 1i , then

hQ; �i with a � b def= b . a is a 1-1-onto LDI. Conversely, given a 1-1-onto LDIhQ; �i then

hQ; .; . � 1i , with a .b def= b� a and a. � 1 b def= the unique c such that b� c = a, is a quandle.

3.2 Quotients Making LDI's 1-1

For this section we takea � b� c to mean a � (b� c), i.e., we associate to the right.
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De�nition 3.2.1 (Kepka) De�ne a relation � on an LDI hQ; �i by

a � b , 9 n < ! ; x1; x2 : : : ; xn 2 Q :

x1 � x2 � : : : � xn � a = x1 � x2 � : : : � xn � b

Lemma 3.2.2 (Kepka) The relation � is an equivalence relation.

Proof: a � a and a � b ) b � a are trivial.

Supposea � b, b � c.

Then there exist n; m < ! ; x1; : : : ; xn ; y1; : : : ; ym 2 Q such that:

x1 � x2 � : : : � xn � a = x1 � x2 � : : : � xn � b;

y1 � y2 � : : : � ym � b = y1 � y2 � : : : � ym � c:

Then

x1 � x2 � : : : � xn � y1 � y2 � : : : � ym � a = x1 � x2 � : : : � xn � y1 � y2 � : : : � ym � c

by repeated applications ofLD , and hencea � c. 2

Lemma 3.2.3 (Kepka) The relation � is a congruence relation onhQ; �i .

Proof: We need to show that if a; a0; b; b0 2 Q satisfy a � a0, b � b0, then a � b � a0� b0.

But if

x1 � x2 � : : : � xn � a = x1 � x2 � : : : � xn � a0;

y1 � y2 � : : : � yn � b = y1 � y2 � : : : � yn � b0

then

x1 � x2 � : : : � xn � y1 � y2 � : : : � ym � (a � b) =
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x1 � x2 � : : : � xn � y1 � y2 � : : : � ym � (a0 � b0)

by repeated applications ofLD , and hencea � b � a0 � b0. 2

Thus (standard)

Lemma 3.2.4 If hQ; �i is an LDI, with � de�ned as above, thenhQ= � ; �i is a 1-1 LDI.

The natural projection � : Q ! Q= � given by � : a 7! [a] is universal in

the sense that, if (Q0; �) is any 1-1 LDI and � : Q ! Q0 is a homomorphism (i.e.,

� (a � b) = � (a) � � (b)), then there exists a (unique) homomorphism� � : Q= �! Q0 so

that � � � � = � .

Proof: hQ= � ; �i is an LDI by Lemma 3.2.3. To verify 1-1, suppose [a] � [b] = [ a] � [c].

Then there exists n < ! and x1; : : : ; xn 2 Q so that

x1 � x2 � : : : � xn � (a � b) = x1 � x2 � : : : � xn � (a � c):

Thus b � c is satis�ed.

It needs to be shown that � � ([a])
def
= � (a) is well de�ned. And indeed, if

[a] = [ b] then x1 � x2 � : : : � xn � a = x1 � x2 � : : : � xn � b for somen < ! and x1; x2; : : : ; xn 2 Q.

Hence� (x1 � x2 � : : : � xn � a) = � (x1 � x2 � : : : � xn � b). As � is a homomorphism:

� (x1) � � (x2) � : : : � � (xn ) � � (a) = � (x1) � � (x2) � : : : � � (xn ) � � (b). As Q0 is 1-1, conclude

� (a) = � (b).

� � is clearly a homomorphism: � � ([a]� [b]) = � � ([a�b]) = � (a�b) = � (a) � � (b) =

� � ([a]) � � � ([b]). And � � � � (a) = � � ([a]) = � (a) for any a 2 Q. Hence� � � � = � . 2
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3.3 Equality of the Equational Theories
LDI onto , LDI 1� 1, LDI 1� 1� onto and GC.

From the remarks at the end of Section 3.1,Quandles = LDI 1� 1� onto . Joyce

[Joy 82a] showed that the equational theoryGC of group conjugation is the same as

Quandles . T. Kepka [Kep 81] showed that LDI 1� 1= LDI 1� 1� onto . In this section

we give their proofs, then showLDI onto = LDI 1� 1, and hence the equality ofLDI onto ,

LDI 1� 1, LDI 1� 1� onto , Quandles and GC .

Theorem 3.3.1 (Joyce) The quandle consisting of the conjugates of generators of a

free group under conjugation is free [Joy 82a], and henceQuandles = GC .

Proof: Let X be a set, FX be the free group onX , hQ; .; . � 1i be the subquan-

dle of FX under conjugation consisting of all the conjugates of the generators in X ,

with x . y = yxy � 1 and x . � 1 y = y� 1xy. Then every element ofQ is of the form

yen
n : : : ye1

1 xy � e1
1 : : : y� en

n = ( x. e1 y1). e2 : : :. en yn wherex; y1; : : : ; yn 2 X and e1; : : : ; en 2

f 1; � 1g. Two such expressions are equal inQ precisely if repeated applications of

x . e x = x and (T . e x) . � e x = T make them identical as words.

Let P be an arbitrary quandle, and f a map from X to P. Then f extends to

a map from Q to P by f ((x . e1 y1) . e2 : : : . en yn ) = ( f (x) . e1 f (y1)) . e2 : : : . en f (yn ),

which is well de�ned as x . e x = x and (T . e x). � 1 = T hold in any quandle.

Then f is a quandle homomorphism as, supposings = ( x. e1 s1). e2 : : :. en sn ; t =

(y. f 1 t1). f 2 : : :. f m tm 2 Q with x; y; s1; : : : ; sn ; t1; : : : ; tm 2 X and e1; : : : ; en ; f 1; : : : ; f m 2

f 1; � 1g, then (associating to the left)

f (s . t ) = f ((x . e1 s1 . e2 : : : . en sn ) . (y . f 1 t1 . f 2 : : : . f m tm ))

= f (x . e1 s1 . e2 : : : . en sn . � f m tm . � f m � 1 : : : . � f 1 t1

. y . f 1 t1 . f 2 : : : . f m tm )
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= f (x) . e1 f (s1) . e2 : : : . en f (sn ) . � f m f (tm ) . � f m � 1 : : : . � f 1 f (t1)

. f (y) . f 1 f (t1) . f 2 : : : . f m f (tm )

= ( f (x) . e1 f (s1) . e2 : : : . en f (sn ))

. (f (y) . f 1 f (t1) . f 2 : : : . f m f (tm ))

= f (s) . f (t)

and similarly for f (s . � 1 t), by repeated applications ofa . e (b . f c) = (( a . � f c) . e b) . f c,

which holds in any quandle. 2

Stein [Ste 59] showed that any 1-1-onto LDI which is right-cancellative embeds

in a group under conjugation. A. Dr�apal, T. Kepka & M. Mus��l ek [DKM 93] showed

that the LDI generated by the generators of a free group underconjugation is right-

cancellative.

Theorem 3.3.2 (Kepka) Any 1-1 LDI may be embedded into a 1-1-onto LDI of the

same cardinality (see [Kep 81]), and henceLDI onto � LDI 1� 1 = LDI 1� 1� onto .

Proof: Suppose thatQ is a 1-1 LDI, and a 2 Q. Then aQ = f aq : q 2 Qg is a subLDI

of Q which is isomorphic to Q and which contains a. Hence, for anya 2 Q there exists

a 1-1 LDI of the same cardinality, which we denotea� 1Q, with Q � a� 1Q and with the

property that, for any b 2 Q, there is a (unique) q 2 a� 1Q so that aq = b. Denote this

q by a� 1b, and note that a� 1Q = f a� 1b : b 2 Qg.

Let � = jQj, and assumeQ is in�nite. De�ne for each ordinal � � � an LDI

Q� , with Q0 = Q and with Q� a subalgebra ofQ� (� < � ). For 
 � � a limit ordinal, let

Q
 = [ �<
 Q� . For each � < � let Q� +1 = a� 1
� Q� for somea� 2 Q� . By bookkeeping,

arrange that for each q 2 [ �<� Q� = Q� , f � : q = a� g is unbounded in � . Then every
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equation qx = b, with q; x 2 Q� , is solvable inQ� , with Q � Q� , as desired. 2

However, the free LD on one or more generators, while it is 1-1, cannot be

embedded into an onto LD; else, ifx = x � p for generator x, then x � x = x � (x � p) =

(x � x) � (x � p) = ( x � x) � x, a contradiction. (See [Kep 81, 2.1(v)] for general conditions

for an LD to so embed.)

Write X n = f x1; x2; : : : ; xn g for a set ofn letters, and Tn for the words in letters

X n and one binary operation �. As before, unparenthesized expressions are assumed to

associate to the right.

Lemma 3.3.3 For any words u; v 2 Tn , if u = v is in LDI 1� 1, then there exist

w1; w2; : : : ; wk 2 Tn such that wk � : : : � w2 � w1 � u � LDI wk � : : : � w2 � w1 � v.

Proof: If u = v is in LDI 1� 1, then u = v is a law in the free LDI on generatorsX n

modulo Kepka's equivalence� (given in De�nition 3.2.1 and shown to be a 1-1 LDI in

Lemma 3.2.4). Henceu � v, and by de�nition therefore there exists w1; w2; : : : ; wk 2 Tn

such that wk � : : : � w2 � w1 � u � LDI wk � : : : � w2 � w1 � v. 2

Lemma 3.3.4 For any generators g1; : : : ; gm 2 X n and wordsu; v 2 Tn , one has

gm � : : : � g2 � g1 � u � LDI gm � : : : � g2 � g1 � v ) u � LDI onto v:

Proof: We suppose that gm � : : : � g2 � g1 � u � LDI gm � : : : � g2 � g1 � v for generators

g1; : : : ; gm 2 X n and words u; v 2 Tn . Let Q be an arbitrary onto LDI.

Write u = u(x1; x2; : : : ; xn ), v = v(x1; x2; : : : ; xn ). Since gj 2 X n for each

1 � j � m, let j 0 be such that gj = x j 0. Supposea1; a2; : : : ; an 2 Q are arbitrary. We

seek to show thatu(a1; a2; : : : ; an ) = v(a1; a2; : : : ; an ).
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We claim that for each i (0 � i � m) there are elementsh1, h2,. . . , hi , b1,

b2,. . . , bn 2 Q such that hj = bj 0 for 1 � j � i , and such that

u(a1; a2; : : : ; an ) = hi � hi � 1 � : : : � h1 � u(b1; b2; : : : ; bn )

v(a1; a2; : : : ; an ) = hi � hi � 1 � : : : � h1 � v(b1; b2; : : : ; bn ):

It is vacuously true for i = 0. Suppose it is true for somei < m , we want

to show it is true for i + 1. For each ` in 1 � ` � n, as Q is onto let b0
` be such

that b( i +1) 0 � b0
` = b̀ , choosing b0

( i +1) 0 = b( i +1) 0 by idempotence. Then for eachk in

1 � k � i + 1, set h0
k = b0

k 0.

By left-distributivity, compute:

u(a1; a2; : : : ; an ) = hi � hi � 1 � : : : � h1 � u(b1; b2; : : : ; bn )

= bi 0 � b( i � 1) 0 � : : : � b10 � u(b1; b2; : : : ; bn )

= ( b( i +1) 0 � b0
i 0) � (b( i +1) 0 � b0

( i � 1) 0) � : : : � (b( i +1) 0 � b0
10)

� u((b( i +1) 0 � b0
1); (b( i +1) 0 � b0

2); : : : ; (b( i +1) 0 � b0
n ))

= b( i +1) 0 � b0
i 0 � b0

( i � 1) 0 � : : : � b0
10 � u(b0

1; b0
2; : : : ; b0

n )

= b0
( i +1) 0 � b0

i 0 � b0
( i � 1) 0 � : : : � b0

10 � u(b0
1; b0

2; : : : ; b0
n )

= h0
i +1 � h0

i � h0
i � 1 � : : : � h0

1 � u(b0
1; b0

2; : : : ; b0
n )

and similarly for v.

Setting i = m gives

u(a1; a2; : : : ; an ) = hm � hm � 1 � : : : � h1 � u(b1; b2; : : : ; bn )

v(a1; a2; : : : ; an ) = hm � hm � 1 � : : : � h1 � v(b1; b2; : : : ; bn )

with hj = bj 0 (1 � j � m).
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Then sincegm �: : :�g2 �g1 �u � LDI gm �: : :�g2 �g1 �v for generatorsg1; : : : ; gm 2 X n

with gj = x j 0 (1 � j � m) and sinceQ is an LDI, conclude that

u(a1; a2; : : : ; an ) = v(a1; a2; : : : ; an )

as desired. 2

The next two results, Lemma 3.3.5 and Corollary 3.3.6, are known facts about

LD.

Lemma 3.3.5 For any word w 2 Tn there exists integersm; ` , generatorsg1,. . . , gm 2

X n and wordsp1; : : : ; p` 2 Tn such that

gm � : : : � g2 � g1 � u � LD p` � : : : � p2 � p1 � w � u

for any u 2 Tn .

Proof: By induction on the length of w. If w 2 X n , we are done vacuously (with

` = 0, m = 1 and g1 = w).

Suppose that the result holds forw1 and w2, and considerw3 = w2 � w1.

By the induction hypothesis, there are, independent ofu, generatorsg1, . . . ,

gm and words p1; : : : ; p` such that gm � : : : � g1 � u � LD p` � : : : � p1 � w1 � u, and generators

g0
1; : : : ; g0

m 0 and wordsp0
1; : : : ; p0

` 0 such that g0
m 0 � : : : � g0

1 � u � LD p0
` 0 � : : : � p0

1 � w2 � u. Hence

g0
m 0 � : : : � g0

1 � gm � : : : � g1 � u

� LD p0
` 0 � : : : � p0

1 � w2 � gm � : : : � g1 � u

� LD p0
` 0 � : : : � p0

1 � w2 � p` � : : : � p1 � w1 � u

� LD p0
` 0 � : : : � p0

1 � (w2 � p` ) � : : : � (w2 � p1) � (w2 � w1) � w2 � u

� LD p0
` 0 � : : : � p0

1 � (w2 � p` ) � : : : � (w2 � p1) � ((w2 � w1) � w2) � (w2 � w1) � u
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as desired. 2

Corollary 3.3.6 For any words w1; : : : ; wk 2 Tn there exists integersm; ` , generators

g1; : : : gm and wordsp1; : : : ; p` such that

gm � : : : � g2 � g1 � u � LD p` � : : : � p1 � wk � : : : � w2 � w1 � u

for any u 2 Tn .

Proof: We use induction on k. Lemma 3.3.5 gives the casek = 1. Assume the

result holds for k = k0, and suppose one is given wordsw1; : : : ; wk 0; wk 0+1 ; u 2 Tn .

By the induction hypothesis, there exists, independent ofu, integers m; ` , generators

g1; : : : ; gm and words p1; : : : ; p` such that

gm � : : : � g2 � g1 � u � LD p` � : : : � p1 � wk 0 � : : : � w2 � w1 � u:

Again by Lemma 3.3.5, �nd, independent of u, integersm0; `0, generatorsg0
1; : : : ; g0

` 0 and

words p0
1; : : : ; p0

` 0 such that g0
m 0 � : : : � g0

2 � g0
1 � u � LD p0

` 0 � : : : � p0
1 � wk 0+1 � u. Hence

g0
m 0 � : : : � g0

1 � gm � : : : � g1 � u

� LD p0
` 0 � : : : p0

1 � wk 0+1 � gm � : : : � g1 � u

� LD p0
` 0 � : : : � p0

1 � wk 0+1 � p` � : : : � p1 � wk 0 � : : : � w1 � u

� LD p0
` 0 � : : : � p0

1 � (wk 0+1 � p` ) � : : : � (wk 0+1 � p1) � wk 0+1 � wk 0 � : : : � w1 � u

as desired. 2

Theorem 3.3.7 For any words w1; : : : ; wk ; u; v 2 Tn one has

wk � : : : � w2 � w1 � u � LDI wk � : : : � w2 � w1 � v ) u � LDI onto v:
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Proof: Supposewk � : : : � w2 � w1 � u � LDI wk � : : : � w2 � w1 � v. By Corollary 3.3.6, �nd

integers m; ` , generatorsg1; : : : gm and words p1; : : : ; p` such that

gm � : : : � g2 � g1 � u � LDI p` � : : : � p1 � wk � : : : � w2 � w1 � u

gm � : : : � g2 � g1 � v � LDI p` � : : : � p1 � wk � : : : � w2 � w1 � v:

Then conclude

gm � : : : � g2 � g1 � u � LDI p` � : : : � p1 � wk � : : : � w2 � w1 � u

� LDI p` � : : : � p1 � wk � : : : � w2 � w1 � v

� LDI gm � : : : � g1 � g1 � v

and hence, by Lemma 3.3.4, thatu � LDI onto v. 2

Theorem 3.3.8 For any words u; v 2 Tn ,

u � LDI 1� 1 v ) u � LDI onto v:

Proof: By Lemma 3.3.3, u � LDI 1� 1 v implies that there exists integer k and words

w1; : : : ; wk 2 Tn such that wk � : : : � w2 � w1 � u � LDI wk � : : : � w2 � w1 � v. By Theorem 3.3.7

we get u � LDI onto v, as desired. 2

Corollary 3.3.9 The equational theoriesLDI onto , LDI 1� 1, LDI 1� 1� onto , Quandles

and GC are all the same.

3.4 Some Families of LDI's

Let R be a commutative ring, with or without unity, and let Q be anR-module.

Fix any k 2 R, and de�ne for a; b2 Q, a �k b = a + k(b� a).
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Example 3.4.1 hQ; �k i is an LDI.

Proof: Idempotence is immediate, and forLD ,

a �k (b �k c) = (1 � k)a + ( k � k2)b+ k2c = ( a �k b) �k (a �k c)

2

Lemma 3.4.2 Let hQ; �k i be as in Example 3.4.1. LetL k (q) = kq. Then

1. hQ; �k i is 1-1 i� L k is 1-1.

2. hQ; �k i is onto i� L k is onto.

Proof: For (1),

a �k b = a �k c , a + k(b� a) = a + k(c � a)

, kb = kc

as desired.

For (2), observe that:

a �k x = b , a + k(x � a) = b

, kx = b+ ( k � 1)a:

Now if every kx = y is solvable forx, then every a �k x = b is solvable forx. If

every a �k x = b is solvable forx, then solving 0�k x = y gives anx with kx = y. 2

Hence we now have, lettingR = Q = Z, k = 2

Example 3.4.3 hZ; �2i is an example of a 1-1 LDI that is not onto.
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Also,

Example 3.4.4 hZ4; �2i is an LDI which is neither 1-1 nor onto, and hZ4; �3i is an LDI

which is both 1-1 and onto. (A �nite LDI is 1-1 i� it is onto.)

Hence there are LDI's in various stages of failing to be 1-1 and onto (quandles).

All that was really needed for Example 3.4.1 was thatQ be a group and f

be an endomorphismf of Q with a �f b = af (b)f (a) � 1. However, with the R-module

structure we gain a family of LDI's, namely hQ; �k : k 2 Ri , that have su�cient structure

to support the following de�nition:

De�nition 3.4.5 For a �xed set Q, a family of binary operations f� i : i 2 I g on Q,

such that eachhQ; �i i is an LDI, is called a compatible family of LDI operations for Q

if

[AC] For any i; j 2 I and any a; b; c2 Q,

a �i (b �j c) = ( a �i b) �j (a �i c):

De�nition 3.4.6 If G is a compatible family for Q, de�ne the map

� : (Q � G) � (Q � G) ! Q � G

by, for q; q0 2 Q and g; g0 2 G,

(q; g) � (q0; g0) def= ( qgq0; g0):

Theorem 3.4.7 If G a compatible family for Q, then hQ � G; �i is an LDI.

Proof:

I: (q; g) � (q; g) = ( qgq; g) = ( q; g) as hQ; gi satis�es I .
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LD:

(a; f ) � ((b; g) � (c; h)) = ( af (bgc); h)

= (( afb)g(afc ); h) by compatibility

= (( a; f ) � (b; g)) � ((a; f ) � (c; h))

2

Example 3.4.8 If Q is an R-module, then the family f� k : k 2 Rg is compatible for Q,

and sohQ � R; �i is an LDI.

Proof: We need only note that, for any a; b; c2 Q and h; k 2 R,

a �h (b �k c) = (1 � h)a + ( h � hk)b+ hkc = ( a �h b) �k (a �h c)

as desired. 2

Example 3.4.9 Let Q be a group, and let�n : Q � Q ! Q be given bya �n b def= an ba� n .

Then G = f� n : n 2 Zg is a compatible family of LDI operations for Q, and sohQ� G; �i

is an LDI.

Proof: Idempotence is immediate, and left-distributivity follow s from compatibility:

a �i (b�j c) = ai bj cb� j a� i = ( a �i b) �j (a �i c)

2

Example 3.4.10 More generally, if hQ; �i is an LDI, and if for each positive integer i ,
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�i is given bya �1 b = a � b and a �i +1 b = a � (a �i b), then G = f� i : i 2 Z+ g is a compatible

family of LDI operations for Q, and hencehQ � G; �i is an LDI.

3.5 A Conjugation Identity Failing in an LDI

The ordinary conjugation operation �1 is, of course, 1-1 and onto. The original

question posed to me was to see if there were any equational identities that were true

for all group conjugations but not derivable from LDI . We give an example of such an

equation.

First, an observation:

Example 3.5.1 If hB; ^ ; _i is a distributive lattice, then the set f^ ; _g is a compatible

family of LDI operations for B .

Proof: That LDI holds is clear, andAC follows from the distributive laws. 2

Example 3.5.2 Hence we may form, forB = f 0; 1g, the LDI

B1
def= hf0; 1g � f^ ; _g; �i :

Identity 3.5.3

((a � b) � b) � a = ( a � b) � ((b� a) � a)

((a � b) � b) � (a � c) = ( a � b) � ((b� a) � c)

(notice that c = a together with idempotence makes the latter into the former).

Observe that ((a � b) � b) � a evaluates in B1, with a = (0 ; ^ ) and b = (1 ; _), to

(1; ^ ) while the expression (a � b) � ((b� a) � a) evaluates to (0; ^ ) and hence:
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Lemma 3.5.4 Identity 3.5.3 fails for the LDI B1 of Example 3.5.2.

In [DKM 93] this counterexample was subsequently rediscovered by A. Dr�apal,

T. Kepka & M. Mus��lek.

What makes this of interest is that theseare identities for conjugation in groups

(thus for quandles, onto LDI's and 1-1 LDI's) and for medial LDI's. We check them

directly, although 3.5.5, 3.5.6 and 3.5.7 are equivalent byCorollary 3.3.9.

Proposition 3.5.5 Identity 3.5.3 holds where� is group conjugation.

Proof: Let hG; �i be a group, anda � b = a � b� a� 1 be group conjugation. Then

((a � b) � b) � (a � c) = a � b� a� 1 � b� a � b� 1 � c � b� a� 1 � b� 1 � a � b� 1 � a� 1

= ( a � b) � ((b� a) � c)

as desired. 2

Lemma 3.5.6 Identity 3.5.3 holds for any 1-1 LDI

Proof:

b� ((( a � b) � b) � (a � c)) = ( b� ((a � b) � b)) � (b � (a � c))

= (( b� (a � b)) � (b� b)) � ((b� a) � (b� c))

= (( b� (a � b)) � b) � ((( b � a) � b) � ((b� a) � c)))

= (( b� (a � b)) � b) � ((b � (a � b)) � ((b� a) � c)))

= ( b� (a � b)) � (b � ((b � a) � c))

= b� ((a � b) � ((b � a) � c)) :

Therefore b � ((( a � b) � b) � (a � c)) = b � ((a � b) � ((b � a) � c)) and by 1-1ness,
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((a � b) � b) � (a � c) = ( a � b) � ((b � a) � c). 2

Lemma 3.5.7 Identity 3.5.3 holds for any onto LDI (the second part holding for any

onto LD).

Proof: Since the LD is onto, �xing a; b; c, there is a z so that b� z = c.

Then:

((a � b) � b) � (a � c) = (( a � b) � b) � (a � (b � z))

= (( a � b) � b) � ((a � b) � (a � z))

= ( a � b) � (b � (a � z))

= ( a � b) � ((b � a) � (b � z))

= ( a � b) � ((b � a) � c):

2

Lemma 3.5.8 If Q is an LDI satisfying the medial law (a � b) � (c � d) = ( a � c) � (b � d),

then Q satis�es Identity 3.5.3.

Proof:

((a � b) � b) � (a � c) = (( a � b) � a) � (b� c)

= ( a � (b� a)) � (b� c)

= ( a � b) � ((b� a) � c)
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2

We note that the examples of LDI's presented so far, save for the one of Ex-

ample 3.5.2, do satisfy Identity 3.5.3.

Left-cancellation, which holds for free LD's [Lav 92, Deh 92] and fails for free

LDI's on 2 or more generators (Lemmas 3.5.4, 3.5.6), in fact fails strongly there:

Example 3.5.9 There are termsA; B in two variables, with A �B � LDI A and A 6�LDI

B .

Proof: Let the generators bea; b. Write

x = (( a � b) � b) � a

y = ( a � b) � ((b � a) � a)

A = y � (b� x)

B = ( y � b) � x

From the proof of Lemma 3.5.6, we know thatb� x � LDI b� y.

Compute

A = y � (b� x)

� LDI (y � b) � (y � x)

� LDI ((y � b) � y) � ((y � b) � x)

� LDI (y � (b� y)) � ((y � b) � x)

� LDI (y � (b� x)) � ((y � b) � x)

= A � B:

But in the model B1 of Example 3.5.2, seta = (1 ; _) and b = (0 ; ^ ). Then
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compute x = (0 ; _), y = (1 ; _), A = (1 ; _) and B = (0 ; _). Since in this LDI model

A 6= B , one must haveA 6�LDI B . 2

We give a situation where left cancellation does hold:

Proposition 3.5.10 In the free LDI, a � b = a � c implies b = c when the rightmost

generator appearing ina does not appear inb or c.

Proof: Fix a, b, c. Let the function RG give the rightmost generator of a word,

so RG(g) = g for generator g, and RG(U � V ) = RG(V ). Write x for RG(a). Let

the function f delete left factors whose rightmost generator isx, so f (g) = g for g a

generator, f (U � V ) = f (V ) if RG(U) = x, otherwise f (U � V ) = f (U) � f (V ).

Then claim that U � LDI V ) f (U) � LDI f (V ). It is su�cient to show this

for 1-step applications of LDI . Assume the claim holds for (U0; V 0) with U0 shorter

than U.

Case 3.5.10.1 V = U � U.

If RG(U) = x, then f (V ) = f (U � U) = f (U), otherwise f (V ) = f (U � U) = f (U) �

f (U) � LDI f (U).

Case 3.5.10.2 U = U1 � (U2 � U3) and V = ( U1 � U2) � (U1 � U3).

Compute:

f (U1 � (U2 � U3))
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=

8
>>>>>>>>><

>>>>>>>>>:

f (U3) if RG(U1) = x, RG(U2) = x

f (U2) � f (U3) if RG(U1) = x, RG(U2) 6= x

f (U1) � f (U3) if RG(U1) 6= x, RG(U2) = x

f (U1) � (f (U2) � f (U3)) if RG(U1) 6= x, RG(U2) 6= x

f ((U1 � U2) � (U1 � U3))

=

8
>>>>>>>>><

>>>>>>>>>:

f (U3) if RG(U1) = x, RG(U2) = x

f (U2) � f (U3) if RG(U1) = x, RG(U2) 6= x

f (U1) � f (U3) if RG(U1) 6= x, RG(U2) = x

(f (U1) � f (U2)) � (f (U1) � f (U3)) if RG(U1) 6= x, RG(U2) 6= x

and sof (U) = f (V ) or f (U) � 1
LDI f (V ).

Case 3.5.10.3 U = U1 � U2, V = V1 � V2 with U1 � 1
LDI V1, U2 = V2 or U1 = V1,

U2 � 1
LDI V2.

Clearly RG(U1) = RG(V1), so f (U) = f (U2) � LDI f (V2) = f (V ) if RG(U1) =

x, elsef (U) = f (U1) � f (U2) � LDI f (V1) � f (V2) = f (V ).

This completes the proof of the claim.

Then noting that x =2 U ) f (U) = U, and assuminga � b � LDI a � c, together

with RG(a) = x =2 b; c, conclude that

b = f (b) = f (a � b) � LDI f (a � c) = f (c) = c

as desired. 2

3.6 An In�nite Independent Family
in the Equational Theory of Group Conjugation

For this section, we again associate to the right:a � b� c = a � (b � c).
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First we build a sequence ofGC -equivalent words.

De�nition 3.6.1 De�ne f n , F +
n for n � 0 and gn , F �

n , un , vn for n > 0 in T =

T (f a; b; cg; �), the set of terms in letters a, b, c and binary operation �, inductively as

follows:

f 0 = b; f1 = a � b; fn +2 = b� f n +1 ; i.e. f n = b� b� : : : � b� a � b| {z }
n +1

g1 = a; gn +1 = b� gn ; gn = b� b� : : : � b� b� a| {z }
n

F +
0 = f 0; F +

n +1 = f n +1 � F +
n ; F +

n = f n � f n � 1 � : : : � f 1 � f 0

F �
1 = f 1; F �

n +1 = f n +1 � F �
n ; F �

n = f n � f n � 1 � : : : � f 2 � f 1

un = F +
n � gn � c;

vn = F �
n � gn +1 � c:

Thus, for example,

F +
1 = ( a � b) � b; v1 = ( a � b) � ((b � a) � c)

F �
1 = ( a � b); u1 = (( a � b) � b) � (a � c)

so that u1, v1 are the words occurring in the second Identity 3.5.3, and

F +
3 = ( b� b� a � b) � (b� a � b) � (a � b) � b

F �
3 = ( b� b� a � b) � (b� a � b) � (a � b)

u3 = (( b� b� a � b) � (b� a � b) � (a � b) � b) � (b � b� a) � c

v3 = (( b� b� a � b) � (b� a � b) � (a � b)) � (b� b� b� a) � c:

Lemma 3.6.2 gn � b � LDI f n for n � 1.
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Proof: Induct on n. The casen = 1 is clear, and assuminggn � b � LDI f n , conclude

gn +1 � b = ( b� gn ) � b � LDI b� (gn � b) � LDI b� f n = f n +1 . 2

Lemma 3.6.3 un = vn is in GC .

Proof: The casen = 1 is the contents of Lemma 3.5.7. We invoke only the onto

LDI properties of group conjugation. Fix k and inductively suppose the casen = k

holds, and examinen = k + 1. Assume c0 is such that b � c0 = c, and c00 is such that

gk � c00= gk+1 � c0.
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Then

uk+1 = F +
k+1 � gk+1 � c

= ( f k+1 � F +
k ) � gk+1 � c

= ( f k+1 � F +
k ) � gk+1 � b � c0

= ( f k+1 � F +
k ) � (gk+1 � b) � gk+1 � c0 LD

= ( f k+1 � F +
k ) � f k+1 � gk+1 � c0 Lemma 3.6.2

= ( f k+1 � F +
k ) � f k+1 � gk � c00

= f k+1 � F +
k � gk � c00 LD

= f k+1 � F �
k � gk+1 � c00 induction hypothesis

= ( f k+1 � F �
k ) � f k+1 � gk+1 � c00 LD

= F �
k+1 � f k+1 � gk+1 � c00

= F �
k+1 � (gk+1 � b) � gk+1 � c00 Lemma 3.6.2

= F �
k+1 � gk+1 � b� c00 LD

= F �
k+1 � (b � gk ) � b� c00

= F �
k+1 � b� gk � c00 LD

= F �
k+1 � b� gk+1 � c0

= F �
k+1 � (b � gk+1 ) � b� c0 LD

= F �
k+1 � gk+2 � c

= vk+1

as desired. 2

Now we build a sequence of LDI models.

De�nition 3.6.4 Let hQ; �i be a set with a binary operation, anda 2 Q. Let Qa =

Q [ f a0g, where a0 =2 Q is a new symbol, and extend� to all of Qa to form hQa ; �i by
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q � a0 = q � a if q =2 f a; a0g; a0 � q = a � q if q 6= a0; a0 � a0 = a0; and a � a0 = a0.

Lemma 3.6.5 If hQ; �i is a 1-1 LDI, then hQa ; �i is an LDI, for any a 2 Q.

Proof: Note that the map � : Qa ! Q, which sendsa0 to a and is the identity on Q,

is a retractive homomorphism. The only way hQa ; �i could fail to be an LDI is if one

side of an instance of the left-distributive or idempotencelaw evaluated to a0 while the

other side evaluated to a. Note that x � y = a0 i� � (x) = a and y = a0, and that by

1-1ness,� (x) = � (x � y) = a ) � (y) = a.

Case 3.6.5.1 A = a0 ) A � A = a0 and A � A = a0 ) A = a0.

These are immediate.

Case 3.6.5.2 A � (B � C) = a0 ) (A � B ) � (A � C) = a0.

A � (B � C) = a0 ) � (A) = a and B � C = a0

) � (A) = � (B ) = a and C = a0

) � (A � B ) = a and A � C = a0 (by \note")

) (A � B ) � (A � C) = a0:

Case 3.6.5.3 (A � B ) � (A � C) = a0 ) A � (B � C) = a0.

(A � B ) � (A � C) = a0 ) � (A � B ) = a and A � C = a0

) � (A � B ) = � (A) = a and C = a0

) � (A) = � (B ) = a and C = a0 (by \note")

) A � (B � C) = a0
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as desired. 2

De�nition 3.6.6 Let R be a �eld. For each k 2 R di�erent from 0, write Rk = hR; �k i

with r �k s = r + k(s � r ), a 1-1 LDI (Example 3.4.1, Lemma 3.4.2). For eacha 2 R,

let Ra
k be the LDI of De�nition 3.6.4 and Lemma 3.6.5.

Lemma 3.6.7 Fixing any a; b; c; k2 R, Let � : T ! Rk be the map thus induced. Then

� satis�es:

� (gn ) = b� kn � 1(b� a) if n � 1

� (f 0) = b

� (f n ) = b+ kn � 1(k � 1)(b � a) if n � 1

� (F +
n ) = b� nkn � 1(k � 1)2(b � a) if n � 0

� (F �
n ) = b� kn � 1([n(k � 1)2 � k2] + k)(b� a):

Proof: This is a straightforward induction on n. 2

Lemma 3.6.8 Given R, a 6= b and k 6= 0 in R, then � (F +
n ) = � (gn ) in Rk i� n(k �

1)2 = 1 in R; and � (F �
n ) = � (gn +1 ) i� n(k � 1)2 = k2.

Proof: This is immediate from Lemma 3.6.7. 2

Either of k = 1 � 1=
p

n satis�es n(k � 1)2 = 1 of Lemma 3.6.8, but to avoid

k1 = 0, de�ne:

De�nition 3.6.9 For n a positive integer, and R a �eld such that the characteristic

of R does not dividen and such thatn has a square root inR, let kn = 1 + 1 =
p

n. If
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n = 1 , we also require that the characteristic ofR be di�erent from 2, so that kn 6= 0 in

all cases.

We are now ready to produce our family of LDI models which will witness the

independence of theun = vn equations.

De�nition 3.6.10 Fix n � 1. Let R be a �eld as in De�nition 3.6.9. Fix any a 6= b 2

R. Compute cn = � (gn ) in Rkn . Let Rcn
kn

be derived fromRkn as in De�nition 3.6.6.

Let � n : T ! Rcn
kn

be induced bya; b; c0n .

Lemma 3.6.11 For each n � 1, � n (un ) 6= � n (vn ).

Proof: Note that Rkn is right-cancellative as kn 6= 1. Then observe that � (gm +1 ) 6=

� (gm ) for any m, since � (g2) = b�kn a 6= a �kn a = a = � (g1) as b 6= a, and � (gm +2 ) =

� (gm +1 ) ) b�kn � (gm +1 ) = b�kn � (gm ) ) � (gm +1 ) = � (gm ).

Hence� n (vn ) = � (F �
n ) �kn � (gn +1 ) �kn c0

n 6= c0
n as � (gn +1 ) 6= cn ; c0

n .

By Lemma 3.6.8,� (F +
n ) = � (gn ) = cn , and so� n (un ) = � (F +

n )�kn � (gn )�kn c0
n =

cn �kn cn �kn c0
n = c0

n 6= � n (vn ). 2

Example 3.6.12 With n = 1 , using a = 0 , b = 1 , and setting R = Z3 gives (Z3)0
2 =

hf00; 0; 1; 2g; �2i , the other 4-element model (Example 3.5.2, Lemma 3.5.4) ofLDI where

Identity 3.5.3 fails (there are only two up to isomorphism).

Proof: Compute k1 = 2 and note that x �2 y = x +2( y � x) = � x +2 y turns Z3 into the

1-1 LDI (Z3)2. In (Z3)0
2 compute � 1(u1) = 0 �2 0�2 00 = 0 0 while � 1(v1) = 2 �2 2�2 00 = 0.

2
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Theorem 3.6.13 Let S be an in�nite subset of the positive integers so thati 2 2 S

implies (i + 1) 2 =2 S (omit, for example, the even squares). Thenf un = vn : n 2 Sg is a

subset ofGC , but un = vn is not a consequence ofLDI [ f um = vm : m 2 S; m 6= ng.

Proof: We claim that the equational theory of Rcn
kn

(n 2 S) contains eachum = vm

(m 2 S; m 6= n), but not un = vn (the latter fact is Lemma 3.6.11.)

Fix n; m 2 S, R, kn , cn , Rcn
kn

, and any f a; b; cg � Rcn
kn

. The choice ofcn gives

� : Rcn
kn

! Rkn , and the choice off a; b; cg gives � n : T ! Rcn
kn

.

Clearly � (� n (um )) = � (� n (vm )), so that the only way that � n (um ) 6= � n (vm )

is by � n (um ) = c0
n , � n (vm ) = cn or � n (um ) = cn , � n (vm ) = c0

n .

If � n (um ) 6= � n (vm ) then necessarilya 6= b, since a = b implies � n (um ) =

a � (a � c) = � n (vm ).

Case 3.6.13.1 � n (um ) = c0
n , � n (vm ) = cn .

Since x �k y = c0
n i� � (x) = cn and y = c0

n , conclude that c = c0
n , � (� n (gm )) =

� (� n (F +
m )) = cn . Sincea 6= b, by Lemma 3.6.8 conclude thatm(kn � 1)2 = 1, or m = n.

Case 3.6.13.2 � n (um ) = cn , � n (vm ) = c0
n

This implies c = c0
n , � (� n (gm +1 )) = � (� n (F �

m )) = cn and a 6= b. By Lemma 3.6.8

conclude that m(kn � 1)2 = k2
n , or m = (

p
n +1) 2, hencen 2 S ) m =2 S, contradiction.

2

This does not settle whether the equational theory of group conjugation is

�nitely based (i.e., there remains the possibility that a �n ite collection of equations true

in group conjugation implies the entire f un = vn g family). A conjecture whose truth

would settle the matter:
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Conjecture 3.6.14 For words w1; w2, if w1 = w2 is in GC , then there is anN so that

for all n > N , w1 � R c n
k n

w2 (where R = R, the reals).

3.7 Con
uence

The goal of this section is to show that the rewriting rules for LDI's are con-


uent; that is, if two terms in the language of one binary operation are equivalent under

LDI , then they are both equivalent to some common expansion. As mentioned in the

introduction, that the rewriting rules for LD's are con
uen t was shown by Dehornoy

[Deh 89a]. The proof here uses a modi�cation of Dehornoy's \derivative" @. So let �

be a set of letters, andT� be the set of terms freely formed from � using a single binary

operation. Thus if a; b; : : :2 � then a; aa;(ab)b; : : : 2 T� .

First we develop a series of technical lemmas.

De�nition 3.7.1 Inductively de�ne the binary map � and unary maps@; @;̂@from T�

to itself by (for a 2 � a letter and u; v 2 T� terms):

u � a = ua; u � (vw) = ( u � v)(u � w)

@(a) = aa; @(uv) = @(u) � @(v)

@̂(a) = a; @̂(uv) = @(u) � @̂(v)

@(a) = a; @(uv) = @(u) � @(v)

De�nition 3.7.2 For u; v 2 T� write u LDI�!
1

v if v can be obtained fromu by a single

LDI -expansion, that is, of replacing a subtermp by pp or replacing a subterm p(qr)

by (pq)(pr). Write u LDI�! v if there is some n � 0 so that v is obtained from u by n

LDI -expansions.

Also, for u; v 2 T� write u LD�!
1

v if v can be obtained fromu by a singleLD -

expansion, that is, of replacing a subtermp(qr) by (pq)(pr). Write u LD�! v if there is

somen � 0 so that v is obtained from u by n LD -expansions.
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Note that LDI�! is transitive, that u LD�! v ) u LDI�! v, and that LD�! is transitive.

Lemma 3.7.3 u LDI�! v, t LDI�! w ) ut LDI�! vw and u LD�! v, t LD�! w ) ut LD�! vw.

Lemma 3.7.4 uv LD�! u � v:

Proof: By induction on the length of v. If v = a 2 � then ua = u � a. If v = tw and

the result holds for t; w, then in particular ut
LD
�! u� t and uw

LD
�! u� w. By Lemma 3.7.3,

(ut)(uw) LD�! (u� t)(u� w). Finally, uv = u(tw) LD�! (ut)(uw) LD�! (u� t)(u� w) = u� (tw) =

u � v. 2

Lemma 3.7.5 u LDI�! v ) t � u LDI�! t � v and u LD�! v ) t � u LD�! t � v.

Proof: It is su�cient to show u LDI�!
1

v ) t � u LDI�! t � v. Induct on the length of u.

If u = a 2 �, then a LDI�!
1

aa is the only possible 1-step LDI-expansion, andt � a =

ta LDI�!
1

(ta)( ta) = ( t � a)( t � a) = t � (aa).

Now if u = wz, there are four cases.

Case 3.7.5.1 w LDI�!
1

w0 and v = w0z.

By the induction hypothesis, t � w LDI�! t � w0. Then t � u= t � (wz) = ( t � w)( t � z) LDI�! (t �

w0)( t � z) = t � (w0z) = t � v.

Case 3.7.5.2 z LDI�!
1

z0 and v = wz0.

By the induction hypothesis, t � z LDI�! t � z0. Then t � u= t � (wz) = ( t � w)( t � z) LDI�! (t �

w)( t � z0) = t � (wz0) = t � v.

Case 3.7.5.3 v = ( wz)(wz)

t � u = t � (wz) LDI�! (t � (wz))( t � (wz)) = t � ((wz)(wz)) = t � v.



76

Case 3.7.5.4 z = z1z2 and v = ( wz1)(wz2).

t � u = t � (wz)

= t � (w(z1z2))

= ( t � w)( t � (z1z2))

= ( t � w)(( t � z1)( t � z2))

LD�! (( t � w)( t � z1))(( t � w)( t � z2))

= ( t � (wz1))( t � (wz2))

= t � ((wz1)(wz2))

= t � v

as desired.

The proof for the LD assertion is similar. 2

Lemma 3.7.6 u LDI�! u0 ) u � v LDI�! u0 � v and u LD�! u0 ) u � v LD�! u0 � v.

Proof: By induction on the length of v. If v = a 2 �, then u � a = ua LDI�! u0a = u0� a.

If v = v1v2 then u� v = u� (v1v2) = ( u� v1)(u� v2) LDI�! (u0� v1)(u0� v2) = u0� (v1v2) = u0� v.

The proof for the LD assertion is similar. 2

Lemma 3.7.7 u LDI�! u0; v LDI�! v0 ) u � v LDI�! u0� v0 and u LD�! u0; v LD�! v0 ) u � v LD�! u0�

v0.
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Proof: Applying Lemmas 3.7.5, 3.7.6 yieldsu � v LDI�! u � v0LDI�! u0 � v0, and similarly

for LD. 2

Lemma 3.7.8 u LD�! @(u)

Proof: By induction on the length of u. If u = a 2 � then a = @(a). If u = vw and

both v LD�! @(v) and w LD�! @(w), then u = vw LD�! @(v)@(w) LD�! @(v) � @(w) = @(vw). 2

Lemma 3.7.9 @(u) LDI�! @(u).

Proof: By induction on the length of u. If u = a 2 �, then @(a) = a LDI�! aa = @(a).

If u = vw and both @(v) LDI�! @(v) and @(w) LDI�! @(w), then @(u) = @(vw) = @(v) �

@(w) LDI�! @(v) � @(w) = @(vw) = @(u). 2

Corollary 3.7.10 u LDI�! @(u)

Proof: Immediate from Lemmas 3.7.8, 3.7.9. 2

Lemma 3.7.11 w LDI�! @̂(w).

Proof: By induction on the length of w. If w = a 2 �, then a = @̂(a). If w = uv,

then u LDI�! @(u) by Corollary 3.7.10. Also, v LDI�! @̂(v) by induction hypothesis. Hence

w = uv
LDI
�! @(u)@̂(v) = @̂(uv) = @̂(w) as desired. 2

Lemma 3.7.12 @̂(w)@̂(w) = @(w).
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Proof: By induction on the length of w. If w = a 2 � then @̂(a)@̂(a) = aa = @(a). If

w = uv and @̂(v)@̂(v) = @(v) then @̂(w)@̂(w) = @̂(uv)@̂(uv) = ( @(u) � @̂(v))( @(u) � @̂(v)) =

@(u) � (@̂(v)@̂(v)) = @(u) � @(v) = @(uv) = @(w) as desired. 2

Lemma 3.7.13 (Dehornoy) u LD�!
1

v ) v LD�! @(u)

Proof: The proof proceeds by induction on the length ofu. If u = a 2 �, then there

is no 1-stepLD -expansion ofu.

If u = u1u2, then there are three cases.

Case 3.7.13.1 u1
LD�!

1
u0

1 and v = u0
1u2.

By the induction hypothesis, u0
1

LD�! @(u1). Then

v = u0
1u2

LD
�! @(u1)u2

LD
�! @(u1)@(u2)

LD
�! @(u1) � @(u2) = @(u1u2) = @(u):

Case 3.7.13.2 u2
LD�!

1
u0

2 and v = u1u0
2.

By the induction hypothesis, u0
2

LD�! @(u2). Then

v = u1u0
2

LD�! @(u1)u0
2

LD�! @(u1)@(u2) LD�! @(u1) � @(u2) = @(u1u2) = @(u):

Case 3.7.13.3 u2 = u21u22 and v = ( u1u21)(u1u22).

Compute

v = ( u1u21)(u1u22)

LD�! (u1@(u21))( u1@(u22))

LD�! (u1 � @(u21))( u1 � @(u22))

= u1 � (@(u21)@(u22))



79

LD�! @(u1) � (@(u21)@(u22))

LD�! @(u1) � (@(u21) � @(u22))

= @(u1) � @(u21u22)

= @(u1(u21u22))

= @(u1u2)

= @(u)

as desired. 2

Lemma 3.7.14 u LDI�!
1

v ) v LDI�! @(u).

Proof: The proof, as usual, is by induction on the length ofu. If u = a 2 �, then

v = aa is the only 1-stepLDI -expansion, andaa = @(a).

If u = tw, then there are four possible cases of 1-stepLDI -expansions:

Case 3.7.14.1 t
LDI
�!

1
t0 and v = t0w.

By the induction hypothesis, t0LDI�!
1

@(t), so v = t0w LDI�! @(t)w LDI�! @(t)@(w) LDI�! @(t) �

@(w) = @(tw) = @(u).

Case 3.7.14.2 w LDI�!
1

w0 and v = tw0.

By the induction hypothesis, w0LDI�!
1

@(w), so

v = tw0LDI�! @(t)w0LDI�! @(t)@(w) LDI�! @(t) � @(w) = @(tw) = @(u):

Case 3.7.14.3 v = ( tw)( tw)

v = ( tw)( tw)
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LDI�! (@(t)w)(@(t)w)

LDI�! (@(t)@̂(w))( @(t)@̂(w))

= @̂(tw)@̂(tw)

= @(tw)

= @(u)

Case 3.7.14.4 w = w1w2 and v = ( tw1)( tw2).

Cite Lemma 3.7.13 to note that

t(w1w2) LD�!
1

(tw1)( tw2) ) (tw1)( tw2) LDI�! @(t(w1w2)) :

Then

v = ( tw1)( tw2) LDI�! @(t(w1w2)) LDI�! @(t(w1w2)) = @(tw) = @(u):

as desired 2

Lemma 3.7.15 x � (y � z) LD�! (x � y) � (x � z):

Proof: By induction on the length of z. If z 2 � then x � (y � z) = x � (yz) =

(x� y)(x� z) LD�! (x� y)� (x� z). If z = z1z2 and we suppose thatx� (y� zi )
LD�! (x� y)� (x� zi )

for i = 1 ; 2, then

x � (y � z) = x � (y � z1z2)

= x � ((y � z1)(y � z2))

= ( x � (y � z1))( x � (y � z2))

LD�! ((x � y) � (x � z1))(( x � y) � (x � z2))

= ( x � y) � ((x � z1)(x � z2))



81

= ( x � y) � (x � z1z2) = ( x � y)(x � z)

as desired. 2

Lemma 3.7.16 u LDI�! v ) @(u) LDI�! @(v).

Proof: Clearly it is su�cient to show u LDI�!
1

v ) @(u) LDI�! @(v). Proof by induction

on the length of u. If u 2 �, then the only possible 1-step LDI -expansion isu LDI�! uu.

Then @(u) = uu
LDI
�! @(uu) by Corollary 3.7.10.

If u = u1u2 then there are four cases.

Case 3.7.16.1 u1
LDI
�!

1
u0

1 and v = u0
1u2.

By the induction hypothesis, @(u1) LDI�! @(u0
1). Then

@(u) = @(u1u2) = @(u1) � @(u2) LDI�! @(u0
1) � @(u2) LDI�! = @(u0

1u2) = @(v):

Case 3.7.16.2 u2
LDI�!

1
u0

2 and v = u1u0
2.

By the induction hypothesis, @(u2) LDI�! @(u0
2). Then

@(u) = @(u1u2) = @(u1) � @(u2) LDI�! @(u1) � @(u0
2) LDI�! = @(u1u0

2) = @(v):

Case 3.7.16.3 v = uu

@(u) LDI�! @(u)@(u) LDI�! @(u) � @(u) = @(uu) = @(v).

Case 3.7.16.4 u2 = u21u22 and v = ( u1u21)(u1u22).

@(u) = @(u1(u21u22))

= @(u1) � @(u21u22)
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= @(u1) � (@(u21) � @(u22))

LDI�! (@(u1) � @(u21)) � (@(u1) � @(u22)) by Lemma 3.7.15

= @(u1u21) � @(u1u22)

= @((u1u21)(u1u22))

= @(v)

Theorem 3.7.17 Con
uence holds: If u = u0; u1; : : : ; un � 1; un = v are members of

T� , and for all i (0 < i � n) either ui � 1
LDI�!

1
ui or ui

LDI�!
1

ui � 1, then there is somew

with u LDI�! w and v LDI�! w.

Proof: Claim that there is an m � 0 so that u LDI�! @
m

(v). This will be su�cient for

v LDI�! @
m

(v) by Lemma 3.7.10.

The proof is by induction on n. It is clearly true for n = 0 by choosing m = 0.

So suppose it is true forn = k � 1 � 0 with m = m0, and we examine the casen = k. By

assumption, u0
LDI�! @

m 0

(uk � 1). If uk � 1
LDI�!

1
uk then by m0 applications of Lemma 3.7.16

one has@
m 0

(uk � 1) LDI�! @
m 0

(uk ), so u0
LDI�! @

m
(uk ) with m = m0. If on the other hand

uk
LDI�!

1
uk � 1, then Lemma 3.7.14 yieldsuk � 1

LDI�! @(uk ). Again by m0 applications of

Lemma 3.7.16 one has@
m 0

(uk � 1) LDI�! @
m 0

(@(uk )) = @
m 0+1

(uk ), so u0
LDI�! @

m
(uk ) with

m = m0+ 1. 2

3.8 Conservation

We show that a composition operation can be conservatively added to free

LDI's, as is also the case with free LD's.

Let T (G; �) be the set of terms in generatorsG using the single binary operation

�, and let T (G; �; � ) be the set of terms in generatorsG using the two binary operation
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� and � .

Then the axiom set � (from which LD follows) for T (G; �; � ) is given by:

[� 1] x � (y � z) = ( x � y) � z

[� 2] (x � y) � z = x � (y � z)

[� 3] x � (y � z) = ( x � y) � (x � z)

[� 4] x � y = ( x � y) � x

Besides the free objects constructed from these axioms, some naturally occur-

ring models are known:

The �rst one comes from set theory. For � a limit ordinal, let E� be the set

of elementary embeddingsj : V� ! V� , where j � k = [ �<� j (k \ V� ) and j � k is

functional composition. Assuming that a � with non-trivial such embeddings exist, the

subalgebra of embeddings generated by one such under� (resp., under � and � ) is the

free 1-generatedLD algebra (resp., � algebra) [Lav 92].

Let � I = � [ f I g. A canonical example of � I is any group (G; � ; � 1) where

u � v = u � v � u� 1 and u � v = u � v.

This last example, restricted to the operation �, cannot have as a subalgebra a

free LDI on more than one generator, since it satis�es ((a � b) � b) � a = ( a � b) � ((b� a) � a),

whereas there is a 2-generated 4-element model ofLDI for which this is not an identity

(Lemma 3.5.4).

Laver [Lav 92, section 1, pages 212{213] has shown that � is a conservative

extension ofLD , that is, equations which involve only variables and the product �, and

which are provable using the axioms � in the language of � and � , are provable using

the axioms LD in the language of�.

The purpose of this section is to show that � I is a conservative extension of
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LDI . The proof is a variation of that in [Lav 92].

For convenience, let

P = T (f an : n � 1g; �; � )

A = T (f an : n � 1g; �)

A+ = T (f an : n � 0g; �)

A � = ( A)<! n f;g

the last being the non-empty �nite sequences of words fromA. The languagesA and

P are where the result will obtain, whereasA+ introduces a new letter for bookkeeping

purposes.

Form the maps f; h : A � � A+ ! A+ inductively by

f ((u0; u1; : : : ; un ); w) = u0 � (u1 � (: : : (un � w)))

and

h(~u; a0) = a0

h(~u; ai ) = f (~u; ai ) if i > 0

h(~u; v � w) = h(~u; v) � h(~u; w)

Thus, for example,

h((u1; u2); a2 � (a1 � a0)) = ( u1 � (u2 � a2)) � ((u1 � (u2 � a1)) � a0):

De�ne an equivalence �̂ , and binary operations �̂ , �̂ on A � as follows, for

~u = ( u1; u2; : : : ; un ) 2 A � and ~v = ( v1; v2; : : : ; vm ) 2 A � :

~u �̂ ~v , f (~u; a0) � LDI f (~v; a0)
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~u �̂ ~v = ( u1; u2; : : : ; un ; v1; v2; : : : ; vm )

~u�̂ ~v = ( f (~u; v1); f (~u; v2); : : : ; f (~u; vm ))

Finally, de�ne the map k : P ! A � inductively by

k(ai ) = ( ai ) for i > 0

k(u � v) = k(u) �̂ k(v)

k(u � v) = k(u) �̂ k(v):

Now the vocabulary is in place to state some remarks, some lemmas, and the

theorem. The idea of the proof of conservation is the fact that ( u1 � u2 � : : : � un ) � v � � I

u1 � (u2 � : : : � (un � v) : : :), and that every P-word is � I -equivalent to a composition

of A-words. A � represents those compositions, and �I is reduced back toLDI by f ,

using a new variable in the second argument. So one shows thatan equational proof in

P= � � I lifts, by k, to a proof in A � =�̂ , and that �̂ -equivalent k(A)-words correspond

to � LDI -equivalent A-words.

Remark 3.8.1 For ~u 2 A � and v 2 A, one has

h(~u; v) � LDI f (~u; v);

by repeated distribution, noting a0 not in v.

Remark 3.8.2 For ~u; ~u0 2 A � and v; v0 2 A+ , if ~u �̂ ~u0 and v � LDI v0 then

h(~u; v) � LDI h(~u0; v0)

f (~u; v) � LDI f (~u0; v0)

as the variablea0 is not found in ~u or ~u0.

Remark 3.8.3 If u 2 A then k(u) = ( u), a sequence of length 1.
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by induction on the length of the word u.

Lemma 3.8.4 The equivalence�̂ is a congruence onA � with respect to the operations

�̂ and �̂ , that is, if ~u �̂ ~u0 and ~v �̂ ~v0, for ~u; ~u0; ~v;~v0 2 A � , then also ~u�̂ ~v �̂ ~u0 �̂ ~v0 and

~u�̂ ~v �̂ ~u0 �̂ ~v0.

Proof: Suppose~u�̂ ~u0, ~v �̂ ~v0, with ~u = ( u1; u2; : : : ; un ), ~u0 = ( u0
1; u0

2; : : : ; u0
n 0), ~v =

(v1; v2; : : : ; vm ), and ~v0 = ( v0
1; v0

2; : : : ; v0
m 0), all in A � .

By Remark 3.8.2 one hasf (~v; a0) � LDI f (~v0; a0), and so also

f (~u �̂ ~v; a0) = u1 � (u2 � : : : � (un � (v1 � (v2 � : : : � (vm � a0) : : :))) : : :)

= f (~u; f (~v; a0))

� LDI f (~u0; f (~v0; a0)) by Remark 3.8.2

= f (~u0 �̂ ~v0; a0)

and so~u �̂ ~v �̂ ~u0 �̂ ~v0 as desired.

Also,

f (~u�̂ ~v; a0)

= f (( f (~u; v1); f (~u; v2); : : : ; f (~u; vm )) ; a0)

� LDI f ((h(~u; v1); h(~u; v2); : : : ; h(~u; vm )) ; h(~u; a0)) by Remarks 3.8.1, 3.8.2

= h(~u; f ((v1; v2; : : : ; vm ); a0))

= h(~u; f (~v; a0))

� LDI h(~u0; f (~v0; a0)) by Remark 3.8.2

� LDI f (~u0 �̂ ~v0; a0)

as desired. 2
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Lemma 3.8.5 (A � =�̂ ; �̂ ; �̂ ) satis�es the axioms � I

Proof: Assume that

~u = ( u1; u2; : : : ; un );

~v = ( v1; v2; : : : ; vm );

~w = ( w1; w2; : : : ; w` ) 2 A � :

and proceed through the axioms:

[�1]

~u �̂ (~v �̂ ~w) = ( u1; u2; : : : ; un ; v1; v2; : : : ; vm ; w1; w2; : : : ; w` )

= ( ~u �̂ ~v) �̂ ~w

[�2]

(~u �̂ ~v) �̂ ~w = ( f (~u �̂ ~v; w1); f (~u �̂ ~v; w2); : : : ; f (~u �̂ ~v; ẁ ))

= ( f (~u; f (~v; w1)) ; f (~u; f (~v; w2)) ; : : : ; f (~u; f (~v; ẁ )))

= ~u �̂ (~v �̂ ~w)

[�3]

~u �̂ (~v �̂ ~w) = ( f (~u; v1); f (~u; v2); : : : ; f (~u; vm ); f (~u; w1); f (~u; w2); : : : ; f (~u; w` ))

= ( ~u�̂ ~v) �̂ (~u �̂ ~w)

[�4]

f (~u �̂ ~v; a0) = f (~u; f (~v; a0))

� LDI f (~u; v1) � (f (~u; v2) � : : : � (f (~u; vm ) � f (~u; a0)) : : :)
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= f (( f (~u; v1); f (~u; v2); : : : ; f (~u; vm ); u1; u2; : : : ; un ); a0)

= f ((~u �̂ ~v) �̂ ~u; a0)

and so~u �̂ ~v �̂ (~u �̂ ~v) �̂ ~u.

[I ] This �nal axiom is proved by induction on the length of ~u.

If ~u = ( u1) then

f (~u �̂ ~u) = f ((u1) �̂ (u1))

= ( u1 � u1) � a0

� LDI u1 � a0

= f ((u1))

= f (~u)

and so~u �̂ ~u�̂ ~u.

Now suppose~u = ~v �̂ ~w where~v �̂ ~v �̂ ~v and ~w�̂ ~w�̂ ~w. Then

~u�̂ ~u = ( ~v �̂ ~w) �̂ (~v �̂ ~w)

= ~v �̂ ( ~w �̂ (~v �̂ ~w)) �2

= ~v �̂ (( ~w �̂ ~v) �̂ ( ~w �̂ ~w)) �3

�̂ ~v �̂ (( ~w �̂ ~v) �̂ ~w) inductive hypothesis, Lemma 3.8.4

�̂ ~v �̂ ( ~w �̂ ~v) �4

= ( ~v �̂ ~w) �̂ (~v �̂ ~v) �3

�̂ (~v �̂ ~w) �̂ ~v inductive hypothesis

�̂ ~v �̂ ~w �4

= ~u

as desired.
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Therefore (A � =�̂ ; �̂ ; �̂ ) satis�es the axioms � I 2

Lemma 3.8.6 u � a0 � LDI v � a0 ) u � LDI v (all u; v 2 A).

Proof: If a0 2 u 2 A+ , de�ne d0(u), the right depth of the �rst a0 in u, inductively

on the length of u by:

d0(a0) = 0

d0(u1 � u2) = 1 + d0(u2) if a0 =2 u1

d0(u1 � u2) = d0(u1) if a0 2 u1

For completeness, one could de�ned0(u) = �1 if a0 =2 u.

Then if d0(u) = 1, de�ne l0(u), the left-factor of the �rst a0 in u, inductively

on the length of u by:

l0(u1 � u2) = u1 if a0 =2 u1

= l0(u1) if a0 2 u1

the latter being de�ned since 1 = d0(u) = d0(u1 � u2) = d0(u1) if a0 2 u1.

Then we claim that, for u; v 2 A+ , u � LDI v ) d0(u) = d0(v), and if in

addition d0(u) = 1, then u � LDI v ) l0(u) � LDI l0(v).

If so, the lemma follows, since ifu�a0 � LDI v�a0 with u; v 2 A, then d0(u�a0) =

1 and sou = l0(u � a0) � LDI l0(v � a0) = v.

It is clearly su�cient to show the results of the claims follo w from u LDI�!
1

v.

Assume, then, that u; v 2 A+ and u LDI�!
1

v, and that the d0 result obtains for

u0; v0 with length u0 less than that of u:

Case 3.8.6.1 v = u � u.

If a0 2 u, then d0(u) = d0(u � u) = d0(v), elsed0(u) = �1 = d0(v).
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Case 3.8.6.2 u = u1 �u2, v = v1 �v2 with either u1
LDI�!

1
v1, u2 = v2 or u1 = v1, u2

LDI�!
1

v2.

Then

d0(u) =

8
>><

>>:

1 + d0(u2) if a0 2 u1

d0(u1) otherwise

d0(v) =

8
>><

>>:

1 + d0(v2) if a0 2 v1

d0(v1) otherwise

Then note that a0 2 u1 , a0 2 v1, and d0(ui ) = d0(vi ) for i = 1 ; 2 by the

induction hypothesis. Henced0(u) = d0(v).

Case 3.8.6.3 u = u1 � (u2 � u3) and v = ( u1 � u2) � (u1 � u3).

Then

d0(u); d0(v) =

8
>>>>><

>>>>>:

d0(u1) if a0 2 u1

1 + d0(u2) if a0 =2 u1, a0 2 u2

2 + d0(u2) if a0 =2 u1, a0 =2 u2

This completes the proof of thed0 claim.

Now assume that u LDI�!
1

v and d0(u) = 1 (by the above, d0(v) = 1), and that

the l0 result holds for u0; v0 with length u0 less than that of u:

Case 3.8.6.4 v = u � u.

Then l0(u) = l0(u � u) = l0(v) as d0(u) = 1 ) a0 2 u.

Case 3.8.6.5 u = u1 �u2, v = v1 �v2 with either u1
LDI�!

1
v1, u2 = v2 or u1 = v1, u2

LDI�!
1

v2.

Then

l0(u) =

8
>><

>>:

l0(u1) if a0 2 u1

u1 otherwise
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l0(v) =

8
>><

>>:

l0(v1) if a0 2 v1

v1 otherwise

Then note that a0 2 u1 , a0 2 v1, and l0(u1) � LDI l0(v1) by the induction

hypothesis. Hencel0(u) � LDI l0(v).

Case 3.8.6.6 u = u1 � (u2 � u3) and v = ( u1 � u2) � (u1 � u3).

Then

l0(u); l0(v) =

8
>><

>>:

l0(u1) if a0 2 u1

u1 if a0 =2 u1, a0 2 u2

and the casea0 =2 u1, a0 =2 u2 is impossible, since it implies 1 =d0(u) = d0(u1 �(u2 �u3)) =

1 + d0(u2 � u3) = 2 + d0(u3) 6= 1.

This completes the proof of thel0 claim, and hence of the lemma. 2

Lemma 3.8.7 u � � I v ) k(u) �̂ k(v) (all u; v 2 P).

Proof: It is su�cient to show the result for a single application of t he � I axioms, as

�̂ is transitive. Assume that u � 1
� I v with u; v 2 P, that the lemma holds for u0; v0

with u0 shorter than u, u0 � 1
� I v0.

If the application of � I is at the top level of u, then k(u) �̂ k(v) follows from

the de�nition of k and Lemma 3.8.5

For example, �4, with u = u1 � u2, v = ( u1 � u2) � u1:

k(u) = k(u1 � u2)

= k(u1) �̂ k(u2)

�̂ (k(u1) �̂ k(u2)) �̂ k(u1)

= k((u1 � u2) � u1)
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= k(v):

If, on the other hand, the application of � I occurs within a subterm of u, write

u = u1 � u2, v = v1 � v2 with � 2 f� ; �g , and u1 � 1
� I v1; u2 = v2 or u2 � 1

� I v2; u1 = v1,

and concludek(u) = k(u1 � u2) = k(u1)�̂ k(u2) �̂ k(v1)�̂ k(v2) = k(v1 � v2) = k(v) by the

induction hypothesis and Lemma 3.8.4. 2

Lemma 3.8.8 k(u) �̂ k(v) ) u � LDI v (all u; v 2 A).

Proof: If u; v 2 A then

k(u) �̂ k(v) ) (u) �̂ (v) by Remark 3.8.3

) f ((u); a0) � LDI f ((v); a0) by de�nition of �̂

) u � a0 � LDI v � a0 by de�nition of f

) u � LDI v by Lemma 3.8.6

as desired. 2

Theorem 3.8.9 (P; � I ) is a conservative extension of(A; LDI ), that is, if u; v 2 A �

P and u � � I v, then u � LDI v (thus the free LDI on � generators is a subalgebra of

the free � I on � generators, restricted to the operation�).

Proof: Theorem 3.8.9 follows immediately from Lemmas 3.8.7 and 3.8.8. 2

3.9 Open Problems

Recall that GC is the equational theory of group conjugation. Then LD �

LDI � GC . The �rst ([Lav 92, Deh 92]) and last have solvable word problems, and the
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�rst two are �nitely based.

Problem 3.9.1 Is the word problem forLDI solvable?

Problem 3.9.2 Is GC �nitely based?

Let LDI n be the free LDI on n generators. It follows from [DKM 93, Prop. 4]

that LDI n = � is right-cancellative.

Problem 3.9.3 Is LDI n , n > 1, right-cancellative?
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APPENDIX A

PROOF OF THE
\INVARIANCE OF NON-INTERSECTION"

LEMMA

The proof of Lemma 2.3.10 is given here, namely:If (u; v) is not an intersecting

pair, then neither is ((u)�; (v)� ) for any � 2 B1 .

Proof: It is su�cient to show that, if ( u; v) are loops which contain a primary in-

tersecting pair of type e = +1, and � = � �
i with � 2 f +1 ; � 1g, then (the reduction

of) (( u)�; (v)� ) contains an intersecting instance, from which the lemma follows by

induction on the length of � .

Assume then that word u contains subword u0 = xc0 x � 1
c1

: : : x( � 1) n

cn (written

u = : : : c0; c1 : : :) and v contains v0 = xd0 x � 1
d1

: : : x( � 1) n

dn
with n > 1, ci = di for 0 <

i < n , and u0 is initially left of v0 but u0 is terminally right of v0. In particular, one of

c0 < d 0 < c 1; d1 or c1; d1 < c 0 < d 0 or d0 < c 1; d1 < c 0 holds.

In those cases wheren > 1, it is also su�cient to verify that � converts the

given primary intersecting instance, as embedded in (u; v), into a pair where the �rst

is initially left of the second, since a symmetrical argument would show that the �rst is

terminally right of the second.

Finally, we will use Fact 2.3.1 repeatedly and without comment in such double

instances as (: : : c0; c0 + 2 ; c0+1 : : :)� � 1
c0 +1 = : : : (c0jc0+1) ; c0 + 2 ; c0; c0 + 1 : : : in reduced

form, where \ajb" is read \ a or b", which in this case depends upon what preceded the

initial c0. This is how the argument would go for this example: Let uL = : : : c0,
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uR = c0 +1 : : :, so that u = uL ; c0 + 2 ; uR . Then one application of Fact 2.3.1 gives that

(uL )� � 1
c0 +1 equals either: : : c0+1 or : : : c0, in reduced form, depending upon whether the

factor preceding that last c0 in uL is c0 + 1 or not. Another application of Fact 2.3.1

gives that (uR )� � 1
c0 +1 = c0; c0 + 1 : : : in reduced form. Hence

(u)� � 1
c0 +1 = ( uL ; c0 + 2 ; uR )� � 1

c0 +1

= ( uL )� � 1
c0 +1 ; (c0 + 2) � � 1

c0 +1 ; (uR )� � 1
c0 +1

= : : : (c0 jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

which is in reduced form.

Case A.0.3.1 n = 1 (we need only examinec0 < d 0 < c 1 < d 1, as the others are

relabelings of this).

1. i < c 0 � 1

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : c0; c1 : : :

� (v)� = ( : : : d0; d1 : : :)� �
i = : : : d0; d1 : : :

and c0 < d 0 < c 1 < d 1 has ((u)�; (v)� ) contain an intersecting instance.

2. i = c0 � 1

� (u)� = ( : : : c0; c1 : : :)� �
c0 � 1 = : : : (c0 � 1jc0); c1 : : :

� (v)� = ( : : : d0; d1 : : :)� �
c0 � 1 = : : : d0; d1 : : :

with ( c0 � 1jc0) < d 0 < c 1 < d 1 yielding an intersecting instance.

3. i = c0 < d 0 � 1

� (u)� = ( : : : c0; c1 : : :)� �
c0

= : : : c0; (c0 � 1jc0 + 1) ; c1 : : :

� (v)� = ( : : : d0; d1 : : :)� �
c0

= : : : d0; d1 : : :
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with ( c0 � 1jc0 + 1) < d 0 < c 1 < d 1 yielding an intersecting instance.

4. i = c0 = d0 � 1

a) � = +1

� (u)� = ( : : : c0; c1 : : :)� +1
c0

= : : : c0; c0 � 1; c1 : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� +1
c0

= : : : (c0 jc0 + 1) ; d1 : : :

with c0 � 1 < (c0 jc0 + 1) < c 1 < d 1 yielding an intersecting instance.

b) � = � 1

1) d� 1 � c0 � 1 (here \d� 1" refers to the generator in the position

immediately previous to d0 in v, if it exists; similarly for c� 1, c2,

etc. Here d� 1 must exist, since d0 < c 1 implies d0 6= ! , and v is a

loop and hence begins withx � 1
! ).

� (u)� = ( : : : c0; c1 : : :)� � 1
c0

= : : : c0; c0 + 1 ; c1 : : :

� (v)� = ( : : : d� 1; c0 + 1 ; d1 : : :)� � 1
c0

= : : : d� 1; c0 + 1 ; d1 : : :

with c0; c0 +1 ; c1 in (u)� initially left but terminally right of d� 1; c0 +

1; d1 in (v)� , as d� 1 < c 0 < c 0 + 1 and c0 + 1 < c 1 < d 1, and so

((u)�; (v)� ) contains an intersecting pair. Henceforth we will just

note the minimum inequalities to justify the desired conclusion.

2) d� 1 = c0

� (u)� = ( : : : c0; c1 : : :)� � 1
c0

= : : : c0; c0 + 1 ; c1 : : :

� (v)� = ( : : : c0; c0 + 1 ; d1 : : :)� � 1
c0

= : : : c0; c0 � 1; c0 + 1 ; d1 : : :

with c0 � 1 < c 0 < c 0 + 1, c0 + 1 < c 1 < d 1 yielding an intersecting
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instance.

3) d� 1 > c 0 + 1

� (u)� = ( : : : c0; c1 : : :)� � 1
c0

= : : : c0; c0 + 1 ; c1 : : :

� (v)� = ( : : : d� 1; c0 + 1 ; d1 : : :)� � 1
c0

= : : : d� 1; c0 + 1 ; d1 : : :

with c0 < c 0 + 1 < d � 1, c0 + 1 < c 1 < d 1 yielding an intersecting

instance.

5. i = c0 + 1 = d0

a) � = +1

1) c� 1 < c 0

� (u)� = ( : : : c� 1; c0; c1 : : :)� +1
c0 +1 = : : : c� 1; c0; (c0 + 1 jc1) : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� +1
c0 +1 = : : : c0 + 1 ; c0; d1 : : :

with c� 1 < c 0 < c 0 + 1, c0 < (c1jc0 + 1) < d 1 yielding an intersecting

instance.

2) c� 1 = c0 + 1

� (u)� = ( : : : c0 + 1 ; c0; c1 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0 + 2 ; c0; (c0 + 1 jc1) : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� +1
c0 +1 = : : : c0 + 1 ; c0; d1 : : :

with c0 < c 0 +1 < c 0 +2, c0 < (c1jc0 +1) < d 1 yielding an intersecting

instance.

3) c� 1 > c 0 + 1
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� (u)� = ( : : : c� 1; c0; c1 : : :)� +1
c0 +1 = : : : c� 1; c0; (c0 + 1 jc1) : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� +1
c0 +1 = : : : c0 + 1 ; c0; d1 : : :

with c0 < c 0 + 1 < c � 1, c0 < (c1jc0 + 1) < d 1 yielding an intersecting

instance.

b) � = � 1

1) c1 = c0 + 2, c2 > c 0 + 2

� (u)� = ( : : : c0; c0 + 2 ; c2 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c2 : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� � 1
c0 +1 = : : : c0 + 1 ; c0 + 2 ; d1 : : :

with ( c0jc0 + 1) < c 0 + 2 < d 1 and c0 + 1 < c 0 + 2 < c 2 yielding an

intersecting instance, the primary instance occurring inside the pair

((u)�; ((v)� )� 1). This will not be generally noted.

2) c1 = c0 + 2, c2 = c0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� � 1
c0 +1 = : : : c0 + 1 ; c0 + 2 ; d1 : : :

with ( c0jc0 + 1) < c 0 + 2 < d 1 and c0 < c 0 + 1 < c 0 + 2 yielding an

intersecting instance.

3) c1 = c0 + 2, c2 < c 0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c2 : : :)� � 1
c0 +1
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= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 2 : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� � 1
c0 +1 = : : : c0 + 1 ; c0 + 2 ; d1 : : :

with ( c0jc0 + 1) < c 0 + 2 < d 1 and c2 < c 0 + 1 < c 0 + 2 yielding an

intersecting instance.

4) c1 > c 0 + 2

� (u)� = ( : : : c0; c1 : : :)� � 1
c0 +1 = : : : (c0jc0 + 1) ; c1 : : :

� (v)� = ( : : : c0 + 1 ; d1 : : :)� � 1
c0 +1 = : : : c0 + 1 ; c0 + 2 ; d1 : : :

with ( c0jc0 + 1) < c 0 + 2 < c 1 < d 1 yielding an intersecting instance.

6. i = c0 + 1 = d0 � 1

a) � = +1

� (u)� = ( : : : c0; c1 : : :)� +1
c0 +1 = : : : c0; c1 : : :

� (v)� = ( : : : c0 + 2 ; d1 : : :)� +1
c0 +1 = : : : (c0 + 1 jc0 + 2) ; d1 : : :

with c0 < (c0 + 1 jc0 + 2) < c 1 < d 1 yielding an intersecting instance.

b) � = � 1

� (u)� = ( : : : c0; c1 : : :)� � 1
c0 +1 = : : : (c0 jc0 + 1) ; c1 : : :

� (v)� = ( : : : c0 + 2 ; d1 : : :)� � 1
c0 +1 = : : : c0 + 2 ; d1 : : :

with ( c0 jc0 + 1) < c 0 + 2 < c 1 < d 1 yielding an intersecting instance.

7. i = c0 + 1 < d 0 � 1

� (u)� = ( : : : c0; c1 : : :)� �
c0 +1 = : : : (c0jc0 + 1) ; c1 : : :

� (v)� = ( : : : d0; d1 : : :)� �
c0 +1 = : : : d0; d1 : : :
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with ( c0jc0 + 1) < d 0 < c 1 < d 1 yielding an intersecting instance.

8. c0 + 1 < i < d 0

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : c0; c1 : : :

� (v)� = ( : : : d0; d1 : : :)� �
i = : : : (d0 jd0 � 1); d1 : : :

with c0 < (d0 jd0 � 1) < c 1 < d 1 yielding an intersecting instance.

9. c0 + 1 < i = d0 < c 1 � 1

� (u)� = ( : : : c0; c1 : : :)� �
d0

= : : : c0; c1 : : :

� (v)� = ( : : : d0; d1 : : :)� �
d0

= : : : (d0 � 1jd0 + 1) ; d1 : : :

with c0 < (d0 � 1jd0 + 1) < c 1 < d 1 yielding an intersecting instance.

10. c0 + 1 < i = d0 = c1 � 1

a) � = +1

� (u)� = ( : : : c0; c1 : : :)� +1
c1 � 1 = : : : c0; (c1 jc1 � 1) : : :

� (v)� = ( : : : c1 � 1; d1 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 � 2; d1 : : :

with c0 < c 1 � 2 < (c1jc1 � 1) < d 1 yielding an intersecting instance.

b) � = � 1

1) c2 > c 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; d1 : : :)� � 1
c1 � 1 = : : : c1 � 1; c1; d1 : : :

with c0 < c 1 < d 1 and c1 � 1 < c 1 < c 2 yielding an intersecting

instance.



103

2) c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� � 1
c1 � 1 = : : : c0; c1; c1 � 2; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; d1 : : :)� � 1
c1 � 1 = : : : c1 � 1; c1; d1 : : :

with c0 < c 1 < d 1 and c1 � 2 < c 1 � 1 < c 1 yielding an intersecting

instance.

3) c2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; d1 : : :)� � 1
c1 � 1 = : : : c1 � 1; c1; d1 : : :

with c0 < c 1 < d 1 and c2 < c 1 � 1 < c 1 yielding an intersecting

instance.

11. d0 < i < c 1

a) � = +1

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : c0; (c1jc1 � 1) : : :

� (v)� = ( : : : d0; d1 : : :)� �
i = : : : d0; d1 : : :

with c0 < d 0 < (c1 jc1 � 1) < d 1 yielding an intersecting instance.

b) � = � 1

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : c0; c1 : : :

� (v)� = ( : : : d0; d1 : : :)� �
i = : : : (d0; d0 + 1) ; d1 : : :

with c0 < (d0 jd0 + 1) < c 1 < d 1 yielding an intersecting instance.

12. c1 � i
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a) d1 < !

The re
ection x j ! xN � j for N su�ciently large turns this case into one

of the preceding cases withi < c 1.

b) d1 = !

This is again a mirror of the preceding cases, except that there would not

exist a d2 (corresponding above to the existence of ac� 1). However the

existence of ad2 was called for only wheni � d1 � 1 or when c1 � d1 � 2,

which would contradict d1 = ! .

Case A.0.3.2 n > 1 and c0 < d 0 < c 1 = d1

Beginning with this case, we examine the action of� on that portion of ( u; v) which

witnesses that u0 is initially left of v0, and verify that � produces a pair of words with

the �rst initially left of the second and with n > 1, or else that � produces an entire

intersecting instance. The former is su�cient, as the same arguments show that the

�rst of the words � produces terminates to the right of the second, and hence taken

together the reduced ((u)�; (v)� ) will have an intersecting instance.

1. i < c 0

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : (c0 jc0 � 1); c1 : : :

� (v)� = ( : : : d0; c1 : : :)� �
i = : : : d0; c1 : : :

with ( c0jc0 � 1) < d 0 < c 1 yielding the initial left. In those cases where the

initial left is cited, the substrings will agree to the immediate right of the initial

left.

2. i = c0 < d 0 � 1
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� (u)� = ( : : : c0; c1 : : :)� �
c0

= : : : c0; (c0 � 1jc0 + 1) ; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� �
c0

= : : : d0; c1 : : :

with ( c0 � 1jc0 + 1) < d 0 < c 1 yielding the initial left.

3. i = c0 = d0 � 1

a) � = +1

� (u)� = ( : : : c0; c1 : : :)� +1
c0

= : : : c0; c0 � 1; c1 : : :

� (v)� = ( : : : c0 + 1 ; c1 : : :)� +1
c0

= : : : (c0jc0 + 1) ; c1 : : :

with c0 � 1 < (c0 jc0 + 1) < c 1 yielding the initial left.

b) � = � 1

1) d� 1 < c 0

� (u)� = ( : : : c0; c1 : : :)� � 1
c0

= : : : c0; c0 + 1 ; c1 : : :

� (v)� = ( : : : d� 1; c0 + 1 ; d1 : : :)� � 1
c0

= : : : d� 1; c0 + 1 ; c1 : : :

with d� 1 < c 0 < c 0+1 yielding the initial left (and n has incremented).

2) d� 1 = c0

� (u)� = ( : : : c0; c1 : : :)� � 1
c0

= : : : c0; c0 + 1 ; c1 : : :

� (v)� = ( : : : c0; c0 + 1 ; c1 : : :)� � 1
c0

= : : : c0; c0 � 1; c0 + 1 ; c1 : : :

with c0 � 1 < c 0 < c 0 + 1 yielding the initial left.

3) d� 1 > c 0 + 1

� (u)� = ( : : : c0; c1 : : :)� � 1
c0

= : : : c0; c0 + 1 ; c1 : : :

� (v)� = ( : : : d� 1; c0 + 1 ; c1 : : :)� � 1
c0

= : : : d� 1; c0 + 1 ; c1 : : :
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with c0 < c 0 + 1 < d � 1 yielding the initial left.

4. i = c0 + 1 = d0

a) � = +1

1) c� 1 < c 0, c1 > c 0 + 2

� (u)� = ( : : : c� 1; c0; c1 : : :)� +1
c0 +1 = : : : c� 1; c0; c1 : : :

� (v)� = ( : : : c0 + 1 ; c1 : : :)� +1
c0 +1 = : : : c0 + 1 ; c0; c1 : : :

with c� 1 < c 0 < c 0 + 1 yielding the initial left.

2) c� 1 < c 0, c1 = c0 + 2, c2 6= c0 + 1, d2 6= c0 + 1

� (u)� = ( : : : c� 1; c0; c0 + 2 ; c2 : : :)� +1
c0 +1 = : : : c� 1; c0; c0 + 2 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 2 : : :

with c� 1 < c 0 < c 0 + 1 yielding the initial left.

3) c� 1 < c 0, c1 = c0 + 2, c2 = c0 + 1, d2 6= c0 + 1

� (u)� = ( : : : c� 1; c0; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c� 1; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 2 : : :

with c� 1 < c 0 < c 0 + 1 and c0 < c 0 + 1 < c 0 + 2 yielding a full

intersecting instance.

4) c� 1 < c 0, c1 = c0 + 2, c2 6= c0 + 1, d2 = c0 + 1
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This case violates the initial assumption that u0 terminates right of

v0.

5) c� 1 < c 0, c1 = c0 + 2, c2 = c0 + 1, d2 = c0 + 1

� (u)� = ( : : : c� 1; c0; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c� 1; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 1 : : :

with c� 1 < c 0 < c 0 + 1 yielding the initial left.

6) c� 1 = c0 + 1, c1 > c 0 + 2

� (u)� = ( : : : c0 + 1 ; c0; c1 : : :)� +1
c0 +1 = : : : c0 + 2 ; c0; c1 : : :

� (v)� = ( : : : c0 + 1 ; c1 : : :)� +1
c0 +1 = : : : c0 + 1 ; c0; c1 : : :

with c0 < c 0 + 1 < c 0 + 2 yielding the initial left.

7) c� 1 = c0 + 1, c1 = c0 + 2, c2 6= c0 + 1, d2 6= c0 + 1

� (u)� = ( : : : c0 + 1 ; c0; c0 + 2 ; c2 : : :)� +1
c0 +1

= : : : c0 + 2 ; c0; c0 + 2 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 2 : : :

with c0 < c 0 + 1 < c 0 + 2 yielding the initial left.

8) c� 1 = c0 + 1, c1 = c0 + 2, c2 = c0 + 1, d2 6= c0 + 1

� (u)� = ( : : : c0 + 1 ; c0; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1
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= : : : c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 2 : : :

with c0 < c 0 +1 < c 0 +2 and c0 < c 0 +1 < c 0 +2 (no, I didn't stutter)

yielding a full intersecting instance.

9) c� 1 = c0 + 1, c1 = c0 + 2, c2 6= c0 + 1, d2 = c0 + 1

This case violates the initial assumption that u0 terminates right of

v0.

10) c� 1 = c0 + 1, c1 = c0 + 2, c2 = c0 + 1, d2 = c0 + 1

� (u)� = ( : : : c0 + 1 ; c0; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 1 : : :

with c0 < c 0 + 1 < c 0 + 2 yielding the initial left.

11) c� 1 > c 0 + 1, c1 > c 0 + 2

� (u)� = ( : : : c� 1; c0; c1 : : :)� +1
c0 +1 = : : : c� 1; c0; c1 : : :

� (v)� = ( : : : c0 + 1 ; c1 : : :)� +1
c0 +1 = : : : c0 + 1 ; c0; c1 : : :

with c0 < c 0 + 1 < c � 1 yielding the initial left.

12) c� 1 > c 0 + 1, c1 = c0 + 2, c2 6= c0 + 1, d2 6= c0 + 1

� (u)� = ( : : : c� 1; c0; c0 + 2 ; c2 : : :)� +1
c0 +1 = : : : c� 1; c0; c0 + 2 : : :
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� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 2 : : :

with c0 < c 0 + 1 < c � 1 yielding the initial left.

13) c� 1 > c 0 + 1, c1 = c0 + 2, c2 = c0 + 1, d2 6= c0 + 1

� (u)� = ( : : : c� 1; c0; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c� 1; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 2 : : :

with c0 < c 0 + 1 < c � 1 and c0 < c 0 + 1 < c 0 + 2 yielding a full

intersecting instance.

14) c� 1 > c 0 + 2, c1 = c0 + 2, c2 6= c0 + 1, d2 = c0 + 1

This case violates the initial assumption that u0 terminates right of

v0.

15) c� 1 > c 0 + 2, c1 = c0 + 2, c2 = c0 + 1, d2 = c0 + 1

� (u)� = ( : : : c� 1; c0; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c� 1; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c0 + 1 : : :)� +1
c0 +1

= : : : c0 + 1 ; c0; c0 + 1 : : :

with c0 < c 0 + 1 < c � 1 yielding the initial left.

b) � = � 1
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1) c1 > c 0 + 2

� (u)� = ( : : : c0; c1 : : :)� � 1
c0 +1 = : : : (c0jc0 + 1) ; c1 : : :

� (v)� = ( : : : c0 + 1 ; c1 : : :)� � 1
c0 +1 = : : : c0 + 1 ; c0 + 2 ; c1 : : :

with ( c0jc0 + 1) < c 0 + 2 < c 1 yielding the initial left.

2) c1 = c0 + 2, c2 = d2 > c 0 + 2

� (u)� = ( : : : c0; c0 + 2 ; c2 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c2 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c2 : : :)� � 1
c0 +1 = : : : c0 + 1 ; c2 : : :

with c0 + 1 < c 0 + 2 < c 2 yielding the initial left.

3) c1 = c0 + 2, c2 = d2 = c0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : c0 + 1 ; c0; c0 + 1 : : :

with c0 < c 0 + 1 < c 0 + 2 yielding the initial left.

4) c1 = c0 + 2, c2 = d2 < c 0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c2 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0+ 1; c0 + 2 ; c2 : : :)� � 1
c0 +1 = : : : c0 + 1 ; c2 : : :

with c2 < c 0 + 1 < c 0 + 2 yielding the initial left.
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5) c1 = c0 + 2, c0 + 2 < d 2 < c 2

� (u)� = ( : : : c0; c0 + 2 ; c2 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c2 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� � 1
c0 +1 = : : : c0 + 1 ; d2 : : :

with c0 + 1 < c 0 + 2 < d 2 < c 2 yielding an intersecting instance.

6) c1 = c0 + 2, d2 < c 2 < c 0 + 2, c2 < c 0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c2 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c2 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� � 1
c0 +1 = : : : c0 + 1 ; d2 : : :

with d2 < c 2 < c 0 + 1 < c 0 + 2 yielding an intersecting instance.

7) c1 = c0 + 2, d2 < c 2 < c 0 + 2, c2 = c0 + 1, d2 < c 0

� (u)� = ( : : : c0; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� � 1
c0 +1 = : : : c0 + 1 ; d2 : : :

with d2 < c 0 < c 0 + 1 < c 0 + 2 yielding an intersecting instance.

8) c1 = c0 + 2, d2 < c 2 < c 0 + 2, c2 = c0 + 1, d2 = c0, d3 < c 0

� (u)� = ( : : : c0; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c0; d3 : : :)� � 1
c0 +1
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= : : : c0 + 1 ; c0; d3 : : :

with d3 < c 0 < c 0 +1 and c0 < c 0 +1 < c 0 +2 yielding an intersecting

instance.

9) c1 = c0 + 2, d2 < c 2 < c 0 + 2, c2 = c0 + 1, d2 = c0, d3 > c 0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c0; d3 : : :)� � 1
c0 +1

= : : : c0 + 1 ; c0; d3 : : :

with c0 < c 0 +1 < d 3 and c0 < c 0 +1 < c 0 +2 yielding an intersecting

instance.

10) c1 = c0 + 2, d2 < c 2 < c 0 + 2, c2 = c0 + 1, d2 = c0, d3 = c0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; c0; c0 + 1 : : :)� � 1
c0 +1

= : : : c0 + 1 ; c0; c0 + 2 ; c0 + 1 : : :

with c0 < c 0 + 1 < c 0 + 2 and c0 < c 0 + 1 < c 0 + 2 yielding an

intersecting instance.

11) c1 = c0 + 2, c2 < c 0 + 2 < d 2, c2 = c0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c0 + 1 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c0; c0 + 1 : : :



113

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� � 1
c0 +1 = : : : c0 + 1 ; d2 : : :

with c0 < c 0 + 1 < c 0 + 2 < d 2 yielding an intersecting instance.

12) c1 = c0 + 2, c2 < c 0 + 2 < d 2, c2 < c 0 + 1

� (u)� = ( : : : c0; c0 + 2 ; c2 : : :)� � 1
c0 +1

= : : : (c0jc0 + 1) ; c0 + 2 ; c2 : : :

� (v)� = ( : : : c0 + 1 ; c0 + 2 ; d2 : : :)� � 1
c0 +1 = : : : c0 + 1 ; d2 : : :

with c2 < c 0 + 1 < c 0 + 2 < d 2 yielding an intersecting instance.

5. i = c0 + 1 < d 0

a) � = +1

� (u)� = ( : : : c0; c1 : : :)� +1
c0 +1 = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� +1
c0 +1 = : : : (d0 jd0 � 1); c1 : : :

with c0 < (d0 jd0 � 1) < c 1 yielding the initial left.

b) � = � 1

� (u)� = ( : : : c0; c1 : : :)� � 1
c0 +1 = : : : (c0; c0 + 1) ; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� � 1
c0 +1 = : : : d0; c1 : : :

with ( c0 jc0 + 1) < d 0 < c 1 yielding the initial left.

6. c0 + 1 < i < d 0

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� �
i = : : : (d0 jd0 � 1); c1 : : :

with c0 < (d0 jd0 � 1) < c 1 yielding the initial left.
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7. c0 + 1 < i = d0

a) � = +1

1) d0 < c 1 � 1

� (u)� = ( : : : c0; c1 : : :)� +1
d0

= : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� +1
d0

= : : : d0; d0 � 1; c1 : : :

with c0 < d 0 � 1 < c 1 yielding the initial left.

2) d0 = c1 � 1, c2 = d2, c2 > c 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; c1; c2 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 � 2; c1; c2 : : :

with c0 < c 1 � 2 < c 1 yielding the initial left.

3) d0 = c1 � 1, c2 = d2, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 1 : : :)� +1
c1 � 1

= : : : c1 � 1; c1 � 2; c1 � 1 : : :

with c0 < c 1 � 2 < c 1 � 1 yielding the initial left.

4) d0 = c1 � 1, c2 = d2, c2 = c1 � 2, c3 = d3, c3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 �

2; c1; c1 � 1 : : :

with c0 < c 1 � 2 < c 1 yielding the initial left.
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5) d0 = c1 � 1, c2 = d2, c2 = c1 � 2, c3 = d3, c3 6= c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 2 : : :

� (v)� = ( : : : c1� 1; c1; c1� 2; c3 : : :)� +1
c1 � 1 = : : : c1 � 1; c1� 2; c1; c1�

2 : : :

with c0 < c 1 � 2 < c 1 yielding the initial left.

6) d0 = c1 � 1, c2 = d2, c2 = c1 � 2, d3 < c 1 � 2 < c 3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; d3 : : :)� +1
c1 � 1

= : : : c1 � 1; c1 � 2; c1; c1 � 2; d3 : : :

with c0 < c 1 � 2 < c 1 and c1 � 2 < c 1 � 1 < c 1 yielding an intersecting

instance.

7) d0 = c1 � 1, c2 = d2, c2 = c1 � 2, d3 < c 1 � 2 < c 3 > c 1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1

= : : : c0; c1; c1 � 2; (c3 � 1jc3) : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; d3 : : :)� +1
c1 � 1

= : : : c1 � 1; c1 � 2; c1; c1 � 2; d3 : : :

with c0 < c 1 � 2 < (c3jc3 � 1) and c1 � 2 < c 1 � 1 < c 1 yielding an

intersecting instance.

8) d0 = c1 � 1, c2 = d2, c2 = c1 � 2, c1 � 2 < c 3 < d 3, c3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :
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� (v)� = ( : : : c1 � 1; c1; c1 � 2; d3 : : :)� +1
c1 � 1

= : : : c1 � 1; c1 � 2; c1; c1 � 2 : : :

with c0 < c 1 � 2 < c 1 and c1 � 2 < c 1 � 1 < c 1 yielding an intersecting

instance.

9) d0 = c1 � 1, c2 = d2, c2 = c1 � 2, c1 � 2 < c 3 < d 3, c3 > c 1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1

= : : : c0; c1; c1 � 2; (c3; c3 � 1) : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; d3 : : :)� +1
c1 � 1

= : : : c1 � 1; c1 � 2; c1; c1 � 2; d3 : : :

with c0 < c 1 � 2 < c 1 and c1 � 2 < (c3jc3 � 1) < d 3 yielding an

intersecting instance.

10) d0 = c1 � 1, c2 = d2, c2 = c1 � 2, c3 < d 3 < c 1 � 2

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 2; c3 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; d3 : : :)� +1
c1 � 1

= : : : c1 � 1; c1 � 2; c1; c1 � 2; d3 : : :

with c0 < c 1 � 2 < c 1 and c3 < d 3 < c 1 � 2 yielding an intersecting

instance.

11) d0 = c1 � 1, c2 < c 1 < d 2, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 � 2; c1; d2 : : :



117

with c0 < c 1 � 2 < c 1 � 1 < c 1 yielding an intersecting instance.

12) d0 = c1 � 1, c2 < c 1 < d 2, c2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; (c2 jc2 + 1) : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 � 2; c1; d2 : : :

with c0 < c 1 � 2 < c 1 and (c2 jc2 +1) < c 1 < d 2 yielding an intersecting

instance.

13) d0 = c1 � 1, c1 < d 2 < c 2

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 � 2; c1; d2 : : :

with c0 < c 1 � 1 < c 1 and c1 < d 2 < c 2 yielding an intersecting

instance.

14) d0 = c1 � 1, d2 < c 2 < c 1, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 � 2; c1 : : :

with c0 < c 1 � 2 < c 1 � 1 < c 1 yielding an intersecting instance.

15) d0 = c1 � 1, d2 < c 2 < c 1, c2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; (c2 jc2 + 1) : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 1; c1 � 2; c1; d2 : : :

with c0 < c 1 � 2 < c 1 and d2 < (c2 jc2 +1) < c 1 yielding an intersecting

instance.

b) � = � 1
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1) d0 < c 1 � 1

� (u)� = ( : : : c0; c1 : : :)� � 1
d0

= : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� � 1
d0

= : : : d0; d0 + 1 ; c1 : : :

with c0 < d 0 + 1 < c 1 yielding the initial left.

2) d0 = c1 � 1, c2 = d2 > c 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; c1; c2 : : :)� � 1
c1 � 1 = : : : c1 � 2; c2 : : :

with c1 � 1 < c 1 < c 2 yielding the initial left.

3) d0 = c1 � 1, c2 = d2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� � 1
c1 � 1 = : : : c0; c1; c1 � 2; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 1 : : :)� � 1
c1 � 1

= : : : c1 � 1; c1 � 2; c1 � 1 : : :

with c1 � 2 < c 1 � 1 < c 1 yielding the initial left.

4) d0 = c1 � 1, c2 = d2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; c1; c2 : : :)� � 1
c1 � 1 = : : : c1 � 1; c2 : : :

with c1 � 1 < c 1 < c 2 yielding the initial left.

5) d0 = c1 � 1, c1 < d 2 < c 2

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� � 1
c1 � 1 = : : : c1 � 1; d2 : : :
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with c1 � 1 < c 1 < d 2 < c 2 yielding an intersecting instance.

6) d0 = c1 � 1, d2 < c 2 < c 1, c2 = c1 � 1, d2 < c 1 � 2

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� � 1
c1 � 1 = : : : c0; c1; c1 � 2; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� � 1
c1 � 1 = : : : c1 � 1; d2 : : :

with d2 < c 1 � 2 < c 1 � 1 < c 1 yielding an intersecting instance.

7) d0 = c1 � 1, d2 < c 2 < c 1, c2 = c1 � 1, d2 = c1 � 2, d3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� � 1
c1 � 1 = : : : c0; c1; c1 � 2; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; c1 � 1 : : :)� � 1
c1 � 1 = : : : c1 � 1; c1 �

2; c1; c1 � 1 : : :

with c1 � 2 < c 1 � 1 < c 1 and c1 � 2 < c 1 � 1 < c 1 yielding an

intersecting instance.

8) d0 = c1 � 1, d2 < c 2 < c 1, c2 = c1 � 1, d2 = c1 � 2, d3 < c 1 � 2

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� � 1
c1 � 1 = : : : c0; c1; c1 � 2; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; d3 : : :)� � 1
c1 � 1 = : : : c1 � 1; c1 � 2; d3 : : :

with d3 < c 1 � 2 < c 1 � 1 and c1 � 2 < c 1 � 1 < c 1 yielding an

intersecting instance.

9) d0 = c1 � 1, d2 < c 2 < c 1, c2 = c1 � 1, d2 = c1 � 2, d3 > c 1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� � 1
c1 � 1 = : : : c0; c1; c1 � 2; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; c1 � 2; d3 : : :)� � 1
c1 � 1 = : : : c1 � 1; c1 � 2; d3 : : :

with c1 � 2 < c 1 � 1 < d 3 and c1 � 2 < c 1 � 1 < c 1 yielding an

intersecting instance.
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10) d0 = c1 � 1, d2 < c 2 < c 1, c2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; c1; c2 : : :)� � 1
c1 � 1 = : : : c1 � 1; d2 : : :

with d2 < c 2 < c 1 � 1 < c 1 yielding an intersecting instance.

11) d0 = c1 � 1, c2 < c 1 < d 2, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� � 1
c1 � 1 = : : : c0; c1; c1 � 2; c1 � 1 : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� � 1
c1 � 1 = : : : c1 � 1; d2 : : :

with c1 � 2 < c 1 � 1 < c 1 < d 2 yielding an intersecting instance.

12) d0 = c1 � 1, c2 < c 1 < d 2, c2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 1; c1; d2 : : :)� � 1
c1 � 1 = : : : c1 � 1; d2 : : :

with c2 < c 1 � 1 < c 1 < d 2 yielding an intersecting instance.

8. d0 + 1 = i < c 1 � 1

� (u)� = ( : : : c0; c1 : : :)� �
d0 +1 = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� �
d0 +1 = : : : (d0jd0 + 1) ; c1 : : :

with c0 < (d0 jd0 + 1) < c 1 yielding the initial left.

9. d0 + 1 = i = c1 � 1

a) � = +1

1) c2 = d2 > c 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :
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� (v)� = ( : : : c1 � 2; c1; c2 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c2 : : :

with c0 < c 1 � 2 < c 1 yielding the initial left.

2) c2 = d2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c1 � 2; c1 � 1 : : :

with c0 < c 1 � 2 < c 1 � 1 yielding the initial left.

3) c2 = d2 = c1 � 2, c3 = d3, and c3 > c 1 � 1 or c3 < c 1 � 2

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 2 : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 2; c3 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c1 � 2 : : :

with c0 < c 1 � 2 < c 1 yielding the initial left.

4) c2 = d2 = c1 � 2, c3 = d3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1

= : : : c1 � 2; c1; c1 � 1 : : :

with c0 < c 1 � 2 < c 1 yielding the initial left.

5) c2 = d2 = c1 � 2, d3 < c 1 � 2 < c 3, c3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 2; d3 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c1 �

2; d3 : : :

with c0 < c 1 � 2 < c 1 and c1 � 2 < c 1 � 1 < c 1 yielding an intersecting
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instance.

6) c2 = d2 = c1 � 2, d3 < c 1 � 2 < c 3, c3 > c 1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1

= : : : c0; c1; c1 � 2; (c3jc3 � 1) : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 2; d3 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c1 �

2; d3 : : :

with c0 < c 1 � 2 < c 1 and d3 < c 1 � 2 < (c3jc3 � 1) yielding an

intersecting instance.

7) c2 = d2 = c1 � 2, c1 � 2 < c 3 < d 3, c3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 2; d3 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c1 �

2; (d3 jd3 � 1) : : :

with c0 < c 1 � 2 < c 1 and c1 � 2 < c 1 � 1 < c 1 yielding an intersecting

instance.

8) c2 = d2 = c1 � 2, c1 � 2 < c 3 < d 3, c3 > c 1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1

= : : : c0; c1; c1 � 2; (c3jc3 � 1) : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 2; d3 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c1 �

2; d3 : : :

with c0 < c 1 � 2 < c 1 and c1 � 2 < (c3jc3 � 1) < d 3 yielding an

intersecting instance.
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9) c2 = d2 = c1 � 2, c3 < d 3 < c 1 � 2

� (u)� = ( : : : c0; c1; c1 � 2; c3 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 2; c3 : : :

� (v)� = ( : : : c1 � 2; c1; c1 � 2; d3 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c1 �

2; d3 : : :

with c0 < c 1 � 2 < c 1 and c3 < d 3 < c 1 � 2 yielding an intersecting

instance.

10) c2 = d2 < c 1 � 2

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : c1 � 2; c1; c2 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; c2 : : :

with c0 < c 1 � 2 < c 1 yielding the initial left.

11) c2 < c 1 < d 2, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : c1 � 2; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; d2 : : :

with c0 < c 1 � 2 < c 1 � 1 < c 1 yielding an intersecting instance.

12) c2 < c 1 < d 2, c2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; (c2 jc2 + 1) : : :

� (v)� = ( : : : c1 � 2; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; d2 : : :

with c0 < c 1 � 2 < c 1 and (c2 jc2 +1) < c 1 < d 2 yielding an intersecting

instance.

13) c1 < d 2 < c 2

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :
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� (v)� = ( : : : c1 � 2; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; d2 : : :

with c0 < c 1 � 2 < c 1 and c1 < d 2 < c 2 yielding an intersecting

instance.

14) d2 < c 2 < c 1, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : c1 � 2; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; (d2 jd2 + 1) : : :

with c0 < c 1 � 2 < c 1 � 1 < c 1 yielding an intersecting instance.

15) d2 < c 2 < c 1, c2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; (c2 jc2 + 1) : : :

� (v)� = ( : : : c1 � 2; c1; d2 : : :)� +1
c1 � 1 = : : : c1 � 2; c1; d2 : : :

with c0 < c 1 � 2 < c 1 and d2 < (c2 jc2 +1) < c 1 yielding an intersecting

instance.

b) � = � 1

� (u)� = ( : : : c0; c1 : : :)� � 1
c1 � 1 = : : : c0; c1 : : :

� (v)� = ( : : : c1 � 2; c1 : : :)� � 1
c1 � 1 = : : : (c1 � 1jc1 � 2); c2 : : :

with c0 < (c1 � 1jc1 � 2) < c 1 yielding the initial left.

10. d0 + 1 < i = c1 � 1

a) � = � 1

� (u)� = ( : : : c0; c1 : : :)� � 1
c1 � 1 = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� � 1
c1 � 1 = : : : d0; c1 : : :
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with c0 < d 0 < c 1 yielding the initial left.

b) � = +1

1) c2 = d2 > c 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; c2 : : :)� +1
c1 � 1 = : : : d0; c1; c2 : : :

with c0 < d 0 < c 1 yielding the initial left.

2) c2 = d2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : d0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : d0; c1 � 1 : : :

with c0 < d 0 < c 1 � 1 yielding the initial left.

3) c2 = d2 < c 1 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; c2 : : :)� +1
c1 � 1 = : : : d0; c1; c2 : : :

with c0 < d 0 < c 1 yielding the initial left.

4) c2 < c 1 < d 2, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� +1
c1 � 1 = : : : d0; c1; d2 : : :

with c0 < d 0 < c 1 � 1 < c 1 yielding an intersecting instance.

5) c2 < c 1 < d 2, c2 = c1 � 2, c3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :
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� (v)� = ( : : : d0; c1; d2 : : :)� +1
c1 � 1 = : : : d0; c1; d2 : : :

with c0 < d 0 < c 1 and c1 � 1 < c 1 < d 2 yielding an intersecting

instance.

6) c2 < c 1 < d 2, c2 < c 1 � 2 or c2 = c1 � 2 6= c3 � 1

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� +1
c1 � 1 = : : : d0; c1; d2 : : :

with c0 < d 0 < c 1 and c2 < c 1 < d 2 yielding an intersecting instance.

7) c1 < d 2 < c 2

� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� +1
c1 � 1 = : : : d0; c1; d2 : : :

with c0 < d 0 < c 1 and c2 < c 1 < d 2 yielding an intersecting instance.

8) d2 < c 2 < c 1, c2 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1 � 1 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� +1
c1 � 1 = : : : d0; c1; (d2jd2 + 1) : : :

with c0 < d 0 < c 1 � 1 < c 1 yielding an intersecting instance.

9) d2 < c 2 < c 1, c2 = c1 � 2, c3 = c1 � 1

� (u)� = ( : : : c0; c1; c1 � 2; c1 � 1 : : :)� +1
c1 � 1 = : : : c0; c1; c1 � 1 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� +1
c1 � 1 = : : : d0; c1; d2 : : :

with c0 < d 0 < c 1 and d2 < c 1 � 1 < c 1 yielding an intersecting

instance.

10) d2 < c 2 < c 1, c2 < c 1 � 2 or c2 = c1 � 2 6= c3 � 1
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� (u)� = ( : : : c0; c1; c2 : : :)� +1
c1 � 1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� +1
c1 � 1 = : : : d0; c1; d2 : : :

with c0 < d 0 < c 1 and d2 < c 2 < c 1 yielding an intersecting instance.

11. d0 + 1 < i < c 1 � 1

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� �
i = : : : d0; c1 : : :

with c0 < d 0 < c 1 yielding the initial left.

12. i = c1

a) � = � 1

� (u)� = ( : : : c0; c1 : : :)� � 1
c1

= : : : c0; c1 + 1 ; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� � 1
c1

= : : : (d0 jd0 + 1) ; c1 + 1 ; c1 : : :

with c0 < (d0 jd0 + 1) < c 1 + 1 yielding the initial left.

b) � = +1

1) d0 < c 1 � 1

� (u)� = ( : : : c0; c1 : : :)� +1
c1

= : : : c0; c1 � 1; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� +1
c1

= : : : (d0 jd0 + 1) ; c1 + 1 ; c1 : : :

with c0 < (d0 jd0 + 1) < c 1 + 1 yielding the initial left.

2) d0 = c1 � 1, d� 1 > c 1

� (u)� = ( : : : c0; c1 : : :)� +1
c1

= : : : c0; c1 � 1; c1 : : :

� (v)� = ( : : : d� 1; c1 � 1; c1 : : :)� +1
c1

= : : : d� 1; c1 : : :
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with c1 � 1 < c 1 < d � 1 yielding the initial left.

3) d0 = c1 � 1, d� 1 = c1

� (u)� = ( : : : c0; c1 : : :)� +1
c1

= : : : c0; c1 � 1; c1 : : :

� (v)� = ( : : : c1; c1 � 1; c1 : : :)� +1
c1

= : : : c1; c1 + 1 ; c1 : : :

with c1 � 1 < c 1 < c 1 + 1 yielding the initial left.

4) d0 = c1 � 1, d� 1 < c 1 � 1

� (u)� = ( : : : c0; c1 : : :)� +1
c1

= : : : c0; c1 � 1; c1 : : :

� (v)� = ( : : : d� 1; c1 � 1; c1 : : :)� +1
c1

= : : : d� 1; c1 : : :

with d� 1 < c 1 � 1 < c 1 yielding the initial left.

13. c1 + 1 = i

a) � = +1

� (u)� = ( : : : c0; c1 : : :)� +1
c1 +1 = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� +1
c1 +1 = : : : d0; c1 : : :

with c0 < d 0 < c 1 yielding the initial left.

b) � = � 1

1) c2 = d2 6= c1 + 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 +1 = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1; c2 : : :)� � 1
c1 +1 = : : : d0; c1 : : :

with c0 < d 0 < c 1 yielding the initial left.

2) c2 = d2 = c1 + 1
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� (u)� = ( : : : c0; c1; c1 + 1 : : :)� � 1
c1 +1 = : : : c0; c1 + 1 : : :

� (v)� = ( : : : d0; c1; c1 + 1 : : :)� � 1
c1 +1 = : : : d0; c1 + 1 : : :

with c0 < d 0 < c 1 + 1 yielding the initial left.

3) c2 < c 1 < d 2, d2 = c1 + 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 +1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; c1 + 1 : : :)� � 1
c1 +1 = : : : d0; c1 + 1 : : :

with c0 < d 0 < c 1 < c 1 + 1 yielding an intersecting instance.

4) c2 < c 1 < d 2, d2 > c 1 + 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 +1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� � 1
c1 +1 = : : : d0; c1; (d2jd2 � 1) : : :

with c0 < d 0 < c 1 and c2 < c 1 < (d2 jd2 � 1) yielding an intersecting

instance.

5) c1 < d 2 < c 2, d2 = c1 + 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 +1 = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1; c1 + 1 : : :)� � 1
c1 +1 = : : : d0c1 + 1 : : :

with c0 < d 0 < c 1 < c 1 + 1 yielding an intersecting instance.

6) c1 < d 2 < c 2, d2 > c 1 + 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 +1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� � 1
c1 +1 = : : : d0; (d2jd2 � 1) : : :

with c0 < d 0 < c 1 and c1 < (d2 jd2 � 1) < c 2 yielding an intersecting

instance.
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7) d2 < c 2 < c 1

� (u)� = ( : : : c0; c1; c2 : : :)� � 1
c1 +1 = : : : c0; c1; c2 : : :

� (v)� = ( : : : d0; c1; d2 : : :)� � 1
c1 +1 = : : : d0; d2 : : :

with c0 < d 0 < c 1 and d2 < c 2 < c 1 yielding an intersecting instance.

14. c1 + 1 < i

� (u)� = ( : : : c0; c1 : : :)� �
i = : : : c0; c1 : : :

� (v)� = ( : : : d0; c1 : : :)� �
i = : : : d0; c1 : : :

with c0 < d 0 < c 1 yielding the initial left.

Case A.0.3.3 n > 1 and c1 = d1 < c 0 < d 0

Re
ecting x j ! xN � j for su�ciently large N turns this case into Case A.0.3.2.

Case A.0.3.4 n > 1 and d0 < c 1 = d1 < c 0

A similar re
ection as in Case A.0.3.3 turns all of this case into previous calculations

except the following:

1. i = c0 � 1, d0 + 1 = c1 = c0 � 1

a) � = +1

1) d� 1 < c 0 � 2

� (u)� = ( : : : c0; c1 : : :)� +1
c0 � 1 = : : : (c0jc0 � 1); c0 � 2 : : :

� (v)� = ( : : : d� 1; c0 � 2; c0 � 1 : : :)� +1
c0 � 1 = : : : d� 1; c0 � 1 : : :

with d� 1 < c 0 � 2 < c 0 � 1 yielding the initial left.

2) d� 1 = c0 � 1
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� (u)� = ( : : : c0; c1 : : :)� +1
c0 � 1 = : : : (c0jc0 � 1); c0 � 2 : : :

� (v)� = ( : : : c0 � 1; c0 � 2; c0 � 1 : : :)� +1
c0 � 1 = : : : c0 � 1; c0; c0 � 1 : : :

with c0 � 2 < c 0 � 1 < c 0 yielding the initial left.

3) d� 1 > c 0 � 1

� (u)� = ( : : : c0; c1 : : :)� +1
c0 � 1 = : : : (c0jc0 � 1); c0 � 2 : : :

� (v)� = ( : : : d� 1; c0 � 2; c0 � 1 : : :)� +1
c0 � 1 = : : : d� 1; c0 � 1 : : :

with c0 � 2 < c 0 � 1 < d � 1 yielding the initial left.

b) � = � 1

This is a re
ection of the � = +1 case.

Perhaps the reader found this appendix a bit wearisome|the proof of Theorem 2.3.15

certainly expanded with the writing of it (the lemma has a top ological interpretation,

and applications of the Jordan curve theorem might shorten it).

This completes the proof of Lemma 2.3.10 2



APPENDIX B

GLOSSARY OF SYMBOLS AND TERMS

�k (57) The LDI operation a �k b = a + k(b� a) on a vector space.

�n (60) The LDI operation a �n b = an ba� n on a group.

�i (61) The LDI operation a �1 b = a � b and a �i +1 b = a � (a �i b) on an LDI.

� (59) A binary operation making an LDI out of a compatible fami ly of LDI operations

on an LDI.

� (74) A binary operation on T� which repeatedly distributes.

�̂ , �̂ , �̂ (84) An equivalence and two binary operations onA � , making it into a � I

algebra.

LDI�!
n

, LD�!
n

, LDI�! , LD�! (74) n-step and arbitrary-step LDI and LD expansion.

1-1 (5) The property of an LD being one-to-one, that is, eachL a is 1-1.

onto (5) The property of an LD being onto, that is, each L a is onto.

(~a)� (4,19,8) An action of B1 on a vector~a 2 C! of elements from some LDC.

A (84) A = T (f an : n � 1g; �), a set of terms.

A+ (84) A+ = T (f an : n � 0g; �), a set of terms.

A � (84) A � = ( A)<! n f;g , a set of �nite non-empty sequences of terms.

A ,A 1 (2) The free LD on one generator, usuallyx.

A n ,A ! (2) The free LD on n or on ! generators.
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A j (2) The LD which is the closure of f j g, a non-trivial elementary embeddingj : V� !

V� , under �.

aQ (52) A subLDI of Q: aQ = f aq : q 2 Qg.

a� 1Q (52) A superLDI of Q so that a(a� 1Q) = Q.

j� j (21) The length of a braid word (or free-group word) � .

[ ], � (3,8,36) Dehornoy's LD bracket operation onB1 .

B1 (61) The 4-element LDI hf0; 1g � f^ ; _g; �i witnessing u1 6�LDI v1.

Bn (25) The words in generators� 1; : : : ; � n � 1 and concatenation.

Bn (20,25) The subgroup ofB1 generated by� 1; : : : ; � n � 1.

B+
n (5) The positive braids in Bn .

B1 (3) The in�nite braid group.

B+
1 (5) The positive braids.

� abc,� 0
abc (29) Segment-shortening braids.

� (40) An LD embedding of A n into Gn .

� r (10) An LD embedding of A into B1 .

cn (72) cn = � (gn ) = � (F +
n ) in Rkn , chosen so� n (un ) = c0

n 6= cn = � n (vn ).

compatible family (59) A family of LDI operations that distribute over each oth er.

: : : c0; c1 : : : (96) An abbreviation for : : : xc0 x � 1
c1

: : :.

con
uence (2,35, 41,74) That LD or LDI equivalent words can be expandedto a

common word.

d0(u) (89) The right depth of the �rst a0 in u 2 A+ , if it exists.

@; @;̂@(74) Derivative operations on T� .
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pjq (24) The LD word p left-divides q, i.e., q = p � r for somer .

dominates (20) q dominates p if p � q.

E� (2) The set of elementary embeddingsj : V� ! V� , � a limit ordinal.

� LDI ,� LD (53,55) Equivalence under the axioms LDI, LD.

� (48) An equivalence relation on LDI's (the resulting quotient is 1-1).

(f )� (4,10,14) An action of B1 on either the free groupFG (only in Section 2.1.2) or

(a di�erent action) on the free group FX

FG ,FX ,F ! ,FH � ! + (10,13,25,36) The free group on a set of generators (G = f gi : i 2 ! g,

X = f x i : i 2 ! g).

f (84) A map A � � A+ ! A+ : f ((u0; u1; : : : ; un ); w) = u0 � (u1 � (: : : (un � w))).

f n (67) f n = b� b� : : : � b� a � b| {z }
n +1

, used in building un ; vn .

F +
n (67) F +

n = f n � f n � 1 � : : : � f 1 � f 0, used in building un ; vn .

F �
n (67) F �

n = f n � f n � 1 � : : : � f 2 � f 1, used in building un ; vn .

Fi (35) The i th Fibonacci number.

G (82) A set of generators of the free groupFG : G = f gi : i 2 ! g.

Gn (38) Words in generators� i and hi (h 2 H ), precursor of Gn .

Gn (35) A certain group which extends B1 and in which A n embeds.

� p (42) A certain braid � p = � p � � p� 1 � : : : � � 1.

GC (5) The equational theory of group conjugation.

gn (67) gn = b� b� : : : � b� b� a| {z }
n

, used in building un ; vn .

H (35) H � ! + make up some of the generators ofGn .

h (84) A map A � � A+ ! A+ : h(~u; a0) = a0; h(~u; ai ) = f (~u; ai ) if i > 0; h(~u; v � w) =
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h(~u; v) � h(~u; w).

initially left, right (26) A relation between two free words inF! +1 .

intersecting instance (27) Two free words whose intersection is fairly easily exhibited.

intersecting pair (27) Two segments which intersect.

irre
exivity (2,2) Usually, the irre
exivity of < L .

k (85) A map k : P ! A � .

kn (71) kn = 1 + 1 =
p

n.

L a (5) The left-multiplication (by a) endomorphism of an LD.

`0(u) (89) The left-factor of the �rst a0 in u 2 A+ if d0(u) = 1.

LD (1) The left-distributive law, or, a left-distributive a lgebra.

LD (5) The equational theory of the left-distributive law.

LDI (1,48) The left-distributive idempotent laws, or, a lef t-distributive idempotent al-

gebra.

LDI (5) The equational theory of the left-distributive idempot ent laws.

LDI 1� 1,LDI onto ,LDI 1� 1� onto (6) The equational theories of 1-1 LDI's, onto LDI's and

1-1-onto LDI's.

leans right (17) A property of a reduced word in FX .

< (4) A linear ordering on B1 .

� (20) A linear ordering on A ! extending < L .

< L (2) A partial ordering on left-distributive algebras.

< Lex (5) The lexicographical ordering on A ! induced by < L on A.

u < v (29) The word u is a (possibly improper) subsegment of the wordv.
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loop (26) An extension of a segment to include initial and terminal x ! 's.

medial (63) The medial law for LDI's: ( a � b) � (c � d) = ( a � c) � (b � d).

P (84) P = T (f an : n � 1g; �; � ), a set of terms.

P,P1 (3) The free �-algebra on one generator, usually x.

Pj (3) The �-algebra which is the closure of f j g, a non-trivial elementary embedding

j : V� ! V� , under � and � .

pairing, complete (39) A nested pairing of all the free-word generators and their

inverses inGn .

pairing, commuting (38) A pairing of a free word generator and its inverse inGn

which commutes with the braid word between.

� (71) The homomorphism � : T ! Rk induced by a; b; c2 R.

� n (73) The homomorphism � n : T ! Rcn
kn

induced by a; b; c0n .

� ,� � (50) Homomorphisms� : Q ! Q0 and � � : Q= �! Q0, Q and LDI, Q0 a 1-1 LDI,

with � � � � = � .

� : FX ! F G (13) An isomorphism preserving the action ofB1 .

� (50) The projection � : Q ! Q= � (Q an LDI).

� (70,73) The retractive homomorphism� : Qa ! Q, and especially� : Rcn
kn

! Rkn .

� B , � F , � � (36) Projections ofGn onto the braid group, a free group, and a permutation

group.

primary intersecting instance (27) Two free words whose intersection is easily ex-

hibited.

Qa (69) An extension to the LDI Q by adjoining a0.
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quandle (1,48) An algebra which is essentially a 1-1-onto LDI, with an inverse opera-

tion.

. ,. � 1 (48) The quandle and inverse quandle operations.

Quandles (6) The equational theory of quandles.

() r (26) The reversing antiautomorphisms ofB1 and F ! +1 .

Rk (71) The LDI hR; �k i (R a �eld, k 2 R).

Ra
k (71) The LDI ( Rk )a = Rk [ f a0g (a 2 R).

Rcn
kn

(72) An LDI witnessing un 6�LDI vn .

RG (65) The rightmost generator of a word.

s(� ) (3,8,36) The shift operation on B1 and Gn .

� i (3) One of the generators of the braid groups.

� -positive (4) A braid � > " .

� 1-positive,negative,neutral (24,26) A braid which can be written as a product of

generators and their inverses where� 1 occurs and occurs only positively, occurs

and occurs only negatively, or does not occur.

� 1; � n -proposition (3,9) That certain braids are non-trivial.

� (3) An axiomatization of the left-distributive operation together with a composition

operation.

� I (83) An axiomatization of the left-distributive and idempo tent operation together

with a composition operation.

� (74) A set of letters.

� ! + ,� k (36,37) Permutation groups.
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segment (26) A non-empty reduced word in F! of alternating sign.

self-intersecting segment (27) A segment which intersects itself.

support (20) The vectors of LD elements which a given braid acts on.

Tn (53) Words in X n and one binary operation �.

T (f a; b; cg; �),T (67) Terms in letters a, b, c and one binary operation.

T� (74) Terms in the letters � and one binary operation.

T (G; �) (82) The set of terms in generatorsG using the single binary operation�.

T (G; �; � ) (82) The set of terms in generatorsG using the two binary operation � and � .

terminally left, right (27) A relation between two free words inF! +1 .

un , vn (67) un = F +
n � gn � c; vn = F �

n � gn +1 � c; un = vn 2 GC n LDI .

variable clash (20) q dominates p in a variable clash is one wayp � q occurs.

~x (20) A particular LD vector, ~x = hx0; x1; : : : ; xn ; : : :i 2 (A ! )! .

X n (53) A set of n generators.

ZFC (3) The Zermelo-Frankel axioms of set theory, together withthe Axiom of Choice.


