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A left-distributive algebra (LD) is an algebra satisfying t he left-distributive
lawa (b ¢)=(a b) (a c). A left-distributive idempotent algebra (LDI) additiona Ily
satisesa a= a.

The rst part of the thesis concerns LD's, speci cally their relationship to the
braid groups. For Can LD, a;b2 C, leta< bifandonlyif b=(((a c1) ¢) ::: )
for somec's with n > 0. Let A be the free LD on one generatoix. We give a direct
proof of a proposition about braid groups, simplifying the proof that < is irre exive
on A (and that in fact < linearly orders A and the word problem for A is solvable).
Generalizations of the braid groups are de ned, and a repreantation of the free LD on
n generators fi > 1) into them is found, giving improved bounds on the solution of
the word problem for these algebras. Finally, theorems are mved about certain braid
actions on the left-distributive structures, which are related to notions of positivity in
the braid groups and to a linear ordering of the braid groups.

The second part of the thesis is about LDI's. The equational heory of LDI's
is shown to be a proper subset of the equational theory of grqu conjugation. There
are a number of natural equational theories extending LDI; we prove a result showing
they are all the same as the equational theory of group conjuation. We nd an in nite
family of independent (over LDI) laws in group conjugation. Finally, it is shown (as is
also true for LD) that the rewriting laws for LDI's are con ue nt, and that a composition

operation can be conservatively added to free LDI's.
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CHAPTER 1

INTRODUCTION

A left-distributive algebra (LD) is an algebra in one binary operation satisfying
the left-distributive law, a (b ¢)=(a b (a c¢), that is to say, left multiplication is
a homomorphism. Perhaps the two main non-trivial classicalexamples of LD's are
groups under conjugation @ b= a b a 1) and vector spaces under barycentric mean
(a b=ra+ sbwith xed r+ s=1). Historically, the notion of left-distributivity isti ed
in with knot theory. One of the rst invariants considered fo r a knot K R was the
fundamental group 1(R® K) of the complement of the knot. This does not determine
K, but Joyce in [Joy 82b], analyzing conjugation on (R3 K), builtan LD Qg which
he called a quandle and which does determin& (namely, Qx = Qko , thereis a
homeomorphismH : R®! R? such that H[K] = K? i.e., the quandle is a complete
invariant for unoriented knots). Kaufmann ([Kau 91]) has left-distributive structures
associated with knots which generalize those of Joyce. In alition, left-distributive
algebras are involved in some of the constructions of the Abeander polynomial and of
the Burau representation of the braid groups.

The above-mentioned classical LD algebras all satisfy adtonally the idem-
potent law a a = a. De ne a left-distributive idempotent algebra (LDI) to be a set
with a binary operation satisfying left-distributivity an d idempotence.

The rst part of this thesis (Chapter 2) is about LD and its rel ation to the

in nite braid group and other related groups. The second patt (Chapter 3) concerns



LDI. Beyond the common thread of basic facts about the left-dstributive law, the

techniques used in these two parts are di erent from each otker.

1.1 LD

We write A, for the free LD on n generators. The structure of A = A; was
elusive for a time, and it was not obvious whether this algeba occurred naturally.

A very strong large cardinal axiom in set theory asserts the gistence of an
elementary embeddingj : V ! V , a limit ordinal, j not the identity ([SRK 78]).
For j, k such embeddings, it may be seenthaj k = [ < j(k\ V) is also such
an embedding, and that the setE of such embeddings is left-distributive under this
operation. Laver [Lav 92] showed that forj 2 E , A;j, the closure offjg under , is
isomorphic to A, giving a representation ofA.

For Can LD, a;b2 C,dene a<_ bifandonlyif b=(((a ¢) ) ::: ¢)
for somec's with n > 0. Then the above proof involved showing that< | is a linear
ordering on A;j, and hence onA. For irre exivity, note that if <, is irre exive on some
LD, then it is irre exive on A. Laver showed< is irre exive on E .

Dehornoy around this same time proved in [Deh 89a, Deh 89b] th part of
the linear ordering theorem for A not involving irre exivity, hamely that for any two
u;v 2 A, one has eitheru | v orv | u. His method involved showing that the
rewriting rules for A are con uent . Con uence is the result that if two words (terms in
the language of one binary operation) are equivalent underdft-distributivity then they
can each be expanded to a common word, where a woidis an expansion of a wordb if
¢ can be obtained fromb by repeatedly making substitutions (r (s t)) ! ((r s) (r t))

on subterms.



We describe Laver's proof of the part of the linear ordering gart from irre ex-
ivity.
Some LD's can be endowed with a second operation, commonly ibad com-
position and denoted by , to satisfy the set of laws = fx (y 2z)=(x vy) z
x y) z=x (y 2,x (y 2)=(x y) (x 2,andx y=(x y) xg. Note that
implies the left-distributive law. For example, groups ( G; ; ) satisfy when is
the group operation and is conjugation, and E satises when is as de ned above
and is functional composition. Then Laver [Lav 92] actually shaved that for j 2 E

the set P; generated byfjg under and is the free -algebra P on one generator.

b=((a c) c) ::: ¢ 1) Cn, where is either or . Then ([Lav 92]) <. lin-
early ordersP, and ([Lav 92, Lav 93a]) the following division algorithm holds for P. If
u;v2P,u<_ v,thenthereis a<-greatestw suchthatu w | v. Write w = Q(v; u).
Thenv=((up ui) :::u, 1) Un, Wwhereu = up, Ui+sz = Q(v;(Up u1) ::: uj), and
is either or

Left open was the question whether there is a proof in ZFC (i.e without large
cardinals) that <| is irre exive (and hence a linear ordering) onA.

Subsequently this was done by Dehornoy, who ([Deh 92]) de ng an LD and

proved irre exivity on it in ZFC. Namely, recall that the in  nite braid group (B; ; ) is

the group generated byf 1; »;:::; n;:::0and subject to the relations ; .1 P =
i+1 i i+1 for all i, and ; i = i wheniji jj> 1. The shift operation
s( i) = i+1 induces an endomorphism ofB; . Dehornoy's bracket operation onB;

isdened by alb] = a s(b) 1 s(a) ?!;itis seen to be left-distributive. He then
showed that < is irre exive on (B; ;[]) if the \ j-proposition” holds for By . The ;-

proposition states that a braid expressed as a product of gesrators and their inverses,



including at least one i but not 1 cannot be trivial. Dehornoy proved the ;-

proposition by an analysis in a larger group. In Section 2.1 w give a direct proof of the
1-proposition; this considerably shortens the proof of irreexivity.

There are natural, faithful actions of B; on the free group on generators

use extensively in the proof of the more general \,-proposition”, namely, that a braid
written as a product of generators and their inverses, inclding at least one , but no
o I, cannot be trivial.
In Dehornoy [Deh 92] it is also shown that the linear ordering<, on A induces
a linear ordering < on B; . One characterization of< is as follows. De ne a -positive
braid to be a braid that can be written as a product of generatas and their inverses
in such a way that the generator with the least subscript occus only positively. Then
< if 1 is -positive. Another characterization of < is that it is the unique linear
ordering on B; which is compatible with left-translations and the shift-m ap, and such
that ; is in nitely large with respectto ; (j >i), i.e, < ; forevery , in
the subalgebra generated byf .1 ;:::g. An interesting feature of the proof was that to
nd a -positive (or -negative) braid word equivalent to a given word, new gener#rs
not in the original word were used. In Section 2.3 we show thathis is not necessary:
every braid word is equivalent to a -positive word or a -negative word in which no
new generators appear, or to the identity.
A third de nition (actually, the main working de nition) of  the linear ordering

< on B; is in terms of the action of B; on A', induced by

Then this is only a partial action, but it turns out that for ; 2 B;, < ,



for some/all @ 2 A' such that (8) ;(@) both exist, (8) <|ex (8) , Where <[ is
the lexicographical ordering onA' induced by <, on A. In Section 2.2 we prove the
following result. Consider the free LD A, on generatorsfxg;x1;:::g. Let By act on
(A)' as above. Then the set of braids such that acts onhxg; x1;:::i is precisely the
set of positive braids Bj , where a braid is positive if and only if it can be written as
a (possibly empty) product of generators ;, omitting their inverses. This is related to

results in a proof of Laver ([Lav 93b]) that for eachn, B, (the set of positive braids in

computes the order type ofB} to be ! "

By Dehornoy's result, the closure of" (or, indeed, of any 2 B; ) under the
bracket operation is a subset ofB; isomorphic to A. Whether A, (n > 1) has a similar
representation in B; is unknown, but in Section 2.4, an extension ofB; is de ned
and studied, and shown to containA,,. This gives an improved upper bound on the

complexity of the word problem for A, (n> 1).

1.2 LDI

Among the rst to study arbitrary left-distributive idempo tent algebras were
Burstin & Meyer [BM 29], Stein [Ste 59], Kepka [Kep 81] and Joye [Joy 82b]. Useful
notions include those of an LDI being 1-1 and being onto. We wi call an LDl Q 1-1
if Q is left-cancellative; that is, each endomorphismL, of Q given by L,(b) = a bis
1-1. An LDI Q is onto if eachL, is onto. Then Joyce's quandles, mentioned above, are
essentially 1-1-onto LDI's (written in terms of di erent op erations).

Let LD, LDI , and GC be the equational theories of left-distributivity, left-
distributivity and idempotence, and group conjugation. We evidently have LD

LDI GC . Kepka and Laver independently raised the question of whetkr the second



inclusion is proper. In Section 3.5 we show that it is (this wa independently rediscov-
ered by A. Dapal, T. Kepka & M. Muslek in [DKM 93]). There a re a number of equa-
tional theories betweenLDIl and GC. We have LDI gnto LDl 1 1+ LDl 1 1 onto =
Quandles  GC (the rstinclusion is the only one which needs a proof; it is aresult
of Kepka given here in Section 3.3). ButQuandles = GC is in Joyce [Joy 82a] (given
here in Section 3.3), andLDI ; 1=LDI ; 1 onto follows from Kepka [Kep 81]. In fact,
in Section 3.3 we prove thatLDI on = LDI ; 1, thus giving LDI oo =GC . Thus we
are back to just three theories: LD  LDI GC.

A good supply of non-onto LDI models is helpful in determining what equations
live in GC nLDI , and two methods of producing these are given in Sections 3dnd 3.6.
In Section 3.6, we use these LDI's in a proof that there is an imite independent family
of equations inGC nLDI .

In parallel with Dehornoy's con uence for LD , we show in Section 3.7 that
con uence also holds inLDI .

Part of the above-mentioned proof of Laver involved showingthat is a con-
servative extension ofLD , i.e., that equations involving only which are consequences
of are consequences ofLD . In Section 3.8 we show the same for LDI, namely that

together with idempotence is a conservative extension of th axiomsLDI .



CHAPTER 2

BRAID GROUPS AND
LEFT-DISTRIBUTIVE ALGEBRAS

2.1 On Braid Words and Irre exivity

A left-distributive algebra is a set B equipped with a binary operation such
that a(bg = (ab)(ac) for all a;b;c2 B. The free left-distributive algebra on n letters is
denoted A, and we write A for A.

If P;Q 2 B write P <, Qi P is a strict prex of Q, i.e., that Q =
((PQ1):::)Qk for someQs;:::;Qk;k 1. Then a proof that < is irre exive under
large cardinal assumptions (that is, that P 6 (P Q) :::)Qx for all P;Qq;:::;Qk 2 A)
on A was found by R. Laver ([Lav 92]) as part of a theorem thatA is isomorphic to a
certain algebra of elementary embeddings from set theory.

It was also proved in [Lav 92] that < linearly orders A, the part that for all
P;Q2A atleastone ofP < Q;P = Q;Q <. P holds being proved independently and
by a di erent method by P. Dehornoy ([Deh 89a, Deh 89b]). The linear ordering of A
gives left cancellation, the solvability of the word problem, and other consequences. Left
open was whether irre exivity, and hence the linear ordering, can be proved in ZFC.

Recently, Dehornoy ([Deh 92]) found such a proof, involvingan extension of
the in nite braid group but without invoking axioms extendi ng ZFC. The purpose of
this section is to give a shorter proof of this which does not ge the additional machinery

of this extended group.



2.1.1 The ;-Proposition Implies Irre exivity We now recall from
[Deh 92] the connection between the braid group andA.

Note that since A is free, if for some left-distributive algebraB, < is irre exive
on B, then < is irre exive on A. Dehornoy found such aB, where B is a subset of the

in nite-dimensional braid group endowed with a bracket operation.

De nition 2.1.1  The in nite braid group hB; ;"; i is given by generatord ; :i2!*g

and relations ; ;= ; jwhenji jj>1land ; ; = ; i jwhenji jj=1.

De nition 2.1.2 s is the endomorphism ofB; which extends the shift maps( ;) =

i+1 (possible becauss preserves the de ning relations ofB; ).

De nition 2.1.3  (The Dehornoy bracket) For p;q2 B; de ne a binary operation []:

plal=p s(@ 1 s(p) *

Motivation: Suppose that B is a left-distributive algebra with left cancellability
(as A turns out to be from the linearity of < ). Then the braid group has a partial

action on B' * de ned by, for b2 B' ",

8
% bbe ifj =i
o) i — PR
(B) j E b ifj=i+1
b otherwise

with left cancellability making the partial actions of the i nverses of braid generators well
dened. Thus (P;Q;R;S;::) 2=(P;QR;Q;S;:::) for P;Q;R;S;:::2B.
Then one is led to the Dehornoy bracket in the braid group by nding that,

for x;P;Q 2 B and p;q 2 By, if (x;x;x;:::)p = (P;x;x;:::) and (X;x;x;:::)q =



(Q;x;x;:::), then

0% ;2 )pld] (x;xx::0)p s(@ 1 s(p)
= (Pixx:)s(@ 1 s(p) !
= (P;Qix;:i) 1 s(p) *
= (PQ;Pix::)s(p) *
= (PQ;xx;::1)
which suggests, in order that §&;x;x;:::)pld] = (PQ;x;x;:::), the above de nition of

pla].

Dehornoy proved as a corollary of his irre exivity result th e following theorem:

Theorem 2.1.4 (Dehornoy|the  ,-proposition) If p2 By is written as a product of

generators and their inverses, including at least one, and no .1, thenp6 ".

He also showed that a direct proof of Theorem 2.1.4 would giva relatively

short proof of irre exivity, namely:
Theorem 2.1.5 (Dehornoy)

1. The Dehornoy bracket[] on the braid groupB; is left distributive;

2. If the -proposition holds then irre exivity holds in B; and so also inA;
furthermore, the closure under the Dehornoy bracket of anylement of the braid

group is isomorphic toA.

Proof:  Proof of 2.1.5.1: Compute

plalrll=p s(@ s*(r) 2 1 s%(@) * s(p) * = pldlplr]]

to get left-distributivity.
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hand expands top (r1 1 S1) (r2 1 S2) i@ (rk 1 Sk) with ri;s 2 s(By).
Then multiplying by p ! one obtains a contradiction to the ;-proposition. Therefore
irre exivity holds in B; , and hence inA.

Let x be the generator of the free left-distributive algebraA. For r 2 B;
de ne the homomorphism ' : A!'hB ; ;[]i inductively by | = r and {:Q = bl rQ].

This is well de ned as [] is left-distributive and A is free. To show that ' is injective,

if P & Qin A, by trichotomy suppose P <, Q. Conclude } <_ g, and so by
irre exivity in By that | & §. Hencel; []i is isomorphic to A. 2
2.1.2 Proof of the 1-Proposition We will prove the ;-proposition

rst, using the action of the braid group B; as automorphisms of the free group on
countably many generators, getting as quickly as possibled the minimum needed for
irre exivity. Subsequently, we will prove the full  ,-proposition, for which we use a

somewhat non-standard action, and have to deal with a greatenumber of cases.

De nition 2.1.6  hFg;"; i is the free group on generatorsG = fg; :i 2! g.
De nition 2.1.7
()i = g gua g
(G+1) i = G
()i = gifj6ii+1l:

The following is well known, see for example [Bir 75, cor. 1.8, pg. 25] (al-
though our group has an extra generatorm for convenience later, and we do not require

faithfulness).
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Lemma 2.1.8 The action of the ;'s on the g;'s extends to a faithful action of B; on

Fo.

We record for convenience the action of ; *:

@) ' = gu

(gi+1)il = gié g G+

(g) ! g ifj 6ii+1:

In passing we observe without proof that if is the antiautomorphism of B;
obtained by reversing products of generators and their inveses (so ( 1 h= 2 o),

then

(01:02;::2) (P) = ((Q)P:(G2)P::0);
where the left-hand side is the action described after De niion 2.1.3 consideringF ¢ as
a left-distributive algebra under conjugation (gh= g h g 1), and the right-hand side

is the actions of braids on elements of¢ just de ned in De nition 2.1.7.

The main property about this action that we need is the following observation:

Lemma 2.1.9 If a reduced wordf in Fg begins withg;, and 2 B; is a generator or

the inverse of a generator, but not ; 1 then the reduced form of(f) also begins with

O1.

Proof:  Assume that the action of is applied to each generator or its inverse in the
reduced form off, and then a xed reduction is applied to the term that results to
produce the reduced form of {) .

There are two cases where the reduced form of § may fail to begin with g;:

Case 2.1.9.1 =  twithi> 1.
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In this case, all g; b's are unchanged by the action of on f, and none are
produced. Therefore the only way that the leadingg; could be cancelled in the reduction
of (f) isbyag ! already present in the reduced form off .

Letf =g f1 g ' fo,inreduced form, display that instance ofg, *. Then
f) =g (f1) gl1 (f2) ,so (1) =". Butthen f; = ", so that f was not in

reduced form, contradiction.
Case 2.1.9.2 = ;.

In this case, g, *'s are produced by @, *) 1=a g,* g, *andby(g,') 1=
G
There are two possibilities for the leadingg; produced by the action of ; on

f to be cancelled in the reduction:

SubCase 2.1.9.2.1 The leading g; in the unreduced form of (f) 1 is cancelled by a

g, ! produced by the action of ; on ag, *.

! occurrence off which produces theg, * which

First we note that the g,
cancels the leadingg; of (f) 1 is distinct from the leading g; of f .
As above, letf = g; f1 g; 1 f,, in reduced form, display that instance ofg, 1

Then(f) 1= & 0" (f) 1 o1 &' gt (f2) 1,500 9" (f1) 1 & G'=""

Butthen f; = g, ! g, %, so that f was not in reduced form, contradiction.

SubCase 2.1.9.2.2 The leading g; in the unreduced form of (f) 1 is cancelled by a

g, ! produced by the action of ; on ag,*.

Again, letf = g f1 g, 1 f,, in reduced form, display that instance ofg, 1

Then (f) 1= @& o' (f1) 1 o' (f2) 1,508 g ' (f1) 1 = ". But then



13

fi= g 1 02, so that f was not in reduced form, contradiction. 2

We are now prepared to prove the 1-proposition.

Proof:  Assume thatp 2 B; is formed from a product of generators ofB; and their

inverses, with at least one ; and no ; !

. Write p=p1 1 p2 where 11 does not
occurinp; and 4 ! does not occur inp,.

Then

(o Hp (ahHpr 1 P2

(911) 1 P2

(0 6" g hp:

Sinceg g,' g, ' is in reduced form and begins withg;, and since ;®
does not appear inpy, then by repeated application of lemma 2.1.9 it follows thatthe
reduced form of @ g, g, ')p2, and hence of ¢, *)p, must begin with g;. Therefore

(g, )p6 g, ', and sop6 ". 2

2.1.3 Proof of the n-Proposition We now prove the full , propo-

sition. It can be done by the braid action de ned above, usingas an invariant that

i”:O g gy' for somem > n, and showing that words

the reduced form begins with
retain that property when acted upon by a braid generator or its inverse, except for
. 1, obtaining the desired result by starting with Qi”:o g-
We make use of instead a slightly di erent group action which decreases the
number of cases to check. The map : Fx !'F ¢ given by (x;) = Qinzo On, With do-

main the free grouphFx ;"; i on generatorsX = fx; :i 2 ! g, extends to an isomorphism
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with inverse (go) = Xo, (G+1) =% 1 Xisu1.

Then the action of B; on Fg induces an action onFy by, forf 2Fx;p2B; ,
dening (f)p=(f)p 1.
We record the actions of generators oB; and their inverses on generators of

Fx:

)t = X%t X

) ;* xj if i 6]

See Figures 2.1, 2.2 and 2.3 for a geometric illustration. Té numbered dots are punc-
tures in the plane. The generatorx; of Fyx is viewed as a directed two-way in nite
line in the plane going between punctures and i + 1. The action of the braid ; is a
homotopy interchanging puncturesi andi + 1 in a counterclockwise rotation. Then for

each 2B, (xj) is adirected curve in the punctured plane.

6 6
i i +1 i i+1
u ! u
Xi Xi+1 X 1 Xi 1
6
Figure 2.1: (i) i = Xjs1 X, & X 1
6 6
1
i i+1 i i i+1
u ! u
Xi Xi 1 Xj ! Xi+1
6 6

Figure 2.2: (x;) ; =% 1 X; b X1

We note the possible ways a generator or its inverse of the bid group can

change the leading variable of an element of the free group \ten in reduced form:
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c—
c—

Xi
6 6

Figure 2.3: (i) 2= Xis1 X, 4 Xi X3 X 1.
Lemma 2.1.10 If the reduced form of a wordf 2 F x begins withxy,, then the reduced
form of (f) ! begins with (this same)x,, except in the following two cases (with the

displayed words in reduced form):
Lo (Xm Xptq 1) mt1= Xm o1
2. (Xm0 mi= Xmo o1 Xt

Proof:  Write for | .

In each of the following cases we assume is reduced, the braid action is
applied to f, and then some unspeci ed but xed reduction is applied to the word in

Fx that results.

Case 2.1.10.1 m 6 k, and the leadingxn, is cancelled out in the reduction of(f) by

an x,,* which is already present in the reduced form of .

This means that f had the reduced formf = x, f; x,* fo. Then (f) =
xm (f1) xu' (f2): Butthen (f1) =",sof; =", andf was not in reduced form,

contradiction.

Case 2.1.10.2 m 6 k, and the leadingxn, is cancelled out by anx,,! which was pro-

duced by the braid action orf .

An examination of cases shows that the only ways that anx,’ can be so
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produced are:

1 1 _ 1 1
1L Xm 1) m 1= Xm™ Xm 1 Xy 2

1 1 _ 1 1
2. (Xm 1) m 1~ Xm 2 Xm 1 Xp

This means that f had the reduced formf = x, f; xm1 . f2 and that

SubCase 2.1.10.2.1 mla

The rst of these two possibilities develops as: {) > 1 = xm (f1) ' Xt
Xm 1 Xmto) (f2) ,'i. In order that this x,,* should be the one which cancels the
leading X, it must be that (f;) = ", and sof; = ". Hence the reduced form off
must bef = xm x,,t, fo.

This is the left-hand side of the rst possibility of the lemma. To nish this
case we need to ensure that th,, 1 produced above, which is the leading factor of
(f) before reducing, remains the leading factor after reducing

If it were to cancel out in the reduction, then it must do so by cancelling with
an xml , produced by the action of on anxy 1 insidef,.

Hencef, = f3 X;m 1 fa4inreduced form, so thatf = xn, xmll fz Xm 1 fa.

Then (f) = Xm 1 Xut o (f3) Xm 2 Xu° 1 Xm (fa): Inorder that this x>, be

the one to cancel the leadingxy 1, it must be that xml , (f3) Xm 2= ", and so
faz = ". But then f was not in reduced form.
SubCase 2.1.10.2.2 = _'..

The second of these two possibilities develops asf ) ml 1= Xm (f1) ml 1
(xml 5 Xm 1 Xmb) (f2) ml .- In order that this x,,,! be the one to cancel the leading

Xm, it must be that (f1) ,*'; X', Xm 1= ", and sof; = x,,* Xm 1. But then f



17

was not in reduced form.
Case 2.1.10.3 k= m.
Let f = X fqinreduced form. Then ) = Xm 1 Xyt Xm 1 (f1) ok

SubCase 2.1.10.3.1 The second factor of(f) , x,,!, does not cancel in the reduction

of (f) .

If this x,,! does not cancel in the reduction, then this case leads to theegond

possibility stated in the lemma.

SubCase 2.1.10.3.2 The second factor of(f) , x,,%, does cancel in the reduction of

(f) .

In order that this x,,* cancel, there must be anx,,! in the reduced form off,
ie.,f1 =1, x,t fzandsof = xn fo x,’ fsinreduced form.

Hence ) = Xm 1 Xpm® Xm 1 (f2) Xp'1 Xm X,tq (f3): Inorder that

this X, be the one to cancel the secondml, it must be that xy, 1 (f2) xm1 1= "
and sof, = ". But then f was not in reduced form.

This completes the proof of the lemma. 2

De nition 2.1.11  Say that a reduced word inFx leans right at n if it begins with

either xm or x, X, with m>n.

lg 1

Lemma 2.1.12 If f 2 Fx leans right at n, then so does(f) ; 1 where n

Proof:  We rst verify that if f leans right at n, then the leading factor of the reduced
form of (f) , 1is somexy, with m  n.

By lemma 2.1.10, the index of the leading factor can change bat most 1.
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Hence assume by way of contradiction thatm = n and the action of Yonf
leaves it with a leading factor of X, 1.

The rst possibility a orded by lemma 2.1.10 is

but this is ruled out by the requirement that the index of the second factor exceech.

The second possibility is &, ::3) ;1= xn 1 X,! ::: and this is ruled out
by ;6 .l

Hence iff leans right at n then (f) ; ! leads with x, or x,, with m>n.

Now we verify that if f leans right at n, and (f) ; ! starts with x,, then its
second factor isx,,! with m>n.

Two cases arise: eitheff starts with xn+1 or with xp.

In the rst case, where f starts with X,.1, the lemma gives two instances

where () ; * will start with x,.

The rstinstance is (Xn+1 X,% @) 1= Xn :::, but this is ruled out by
1
i 6 n 1'
The second instance iSXn+1 ::2) pi1 = Xn X,a -:: and this result (which

is in reduced form) leans right atn.

In the second case, wheré starts with x,, asf leans right at n, f must start
with x, X, with m > n. We note that a dual version of lemma 2.1.10 shows that
a reduced word starting with x,,! and acted upon by a braid generator or its inverse
either does not change its leading factor, or the leading fdor becomesxml .- Hence the
only concern isf = xp xnﬂl ::: acted on by a braid generator or its inverse that does
not change the leadingx, and does change(njl ivinto x, 1 :::, which contradicts

that the leading x, is not cancelled.
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Therefore iff leans rightatn, and (f) ! leads with x,,, then its second factor

is X,k with m>n .

Proof:

This completes the proof. 2

We now can prove the ,-proposition.

Assume that p 2 B; is formed from a product of generators ofB; and their

inverses, with at least one , and no | 1

Write p=p1 n p2 Where , ! does not occur inp; and n 1 does not occur

in ps.
Then
(Xn)p = (Xn)P1 n P2
= (Xn) n P2
= (Xns1 Xp©' Xn 1)P2
But Xn+1 X,1 Xn 1 leansright at n, and hence so doesxq+1 X, 1 Xn 1)P2.
Sincex, does not lean right atn, x, 6 (Xn+1 X, Xn 1)p2, and sop 6 ". 2

2.2 The Support of MXg;Xq;:::;Xp; o

is the Set of Positive Braids

Recall the partial action of By on (A, )" (the set of | -sequences on the free

left-distributive algebra with generators fx; :i  0g) induced by:

Of course g ; ! need not exist, but this action is well-de ned, if it exists, for the

inverses of generators, sincé, has left-cancellation (see [Deh 89a, Deh 89b, Deh 92,
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Lav 92]).

De ne the positive braids B] to be those braids that can be written as a
(possibly empty) product of the generators ;, omitting their inverses. Then clearly
everyv 2 (A,)' is in the support of any positive braid 2 B7 ,i.e., (v) exists.

Dene % = hXg;Xy1;:::;Xn;:::i. The purpose of this section is to show that
(%) existsifand onlyif 2B7 .

A good characterization of all the braids for which (%) exists seems to be
lacking at this time. For example, if ¥ = hXg; Xo; Xo;:::i then non-positive braids, such
as » 2, 1 act on ¥. One possible conjecture is that the set of braids in a giverBy
(N nite, generated by i;:::; N 1) which act on a xed « is well-ordered (under
Dehornoy's ordering of B; described in the introduction) By Laver [Lav 93b], each By
is well ordered.

We assume some results on the | partial ordering of A, , dened by p <, qif
d=((( ppo)p1) :::pn) for somen 0, and its extension to a linear ordering given by
P q, p<_Lgorqgdominatesp in a variable clash. Forgto dominate p in a variable
clash (with respect to the orderingxp X3 :::) means that for someag;:::;an 12
A (n 0O)andi>j onehasag(ai(:::(an 1xi))) L pandag(ai(:::(an 1%j)) L G
See Dehornoy [Deh 92], and see [Lav 93b] for use of this partilar ordering.

In particular we use
Fact 2.2.1 2B7 and (%) = pimpliespo p1
Fact 2.2.2 If a>_ bcor ca>_ cbor botha bandac>_ b thena>_h

Fact 2.2.3 j+1<i kori k<j 1implies

j(i i+1 + k):( [ k) it
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Fact 2.2.4 i j<k implies

jer Cioivn 220 )= e 1 k) g

The following lemma is su ciently strong to permit the induc tion proof needed:

Lemma 2.2.5 |If, for 2B7, (%) = hpo;ps;:::i and pn > pm (and hencen <m)

for somen; m, then thereisa 2Bj suchthat = ( ne1 ne2 230 m)-

Proof: ~ We proceed by induction on the length of . Sincex; 6, x; wheneveri 6 |,
the lemma is true forj j =0 vacuously.

Fix 2 Bi, and suppose that the lemma holds for all positive braids of

length at most j j. Fix i > 0 and consider whether the lemma holds for ;. Set
(%) = hpo;py;:::i and (%) § = hp;q;:::i, and suppose thatn < m are such that
Gh L On.

Case 2.25.1 i<n ori>m +1.

Then py, = ¢, and pm = Gn, SO that p, > pm. By the induction hypothesis,

onecan nd 2Bj sothat = ( n+1 i1 m). Hence
i = (naaiiim)i
= i(ner it m)

by Fact 2.2.3, as desired.

Case 2.2.5.2 i=n.

Then p, 1 = ¢, and pn = Gn, SO that p, 1 > pm. By the induction

hypothesis, one can nd 2Bj sothat = ( n::: m). Hence

i = (n:iim)on
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= n+t1 n( n+1 220 m)

by Fact 2.2.4, as desired. (This works whethem=m lorn<m 1)

Case 2253 i=n+1=m.

This case is immediate, as | = n+1 is all that is called for.

Case 2.254 i=n+1<m.

Then ¢y = papn+1 and pm = Gn, SO that papn+1 >L Pm. Sincepn  pm by

Fact 2.2.1, we conclude by Fact 2.2.2 thatp, > pm. By the inductive hypothesis, one

can nd 2B suchthat = ( 41 ::: m). Hence
i = (n+1 230 m) ne
= n+2 (n+t 110 m)

by Fact 2.2.4, as desired.

Case 2.255 n+1<i =m.

Then p, = ¢, and pn 1 = On, SO that p, > pm 1. By the induction

hypothesis there isa 2B7 suchthat = ( n41::: m 1). Hence
i = (n+1 230 m 1) m
= (nsiiiom)
as desired.

Case 2.256 n+l1<i<m .

Then pn = ¢, and pm = Gn, SO that p, > pm. By the induction hypothesis
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thereisa 2 B7] such that ( n+1 ::: m)- Hence

(n+1 220 m)

i+1 (ne1 230 m)

by Fact 2.2.4, as desired.

Case 2.25.7 i=m+1.

Then p, = ¢, and pmpPm+1 = Om, SO that pn >_ pmpPm+1, and conclude

pn >L pm by Fact 2.2.2. By the induction hypothesis there is a 2 B} such that
= (n#1 il m)

Let (%) = hro;ry;:::i. Notice that rn, = pm, rfn+1 = Ph = ¢h and rp+; =
Pm+1- Then ¢, >L On = PmPm+1 implies that rorp+1 > rmrm+1, and conclude
r+1 >L m+1 by Fact 2.2.2.

Applying the induction hypothesis one last time, conclude that there isa 2
Bl suchthat = ( ns2 0 m+1)-

So nally then,

i = (n+1 00 m) met
= (20 men)(nen 200 men)
= (naif mea)( ner 20 m)
by repeated applications of Fact 2.2.4, as desired. 2

We specialize the lemma to the situation of interest:

Lemma 2.2.6 If 2Bf,i> Oand (% ;!exists, then ,*2B7.
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Proof:  Write (%) = hpo;py;:::i and (%) | V= hp;qp;:iii. Thenp 1= g 1G >0
G 1= p. Citing Lemma 2.2.5, with n = i 1 and m = i, conclude that there is a

1_

2B7 suchthat = ,andhence ; *= 2Bj] as desired. 2

Theorem 2.2.7 (%) exists precisely when 2B7 .

Proof: If 2 B7, then (%) clearly exists. Suppose that ) exists. By Garside
[Gar 69], write = 'where ; 2B} . Write = , i,::: i for somek O.
Write o= and ;= j 1 ijlfor0<j k, so that =

Claim: ; 2 Bj foreach 0 j k. The proof is by induction on j. The

claim is true for j = 0 by the assumption on . Then if ; ; 2 Bj, notice that

(¥ j 1 texistssince j 1 ;1= j= K 1:l js1,andsince ) exists then
sodoes§) k::: j+ . Citing Lemma 2.2.6 gives ; 1 j = i 2B7 .
In particular, = ¢ 2 B7, as desired. 2

Taking pjq to mean that there exists anr such that q = pr, we can draw the

following out of Lemma 2.2.5:

Corollary 2.2.8 If (¥) = pandpn >_ pm (and son <m), then

2.3 Sigma-Positive Braids Can Be Represented
As Such Without Additional Generators

An amusing limitation of the original proof that the linear o rdering of B;
mentioned in the introduction exists was that the representation of a braid as, say,

1-positive (that is, as a product of generators and their inveses where 1 occurs, and
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occurs only positively) required a huge number of addition& generators not present in
the original representation of
We will write B, for the set of words on generators ; (i < n) and their
inverses.
Although rewriting a 1-positive braid word as explicitly ;-positive might
1

require lengthening the word (witness ;% 2 53 2 1= 21 ,% 3 21 ,%), in this

section we show what was suspected all along, that a;-positive 2B, B ; (where

B, and that the length of such a representation is reasonableat most j j+ n23 i=4).
The proof embodies an algorithm with running time of the sameorder.

Laver has a di erent proof of this representation result, usng methods of braid
actions on sequences of elements from free left-distribute algebras, in the same spirit as
the original linear-ordering result. Dehornoy has investgated a simple and apparently
fast algorithm to produce the representation, but lacks a poof of termination.

We make use of an action ofB; on the free groupF, with generators fx; :

i 21 gof Section 2.1.3: i) i = Xi+1 X; % 1, and (xj) i=x ifi6j.
From Lemma 2.1.10 we note how a braid generator can change theead or tail

of a reduced word inF, :

Fact 2.3.1 |If a reduced wordf 2 F, begins (resp. ends) withx,, 2f 1;1g, then the
reduced form of (f) .,* begins (resp. ends) with (this same)x, except in the following

cases (with the displayed words in reduced form):

1 (i Xy) mt=

|

x
3

x
3

2. (0 Xm Xm ) mi = Xy
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An immediate consequence is that

Fact 2.3.2 If a braid is j-positive (resp. negative; neutral), then the reduced form

of (x1) ends withxg (resp. begins withxg; equalsxy).

The converse will follow as a corollary to the algorithm belav. The ;-neutral case does

not require any special consideration:

Fact 2.3.3 If is j-neutral, that is, can be written as a product of generators \thout

1, then it can be explicitly exhibited to be so without involwig additional generators.

De nition 2.3.4 A segmentis a non-empty reduced word inF, of alternating sign
(for example, X3X; 1x0). A loop (the loop associated withf ) is a word in F, 41 of the
form x, fx, wheref is a segment and; 2 f1; 1g preserve alternating sign (for
example, X, *x3x; *xox, * { note that (f) is a segment whenevef is ( 2 B; ), and

in particular each (x;) is a segment).

De nition 2.3.5 Let ()" be the reversing antiautomorphisms of-, ,; and B; , where

(X)) =xi, ()= jand( )= " ".
De nition 2.3.6 A pair (u; V) of reduced words inF, 1 will be said to have the property

that u is initially left of v if u= x§ x.®:::andv = x§ x4°:::;, e2f+1; 1g, and one
of the following obtains:
1. e=+1, and one of:
co<dg<ci;diorcg;di<cg<dgordg<ci;d; <cp;

2. e= 1, and one of:

Co>dg>cq;dy orcg;dy >cg>dg or dg>cq;d; >co.
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Say that (u;v) has the property thatu is terminally right of v if u ! is initially left of
v 1. Conversely, say thatu is initially right of v if (u") * is initially left of (v') 1;

and sayu is terminally left of v if u ! is initially right of v 1.

De nition 2.3.7 A pair (u;v) of reduced words inF, .; is a primary intersecting in-

stanceif u = xgx.°::x5, P and v = x§ x,°::x PV ¢ with e2 f+1; 1g, n> 0,

¢ =di for 0<i<n ,andu is initially left of v butu is terminally right of v.

See Figure 2.4 for a geometric illustration of a primary intasecting instance.
VooUS Xe Xe ' Xe,

6 6
& ig ag ig 7

— 1
u V = Xd, Xd1 Xd,
6 6

Figure 2.4. (u; V) = ( X¢, xcl1 Xc,  Xdo xdll Xd,) @ primary intersecting instance, with
Co<dg<ci=4d;<dy<cy n=2, e=+1, with uinitially left of v but u terminally
right of v.

De nition 2.3.8 A pair (u;v) of reduced words inF, .1 is an intersecting instance if
applying some combination of(a;b) 7! (b;a), (a;b) 7! (a *;b), (a;b) 7! (a";b) yields a

primary intersecting instance.

De nition 2.3.9 A pair (u;Vv) of segments is anintersecting pair if some pair of sub-
strings u®, v° of the associated loops ofi and v is an intersecting instance. A segment

u is self-intersectingif (u;u) is an intersecting pair.

See Figure 2.5 for an illustration of a self-intersecting sgment requiring the

extension to a loop.
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u
6
1 2 !
u u u
6
|
% 5 u ?u-
Uz ?U7
6
?
1 2 6 !
U u u

Figure 2.5. A More Complex Self-Intersection. The segmenti = X, X, L x, X4 1 %o
is self-intersecting as follows: Extend to the correspondig loopu- = x, 1 x2 X, b x,
x;t xo x, !, and extract substringsu; = x, * x2 x;* xzanduz=x;t x2 x; 1 xo.
Then u;y is initially right of u, while u; is terminally left of us.
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Lemma 2.3.10 If (u;v) is not an intersecting pair, then neither is ((u) ; (v) ) for any

2B .

We place the proof to this lemma in Appendix A due to its lengthy examination
of cases. It is done by showing it to be true for = | ! by case analysis, which shows
it for arbitrary by induction.

As a corollary to Lemma 2.3.10 we have the cases of direct intest:

Lemma 2.3.11 If u is a non-self-intersecting segment, in particular if u = (x;) for

some 2 B; , then none of the following can occur as substrings af:

1. Both xax, L and x,x, ! with a<r<b<s , and variations gotten by inverting
one or both, or reversing both.

2. Both XaX,, *Xc and x; x, 'xs with a<r<b <s<c , and variations.

3. Both xaX, 1and x, with a<r<b and the x, occurring at the tail of u, and
variations.

4. Both xax 1xc and Xr Xy, 1 the latter occurring at the tail of u, with a<b<c

and eitherr <a or b <r, and variations.

We write u < v to indicate that the word u is a (possible improper) subsegment

of the word v.

Lemma 2.3.12 Suppose thatu is a non-self-intersecting segment, that0 a <b <

c<!,and that (Xax, 'xc) * < u. Let

c(lb\a 1
abc — i
i=b j=0

(bb1:i an)( b1 ii0 as2)iii( e 1110 ¢ bra)

Then the reduced form of(u) anc is shorter by at least two than that ofu. Note that
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abc 2 Bn and is explicitly i-neutral if a> 0, or j;-positive if a=0.

Also, if (xcX, xa) < u, then letting

6/ lbya 1
abc T i
i=b j=0

1 1 ... 1 1... 1y... 1 ... 1
( b b 1--- a+1)( b+l - - a+2)---( c 1l ¢ b+a)

has the reduced form ofu) & shorter by at least two than that ofu. Note that 9. 2 By,

and is explicitly i-neutral if a> 0, or ;-negative ifa=0.

Proof: ~ We examine the rst possibility, where (xaXx, %) '<uand0 a<b<c<
. We look at the behavior of certain strings under the action d = .

1. Supposea ;s b Then (Xrxg1) ¥ =(Xc brrXe hes) -

2. Likewise, ifb ;s ¢ then (x, *xs) * =(x1, Xsta b)

3. Butifr aorr cthen(x, ') =x L

I

; 1 1 = 1
. Finally, (Xax, "Xc) = X¢ pra-

Hence it remains to show thatu can be partitioned up into substrings of these
types, including the one of type 4, in order to show that (u) has shortened by at least
two.

Butif a<r<b andx; < u, then (by Lemma 2.3.11.3)x; cannot be the tail of
u, nor can x,Xs ! < u with s <a or s>b (by Lemma 2.3.11.1). Similarly, fa<s<b
and x¢ ! < u, then x, ! cannot be the head ofu, nor canx,;x,* < uwith r<a orr>b.
Corresponding statements forb <r <c and b <s < c obtain. In these cases, pair 0
the x, xg L.

Suppose K Xy, xs) 1< u.lfs<bors>cthena<r<b bylLemma2.3.11.3,
and one partitions o ( XX Y L. lifb<s<c,thenr aorr>b, so partition o

(X, 'xs) 1. Finally, if r = aands = ¢, then partiton o ( xrx, *xs) *.
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If XXy s the tail of u, thena r<b by Lemma 2.3.11.4, and partition o
Xr Xp 1 Similarly for the head, and variations.

This accounts, exactly once, for allx, < u with a<r <c , putting each into
a partition class that  does not lengthen.

The second case, wherexgx,, 1xa) 1< u, is entirely similar. 2

See Figure 2.6 for a geometric illustration of the sort of patern x, X b xe

referenced in Lemma 2.3.12, and the e ect of 5,c on it and other non-intersecting words.

Xg' x5 ?

6 6 6
2 3 4 5 6 7
a u u U u u
X1 X2 X1 X7
6
# 47
X,' X3 ?
6 6 6
2 3 4 5 6 7
a u u U u u
X1 ‘X5
6 6

Figure 2.6. Non-self-intersecting Segmenti contains pattern x, X, L xe= %o Xgq L xs

with a < b < ¢, also containsx; and x4 ! xs, is shortened by apc = 247= 43 5 4 6 5
1 _ _ 1 _y 1

as X2 X4~ X7) =Xs, (X1) =Xpand (Xg~ Xs) = X4~ Xs.

Lemma 2.3.13 If u is a segment ending inx. 'xo, and 0 <a<b ¢, then (u) 3,
ends in Xg.

Proof:  We make repeated use of Fact 2.3.1. Ib < c, then (u) °ends inx, 'x, as all

the subscripts in % are at mostb 1. Assumingb = c, the part of ©up to the rst
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, 11 leavesu ending in x 'xo. Hence consider

1 1 ... 1y.
(CiiXpg X)) b b2t b A

If b a> 1 then this clearly ends inxo, so assumeéb a=1. None of ,%::: ,%can
change the trailing xo, and they can change the subscript of thex, ! by at most one.
Hence €::x,'xo) pY:i: 7= 11:xy %o with d > 1, so the nal ;' cannot change

the nal Xxg. 2

The main lemma, given next, yields the desired theorem immeidtely by in-

ducing on the length of (x1) .

Lemma 2.3.14 If 2By is such that the reduced form of(x;) ends inXg, then there
isa 2 By which is explicitly exhibited by a braid word inB, of length at mostn?=4
to be i-negative or i-neutral, such that the length of the reduced form ofx;) s at
least 2 less than that of(x;1) , and such that the reduced form of(x;)  either equals

X1 or ends in Xgq.

Proof: The in question will be a 4, Or gbc from Lemma 2.3.12 with the appro-
priate (XaX, *Xc) *;(XeX, 'Xa) 1< (x1) = u, the latter being non-self-intersecting by
Lemma 2.3.10. HenceX;) will be at least two shorter than (x;) . Ifa> 0,ora=0
and = g4, then will be i-neutral or i-positive, and hence k;)  will continue
to end in Xo. Whena=0and = 3, then arguments will be given to show that
(x1) ends inxg or equalsx;.

Write u = Xy,, :::quxullxo with 0 6 u; 6 uy::: 6 uzy. Note that (x;) =u
is indeed of odd length and alternating sign. Since :F, !'h Z;+i given by (x; h=

i is a homomorphism with ((f) )= (f)forall f 2F,, 2B;, onehas (u)=



33

((x1) )= (x1) =1, and hence (Uzn Uzn 1)+ :::+(uz up)+0=1. Therefore the

following is impossible:

O<ui>Us<U3z>:::<Uo>y 1>Uop: (2.2)
Consider the rst such relation to fail:
Case 2.3.14.1 First failure of (2.1) is u; <us,.

SubCase 2.3.14.1.1 n=1,sou= quxullxo with O<uji<u,andu, u;+0=1.

Then (U) 8u,u, = Xu, ug+0 = Xa.

SubCase 2.3.14.1.2 n> 1, and uz <us, so thatu = :::x, xy,X, X0 with 0<u; <
Uz, < Ug3.
Then = ,u,u; Works as desired.

SubCase 2.3.14.1.3 n> landu, >us.

Then one cannot have

U3<Uz>Us5<:::>Uo>, 1<Upzn; (2.2)

forthen (uzn U2y 1)+ :::+(us ug)+(uz u;p)> 1. Consider the rst such relation

to fail:

Case 2.3.14.1.3.1 First failure of (2.2) is Uzk < U 2k+1 -

Must have 0< u; Uz ::: Uz 1 < U2k < Uok+1 Ugk 2 ::: Ug Uz by

Lemma 2.3.11. In particular, 0O< Uk 1 <Ug <Ug+1,SO = works as

U2k 1U2k U2k+1

desired.

Case 2.3.14.1.3.2 First failure of (2.2) is Uz 1 > U .
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Musthave0<u1 us M. Uok 3 Uok <Uok 1<U2 2 Uok 4 M U Uz
by Lemma 2.3.10. In particular, 0< U <uUgz 1 <U2 2, SO UpkUzk 1Uzk o WOIKS
as desired.

Case 2.3.14.2 First failure of (2.1) is uzk > U 2k+1, With k> 0.

Must have 0  u» . Uok 2 Uok+1 < Uk < Uk 1 Uk 3 . us ui

i i - 0
by Lemma 2.3.10. In particular, Uzk+1 < U2k < U2 1, SO consider = [ . .. .

If ux+1 > 0, then is j-neutral and we are done, so suppose that 0 =i+ . Then

0 i i 1 iti
Oupcus , With Uz 1 Uy and u ends inx *Xo. Citing Lemma 2.3.13, conclude

that (u) ends inxg, as desired.
Case 2.3.14.3 First failure of (2.1) is uzk 1 < U2, with k> 1.

Must have 0  u» . Uok 2 Uk 2 < Uz 1 < U Uk 3 . us us
by Lemma 2.3.10. In particular, usx 2 < Uk 1 < Uz, SO consider = 0

U2k 2U2k 1U2k *

If ugk 2 > 0, then is ;-neutral and we're done, so suppose that 0 =uyk 2. Then

= Qus iun With Uz up andu ends inx, xo. Citing Lemma 2.3.13, conclude that
(u) ends inxg, as desired. 2

Theorem 2.3.15 If 2 Bp is i-positive (in By ), then can be explicitly exhibited

to be ;-positive in B, by a braid word of length at mos{ j+ n23 i=4.

Proof:  Since a braid generator or its inverse can at most triple the educed length of a
word in F, , the length of (x1) is at most 3 |. Repeated applications of Lemma 2.3.14
must, in s steps 6 < j(x1) j=2 3 i=2), yield a braid word in B,, of length at most
sn?=4, which is explicitly ;-negative and so that x;) = x;. Hence is i-neutral,

and let the braid word  explicitly represent as i-neutral in By, of length at most
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j jtij j- Then L is an explicit representation of in B, as a -positive braid word,

oflengthatmostj j+j j j j+2jj j j+n23 1=, 2

Re nements to the bound of 3 J onj(x1) j would directly improve the bound
on the representation of , but since j(x1)( 1 » Wj=2F+1 1 whereF; is the ith
Fibonacci number, this method of bounding the size of the repesentation of in B
as explicitly ;-positive is inherently exponential. It seems plausible havever that more

precise estimates of the number of steps could yield a polynomial bound.

Corollary 2.3.16 If u 2 F, is a non-self-intersecting segment of odd length with
(u) = 1, and u ends (resp. begins) inxg, then u = (x;) for some 2 B, with
explicitly 1-positive (resp. negative).

2.4 Group Representations of

Free Left-Distributive Algebras,
and the Word Problem for A,

In [Deh 92] and Section 2.1 it was shown that the in nite braid group B; has
an irre exive left-distributive binary operation (the Deh ornoy bracket), and hence that
A, the free left-distributive algebra on one generator, is f&hfully represented in B; . In
this section we obtain a faithful representation of A, in a larger group G,, and obtain
that the word problem in A, has an exponential time solution (which was known for
n = 1 from [Deh 92], and improves, forn > 1, a tower of exponentials bound which

comes from Dehornoy's con uence methods).

2.4.1 The Group

De nition 2.4.1  Let H be a set of sizen (taken later to be the set of generators of

Ap). Let hj = hhyii for h2 H,i2!*. The group hG; ;"i, is given by the generators
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f :i2!1*g[f hi:h2H;i2!*gand subject to the relations

ioj i = i whenjj ij=1;
T TR T whenjj ij> 1
i hj = hj i whenh2H;j>i +1:

De nition 2.4.2  We de ne the Dehornoy bracket onG, by

g o®=9g s(@® 1 s(@ -

The Relations 2.4.1 are the minimum necessary in order that lhe shift map s,
below, be a group endomorphism, and that the Dehornoy brackeeis left distributive.

This section is devoted to showing:

Theorem 2.4.3 The operation is left-distributive; the word problem for G, is solvable

in polynomial time.

Let 5:G !B 1 and ¢ : G !F y |+ be the natural projections of G,
onto the braid group and the free group on countably many geneators. There is a
natural projection of : B1 onto the permutation group + givenby ( i) =(i;i+
1). These are all group homomorphisms. Additionally, g preserves , the Dehornoy
bracket.

The shift endomorphism, given bys(h;) = hj;; forh2 H,ands( i) = i+,

is compatible with the relations that de ne G, and so is well de ned.

Lemma 2.4.4 is left-distributive on G,.

Proof:  We verify this by computing rst

p (g 1) p (g s(r) 1 s(@ b

ps(gs(r) 1s(@?h 1 s
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p s(@ si(r) 2 (@ ' 1 s(p)?!

ps@ s*r) 2 1 8% ' s(p)?

and then
P adPEn =(ps@ 1P (s 1sp Y
= (ps(@ 1 s Y s(psr) 1 s(p Y
1 s(p s(@ 1 s(p) Y *
= ps(@ 18" sp) ) 2 SPP) !
1 () ot At os(p) *
= ps(@ 1 8%() 2 1
() b SfP) Lt SP@ tosp) !
= ps(@ 15() 2 1 ., S@ " st
= ps(@ () 1 2 1 Lt S(@ st
= ps(@ () 2 1 2 ,° S(@* st
= ps(@ s%(r) 2 1 8% ! s(p)?
as desired. 2

To be able to solve the word problem inG,, we need to be able to determine
when a braid word 2 B; has the property that it is equivalent to a word in By, for
a givenk, whereBx B; in the natural way. (Take Bo = B; = f"g.)

So suppose one has such a braid and a integerk. If the permutation ()
associated with does not lie in ¢ 1, then clearly does not lie in By, SO suppose

that it does. Then let ©be the induced braid on the rst k 1 strings. Therefore
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lies in B if and only if = ©(as braids).

We describe anO(j j) computation of °from  (which reduces the complexity
of determining if 2 By to that of the word problem for B; ). One creates °by, so to
speak, dissolving stringsk and higher. Form the sequencé' = ¢; 1;:::; m = Wwith

i+1 = jei‘ ( 2f 1;19), and the associated permutations” = bo;by;:::;bn = b
with b4+ = b (ji;ji +1), and let the permutations act on the right. Then de ne the
sequence’ = §; i 8 = Owhere O, = 0 ]eo or %, = 9 with associated
the value of (1,2;:::)h after deleting k;k +1;:::. This is easily done by setting 2,
to P if either of the j;;(ji + 1)th positions of (1;2;:::)k is k or larger, and otherwise
setting %, to P ]eo where j 0 is the number of values in the 1st through {; 1)th
positions in (1;2;:::)b which are less thank.

We note for later that if 2 By then (xj) = x; fori k. (The converse
is also true, but not needed here.) Recall from Section 2.1 tht, letting Xo;X1;:::

be the generators of a free group, then the braids act as autoarphisms by (x;) | =

Xj+1 X; Xi (X)) i=x ifi6]j.

Reduction 2.4.5 If a word g 2 G, (strings of generators and their inverses under
concatenation) has the formg; h; 1 h, 1 g, andif 2B; 1thenh; commutes with
and sog reducesto g; O2.

Thus in this situation say that the pairing of h, 1 and h, 1 is commuting.

Lemma 2.4.6 Supposeg 2 G, does not have a subword of the form of Reduction 2.4.5

and g contains an h;. Then g6 " in By .

Proof: If g(g) 6 ", then clearly g 6 ", so suppose that ¢ (g) = ". Considerg as a

word in G,. In a xed reduction of the free group word ¢(g) to ", there is a nested
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pairing of the various h;:h; 1 appearing in g. For example,

might pair as indicated by the underbraces. Call such a painmg completeas everyh 2 H
in g is paired with someh ! in g.

If there is some complete pairing ofg so that every pairh 1 g° h ! in this
pairing of ghash * g(g9h ! a commuting pair, then clearly g= "

It is su cient to show, fora g2 G, with ¢ (g) = ", that if every such nested

complete pairing contains at least one pair

9= r_?zzhlgs

with  g(g) Z2B; 1 (so that this pair does not reduce), then the same is true for ay
g°2 G, obtained by a single application of the relations which de ne G,.

Clearly the property is preserved under the braid relations for lying in B; 1
is a braid invariant.

It is also preserved under ; h; h; withj i> 1, forlyingin Bj 1is
preserved by multiplying by ; Liti j 2.

Hence the concern is forh; h; !

If " in g is replaced byh; h; Y (or h, 1 h;, for the argument is symmetrical),
to yield g% then there are basically three cases of a complete pairingpf g° (here we

display those pairs which touch theh;;h; L's in question):
1.¢°=q [1 il gz

20 P‘_{E’Z_h}' [y o
3.¢°=a h % r ﬁs h}h !
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(with the gi'sin Gy).
The rst case is trivial, for deleting the ri_{yi_l yields a complete pairing for
g, which must have a non-commuting pair which is hence also inhe pairing for g°
The second case yields a complete pairing fa by deleting the inner h;; h; L and

pairing the outer h;; h; 1to get gr ri 1 gfz O3 h} g4 Then if the non-commuting pair

for this pairing of g is other than the indicated h;; h; 1 then it is also one for the pairing
of g° But if it is the indicated one, then one could not have both g(g2); s(%3) 2B 1
forthen g(g> g3) 2 B; 1 would follow; therefore the pairing of g° has a non-commuting
pair.

The third case is similar to the second.

Conversely, ifh; h; Lin gis replaced by" in g°then a pairing of g°= g1 " @
extends to a pairing

9= 0 |1i_{51i_}f %

of g, which by assumption must have a non-commuting pair (which nust be di erent

from the indicated h;; h; 1), and hence the pairing ofg® had one as well. 2

This reduces the word problem for G, to that for B; : Maximally reduce,
via 2.4.5, awordg 2 G, to ¢° If some h, ! still occurs in g% then g 6 ". If not,
compute whether g(g% 2 B; is" or not, concluding that g is equivalent to " or not,

accordingly. As B; has a polynomial time word problem ([Thu 92]), so does, .

2.4.2 The Mapping from A, to hG; i

De nition 2.4.7 Let H be the set of generators oA,, fhi :h 2 H;i 2! *g[f ;:
i 2 ! *g be the set of generators of5,. Let : A, ! hG ;i be the homomorphism

induced by by (h) = hy for h2 H ( is a homomorphism sinceA,, is free and hG; i
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is left-distributive).

Theorem 2.4.8 :An 'hG ;i is an injective homomorphism; the word problem for

A, is solvable in exponential time.

Proof:  We need to show is injective. Once this is obtained, then the closure of
fhy:h2 Hgunder willbe isomorphicto A,,. Then, given a polynomial-time algorithm
for comparing two words in G,, and seeing that the length of (g) is exponential in the
length of g, we conclude that the word problem for A, is solvable in exponential time.

Two words a;bin A, can be compared for equality inA, by the following
strategy: identify all the generators in H, getting words &;Bin A;. Then by Dehornoy's
con uence result & and B can be expanded (replacing subterms of the fornt(de) by
(cd)(ce), only) so that either they are equal or one is a strict initial subterm of the other
(i.e., one isc and the other is ((cd;)d> :::dk)).

One now performs these same distributions on the originah; b of A, to obtain
a%b’. Then one of three things happens: Ifa®% i° are identical, thena= bin A,. If one
of a% K’ is a strict initial subterm of the other, then a6 b. And if neither happens, then
a 6 band there is a rst place where they dier, say at generatorsh and h®. Further

distributions position these di ering generators so that

(((aar)az) : )y

%
I

((oby)be) ::2)b

where

a =wp rp(rp 1(:::(r2(reh)))

=ip  rp(rp 1(:::(r2(r:1h9)))
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ho2 H.

To show injectivity of , one needs to show that in each of the two possibilities
(one of a% P is a strict initial subterm of the other, or a® and b° have a variable clash)
we have (a) 6 (b).

That the rst possibility yields (a) 6 (b) follows from the 1-proposition and
irre exivity in By in Section 2.1, as one of g ( (%), g( (K)is a -initial segment
of the other in B; . Hence g( (a)) 6 g( (b)), and thereforea6 bin A,.

The second possibility is more delicate.

First, we examine the form of (ap); (kp). Write R; for (r;).

Compute

(20) (rp(rp 1(:::(r2(r1h)))))

Rp (Rp 1 (:i (Rz2 (R1 hy))

Rp S(Rp 1) i1 8° %(R2) s° Y(R1) hpu
p PR P p 1 "R Y 2 it 1 s(Ry) !

= R hpa p s(R) *

where
R=Rp s(Rp 1) ::: s Y(Ry)

and

as ; commutes with § (g) whenj i> 0, forall g2 G,.
Likewise, (bb)= R h,; p s(R) ™.

Now expand, writing A; for (&):

(@ = ((((avaz)az) ::7)a&)
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(A0 A1) A2) ) A

(R hpsr  p S(R) D) A1) Ap) ) A

R hp+]_ p S
whereS 2 s(G,) (1 s(G))'. Likewise,
(=R h8+1 p s°

whereS°2 s(G,) (1 s(G))!.
In order to determine that (a) = (b) is impossible, that is, to show that in

G, it cannot happen that R hy.a  , S= R hi,; SO itis sucient to show that
g=(89 ', (M%) ' hpa 5 S

cannot equal”. Considerg as a word in G,. In order for g to be equivalent to ", there
must be a complete pairing with all the pairs commuting as digussed in Lemma 2.4.6.
One cannot have the displayed (%.1) * pair to the right and simultaneously have the
displayed hp+1 pair to the left without violating nesting, so without loss o f generality
assumehy.1 pairs in this pairing to the right. Since , 2 B; already, hy+1 must pair
with an h,; in S. HenceS=S; h } S;with $;25(G) (1 S(G))'™.

Then g appears paired as

g:(SO) ! pl (hop+1) ! |hp+1 p{ZSl hp+l]} So:

In order that this be a commuting pairing, i.e., one that reducesgto ", it must
We claim this is impossible, namely, the action of g( , Si) on x, from

Section 2.1.3 is given by

(xp) p  B(S1) = (Xp+1 Xy 'X0) 8(S1):



44

But g(S1) 2 s(B1) (1 s(B1))'t, and since no , ! thus appears in g(S1), then,
by the methods of Section 2.1, if g(S;) is applied to a reduced word ending inxg, the
reduced result also ends irxo, and hence the result cannot bexp.

Therefore, since g( , Si) has a non-trivial action on x,, it cannot lie in B,.
Hence the displayed pairing ofhp.; ; hp+11 in g is not a commuting pair, and sog is not

equivalent to ". This shows the desired (a) 6 (b), and hence is injective. 2

For completeness we give the variant of the results from Sewn 2.1 alluded to

two paragraphs above.

Lemma 2.4.9 Foranyf 2Fg and 2B;,and()" is the reversing antiautomorphism

(see De nition 2.3.5), then (f")( ") *=((f) ) .

Proof: By induction on the lengths of representations off and . Forf ="or ="

there is nothing to prove, as is the casd = x;, = ; withié j and ; 2f 1;+1g.

We directly check that, for f = x; and = ,

ECH T = )N
= (X) i
= X Xi X+

= (X X% )

= (%) i
= ((f) )

Then if the result holds for (f1; ) and (f,; ), compute

(fa £ ' = (f5 £ *
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(FCH " dneHt

((f2) )" ((f) )"
(fy)  (f2) )

((fy f2) )

and similarly if the result holds for (f; 1) and ((f) 1; 2), compute

1 27 (f9: D'

= (D (Y
= ((fH D HH*
= () 0 *

= ((f) 1) 2

= ()1 2

and thus the result holds for all f and . 2

Lemma 2.4.10 If the reduced form of a wordf 2 F x ends with X, then the reduced

1

form of (f) , - ends with (this same)x, except in the following two cases (with the

displayed words in reduced form):

1o Xty Xm) mi1= 1 Xm o1

2. (00 Xm) mi= i Xt Xmoa

Proof:  This follows directly from Lemmas 2.1.10 and 2.4.9. 2
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2.5 Open Problems
Problem 2.5.1 Is there an embedding ofA, the free LD on n generators, into B; ,

the in nite braid group equipped with Dehornoy's left-distributive bracket?

Problem 2.5.2 For any nite vector v of elements of a free LD, is the set of braids

for which the partial braid action (v) is de ned well ordered under<?



CHAPTER 3

LEFT-DISTRIBUTIVE IDEMPOTENT ALGEBRAS

The classical binary operations satisfying the left-distibutive law a (b ¢) =
(a b) (a c), such as Boolean meet and join, group conjugation, and bargentric
mean, also satisfy idempotence:a a = a. This chapter considers algebras satisfying
left-distributivity and idempotence (LDI's). In places we relate this to recent work
on left-distributive algebras. The axioms LDI have been studied in Kepka [Kep 81]
and Joyce [Joy 82b]; in [Joy 82a] LDI's called quandles are stlied and related to knot
theory.

In Section x3.1 we consider the notions of 1-1 and onto for an LDI, and Joye's
quandles. Inx3.2, for completeness, we give some results of Kepka [Kep 8Hn arbitrary
LDl is in a universal way homomorphed to a 1-1 LDI; and in x3.3 an arbitrary 1-1 LDI is
embedded into a 1-1-onto LDI. We give examples of constructins of LDI's in x3.4. We
show in x3.5 and x3.6 that the equational theory of LDI's is strictly weaker th an that
of conjugation in groups, while in x3.3 we show that the equational theories oL.DI ; 1,
LDl onto LDl 1 1 ono, Quandles and GC (group conjugation) are equal. We show
in x3.7 that the rewriting rules for LDI terms are con uent. In va rious LD and LDI
algebras a composition-like operation can be added. It is daject to a natural set of
identities; we show in x3.8 that this set of identities, augmented by idempotence, $ a

conservative extension of LDI.
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3.1 LDI's and Quandles

We investigate algebrashQ; i, consisting of a setQ and a binary operation
on that set, which satisfy the two axioms:
[l a a= a (ldempotence)
[LD] a (b ¢g=(a b) (a c) (Left Distributivity)

We call such an algebra an LDI.

Consider the conditions on an LDI Q:
[1-1] Foreacha?2 Q,the mapL, :b7! a bis one-to-one (that is, Q is left-cancellative;
we will write instead that Q is 1-1).

[onto] For eacha 2 Q,the mapL, : b7! a bis onto (that is, Q is left-divisible; we

will write instead that Q is onto).

Joyce's notation for a quandle ([Joy 82b]) uses the binary oprations ., . 1;
then NQ;.;. i is a quandle if it satis es the laws:
[@1] x.x =x

[Q2] (x.y). *y=x=(x. 'y).y
[Q3] (x.y).z =(x.2).(y.z):
Thus a quandle is essentially a 1-1-onto LDI. Given a quandléQ;.;. i, then

hQ; i with a b% b.ais a 1-1-onto LDI. Conversely, given a 1-1-onto LDINQ; i then

h;.;. li,with a.b € baanda. b% the unique csuchthatb c= a, is a quandle.

3.2 Quotients Making LDI's 1-1

For this section we takea b cto meana (b ¢), i.e., we associate to the right.
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De nition 3.2.1 (Kepka) De ne a relation  on an LDI hQ; i by

a b, 9 n<! XXl xn2Q:

X1 X2 111 Xp @=X1 X2 il Xn b

Lemma 3.2.2 (Kepka) The relation is an equivalence relation.

Proof: a aanda b) b aare trivial

Supposea b, b c.

X1 X2 il Xp a X1 X2 i Xn b;

Y1 Y2 il Ym b Yi Y2 i1 Ym C:

Then
X1 X2 110 Xn Y1 Y2 i Ym @ = X1 X2 il Xn Y1 Y2 il Ym C
by repeated applications ofLD , and hencea c. 2

Lemma 3.2.3 (Kepka) The relation is a congruence relation onhQ; i.

Proof: ~ We need to show that ifa;a%b;?2 Q satisfya a%b b’ thena b a° K.

But if

X1 X2 i11 Xp @ = X1 X2 il Xp a%

Yi Y2 i yn b o= oy oy iy B
then

X1 Xz I Xn Y1 Y2 il ym (@ b=
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X1 Xz 11D Xn Y1 Y2 i1 ym (a0 )

by repeated applications ofLD , and hencea b a° K", 2

Thus (standard)

Lemma 3.2.4 If hQ; i is an LDI, with  de ned as above, thentQ= ;i isa 1-1 LDI.
The natural projection : Q! Q= given by :a 7! [a] is universal in

the sense that, if(Q% ) is any 1-1 LDl and : Q! Q%is a homomorphism (i.e.,

(a b= (a) (b)), then there exists a (unique) homomorphism :Q="! Q%so
that =
Proof: Q= ;i is an LDI by Lemma 3.2.3. To verify 1-1, suppose §] [b]=[a] [c].
Then there existsn <! and x1;:::;Xn 2 Q so that
X1 X2 i Xp (@ bB=x1 x2 ::i Xp (& ©):

Thus b cis satis ed.

def

It needs to be shown that ([a]) = (a) is well de ned. And indeed, if

[@]=[bthenx; X2 ::: Xp @a= X1 X2 ::: Xp bforsomen<! andxi;X2;:::;Xn 2 Q.

Hence (X1 X2 ::: Xp @)= (X1 X2 ::: Xp b). As is a homomorphism:
(x1) (X2) it (Xn) (@)= (x1) (X2) ::: (Xn) (b. As Q%is 1-1, conclude
(@)= (b.

is clearly a homomorphism: ([a] [b)= (ab)= (ab= (a (b=

([a]) ([b]). And (@= (a])= (a)forany a2 Q. Hence = . 2
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3.3 Equality of the Equational Theories
LDI onto, LDI 1 1, LDl 1 1 one @and GC.
From the remarks at the end of Section 3.1Quandles = LDl ;1 1 onto . JOyCE
[Joy 82a] showed that the equational theoryGC of group conjugation is the same as
Quandles . T. Kepka [Kep 81] showed that LDI ; 1=LDI 1 1 onto - In this section
we give their proofs, then showlLDI 4o =LDI 1 1, and hence the equality ofLDI oo ,

LDl 1 1, LDl 1 1 onto, Quandles and GC.

Theorem 3.3.1 (Joyce) The quandle consisting of the conjugates of generators of a

free group under conjugation is free [Joy 82a], and hencQuandles =GC .

Proof: Let X be a set, Fx be the free group onX, hQ;.;. 'i be the subquan-
dle of Fx under conjugation consisting of all the conjugates of the geerators in X,
with x.y = yxy Yandx. 'y =y Ixy. Then every element ofQ is of the form
e yTixy, By, & = (X Btyg). %2 Sy, wherex;yg;iiiyn 2 X andey;iiiien 2
f1, 1g. Two such expressions are equal iQ precisely if repeated applications of
X.®x=xand (T .¥x). €x =T make them identical as words.

Let P be an arbitrary quandle, andf a map from X to P. Then f extends to
amap fromQto P by f((x.®yy).®2 0.8 y)=(F(X).% f(y1)).%:::.% f(yn),

which is well de ned asx. ¢x = x and (T .€x). = T hold in any quandle.

f1; 1g, then (associating to the left)

f(s.t) f((x.®s.% 0.8 s). (y. Tt T2 Tmtn))

f(x.®s . %8s, fmg fmoac fig)

yLfrtg e e
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f(X).®f(sy). %2 8 f(sy). ™ f(tm). Tm 2o Tf(ty)

oy frf(t) . feo T f (tn)

(fF(x).%f(sy).®2:::.% f(sn))

NIRRT BEETRLE 1 (™)

f(s).f (1)

and similarly for f (s. *t), by repeated applications ofa.¢(b.f ¢)=((a. fc).¢b). ¢,

which holds in any quandle. 2

Stein [Ste 59] showed that any 1-1-onto LDI which is right-cancellative embeds
in a group under conjugation. A. Dapal, T. Kepka & M. Musl ek [DKM 93] showed
that the LDI generated by the generators of a free group underconjugation is right-

cancellative.

Theorem 3.3.2 (Kepka)  Any 1-1 LDI may be embedded into a 1-1-onto LDI of the

same cardinality (see [Kep 81]), and hencd Dl o LDl 3 1= LDl 1 1 onto -

Proof:  Suppose thatQ isa 1-1 LDI,anda2 Q. ThenaQ = faq: q2 Qg is a subLDI
of Q which is isomorphic to Q and which containsa. Hence, for anya 2 Q there exists
a 1-1 LDI of the same cardinality, which we denotea 'Q, with Q a Q and with the

property that, for any b2 Q, there is a (unique) g2 a 'Q so that ag= b. Denote this
qby a b, and note that a 'Q = fa b: b2 Qg.

Let = jQj, and assumeQ is in nite. De ne for each ordinal an LDI
Q ,with Qo = Q and with Q a subalgebraofQ ( < ). For a limit ordinal, let
Q =[< Q .Foreach < let Q +1 = a !Q forsomea 2 Q . By bookkeeping,

arrange that for eachq2[ <« Q =Q ,f :g= a gis unboundedin . Then every
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equation gx = b, with g;x2 Q , is solvable inQ , with Q Q , as desired. 2

However, the free LD on one or more generators, while it is 151cannot be
embedded into an onto LD; else, ifx = x p for generatorx, then x x = x (x p) =
(x X) (x p)=(x x) x, a contradiction. (See [Kep 81, 2.1(v)] for general conditbns

for an LD to so embed.)

Xn and one binary operation . As before, unparenthesized expressions are assumed to

associate to the right.

Lemma 3.3.3 For any words u;v 2 T,, if u = v is in LDI ; ;, then there exist

W1, Wo; i Wk 2 Ty such thatwy i@ Wy Wiy U (pr Wk i@ Wy Wq V.

Proof: If u=visinLDI ; 1, thenu = vis alaw in the free LDI on generatorsX
modulo Kepka's equivalence (given in De nition 3.2.1 and shown to be a 1-1 LDI in
Lemma 3.2.4). Henceu v, and by de nition therefore there exists wy;wp;:::;wyg 2 Ty

such that wx ::: Wy, Wiy U |p Wk i W Wjp V. 2

On 0 Q2 Ot U b1 Om :i0 02 01 V) U (Dl o V-

Proof:  We suppose thatgm ::: G @1 U ot Om ::: G O V for generators
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We claim that for each i (0 i m) there are elementshy, hy,..., hj, by,

D,..., 0 2 Qsuchthath; = boforl | i, and such that

u(a;az;iiisan) = hi hi 1ot heou(bgby;iiiib)

v(ag;ag;iian) = hy hi 1 iiiohy v(bybpriiiiby):

It is vacuously true for i = 0. Suppose it is true for somei < m, we want
to show it is true for i +1. For each "~ in 1 ) n, as Q is onto let B’ be such
that Bisgyo B = b, choosingkf),;) o = B0 by idempotence. Then for eachk in
1 k i+1,seth?=t,.

By left-distributivity, compute:

hi hi 1 0 hy u(bby;iii;by)

c
—~
Q
ol
8
g
1

Bo B 10 ::: bro u(br;bp;iiiiby)

(Bispyo o) (bispyo B 10) 130 (Bsgyo B
u((bisny o BY); (Bisny o B);:iti (Biuny o )

Bieyo Ho B o it B u(]idiiiibf)

Doy B 1 yo o0 B u(iicitf)

hha hP Yy oo hD u(l o)

and similarly for v.

Setting i = m gives

u(as;az;:is;an) = hm hy o1 o hy u(b by i)

v(a;az;:ii;an) = hym hy 1o hy v(bybp;iiiby)

with h; = Bo (1 j m).
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Thensincegm ::: g2 g1 U o1 Om ::: O g1 Vforgeneratorsgs;:::;gm 2 Xn

with g = Xjo (1 j m)and sinceQ is an LDI, conclude that

as desired. 2

The next two results, Lemma 3.3.5 and Corollary 3.3.6, are kown facts about

LD.

Lemma 3.3.5 For any word w 2 T, there exists integersm; ", generatorsgi,..., Om 2

On 0 Q2 Q1 U p P 00 P2 pr Wou

forany u2 T,.

Proof: By induction on the length of w. If w 2 X, we are done vacuously (with
=0, m=1and g = w).
Suppose that the result holds forw; and w,, and considerws = w, Wws.

By the induction hypothesis, there are, independent ofu, generatorsg;, ...,

On and wordsps;:::;p suchthatg, ::: gt U p p ::: p1 Wi U, and generators
9% :::;0%0 and wordsp?; i i p% such that @90 ::: ¢f u (o p% ::: pY w, u. Hence
gho i1 g Om D Gou
o P% ) we gn iilogrou
o P% ipd we poiiiopr wiou
o P P} (wz p) i (w2 pr) (W2 wa) we U
o P% oinop) (wz p) oo (wz pr) ((Wa wa) wp) (wp wa) u
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as desired. 2

On -0 Q2 0 U 1p P i P Wk 20 W Wp U

forany u2 T,.

Proof:  We use induction on k. Lemma 3.3.5 gives the cas&k = 1. Assume the

O1;:::;09m and wordsps;:::;p such that

Om 20 Q2 Oi U 1p P Iif P1 Wgo 1ID Wz Wp U
Again by Lemma 3.3.5, nd, independent of u, integersm® %, generatorsg?; :::; g% and
words p?;:::;p% suchthat %o ::: @ o u p p% ::: p? wkos Uu. Hence

o i1 o) On il gL oU

0 ....0 -
LD Po fiiP;] Wko+r Om :i: O1 U
0 ... 0 A .
LD Po i P Wkosr PoiIT P1 Wgo IID Wi o U
0 ... 0 . -
LD Po 11 Pp (Wk0+1 p) i (Wk0+1 pl) Wgosr Wgo :2 Wp U
as desired. 2
Theorem 3.3.7 For any words wy;:::;wg;u;v 2 T, one has

Wk 0 Wo Wi U | pp Wk 0 W2 Wp V) U DI g V-
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Proof:  Supposewy ::: Wy Wi U | p Wg ::: Wy w; V. By Corollary 3.3.6, nd
integersm; ", generatorsgy;:::gm and wordsps;:::;p such that

On :0 G2 Q1 U LDl Pl P Wk DD W2 Wi U

On 20 G2 Q1 V Lol Pl P Wk DD W2 Wy Ve

Then conclude

On 20 %2 i U o PoiiD P Wi i W2 Wi U
LDI PP Wk I W WiV
ol Om 0 01 1V
and hence, by Lemma 3.3.4, thatu p; ,,, V. 2

Theorem 3.3.8 For any words u;v 2 Tj,,

U by V) U 1Dl gy Ve

Proof: By Lemma 3.3.3,u p/, , Vv implies that there exists integer k and words
Wy Wg 2Ty suchthatwg @i wa, wi U | pp Wk ::: We wp V. By Theorem 3.3.7

we getu p ., V., as desired. 2

Corollary 3.3.9 The equational theoriesLDI oo, LDl 1 1, LDl 1 1 onto » Quandles

and GC are all the same.

3.4 Some Families of LDI's

Let R be a commutative ring, with or without unity, and let Q be anR-module.

Fix any k 2 R, and de ne for a;b2 Q,a x b= a+ k(b a).
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Example 3.4.1 hQ; i is an LDL.
Proof:  Idempotence is immediate, and forLD ,

ax(bro=(@1 ka+(k k)b+k*c=(axh k(axo

Lemma 3.4.2 Let hQ; ki be as in Example 3.4.1. Letlx(g) = kg. Then

1. Q; ki is1-1i Ly is 1-1.

2. Q; i isontoi Ly is onto.

Proof:  For (1),

axb=agxc , a+kb a=a+k(c a)

kb= kc

as desired.
For (2), observe that:
axgx=b , a+k(x a=0»b

kx = b+(k 1a:

Now if every kx = y is solvable forx, then everya  x = bis solvable forx. If

everya g X = bis solvable forx, then solving 0 x x = y gives anx with kx = y. 2

Hence we now have, lettingR = Q= Z, k=2

Example 3.4.3 hZ; ,i is an example of a 1-1 LDI that is not onto.
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Also,

Example 3.4.4 hZy; »i is an LDI which is neither 1-1 nor onto, and hZ4; 3i is an LDI

which is both 1-1 and onto. (A nite LDl is 1-1i it is onto.)

Hence there are LDI's in various stages of failing to be 1-1 athonto (quandles).

All that was really needed for Example 3.4.1 was thatQ be a group andf
be an endomorphismf of Q with a ¢ b= af (b)f (a) . However, with the R-module
structure we gain a family of LDI's, namely hQ;  : k 2 Ri, that have su cient structure

to support the following de nition:

De nition 3.4.5 For a xed set Q, a family of binary operations f ; : i 2 g on Q,
such that eachhQ; i is an LDI, is called a compatible family of LDI operations for Q
if
[AC] Foranyi;j 21 and anya;b;c2 Q,
aij(b;jo=(aib;(a;o:

De nition 3.4.6 If G is a compatible family for Q, de ne the map

(Q 6 (Q 6! Q G
by, for ;2 Q andg;¢°2 G,

(@9 ()= (a9didd:
Theorem 3.4.7 If G a compatible family for Q, thenhQ G; i is an LDI.

Proof:

I (9,09 (q9:9=(09q9;9=(q;9 ashQ;gi satises I.
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LD:

(a;f) ((b;@ (cih)) = (af(bgg;h)

(( afb)g(afc); h) by compatibility

((a;f) (b;g) ((af) (c;h)

Example 3.4.8 If Q is an R-module, then the familyf | : k 2 Rg is compatible for Q,

and sohQ R; i is an LDL.
Proof:  We need only note that, for any a;b;c2 Q and h;k 2 R,
anbke=@0 h)a+(h hk)b+ hkc=(anb) x(anc

as desired. 2

Example 3.4.9 Let Q be agroup, andlet, :Q Q! Q be given bya , b% anba ",
Then G = f , :n 2 Zgis a compatible family of LDI operations for Q, and sohQ G; i

is an LDI.
Proof:  Idempotence is immediate, and left-distributivity follow s from compatibility:

ai(bjc=abcbla’=(aib;(aio

Example 3.4.10 More generally, if iQ; i is an LDI, and if for each positive integer i,
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" isgiven bya 'b=a banda " b=a (a'b),thenG=1f':i2 Z"gis a compatible

family of LDI operations for Q, and hencehQ G; i is an LDI.

3.5 A Conjugation Identity Failing in an LDI

The ordinary conjugation operation ; is, of course, 1-1 and onto. The original
question posed to me was to see if there were any equational&dtities that were true
for all group conjugations but not derivable from LDI . We give an example of such an
equation.

First, an observation:

Example 3.5.1 If hB;"; i is a distributive lattice, then the setf* ; g is a compatible

family of LDI operations for B.

Proof:  That LDI holds is clear, andAC follows from the distributive laws. 2

Example 3.5.2 Hence we may form, forB = f0; 1g, the LDI

B, € hfo;1g  ; g;i:

Identity 3.5.3

(@b ba= (ab (ba)a
(ab b (ac = (ab ((bac
(notice that ¢ = a together with idempotence makes the latter into the former).

Observe that ((a b) b) a evaluates inB1, with a=(0;")and b=(1;_), to

(2;™) while the expression @ b) ((b a) a) evaluates to (G;”) and hence:
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Lemma 3.5.4 Identity 3.5.3 fails for the LDI B; of Example 3.5.2.

In [DKM 93] this counterexample was subsequently rediscoved by A. Dapal,
T. Kepka & M. Muslek.

What makes this of interest is that theseare identities for conjugation in groups
(thus for quandles, onto LDI's and 1-1 LDI's) and for medial LDI's. We check them

directly, although 3.5.5, 3.5.6 and 3.5.7 are equivalent byCorollary 3.3.9.

Proposition 3.5.5 Identity 3.5.3 holds where is group conjugation.

Proof: Let hG; i be a group, anda b=a b a ! be group conjugation. Then

abal'bab!!cbalb!®ablt al

(@ b b (ac

(a b ((bac

as desired. 2

Lemma 3.5.6 Identity 3.5.3 holds for any 1-1 LDI

Proof:

b(((ab b (ac) = (b(ab b)) (b(ac)
= ((b (@ b)) (bb) ((ba(bo)
= ((b(@ab) b ((bab ((ba o)
= (b (@ab) b ((b (ab) ((ba o)
= (b (ab) (b ((ba)c)

b ((a b ((b a) 0):

Thereforeb (((a b) b (a ¢) = Db ((a b (b a c)) and by 1-1ness,
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((a b b (ac=(a b (b a c. 2

Lemma 3.5.7 Identity 3.5.3 holds for any onto LDI (the second part holding for any

onto LD).

Proof:  Since the LD is onto, xing a;b;¢ thereisaz sothatb z= c.

Then:

(@ b b (ac ((a b b (a (b 2)

= ((ab b ((ab (a2)
= (a b (b(a 2)

= (ab ((ba (b2)

= (ab ((ba o

Lemma 3.5.8 If Q is an LDI satisfying the medial law (a b) (c d)=(a c¢) (b d),

then Q satis es Identity 3.5.3.

Proof:

(@ b b (ac ((a b a) (boc

(a (b a) (bo

(a b ((bac



64

We note that the examples of LDI's presented so far, save forhte one of Ex-
ample 3.5.2, do satisfy Identity 3.5.3.
Left-cancellation, which holds for free LD's [Lav 92, Deh 92 and fails for free

LDI's on 2 or more generators (Lemmas 3.5.4, 3.5.6), in factdils strongly there:

Example 3.5.9 There are termsA;B in two variables, withA B |p; A andA 6 p

B.

Proof:  Let the generators bea; b Write

x = ((ab b a
y = (ab ((ba a
A =y (bx)

B = (y b x

From the proof of Lemma 3.5.6, we know thatb x |p b vy.

Compute

A =y (bx

o (Y by x)

w - ((y by (y b x)

]

oy (by) ((y B x)

LI

g

iy (b x) ((y b x)

= A B:

But in the model B; of Example 3.5.2, seta=(1;_) and b= (0;”). Then
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computex =(0;_),y=(1;_), A=(1;_)and B =(0;_). Since in this LDI model

A 6 B, one must haveA 6 p; B. 2

We give a situation where left cancellation does hold:

Proposition 3.5.10 In the free LDI, a b= a c implies b = ¢ when the rightmost

generator appearing ina does not appear inb or c.

Proof: Fix a, b, c. Let the function RG give the rightmost generator of a word,
so RG(g) = g for generator g, and RG(U V) = RG(V). Write x for RG(a). Let
the function f delete left factors whose rightmost generator isx, sof(g) = g for g a
generator,f (U V)= f (V) if RG(U) = x, otherwisef (U V)= f(U) (V).

Then claimthat U py V) f(U) ot f(V). Itis sucient to show this
for 1-step applications of LDI . Assume the claim holds for U% V9 with U° shorter

than U.
Case 3.5.10.1 V=U U.

If RG(U) = x, then f (V) = f(U U) = f(U), otherwise f (V) = f(U U) = f(U)

f(U) o f(U).
Case 3.5.10.2 U= U, (U2 Ug) and V :(U]_ Uz) (U]_ U3)

Compute:

f(Ur (U2 Us))
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8
% f (Us) if RG(U1) = x, RG(Uy) = x
B RICORICH if RG(Us) = X, RG(Up) 6 X
% f(Up) f(Us) if RG(Uy) 6 X, RG(Up) = X

f(U) (f(Uy) f(U3) if RG(U1)6 x, RG(Up) 6 x

f((Ur Up) (U1 Uz))

8
% f (Ug) if RG(U1) = x, RG(Uy) = x
EERICORICH if RG(U;) = x, RG(Up) 6 x
f(U) f(Us) if RG(U1) 6 x, RG(Up) = x

(F(U1) f(U2) (f(U1) f(U3)) if RG(U1) 6 x, RG(Uz) & x
and sof (U) = f(V)orf(U) {p f(V).
Case 35103 U=U; U, V=V, VW with U, &DI Vi, Uo = Vo or U = Vi,
U, %DI Va.
Clearly RG(U1) = RG(V1), sof (U) = f(Uz) o1 (V)= f(V)if RG(Uy) =
X, elsef (U)=f(U1) f(Uz) o f(V1) f(V2)=F(V).
This completes the proof of the claim.

Then noting that x 2 U) f(U)= U, and assuminga b p a c, together

with RG(a) = x 2 b; g conclude that
b=f(h=f(@a b o f(a )=Ff(c)=c

as desired. 2

3.6 An In nite Independent Family
in the Equational Theory of Group Conjugation

For this section, we again associate to the rightta b c=a (b ¢).
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First we build a sequence ofGC -equivalent words.

De nition 3.6.1 Dene f,, Fy for n Oand gn, F,,, Uy, Vva fOrn > 0in T =
T(fa;b;@; ), the set of terms in lettersa, b, ¢ and binary operation , inductively as

follows:

fo=b;fi=a b;fhex = b frha; e fn=P b ::{:Zb aP

n+l
O1= & Gh+1 = b On; f=pb:,bba
n
Fo =foiFovg = fnaa Fis Fo=fn fn1 0 f1 fo
Fl :f]_; Fn+l :fn+1 Fn; Fn :fn fn 1 i f2 f]_

uh=F; o G

Vin = F, Oh+e1 C

Thus, for example,

(ab b v (a b ((ba o

((a b b (ac

Fi

Fy

(a by up

so that uj, v, are the words occurring in the second Identity 3.5.3, and

F; = (bbab (bab (abb

F, = (bbab (bakb (abh

us = (bbab (bab (ab b (bba)c
vs = (bbab (bab (ab) (bbba c

Lemma 3.6.2 g, b p f,forn 1
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Proof: Induct on n. The casen =1 is clear, and assumingg, b p fn, conclude

O+t D=(b gh) b ot D (G B ot b fn="Fne. 2

Lemma 3.6.3 u, = v, isin GC.

Proof: The casen = 1 is the contents of Lemma 3.5.7. We invoke only the onto
LDI properties of group conjugation. Fix k and inductively suppose the casen = k

holds, and examinen = k + 1. Assume cis such that b c® = c, and c®is such that

o €= gy 2



Then

—_ +
U1 = Frq Gke1 C

= (fke1
= (fkn
= (fke1
= (fke1
= (fka
= fka
= fxa
= (fku
= Fea
= Fea
= Fea
= Fea
= Fea
= Fea
= Fea
= Fea

= Vk+1

as desired.

Now we build a sequence of LDI models.

Fi)
Fi)
Fi)
Fi)

Fi)

Ok+1 C

G+« b
(Gk+1 D) Gkea
fror Geer €O

frer o €%

Fe o c®

Fy
Fe)
fren
(Gk+1

Ok+1

Ok+1

COO
fror Os1 €%
Ok+1 ¢

b Ok+1 c0

b C00

(b g b c®

b ok

COO

b g1 o

(b ge1) b

Ok+2

Cc

©
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LD

Lemma 3.6.2

LD

induction hypothesis

LD

Lemma 3.6.2

LD

LD

LD

De nition 3.6.4 Let hQ; i be a set with a binary operation, anda 2 Q. Let Q2 =

Q[f a%, wherea® 2 Q is a new symbol, and extend to all of Q2 to form hQ?; i by
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q a®=q aif gzfa;a¥y; a° q=a qif g6 a% a® a’= a% anda a’= a°
Lemma 3.6.5 If hQ; i is a 1-1 LDI, then hQ?; i is an LDI, for any a2 Q.
Proof:  Note that the map :Q?! Q, which sendsa’to a and is the identity on Q,
is a retractive homomorphism. The only way hQ?; i could fail to be an LDI is if one
side of an instance of the left-distributive or idempotencelaw evaluated to a° while the
other side evaluated toa. Note that x y = a’i (x) = aandy = a% and that by
1-1ness, (x)= (x y)=a) (y)= a
Case 3.6.5.1 A=a’) A A=a’andA A=2a%) A=al
These are immediate.

Case 3.6.52 A (B C)=a% (A B) (A C)=a°

A (B C)=a’) (A)= aandB C=a°
) (A)= (B)= aandC = a°
) (A B)= aand A C = a°(by \note")

) (A B) (A C)=a

Case 3.6.53 (A B) (A C)=a’ A (B C)=a°

(A B) (A C)=a°) (A B)= aandA C=a°
) (A B)= (A)= aandC=a°
) (A)= (B)= aandC = a°(by \note")

)y A B C)=a
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as desired. 2

De nition 3.6.6 Let R be a eld. For eachk 2 R dierent from 0, write Rx = hR; i
withr «s=r+ k(s r), al-1LDI (Example 3.4.1, Lemma 3.4.2). For eacha 2 R,

let R} be the LDI of De nition 3.6.4 and Lemma 3.6.5.

Lemma 3.6.7 Fixing any a;b;c;k2 R, Let :T ! Ry be the map thus induced. Then

satis es:
() = b k" b aifn 1
(fo) = b
(fn) = b+k" Yk 1)(b a)ifn 1
(Ff) = b nk" Yk 1)%(b a)ifn 0
(F,) = b k" Y(nk 1)* Kk*+k)b a):
Proof:  This is a straightforward induction on n. 2

Lemma 3.6.8 Given R, a6 bandk 60 in R, then (F7)= (g.) in Rc i n(k

1?=1inR;and (F,)= (gh+1)i nk 1)%>=Kk>

Proof:  This is immediate from Lemma 3.6.7. 2

Either of k = 1 1=pﬁ satises n(k 1)®> =1 of Lemma 3.6.8, but to avoid

ki =0, de ne:

De nition 3.6.9  For n a positive integer, andR a eld such that the characteristic

p

of R does not dividen and such thatn has a square root inR, let k, =1+1= n. If
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n =1, we also require that the characteristic ofR be di erent from 2, so thatk, 6 0 in

all cases.

We are now ready to produce our family of LDI models which willwitness the

independence of theu, = v, equations.

De nition 3.6.10 Fix n 1. Let R be a eld as in De nition 3.6.9. Fix any a6 b2
R. Compute c, = (gn) in Ry, . Let Rﬁ”n be derived fromRy, as in De nition 3.6.6.

Let ,:T ! Ry be induced bya; b; Q.

Lemma 3.6.11 For eachn 1, ,(up) 6 ,(vn).

Proof:  Note that Ry, is right-cancellative ask, 6 1. Then observe that (gm+1) 6
(gm) for any m, since () = by, a6 agx,a=a= (g)ashé a and (gm+2) =
(Om+1)) bk, (@m+1)=Dbyk, (@Gm)) (Gm+)= (Gm).

Hence n(Va)= (F) k, (On+1) k, Ch 6 €3 @S (Gn+1) 6 CnjCh.

By Lemma3.6.8, (F¥)= (gn)= Gn,andso n(Un)= (FF)«k (Gn) k.

anncnkncgzcgg n(Vn)- 2

Example 3.6.12 With n =1, usinga=0, b=1, and setting R = Z3 gives(Z3)J
hf0% 0; 1; 2g; »i, the other 4-element model (Example 3.5.2, Lemma 3.5.4) dfDI where

Identity 3.5.3 fails (there are only two up to isomorphism).

Proof:  Compute k; =2 and note that x ;y = x+2(y x)= Xx+2yturns Zj into the
1-1 LDI (Zg)z. In (ZS)CZ) compute ]_(U]_) =0 ,0 2002 0% while 1(V1) =2 52 200: 0.

2
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Theorem 3.6.13 Let S be an in nite subset of the positive integers so thai? 2 S
implies (i +1)? 2 S (omit, for example, the even squares). Therfu, = v, :n2 Sgis a

subset of GC, but u, = v, is not a consequence of DI [f uy = vy, :m 2 S;m 6 ng.

Proof:  We claim that the equational theory of Rﬁ”n (n 2 S) contains eachuy = vp,
(m 2 S; m6 n), but not u, = v, (the latter fact is Lemma 3.6.11.)
Fix ;m 2 S, R, kn, Cn, REE* and anyfa;b; @ REQ. The choice ofc, gives
: Rﬁ"n I Ry, , and the choice off a; b;q gives , : T ! Rﬁ”n )
Clearly ( n(um))= ( n(vm)), so that the only way that ,(uyn) 6 n(Vm)
isby n(um)= ¢, n(Vm)=Cyor n(Um)= Cn, n(vm)= 8.
If n(um) & n(vm) then necessarilya 6 b, sincea = b implies ,(um) =

a(a o= n(Vm).
Case 3.6.13.1 (um)= %, n(vm)= Cn.

Sincex «y = i (x) = ¢ andy = c, conclude that c = 8, ( n(gm)) =

( n(F3)) = cq. Sincea 8 b, by Lemma 3.6.8 conclude thatm(k, 1)2=1,0or m = n.
Case 3.6.13.2 (Um)= Gy, n(Vm)=

This implies ¢ = ¢, ( n(Om+1)) = ( n(Fy)) = €y and a 6 b. By Lemma 3.6.8
conclude thatm(k, 1) = k2, orm = (p n+1)2, hencen 2 S) m 2 S, contradiction.

2

This does not settle whether the equational theory of group onjugation is
nitely based (i.e., there remains the possibility that a n ite collection of equations true
in group conjugation implies the entire fu, = v,g family). A conjecture whose truth

would settle the matter:
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Conjecture 3.6.14  For words wy; W», if w; = w» isin GC, then there is anN so that

forall n>N , w; Ren W2 (where R = R, the reals).

3.7 Conuence

The goal of this section is to show that the rewriting rules fa LDI's are con-
uent; that is, if two terms in the language of one binary operation are equivalent under
LDI , then they are both equivalent to some common expansion. As entioned in the
introduction, that the rewriting rules for LD's are con uen t was shown by Dehornoy
[Deh 89a]. The proof here uses a modi cation of Dehornoy's \@rivative" @ So let
be a set of letters, andT be the set of terms freely formed from using a single binary
operation. Thus if a;b;:::2 then a;aa;(abb;:::2T .

First we develop a series of technical lemmas.

De nition 3.7.1  Inductively de ne the binary map and unary maps@@@from T

to itself by (for a2 aletterandu;v2T terms):

ua = ua u (vw) = (u v)(u w)
@a) = aa; @Qu) = @u) @)
@) = a @Qu) = aQu @v
@a) = & @Quv) = @u) @v)

De nition 3.7.2  For u;v 2 T write ul.'DlI v if v can be obtained fromu by a single
LDI -expansion, that is, of replacing a subtermp by pp or replacing a subterm p(qr)
by (pa)(pr). Write ul® v if there is somen 0 so that v is obtained from u by n
LDI -expansions.

Also, for u;v 2 T write u f‘f v if v can be obtained fromu by a singleLD -
expansion, that is, of replacing a subtermp(qr) by (pg(pr). Write u P v if there is

somen 0 so thatv is obtained from u by n LD -expansions.
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Note that ' is transitive, that u to V) u't® v, and that F° s transitive.
Lemma 3.7.3 u'™ v, e w) ut ' vw and u P v,th w) ut Fo ww.

Lemma 3.7.4 uv f‘D u v

Proof: By induction on the length of v. If v= a2 then ua=u a. If v=tw and
the result holds for t; w, then in particular ut F° u tanduw ° u w. By Lemma 3.7.3,
(ut)(uw) ° (u t)(u w). Finally, uv = u(tw) ° (ut)(uw) ° (u t)(u w)= u (tw) =

u V. 2

Lemma 3.7.5 u'™ v) t uf® t vandut® v) t ut® t v

Proof: It is sucient to show ul.fti' v) t ut® t v. Induct on the length of u.
If u= a2 , then al.fDl' aa is the only possible 1-step LDI-expansion, andt a =
ta ‘ri‘ (ta)(ta) = (t a)t a)=t (aa).

Now if u = wz, there are four cases.
Case 3.7.5.1 WITDll wland v = wo.

By the induction hypothesis, t wi® t Wl Thent u=t (wz) =(t w)(t z)l!DI (t

wo(t )=t (wWo2)=1t w.
Case 3.7.5.2 z'IDl' z%and v = wz%

By the induction hypothesis, t z™® t 2% Thent u=t (wz)=(t w)(t 2) tP! (t

w)(t z29=t (wzO)=1t w.
Case 3.7.5.3 v=(wz)(wz)

t u=t wz2)™® @t w2)(t (wz)=t (W2)(wz))=t w.
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Case 3.7.5.4 z= 237, and v = (wz)(wzy).

—
c
1

t (wz)

t (W(z122))
= (t w(t (z122)

= (t w((t z)(t 2)

P2 wt z))((t w(t z2)

= (t (wzp))(t (wz2))

t ((wzi)(wzz))

= t v

as desired.

The proof for the LD assertion is similar. 2

Lemma 3.7.6 u™ u®) u vi® w0 vandut® uw) u vi® w0 v

Proof: By induction on the lengthof v. If v=a2 ,then u a= ua™ ula=ul a
lfv=vivathenu v=u (viva) = (u vi)(u v2)' ™" (U0 vi)(u® vp) = U® (viva) = WO v.

The proof for the LD assertion is similar. 2

Lemma 3.7.7 u'™ uCvi® v0) u v w0 voanduf® ulvi® vO) u viP o

Ve
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Proof:  Applying Lemmas 3.7.5, 3.7.6 yieldsu v u v u® Vv and similarly

for LD. 2

Lemma 3.7.8 uf® @Qu)

Proof: By induction on the length of u. If u= a2 then a= @a). If u= vw and

both vI° @v) and wt® @w), then u= vwt® @v@aw)t® @ @w)= @ww). 2

Lemma 3.7.9 @u) "™ @u).

Proof: By induction on the length of u. If u= a2 , then @a) = a™® aa= @a).
If u= vw and both @v)""™ @v) and @w) ™™ @w), then @u) = @vw) = @v)
aw)'”™ @ @w) = @w = @u). 2

Corollary 3.7.10 u't® @u)

Proof: Immediate from Lemmas 3.7.8, 3.7.9. 2

Lemma 3.7.11 w'™' &w).

Proof: By induction on the length of w. If w= a2 ,then a= @a). If w = uv,
then u '™ @u) by Corollary 3.7.10. Also, v P! @v) by induction hypothesis. Hence

w=u' @u@v)= &uv)= &w) as desired. 2

Lemma 3.7.12 @w)@w) = @w).
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Proof: By induction on the length of w. If w= a2 then @a)@a = aa= @a). If
w = uvand @v)@v) = @) then @w)&@w) = @uv)@uw) = (Qu) @v)(@u) @v) =
@u) (@v@v))= @u) @v)= @uv) = @w) as desired. 2

Lemma 3.7.13 (Dehornoy) u .Hl) V) Vv to @u)

Proof:  The proof proceeds by induction on the length ofu. If u= a2 , then there
is no 1-stepLD -expansion ofu.

If u= uqu,, then there are three cases.
Case 3.7.13.1 u; ° w2 andv = u?
ase 3.7.13.1 u F" uj andv = uju,.

By the induction hypothesis, u? I® @u;). Then

v=uwup £ @uue P @u@u) ° @u) @uo) = @uiny) = @u):
Case 3.7.13.2 uy f‘f u9 and v = uzul.
By the induction hypothesis, ud I® @u,). Then

v=uudt? @u)udt® @uy@w) t® @u) @un) = @uin) = @u):
Case 3.7.13.3 uy = upiuz and v = (Uguz;)(uguzy).

Compute

Vo= (uruz)(uitz)
P (01@ua)) (11 @uz)
2 (u @ua))(ur @uz)
= U (@u2)@ua))
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P @u) (@ua)@uz))
P @ui) (@Qua) @uz))
= @ui) @uauz)

= @ui(uz1uzy))

=  @uiuyp)

= @u)

as desired. 2

Lemma 3.7.14 ultti' v) vi® @u).

Proof:  The proof, as usual, is by induction on the length ofu. If u= a2 , then
v = aais the only 1-stepLDI -expansion, andaa = @a).

If u= tw, then there are four possible cases of 1-stelpDI -expansions:
Case 3.7.14.1 t'!i' t®and v = t.

By the induction hypothesis, tO'IDl' @t), sov = tWw® @w'® @yaw)t’® @)

@w) = @tw) = @u).
Case 3.7.14.2 Wl!EiI wland v = twl

By the induction hypothesis, wollDl' @w), so
v=two"® @)wtt’® @yaw) ™ @) aw)= @w)= @u):

Case 3.7.14.3 v = (tw)(tw)

v = (tw)(tw)



80

o @ywy@nw)

(@ @w)(@an @w)
= @w)@w)

= @w)

= @u)

Case 3.7.14.4 w = wiwy and v = (twy)(twy).

Cite Lemma 3.7.13 to note that

t(wawy) f'f (w)(twz) ) (twa)(twz) ™ @t(wiwe)):

Then

v = (twa)(twz) 1P @twawn)) ' @t(wiws)) = @tw) = @u):

as desired 2

Lemma 3.7.15 x (y 2) to x y) (x 2z)

Proof: By induction on the length of z. If z 2 then x (y 2z)= x (y2) =
x y)(x 2) to (x y) (x 2). If z= z37, and we suppose thatx (y z) +o xy) (x z)

fori=1;2, then

X (y 2) = x (y 212)
= x ((y 2)y 2)
= (x (y 2)(x (v 2)
() (x z))(x y) (x 22))

= (xy) ((x z)(x z2))
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= (xy) x z;mz)=(x y)(x 2)

as desired. 2

Lemma 3.7.16 u™ v) @u) ™ @v).

Proof:  Clearly it is su cient to show u L.rDl' v) @u) yP! @v). Proof by induction
on the length of u. If u 2 , then the only possible 1-step LDI -expansion isu LT
Then @u) = uu™ @uu) by Corollary 3.7.10.

If u= uyu, then there are four cases.
Case 3.7.16.1 u; ™ w andv = u?
ase 3.7.16.1 u; T uj andv = ujuy.

By the induction hypothesis, @uz) 1°' @u?). Then
@u) = @uiup) = @Qui) @uy) P! @Qu)) @Quy) P = @uiup) = @v):

Case 3.7.16.2 u, ™

T ug and v = uzul.

By the induction hypothesis, @u.) I°' @u2). Then
@u) = @uily) = @ui) @ux) ™ @u) @) = @uiud) = @v):
Case 3.7.16.3 v=uu

au 't @uau ™ @u @u)= @uu)= @v).

Case 3.7.16.4 uy = U Uy and v = ((UgU2;)(UgUz)).

@u) =  @ui(uuz))
= @ui) @uaUz)
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= _@Ul) (_@Uzl) _@Uzz))
' (@u1) @ux)) (@ui) @uz)) by Lemma 3.7.15

= @uiuz1) @uiuz)

= @(uiUz1)(uuzy))

= a@av
Theorem 3.7.17 Conuence holds: If u = ug;uq;:::;u, 1;U, = Vv are members of
T ,and foralli (0<i n) either u; 15? Uj Or uj L.f[i' uUj 1, then there is somew

with u'™® wand v w.

Proof:  Claim that there is an m 0 so that u't” _@'(v). This will be su cient for
v i _@n(v) by Lemma 3.7.10.

The proof is by induction on n. It is clearly true for n = 0 by choosingm = 0.
So suppose itistrue fom =k 1 0 with m = m% and we examine the casa = k. By
assumption, ug kD! @]O(Uk 1)- If ug 1 L.rDl' uk then by m° applications of Lemma 3.7.16
one has@r)no(uk 1) §D! _@no(uk), S0 Ug 4! _@n(uk) with m = m% If on the other hand
U

Lemma 3.7.16 one has@no(uk 1) 4! @0(@uk)) = @Toﬂ (uk), so ug kD! @(uk) with

Uk 1, then Lemma 3.7.14 yieldsug 1lID' @uy). Again by m° applications of

m=m°+1. 2

3.8 Conservation

We show that a composition operation can be conservatively dded to free
LDI's, as is also the case with free LD's.

Let T (G; ) be the set of terms in generatorss using the single binary operation

, and let T(G; ; ) be the set of terms in generatorsG using the two binary operation
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and

Then the axiom set (from which LD follows) for T (G; ; ) is given by:

[ x (y 2=(x y) z
[21(x ¥) z=x (¥ 2)
[3x (y 2=(xy) (x 2)
[ 4 x y=(xy) X

Besides the free objects constructed from these axioms, s@maturally occur-
ring models are known:

The rst one comes from set theory. For a limit ordinal, let E be the set
of elementary embeddingsj : V. ! V ,wherej k=] j(k\ V)and kis
functional composition. Assuming that a  with non-trivial such embeddings exist, the
subalgebra of embeddings generated by one such underresp., under and ) is the
free 1-generated.D algebra (resp., algebra) [Lav 92].

Let | = [f lg. A canonical example of | is any group (G; ; 1) where
uv=u v ulandu v=u v

This last example, restricted to the operation , cannot have as a subalgebra a
free LDI on more than one generator, since itsatises (@ b) b) a=(a b ((b a) a),
whereas there is a 2-generated 4-element model bDl for which this is not an identity
(Lemma 3.5.4).

Laver [Lav 92, section 1, pages 212{213] has shown that is a @nservative
extension of LD , that is, equations which involve only variables and the praduct , and
which are provable using the axioms in the language of and , are provable using
the axioms LD in the language of .

The purpose of this section is to show that | is a conservative extension of
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LDI . The proof is a variation of that in [Lav 92].

For convenience, let

P = T(fan:n 1g;; )
A = T(fa,:n 1g;)
At = T(fa,:n 0g)

A = (AT nfg

the last being the non-empty nite sequences of words fromA. The languagesA and
P are where the result will obtain, whereasA* introduces a new letter for bookkeeping
purposes.

Form the mapsf;h : A A* | A" inductively by

f((uosuz;ziiiun)iw) = Uo (U (::(un W)
and
h(t#;) = a
h(t;a) = f(d;a)ifi> 0
h(d;v w) = h(4;v) h(d;w)
Thus, for example,
h((ui;uz);az (a1 ao)) = (ur (Uz &) ((uz (U2 a1)) ao):
De ne an equivalence *, and binary operations *, » on A as follows, for
H=(Ug;Up;:::5Up) 2 A and v =(Vy;Ve;iii;Vy) 2 A

v, f(dia) w f(v &)
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™% = (Ug;U2;iii5Un; ViV, iii;Vm)
vy = (F(dva)if (e v2); o5 f (6 vim))

Finally, de ne the map k:P ! A inductively by

k() = (a)fori> 0
k(u v) = k(u)™k(v)
k(u v) = k(u)*k(v):

Now the vocabulary is in place to state some remarks, some lemas, and the
theorem. The idea of the proof of conservation is the fact tha(u; u, ::: up) v
up (uz ::: (up Vv):::), and that every P-word is |-equivalent to a composition
of A-words. A represents those compositions, and | is reduced back toLDI by f,
using a new variable in the second argument. So one shows than equational proof in
P= , lifts, by k, to a proofin A =7, and that " -equivalent k(A)-words correspond

to Lp -equivalent A-words.

Remark 3.8.1 For 42 A andv 2 A, one has
h(#;v) o f(8v);
by repeated distribution, noting ap not in v.
Remark 3.8.2 For 4:t#*2 A andv:v?2 A*,if y~+tandv p VvPthen

h(t;Vv) LDI h(ﬁoi VO)

f(a;v) o V9
as the variable ag is not found in + or 2

Remark 3.8.3 If u2 A then k(u) = (u), a sequence of length 1.
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by induction on the length of the word u.

Lemma 3.8.4 The equivalence” is a congruence onA with respect to the operations
A and ~, that is, if 42+ and ¥~ A0, for 4;t!v;+’ 2 A |, then also #"v " 4”+° and

AV A 0N AL,

Proof:  Supposet ™ t% ¥~ &0 with ¢ = (ug;uz;:::;up), #0= (ud;ud; i ulo), v =
(V1;V2; 1155 Vm), and 0= (v9;v3;:::;v0 ), allin A .

By Remark 3.8.2 one had (¥;&) o1 f (¥ ap), and so also

f (4" v; &) upr (uz i (Un (vo (V2 i (Vmo @o):iii)) iii)
= f(uf(v;a))
i f(#%f (v’ a0)) by Remark 3.8.2
= f( ¥ ag)

and so4” v " t°2¥° as desired.

Also,

f (v, &)

ot F((h(d;vi); h(d;ve);: 115 h(H; vin)); h(d; &)) by Remarks 3.8.1, 3.8.2

= h(u;f(v; &)
o h(#%f (+%ao)) by Remark 3.8.2

o f (" a)

as desired. 2
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Lemma 3.8.5 (A =";”"; ") satis es the axioms |

Proof:  Assume that

4 = (Ug;u2;:::;Up)
¥ = (V1;V2;ii1;Vm)
w o= (wg;woiinw)2A

and proceed through the axioms:

[1]
M (WAW) = (Ug;Ugjiii;Un;Vi;Vo, il Vm Wy, W, iii W)
= (a™"vV) ' w
[2]
() w = (F (v w); f (et viwg) o f (a7 v w))
S CHCRICATI)RECRICAT)) BN N CRICAYY))!
= aM(v'w)
[3]
ah(vAw) = (F(eva)f(erve)oon (v )sf (e wa); f (s w)s oo f (1 wh))
= (v " (W)
[4]
f(uhvia) = f(uf(via)

o f(ewv) (F(esve) o0 (F(dvm) f(d@0))::0)



f((f (e;va); (e v0); o0 f(H;Vm); Uz Uzt Up); @g)

f ((4"v) " 4; @)

and sod” v " (4v) M .
[I1 This nal axiom is proved by induction on the length of 4.

If 4= (uy) then

f (v d)

f((u1)™(u1))

(up ug) ag

LDI Ui Qo

f((u1))

f (4]

and sotd™d ™ .

Now supposetd = v w wherev*v ™ ¥ and w*w " w. Then
™ = (VAW NV W)
= vM(wr(¥w)) 2

= vM((w™v) N (whw) 3

NN (W) M w) inductive hypothesis, Lemma 3.8.4
AN (W) 4

= (v w) N (V™) 3

N (VW) MY inductive hypothesis

AN A 4

= #

as desired.

88



89

Therefore (A =" ;”; M) satis es the axioms | 2

Lemma 386 U a p V a) u p V@l uv2A).

Proof: If ag 2 u2 A*, de ne do(u), the right depth of the rst ag in u, inductively

on the length of u by:

do(a0) = O
do(ur uz) = 1+ do(uz) if ag2uy
do(ur uz) = do(u) if ap2 uy

For completeness, one could de nedg(u) = 1 if ag 2 u.
Then if do(u) = 1, de ne Ilg(u), the left-factor of the rst ag in u, inductively

on the length of u by:

lo(up uz) = wup if ag 2 uq
= lo(uy) ifag2u
the latter being de ned since 1 = do(u) = do(u; uz) = dg(uy) if ag 2 uj.
Then we claim that, for u;v 2 A", u py v ) do(u) = do(v), and if in
addition dp(u) =1, then u p v) lo(u) o lo(V).
If so, the lemma follows, since ifu ag p; Vv ap with u;v 2 A, then dp(u ag) =
1 and sou=lp(u ap) o lo(v ap) = v.
It is clearly su cient to show the results of the claims follo w from u IIT V.
Assume, then, thatu;v 2 A* and u L.rDl' v, and that the dy result obtains for

u® vO with length u®less than that of u:
Case 3.8.6.1 v=u u.

If ag 2 u, then dp(u) = dp(u u) = do(v), elsedp(u) = 1 = do(V).
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L DI DI
Case 3.8.6.2 u = uj Uy, V= Vi V» with either ull!l Vi, Up = Vo OF Ug = Vi, ugl.fl Vo.

Then

8

E 1+ do(Ug) if ag 2 uq
do(u) = 5

T do(uq) otherwise

8

E 1+ do(Vg) if ag 2 v
do(v) = 5

T do(v1) otherwise

Then note that ap 2 u; , ap 2 vi, and do(uj) = do(v;) for i = 1;2 by the

induction hypothesis. Hencedg(u) = do(V).
Case 3.8.6.3 u=u; (uz uzg)andv=_(u; up) (u; us).

Then

do(u);do(V) = _ 1+ do(up) if @ 2 Uy, @ 2 U

8
§ do(ur)  ifag2u

2+ do(uz) if ap 2 uy, ap 2 Uz
This completes the proof of thed, claim.

Now assume thatu 'I[i' v and dy(u) = 1 (by the above, do(v) = 1), and that

the Iy result holds for u®% v° with length u®less than that of u:
Case 3.8.6.4 v=u u.

Then lp(u) = lg(u u) = lg(v) asdp(u)=1) ag 2 u.

L DI DI
Case 3.8.6.5 u = uj up, V= vi Vv, with either ulltl Vi, Up = Vo OF Ug = Vi, ugl.fl Vo.

Then
8

2 o) ifao2u

lo(u) = >

ui otherwise
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8

2 lo(v1) ifap2 v
lo(v) = 5

V] otherwise

Then note that ag 2 u;, ap 2 vi, and lg(u1) Lo lo(v1) by the induction

hypothesis. Hencelg(u) 1p; lo(V).

Case 3.8.6.6 u=u; (uz uzg)andv=_(u; up) (u; us).

Then 8
2 Jo(uy) i a0 2 uy
lo(u); lo(v) = 5
uq if ag 2uq, ag 2 Uy

and the caseag 2 uz, ag 2 Uy is impossible, since it implies 1 =dg(u) = do(uy (uz ug)) =
1+ do(U2 U3) =2+ do(Ug) 61.

This completes the proof of thely claim, and hence of the lemma. 2

Lemma 3.8.7 u | v) k(u)*k(v) (@l u;v2P).

Proof: It is su cient to show the result for a single application of t he | axioms, as
N is transitive. Assume that u !, v with u;v 2 P, that the lemma holds for u®v°
with u®shorter than u, u® 1, v°

If the application of 1 is at the top level of u, then k(u) ™ k(v) follows from
the de nition of k and Lemma 3.8.5

For example, 4, with u= u; uz, v=(up Uz) uU;:

k(u) K(ur u)

k(ug) Mk(uz)

" (k(uz)™k(uz2)) “k(ua)

k((up u2) wug)
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= k(v):

If, on the other hand, the application of | occurs within a subterm of u, write
U=u; U Vv=vy Vvpwith 2f ;g,andu; 1, vi;up=voorux 1 vpup = vy,
and concludek(u) = k(u; uz) = k(up)™k(uz) * k(v1)*k(v2) = k(vi Vv2) = Kk(v) by the

induction hypothesis and Lemma 3.8.4. 2

Lemma 3.8.8 k(u) *k(v)) u p Vv (all u;v2A).

Proof: If u;v2 A then

k(u) “k(v) ) (u) ~ (V) by Remark 3.8.3
) f((u);ag) o f((v);a) by de nition of ~
) U a o V a by de nition of f

) U oV by Lemma 3.8.6

as desired. 2

Theorem 3.8.9 (P; 1) is a conservative extension of A; LDI ), that is, if u;v2 A
P and u | vV, thenu |p Vv (thus the free LDI on generators is a subalgebra of

the free | on generators, restricted to the operation ).

Proof:  Theorem 3.8.9 follows immediately from Lemmas 3.8.7 and 3.8. 2

3.9 Open Problems

Recall that GC is the equational theory of group conjugation. ThenLD

LDI GC. The rst ([Lav 92, Deh 92]) and last have solvable word problems, and the
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rst two are nitely based.

Problem 3.9.1 Is the word problem forLDI solvable?

Problem 3.9.2 Is GC nitely based?

Let LDI , be the free LDI on n generators. It follows from [DKM 93, Prop. 4]

that LDI = is right-cancellative.

Problem 3.9.3 Is LDI ,, n> 1, right-cancellative?
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APPENDIX A

PROOF OF THE
\INVARIANCE OF NON-INTERSECTION"
LEMMA

The proof of Lemma 2.3.10 is given here, namelytf (u; V) is not an intersecting

pair, then neither is ((u) ; (v) ) forany 2B; .

Proof: It is sucient to show that, if ( u;v) are loops which contain a primary in-
tersecting pair of type e = +1, and = ; with 2 f+1; 1g, then (the reduction
of) ((u); (v) ) contains an intersecting instance, from which the lemma fdows by
induction on the length of

Assume then that word u contains subword u® = xcoxcll i :x(cn 2 (written

U= :::Co;CTr:::) and v contains v° = xdoxdll:::xfjn U with n > 1, ¢ = di for 0 <
i<n,anduCis initially left of v®but u®is terminally right of v° In particular, one of
Co<dp<cy;diorcg;dy <cg<dgordg<cq;d; <cg holds.

In those cases wheren > 1, it is also su cient to verify that converts the
given primary intersecting instance, as embedded in (; v), into a pair where the rst
is initially left of the second, since a symmetrical argumenwould show that the rstis
terminally right of the second.

Finally, we will use Fact 2.3.1 repeatedly and without comment in such double
instances as (::Cy;Co + 2;Co+1 ::2) Colﬂ = :1:(CojCo+1);Co+2;Co;Co + 1 :::inreduced
form, where \ajb" is read \ a or b, which in this case depends upon what preceded the

initial cp. This is how the argument would go for this example: Letu. = :::co,
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Ur = ¢g+1::: sothatu= u_ ;¢ +2;ur. Then one application of Fact 2.3.1 gives that
(up) COﬁl equals either:::cpp Or :::co, in reduced form, depending upon whether the
factor preceding that last ¢y in u_ is ¢g +1 or not. Another application of Fact 2.3.1

gives that (ugr) cOil = Cp;Co +1:::in reduced form. Hence

(U) 31 = (ULiCO*25UR) o

(U) ¢ 311(@+2) o t1i(UR) oha

tii(cojeotl);cot+2;co;c0 10

which is in reduced form.

Case A.0.3.1 n =1 (we need only examinecy < dg < c; < d;, as the others are

relabelings of this).

l.i<cg 1
(U =(:ico;Triiy) j =iy Criee
(v) =(::ido;dp:i) ;= iiido;dy:i:

and cp <dp<cy<dj has ((u); (v) ) contain an intersecting instance.
2.i=¢ 1
(u) =(:icosCriil) ¢ 1= :ii(c0  Ljcg);Trii:
(v) =(:iido;diiis) ¢ 1= iiidosdiii:
with (¢p  1jcg) <dg <c1 <d; yielding an intersecting instance.
3.izZzcg<dg 1
(u) =(:icosCriiy) ¢ = iiiCoi(Co Lco+1);Tric:

(v) =(:iido;diii) ¢ = iiido;dy:t:
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with (¢p  1jcg+1) <dp <c; <d; yielding an intersecting instance.

4.i=C()=d0 1

a)

b)

=+1
(W) =(:::coCriie ;'01 = :.:Cy;Cco LTy
(v) =(:ico+1;dpii) g1 = ii(cojco+1);dp:i:
with ¢g 1< (cjcp +1) <cjy <d; yielding an intersecting instance.
= 1
1)d ¢ 1 (here \d ;" refers to the generator in the position
immediately previous to dy in v, if it exists; similarly for ¢ 1, ¢,
etc. Hered ; must exist, sincedy < c; impliesdy 6 !, and v is a
loop and hence begins withx, 1).
(U) =(:iic;Trii) o '= oo+ l;Crie
(v) =(:id gico+15diis) t=rid e+ 15diii:
with Ty;co+1;Trin (u) initially left but terminally right of d 1;co+
1;d; in(v) ,asd ;1 <cp<cp+land g+l <cy<dy and so
((u); (v) ) contains an intersecting pair. Henceforth we will just
note the minimum inequalities to justify the desired conclusion.
2)d 1=0o
(U) =(:ico;Trii) ot = oo+l

(V) =(:utge+l;dii) o 1= iciG  Lco+l;dpii

with ¢ 1<cg<cp+1, cg+1 <cy<d; yielding an intersecting
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instance.

3) d 1>co+1

() =(:::co;Tri) Colz R o o I I TR
=:::d 1;00+1;d; 0

(v) =(:id e+ 15dii) ot
with ¢g <cp+1 <d 1, c+1 <cy <d; yielding an intersecting

instance.

5.i=c+l=dg

a) =+1
1) ¢ 1<co
(U) =TT Gy = 11T 1 Co; (Co + LjTr) i
=i+ licydii:

(v) =(iiico+1;diii) &y

with ¢ 1 <cg<cp+1, ¢ < (cjcp +1) <d; yielding an intersecting

instance.

2)c 1=¢c+1

= +1

(U =(rco+15c0;Tritl) cout

=:iiic+1;C0+2;¢;(Co+1IjTr):::
(V) =(:iico+1;diit) 2y = iiGo+1;co;dp:
with ¢g <co+1 <co+2, ¢ < (C1jcp+1) <d; yielding an intersecting
instance.

3) C1>Co+1l



b)
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(uy =(:::c;0p;Crit) ;§+1::::ﬁ;co;(co+1jc_1):::
(v) =(iiico+1;diii) 3Ly =G+ 1;co s

with cg<cpo+1 <c 1, ¢ < (a1jcp +1) <d; yielding an intersecting

instance.

1
-

1)cag=c+2, p>cot+2
() =(:1GiC+2;C:1) by
= 1::(CojCo+1);Co+2;C: 0
(V) =(:iig+1;di::0) Coﬁl =g+l +2:di:::

with (cojcg +1) <cpo+2 <djandcy+1 <cg+2 <c, yielding an
intersecting instance, the primary instance occurring insde the pair

((u); ((v) ) Y. This will not be generally noted.
2)c1=0G+2, e=0c+1
() =(:cG+2;c0+1:) oy
= :::(Cojco+1);Co+2;CoCo+ 1
(V) =(:iic+1;di::0) COﬁl =:iiCo+t1l;c+2:d5:::
with (cpjcg +1) <cp+2 <djandcy<cg+1 <cp+2 yielding an
intersecting instance.

3)cu=C+2, cp<cpt+l

(U) =(:100iC+2;C10) g
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= :ii(cjcp+1);c0+t2;CoCo+2 0
(V) =(:itico+1;diit) by =i+ I;co+2;d1:it:

with (cpjcg +1) <cp+2 <djandc, <cg+1 <cp+2 yielding an

intersecting instance.
4) ¢cp>Ccp+2
() =(:::co;Trit) Coil = :ii(cojcp +1);Cri
(V) =(:iig+1;di::0) Coﬁl =g+l +2:di:::
with (cjcp +1) <co+2 <c; <d; yielding an intersecting instance.

6.i=c+l=dp 1

a) =+1
() =(:::co;Trit) gol,rl::::co;ﬁ:::
(v) =(iiico+2;diii) ¢hy = ri(co+ljeo+2);dy s

with ¢ < (cop+1jcy +2) <cy <d; yielding an intersecting instance.

b) = 1
(U) =(:eTri) gy = fii(CojCo+1)TTie
(V) =(:iico+2;di::) c0£1:11100+2;d_1122

with (cyjco +1) <cp+2 <cjy <d; yielding an intersecting instance.
7.i=c+1l<do 1
(U) =(:1Co5Triil) e = 1ii(CojCo+1);Trice

(V) =(:iido;diii) e = iiidordyii:



102

with (cpjcp +1) <dg <c1 <d; yielding an intersecting instance.
8. cp+l<i<dg
(u) =(::ico;Criir) j = iiiCy;Crice
(V) =(::ido;dp:iz) ;= :i:(dojdg  1);dp:::
with ¢p < (dojdo 1) <c;1 <d; yielding an intersecting instance.
9. c+1<i=dp<c; 1
(U =(:1cosCriil) ¢, = 11iCosCrile
(V) =(:iido;diiis) g = 1ii(do djdo+1);dp:::
with ¢p < (dp 1jdp +1) <c; <d; yielding an intersecting instance.
10. g+l <i=dp=¢ 1

a) =+1

(U) =(:icoiTiiii) of 1= ici(Criar 1):i
(V) =(ie Lidgi) =g L 2diic:
with cg<c; 2< (cjc; 1) <d; yielding an intersecting instance.

b)

1
=

1) C>C1

(U) =(:CTHC) f = 1T Gl

(V) =(::ic L;dp::i) C111=22201 Tc;dy:::

with ¢g < cy <djandc 1< cy; < c; yielding an intersecting

instance.
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2) C=C 1

(W) =(:::coiT;ep 1::0) C111= 1licoiCricr 2;cp 1
(V) =(::ic L;di::i) C111=222ﬁ:01:d_1222
with g <cy<djandc; 2<c; 1<c; yielding an intersecting
instance.
3 c<cp 1
(U =(:rcosCriceii) Clll: 111Co; TG
(V) =(iier Lidii) oty=na Legdii
with ¢ < c; <dj; andc; < c; 1< c; yielding an intersecting

instance.

11. dg <i<c 1

a) =+1
(U =(reptriiy) = ey (tjer 1)
(V) =(:i:do;dp:is) | = 1iido;dy:::

with ¢y <dg < (cije; 1) < dy yielding an intersecting instance.
by = 1
(u) =(::icp;Criiz) j = iiicpiCriie

cii(dosdo+1);dy s

(V) =(::ido;di:i)
with ¢o < (dojdg +1) <c1 <d; yielding an intersecting instance.

12. ¢ i
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a) d; <!
The re ection x; ! xn ; for N suciently large turns this case into one
of the preceding cases with < c ;.

b) dp =!
This is again a mirror of the preceding cases, except that thee would not
exist a d, (corresponding above to the existence of & ;). However the
existence of ad, was called for only wheni d; 1 orwhenc; d; 2,

which would contradict d; = ! .
Case A.0.3.2 n> landcy<dg<ci=d;

Beginning with this case, we examine the action of on that portion of (u;v) which
witnesses that u®is initially left of v° and verify that  produces a pair of words with
the rst initially left of the second and with n > 1, or else that produces an entire
intersecting instance. The former is su cient, as the same aguments show that the
rst of the words  produces terminates to the right of the second, and hence tan

together the reduced () ; (v) ) will have an intersecting instance.

l.i<cyo
(u) =(:tcpstriin) § = tii(cojep  1);Cycii:
(v) =(:::do;Tyizz) j = 1iidosTrece

with (cjcp 1) < dg < ¢ yielding the initial left. In those cases where the
initial left is cited, the substrings will agree to the immediate right of the initial

left.

2.i=c<dy 1
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(U =(:icosCriil) ¢ = 11T (Co0 Yeo+1);Tri:

(V) =(::iidosTriii) ¢ = :iidosTric:
with (¢p  1jcg+1) <dj < c; yielding the initial left.
3.i=¢c=dy 1
a) =+1
() =(::icocrire golz:::tz;co 1o
(v) =(::ico+1;Cr:i: gol = :::(cojco +1);Cri
with ¢ 1< (cjcp +1) < cy yielding the initial left.
by = 1
1) d 1 <co
() =(:::co;Tit) COlz Ty co+ 1Ty
(v) =(:id gico+d;diii) b= iid 15co+ 15T
with d 1 < cg < cp+lyielding the initial left (and n has incremented).
2)d1=0
() =(:::c0;Trid) C01= 1Tyt 1T
(v) =(:utge+1;erii) = iiiciC  Lico+1;Trii:
with ¢g 1< cg <cg+ 1 yielding the initial left.
3)d 1>co+1
() =(:::c0;Trid) CO1= 1Tyt 1T

(v) =(:id g5c+1;Ti) b= inid e+ 1T
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with ¢ <co+1 <d ; yielding the initial left.
4. i=c+1= dg
a) =+1
1) c 1<cCg,C1>Cp+2
(u) =(:::TtcCrit) gjﬂ =:::C 1;Cy;C1 1t
(V) =(:iicp+1;cr:i) ;'01+1 =:i:ico+1;co Ty
with ¢ 1 < cg <cg +1 yielding the initial left.
2) c 1<Cp,1=C+2, 26 ¢c+1,da6p+1
(W =(:TLCC+2;Ci1) ghy = 1T ;G Co+ 21

(V) =(:itcptl;c0+2;dy::0) ;01+1

with ¢ 1 <cg < cg +1 yielding the initial left.

3) C1<Co,C1=C+2, C=C+1, d6c+1

(U =T GG+ 2;6+1:) 2y

(v) =(:iicp+1l;c0+2;d2::0) :01+1
=+ lciG+2:::

with ¢ 1 <cg<cp+land c <cg+1 < co+ 2 yielding a full

intersecting instance.

4) Cc 1<Co,C1=C+2, 26 C+1,d2=0co+1
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This case violates the initial assumption that u® terminates right of
VO,
5)C 1<C0o,C1=C+2, C2=0C+1, dr=0c+1

(U =(:TmeC+2;C+1:) oy

=T CuC+1:::
(V) =(iico+1l;G+2;G+ 1) Ly
= Co+1l;co;co+1
with ¢ 1 < cg < cg +1 yielding the initial left.
6) c 1=¢c+1l,¢cp>co+2
(U) =(:::Co+1;Co;TIii0) gy = 111G +2;Co;Criis
(V) =(:iicp+1;c1::) §j+1::::m;co;ﬁ:::
with ¢g < co+1 <cg + 2 yielding the initial left.
7NVci1=¢c+1l,c=¢c+2, 6 c+1,d,6 cp+1
(U =(::C+1;C0;C+2;C:1) ity
= 11iC+2;Co;Cot+2
(V) =(iico+1;G+2;dx:1) 2y
=:iiico+1iCoCot+2

with cp <cp+1 <cg + 2 yielding the initial left.
8)ci1=0C+l, c1=0C+2, c=0C+1, &6 c+1

(U =(:G+IicoG+2;co+1::) oy
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(V) =(:iicp+1l;c0+2;d2::0) ;ol+1

= :iiC+1l;CoCo+2
with ¢g <cg+1 <cg+2and cg <co+1 <co+2(no, | didn't stutter)
yielding a full intersecting instance.
99ci1=0c+l, c1=C+2, 28+l da=c+1
This case violates the initial assumption that u® terminates right of
VO,
10)c1=c+1, a=0+2, =G+l d=cg+l

(U =(:G+IicoG+2;co+1::) Iy

= Co+2;CoCo+1
(V) =(:iic+1;G+2;G+1 ) 21y
= Co+1l;co;co+1
with ¢g < co+1 <cg + 2 yielding the initial left.
11) ¢ 1>co+1, 1 >Co+2
(W) =(:THCTIi) ghy = T L GITI
(v) =(::ico+1;c1::0) gol+1 =:ic+1;co T

with g <cg+1 <c ; yielding the initial left.

12) c 1>co+1,Cc1=¢C+2, 26 cp+1,d,6 cp+1

+1 — e

(U) =(::T1;0;C+2;C2:1) gy = :1:C 1;C0;Co +2 i1
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(V) =(:itcp+t1l;c0+2;dy::0) :01+1

=1iiCo+1CoCot+2
with ¢g <cg+1 <c ; yielding the initial left.
13) c 1>co+1,Cc1=¢C+2, co=¢C+1,d,6 cp+1
(U =(:TreG+2;0+1:) 2y
= 1T 100G+ 1
(V) =(:itico+1;C+2;d:10) o1y
=:iicg+1l;coCo+2:

with ¢g < cg+1 <c jandcy <cg+1 < co+ 2 yielding a full

intersecting instance.

14)c 1>co+2,c1=C+2, 6 ¢+, dr=¢co+1

This case violates the initial assumption that u® terminates right of

Ve

15) c 1>Co+2, 0= C+2, =C+1, d=c+1

() =(:::TtcC+t2;c0+1::0) 301+1

+1

(v) =(iiico+lico+2;60+1:) S

with ¢g <cg+1 <c ; yielding the initial left.
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1) ¢ >cp+2
(U) =(:1:GiTriiD) goh = fii(CojCo+1);CTice
(V) =(::icp+1;c1::) Coﬂl =it l;co+2:C
with (cojcp +1) < cg +2 <c; yielding the initial left.
2)g=ct2, coc=dy>co+2
(U =(:rciC+2;¢:) oy
= 1:(CojCo+1);Co+2;C:1:
(V) =(:iico+1l;00+2;¢::0) CO{Ll::::m;cg:::
with ¢g +1 < cg +2 <, yielding the initial left.
3)c1=g+2, c=dy=¢+1
(U =(:ciCo+2;6+1:1) by
= :ii(cojopt1);cot2;C0Co+ 1

(V) =(iico+1;G+2;0+1:0) oy

with cp <cp+1 <cg + 2 yielding the initial left.
4) cp=¢c+2, cp=dy<cp+1
(U =(iciC+2;C1) oy
= :i:(cojco+1);Co+2;CoCo+ 1 e
(V) =(::icot1;C0+2;C:50) COil =i+l

with ¢, <co+1 <cg + 2 yielding the initial left.
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5) g =C+2, +2<dy<cy
(W) =(:1CC+2;C:) o Ny
= :i(cjc+1);Co+2;C:::
(V) =(:iico+1l;+2;dr::2) cOﬁl =i+ 1;dy:::
with ¢g+1 <cg+2 <d;, <c; yielding an intersecting instance.
6) g =C+2, dh<ca<cpt2, cp<cotl
(W) =(:1CC+2;C:) o Ny
= :i:(cjco+1);Co+2;C:
(V) =(:iico+1l;+2;dr::0) cOﬁl =i+ 1;dy:::
with dy <c, <cg+1 <cg+ 2 yielding an intersecting instance.
NNca=c+2, dh<ca<co+t2, =¢C+1, da<cop
(W) =(:cC+2;0+1:) by
= :i:(cojco+1);Co+2;CoCo+ 1 s
(V) =(:iico+1l;c+2;dr::2) COﬁl =i+ 1;dy:::
with dy <cp <cg+1 <cg+ 2 yielding an intersecting instance.
8) c1=0C+2, d2<C2<Cp+2, =C+1, d2= ¢, dz<Cop
(u =(ciCo+2;c0+1:0) 4y
= :ii(cojopt1);Cot2;C0Co+ 1

(v) :(;;:co+1;Co+2;Co;d_333:) COJ';'l
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=i+ 1lcyds:::

with d3 <cg<cp+land ¢y <co+1 <co+2yielding an intersecting

instance.
9) c1=C+2, dy<cr<cCo+2, c=¢C+1,dr=0¢p,d3>Cco+1
(U =(:icG+2;c0+1:) oy
= :::(Cojco+1);Co+2;CoCo+ 15
(v) =(:G+1;G+2;0;d3::0) o b
=G+ 1;cydg:::

with ¢ <cgp+1 <dzandcy <cp+1l <cp+2yielding an intersecting

instance.
10) cp=c+2, da<cCcr<cCo+2,C=C+1, dr=¢y,dz3=¢C+1
(u =(ciCo+2;c0+1:0) 4y
= :ii(cojopt+1);Co+t2;C0Co+ 1
(V) =(:iG+1;G+2;0;G+1:1) o4
=i +1l;c0+2;c0+ 1

with ¢g < cg+1 <cg+2and ¢g < cog+1 <co+2 yielding an

intersecting instance.

1) g =c+2, cx<cp+2<dy, cp=¢c+1
(U =(:coCo+2ic+1::) oY

= :ii(cjcp+1);c0+2;¢C0Co+ 10
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(v) =(:iico+1l;c+2;dx::2) 6011 =:iic+1;dy:::
with ¢ <co+1 <co+2 <d; yielding an intersecting instance.
12) g =c+2, p<co+2<dz cp<cp+l
() =(::CiC+2;Ci1) by
= :i(cjc+1);Co+2;C:::
(v) =(:iico+1l;+2;dr::0) cOﬁl =:iic+1;dy:::
with c; <cgo+1 <cg+2 <d; yielding an intersecting instance.

5.i=c+1<dg

a) =+1
() =(:::co;Tri) gol,rl::::co;ﬁ:::
(v) =(:ido;Triie) ghy = iii(dojdo  1);Tric:

with ¢p < (dojdg 1) < c; Vielding the initial left.

by = 1
(U) =(:CoTrii) gag = ii(CoiG+1);Trii
(V) =(:::dp;Tq::2) Coﬂl = ::iidog;Cri:

with (cyjco +1) <dg < c; yielding the initial left.

6. o+l <i<dy

(u) =(::ico;Triiy) j = iiiCy;Trice
(V) =(:i:doy;Triiz) j = iii(dojdo  1);Tpic:

with ¢y < (dojdo 1) < c; yielding the initial left.
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7. co+1<i =dy

a) =+1
1) do<cy 1
(W) =(:::c0;Trid) g(}::::co;q:::
(V) =(:::dp;Tr::2) c‘;j::::d—o;do 1,

with ¢ <do 1<c; yielding the initial left.
2 dg=c1 1, c=dy,co>cCy
(u) =(::1:co;T;C2:00) ;111::::co;c_1;c2:::
(v) =(:::c0 L;cr560:00) ;111=:::ﬁ;cl 2,CCoii
with ¢ <c1 2<cy yielding the initial left.
A do=c l,coc=dz,co=0¢1 1
(W) =(:::co;T;00 1::0) ;111=:::co;c1—1:::

(v) =(:ie Liene 1) o

=:::¢q 1licg 2¢¢ 1:::

with cg<ci1 2<cy 1yielding the initial left.

4 do=c l,=dy =0 2,c3=d3,c3=¢ 1

(U =(:epTne 26 1) o ;= nciTne L
v) =((:aa Leoa 20 1:3) ;111::::c1 1,¢
2:¢c;cp 1

with ¢ <c1 2<c; yielding the initial left.
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5) d(): C1 1, = dz, c;=¢C 2,C3= d3, 6 C 1

(U) =(:CiTHC 2Tgiil) of 1= 1iCeTnC 2:i
(v) =(ie Lo 2t =g Lo 2Tno
2.

with ¢ <c1 2<cy yielding the initial left.
6) dp=c1 l,c=dy,co=¢c 2,d3<c; 2<cz=¢ 1
(W =(:::co;Tricr e 1::) tiflllz:::co;c—;cl 1:::
(V) =(ie Lo 2dgii) Oy
=g Lo 2tc 2:ds:::
with cg<c; 2<cpandc; 2<c; 1<c;yielding an intersecting
instance.
Ndy=c l,e=dy, =0 2,d3<c; 2<cz>c; 1
(U =(:ciTnc 2T of
=:cither 2(cs 1jc)
(V) =(ie Liepe 2dzi) Oy
=::q Lo 2ta 2:d3:::
with g <cy3 2< (csjecs 1l)andc; 2<ci 1<c;yielding an

intersecting instance.

8)do=0c l,;z=dy,;c=0 2,60 2<cz<dsz c3=c¢ 1

(uy =(ictne 26 1) §f gy =ictne 1
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(V) =(ie Liepe 2dzi) 2y
=::cq Lo 2T 2
with cg<c; 2<cpandc; 2<c; 1<c; yielding an intersecting
instance.
Ndo=c¢c l,coc=dz,co=¢ 2,60 2<cz<dsz c3>cy 1
(u =(egtne 2t oy
=:iicoTra 2 (tzics 1)::
(V) =(ie Lo 2dzii) Oy
=:::c; Lc 2Tt 2dy:::
with cg <¢c; 2<cyandc 2 < (cjcz 1) < ds yielding an

intersecting instance.

10) d(): C1
(w =(:::
v) =(:::
with cg < cq
instance.
11) d(): C1
u =
(v) =(:::

Leoc=dy, ;=101

2,C3<d3<C]_ 2

Co;Cr,C1 2,T3::l) :111=12100:CT:C1 2,C3.
a Lice 2d3in) ;111
=:::c; Lc 2t 2d3:::

2<ciandcz<dsz<cy

l,c,<c1<dy,co=0¢ 1

segTne L) =
Jpe— R _
C1 1,C]_,d2...) ¢ 17 ---

2 yielding an intersecting

iiCo;cp 1

¢t lc 2cdy:ii:
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with cg<c1 2<cy; 1<c; yielding an intersecting instance.
12) dp= ¢ 1l,co<ci<dy c<cy 1

(U =(:rcptr;cei) tifll1::::co;c_l;(czjc2+1):::

(v) =(:itcp LiTq;dpizy) ;111::::ﬁ;c1 2T, dy
with o <c1 2<cjyand(cjc+1) <c1 <d; yielding an intersecting
instance.

13) dp=c1 1l,c<dy<c»

() =(:::co;T;C2:00) ;111=:::CO;CI;CZ:::

(v) =(:ircp Licq;dpizy) ;11=112ﬁ:01 2;C;dy
with g <c; 1< cy;andc <d, < c; yielding an intersecting
instance.

14) dp=c¢ 1l,dx<cy<cy,c=¢ 1

(u) =(::1:co;T;C2:00) ;111::::co;ﬁ:::

(v) =(:::c0 Licrdoii) ;111=:::ﬁ;c1 2T
with cg<c1 2<cy; 1<c; yielding an intersecting instance.

15)dp=c¢ 1,dx<cy<ci,cp<cy 1

() =(:ciTncii) o 1= icitn (Gl +1) i

(v) =(:itcp Licq;dpizy) ;}l::::ﬁ;cl 2;C;dy
with ¢g <c1 2<ciandd; < (¢jc+1) < ¢ yielding an intersecting

instance.

1
=
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1) do <Ci 1

(W) =(:::c0;Trid) d01= 11iCo Tl
(V) =(:::dp;Tr::2) dolz ciidoido+ 1T
with ¢g <do +1 < c; yielding the initial left.
2)dp=c l,co=dy>cC3
(u) =(::1:co;T;C2:00) Clll: 111Co; TGl
(v) =(::ic0 L;cr560:00) cl11=:::m;cz:::
with ¢ 1<cq <c; yielding the initial left.

3)d0:C]_ 1,C2:d2:C]_ 1

(u =(:esTer 1) clll=:::co;tz;c1 2;c0 1:::

(V) =(ie Liepe 1) oty

=:::q 1licg 2¢¢ 1:::
with ¢ 2<c; 1<c; yielding the initial left.

4)d0=C1 1,Cz=d2<01 1

() =(:::co;T;C:00) C111= 111Co TGt
(V) =(::iiaa Lic;ce:tl) Clllz:::m;cg:::
with ¢ 1<cq <c; yielding the initial left.
55 do=c 1l,c<dz<cy
() =(:::co;T;C2:00) c111= 111CoCL;Co

(V) =(ie Liepdaii) ty=inic Lidpii
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with ¢ 1<cj1<d; <c; yielding an intersecting instance.
6) dp=c¢ 1,dr<cp<ci,c=¢ 1l,da<cy; 2
() =(:1:co;T;0 1::2) 6111::::c0;ﬁ;c1 2, 1:::
(V) =(:irc0 Licgda:ir) 0111::::ﬁ;d2:::
with d <c; 2<c; 1<c; yielding an intersecting instance.

7)d0:C]_ 1,d2<Cz<Cl,02:C]_ 1,d2:C]_ 2,d3:C]_ 1

(u =(ucstne 1) = ietne 26 1
v) =((:aa Lo 2 1:3:) C111=22201 1,¢
2:¢c.cp 1

with ¢ 2<c¢c; 1<cpandc 2<c; 1< cy yielding an

intersecting instance.
8 dy=c¢ 1l,dy<cy<cy;,c=¢ 1l,d=¢ 2,d3<cy; 2
() =(:1:co;T;p 1:00) 6111::::c0;q;c1 2;c; 1:::
(v) =(:::ci Litrier 2;d3::n) c111= i Lo 2:d3::
with d3 <c; 2<c¢; landc 2<c; 1< c; yielding an
intersecting instance.
N do=c¢c 1, da<cy<cy;,=¢ 1l,d=c¢ 2,d3>c; 1
(u =(riepep;ar 1) 6111::::c0;ﬁ;c1 2;c; 1
(V) =(ie Litpe 2dsin) ty=ina Lo 2dsi
with ¢ 2<c¢; 1<dzandca 2<c; 1< c;yielding an

intersecting instance.
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10)dg=c¢; 1,d2<cp<cy,c<cy; 1
() =(:::co;T;C2:00) 0111= 111CoCL;Co
(V) =(::iiaa Lic;ce:il) C111=222m;d2222
with dy <c, <c; 1<c; yielding an intersecting instance.
11)dp=¢ 1l,co<ci<dy,c=c¢ 1
() =(:1:coiT;p 1::0) 6111::::c0;q;c1 2;c; 1:::
(v) =(:::c0 Licrdoii) cl11=:::ﬁ;d2:::
with ¢ 2<c; 1<ci<d;yielding an intersecting instance.
12)dg=c; 1l,cp<cyp<dz c<cy; 1
() =(:::co;T;C2:00) C111= 111CoCL;Coll
(v) =(:itcp Licq;dpizy) Clllz:::ﬁ;dg:::
with c; <c; 1<cjy <d; yielding an intersecting instance.

8. dy+1l=i<c; 1

(U) =(:11C5TCritY) gye1 = :5iCO;CLIN:

(V) =(:iidosTriil) goup = 1ii(dojdo +1);Tri:

with ¢y < (dpjdo +1) < c; yielding the initial left.

9. dg+1=i=¢ 1
a) =+1
1) co=d>cy

(U =(:ricptr;cein) ;11 1= 111C;Cr; Gl



121
v) =(iitaa T3¢0 )Cll R o T2 o o S
with ¢ <c1 2<cy yielding the initial left.
== 1
(u =(csTne 1) o= iiice 1
(v) =(:iic1 2T 0 )C11 e 226 1
with cg<ci1 2<cy 1yielding the initial left.
3 c=dy=c 2,c3=dzg,andcz>c; lorcz<cy 2
(u =(:1:cp;T;00 2Tz )cll 1Cy;Cr;C1 2:::
v) =(iita 2T a )cl p= i 2T 2:n
with ¢ <c1 2<c; yielding the initial left.
A cp=dy=c 2,c3=dzg=¢c; 1
(U =(:cTnc 26 1) o ;= Gt li
(v) =(:iicp 2c;e0 20 1 )c1 1
=i 2,C;c 1:::
with ¢ <c1 2<c; yielding the initial left.

5) co=dr=c¢ 2,d3<cy 2<c3,c3=c¢ 1

(U =(:cTnc 26 1) o ;= Gt li
(v) = (i 2T 2dsii) cl IR R e o]
2;d3

with cg<c; 2<cpandc; 2<c; 1<c;yielding an intersecting



122
instance.

6) co=d=¢ 2,d3<c; 2<c3 c>c; 1

(u =(egtne 2 oy

=t a2 (Gjes 1)
(v) =(:icr 2T 2d3in) ;111::::c1 2;c; 0
2;d3

with cg <c; 2<cpandds <c; 2 < (cjcz 1) yielding an

intersecting instance.

7) c=dy=¢ 2,0 2<cz<dsz cg=c¢ 1

(U =(:rept;ar 2560 1:i:) tiflllz:::co;c_l;cl 1:::
(V) =(:icr 2T 2dzin) :11 1 = it 2T e
2;(dsjds 1):::

with cg<c; 2<cpandc; 2<c; 1<c; yielding an intersecting

instance.
8) co=dr=¢ 2,0 2<cz<dsz cz>c; 1
(u =(egtne 2t oy

=iy 2(Tejcs 1)::i:

(V) =(icr 2T 2dzin) ;111=:::cl 2T ¢

2:d5:::

with ¢cg <c; 2<cpandc 2 < (cjcz 1) < ds yielding an

intersecting instance.
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N e=d=c 2,c3<dz<cy 2

(U =(:cTne 2T o =it 2Tl
(v) =(:icr 2T 2dzin) ;11 IR R e ]
2;d3

with cg <cy 2<cyandcz<dsz<c; 2yielding an intersecting
instance.
10) co=dy<c; 2
(u) =(::1:co;T;C2:00) ;11 1= 11iC TGl
(v) =(::icp 2;Cp56:00) ;11 1Tl 2T cp
with ¢ <c1 2<cy yielding the initial left.
11) c;<c1<dy, co=¢ 1

+1

(u) =(:iepsTror i) &g = iiicgar L
(V) =(iier 2Tndaii) =i 2Tndyr

with cg<ci1 2<cy; 1<c; yielding an intersecting instance.
12) c; <cyp<dy, cp<cy 1
(U) =(:1C;TEC 1) af 4= 11:Co T (CojCa +1) 1
(V) =(:::c0 2;Tp;doii) 3111=35301 2;Cidoi
with g <c1 2<cjand(cjc+1) < cy <d; yielding an intersecting

instance.

13) cp<dr<c,

(U =(:rcptr;cei) ;11 1= 111C;CL; G
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(v) =(:ric 2iCp5dii) ;11 1= e 2epdy
with g <c; 2<<cy; andc < d, < c; yielding an intersecting
instance.

14) dy <cz<cy,o=¢ 1
(W) =(:::coT;ep 1::0) :111='::co;c1—1:::
(V) =(:iic 2Tq;daii) t;111:'::01 2,Tr; (dojdp +1) 1
with cg<c1 2<cy; 1<c; yielding an intersecting instance.
15) d; <cp<cy,cp<c; 1
(u) =(::1:co;T;C2:00) ;11 1= 111G T (Cojcp + 1) 1t
(V) =(::ic0 2Tp;doii) 3111=:::cl 2;Cidoi
with cg<c; 2<cjyandd; < (¢jc+1) < c; yielding an intersecting
instance.
by = 1
() =(:::co;Trid) C111=:::CO;CI:::
V) =(:iicr 25¢c7:i) C111='11(Cl lica 2);c;:::
with ¢g < (¢  ljci  2) < c; yielding the initial left.
10. dp+1<i=¢ 1
a = 1
() =(:::co;Trit) 6111: 11y C1
(V) =(:iidoiTrin) oty = iiidesTiie
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with ¢y <dgo < c; yielding the initial left.

=+1

1) o=dr>cy

(U) =(:CTHCi) o = TGl
(v) =(:::do;TriCaiti) ;11 1= iide; Tl

with ¢p < dg < c; Yyielding the initial left.

2)02=d2=C1 1

(u =(egtne 1) o =g Lo
(v) =(:idgsTrie L) fby=cnideer 1o

with ¢ <dg <c; 1 yielding the initial left.

3)p=dy<cy 1

(U) =(:CTHCi) o 1= TGl
(v) =(:::dg;sCricaiin) ;11 1= 1iido;Cr; G

with ¢g < dg < c; yielding the initial left.
4) cp<cy<dz,c=c¢ 1
() =(:1:coiT;p 1::2) ;'11 1= ey 1o
(v) =(:::do;Tr;d2:i) ;11 1= iiidgsTrda
with ¢ <dp<c; 1<c; yielding an intersecting instance.
5 x<ci<dz,c=c¢ 2,c3=¢ 1

(U =(:epTne 26 1) ¢of ;= ciTne L
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(V) =(:::dp;Tr;dz::) ;11 1= iidosCpdp i
with ¢g <dg <cpandc; 1< c; < d; yielding an intersecting
instance.
6) c;<c1<dp c<c1 20rcp=c¢ 26¢c 1
() =(:::co;T;C2:00) ;11 IR R T R
(v) =(:::do;Tr;d2:i) ;11 1= iiidgsTrda
with ¢p <dp <c; and ¢; < ¢ <d; yielding an intersecting instance.
7) g <dz<c;
(u) =(::1:co;Tp;C2:00) ;11 1= 111C;CL; G
(v) =(:::do;Tr;d2:i) ;11 1= iiidgsTrda
with ¢g <dg <c; and ¢, <c; <d; yielding an intersecting instance.
8) d<cy<ci,;x=c¢ 1
() =(:::co;T;ep 1::0) ;11 1= iCic 1
(V) =(:::dp;Tr;dz::) ;11 1= 1iido;Cr; (dojdp +1) 1z
with ¢ <dg<c; 1<c; yielding an intersecting instance.
9) d,<cy<ci,c=¢ 2,3=¢ 1
(u =(:::co;c;cr e 1::0) ;11 L= ilicg;Cr;cp 1i::
(v) =(:::do;Tr;d2:i) ;11 1= iiidgsTrda
with ¢g < dg <cp andd; < c; 1< c; yielding an intersecting
instance.

10) dy <cp<cy,Cp<c; 20rc;=¢ 26¢c 1
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(U =(:ricytr;cein) ;11 1= 111C;CL; G
(v) =(:::do;Tr;d2:i) ;11 1= iiidgsTrda
with cp <d <c; and d; < ¢, < c; yielding an intersecting instance.
11. dg+1 <i<c; 1
(u) =(::ico;Criir) j = iiiCy;Crice
(v) =(:::do;Tyizz) j = iiidosCrece

with ¢y <dg < c¢; yielding the initial left.

12.i=¢
a = 1
() =(:::co;Tri) cllz:::co;clTl;cl:::
(V) =(:::dp;Ty:i2) cllz:::(dojdo+1);clTl;c1:::

with ¢y < (dojdg +1) < ¢ + 1 yielding the initial left.

b) =+1
1) do<cy; 1

() =(:::co;Tri) g} =:1:¢c 1lcpii:

(v) =(::ido;Tric) &8

2ii(dojdo+1);cp+ 1y
with ¢o < (dojdo + 1) < c1 +1 yielding the initial left.
2) do=c¢ 1,d 1>cCy

(U) =(:iic;Trii) ¢t =tiicic Lcpii

(v) =(id e Lioge) Fo=nd e
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with ¢ 1<c;<d ; yielding the initial left.

3)d0=Cl 1,d 1=C

(uy =(icyerin) 3 =iigier L
(v) =(:Tien Lo of = e+ Iici

with ¢ 1<c;<cj+1yielding the initial left.
4)d0:C]_ 1,d 1<C1 1
(U) =(:iic;Trii) ¢t =tiicgi Lcpii
(V) =(d e Liogs) 2o=nd o

with d 1 <c; 1<c; yielding the initial left.

13. ¢ +1=i
a) =+1

(u) =(:ric;Tri) ;11+1=:::CO;CI:::

(V) =(:::dp;Tq:i2) ;}H = :i:idog;Cri:

with ¢y < dg < c; yielding the initial left.
by = 1

1) co=d6c +1

(U) =(::CoTHCii) g3q = 11iCCTi
(V) =(:1:do;TriCoiis) o5y = t1idoiCTric

with ¢g < dg < ¢ yielding the initial left.

2) c=dy=c¢ +1



(u =(egtnea+l) (4 = tcig v 1

(v) =(:::do;Tr;e+1::) clﬁl =:.:dg;cp+1:::

with ¢g <dg < ¢y + 1 yielding the initial left.

3) ;x<cy<dp, dr=c1+1

(U =(:CTHC ) by = TG

(v) =(:desTne+1:i) 4y = iidoiCp +L:i

with ¢g <dg <c; <ci+1 yielding an intersecting instance.

4) CZ<Cl<d2, d2>C1+1

(U =(reytTr;cein) clﬁl SR o T S

(V) =(:doienidaiid) 3 = iiido; T (dajdy
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with ¢ <dp <ci andc; <cjp < (dzjd, 1) yielding an intersecting

instance.

5) C;|_<d2<Cz, d2= c+1

(U =(:CTHC) by = 1iiCTri

(V) =(:dgTne +1:) o5y = riideGF L

with ¢p <dg <c; <ci+1 yielding an intersecting instance.

6) C1<d2<C2, d2>C1+1

(U) =(:1CTHCit) o5y = 111CO TGl

(v) =(:::dp;Tr;dz:) Cl%rlz:::do;(dgjdz 1):::

with ¢ <dp <cp and c; < (d2jd2 1) < c» yielding an intersecting

instance.
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7) dp<cp<cy
(U =(:CTC ) by = TGl
(V) =(::1:do;Crid:i) Clil = iido;doii:

with ¢g <do <c; and d; < ¢, < c; yielding an intersecting instance.

14. i +1 <i
(u) =(::ico;Triir) j = iiiCy;Trice
(V) =(:i:dy;Trii) j = iiidosTreie

with ¢y <dg < c; yielding the initial left.
Case A.0.3.3 n> landc; =d;y<cg<dy
Re ecting x; ! xn j for suciently large N turns this case into Case A.0.3.2.
Case A.0.34 n>landdy<cy=d;<cy

A similar re ection as in Case A.0.3.3 turns all of this case nto previous calculations

except the following:
l.i=c¢c 1, dg+l=c1=¢ 1
a) =+1
1)d 1<co 2
(W) =(:iceiTriin) r 1= ii(cojco 1)Co  2:::
(V) =(:::d 1560 26 1::2) ;01 1=::d 150 1:n:
with d 1 <cg 2<co 1 yielding the initial left.

2)d1=C() 1
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() =(:::co;Tri) tifollz:::(cojco 1);c0 2:::

(v) =(:i:co Lcy 25co 1::) ;01 1= ¢ Licoiee 1:i
with g 2<cg 1<cy yielding the initial left.
3)d 1>co 1
(u) =(:reoiTii) & 1= i(tje 1)G  2:
(V) =(:::d 1560 20 1::) tifollz:::d 1;¢0 1:::
with g 2<co 1<d ; yielding the initial left.
by = 1

This is a re ection of the = +1 case.

Perhaps the reader found this appendix a bit wearisome|the proof of Theorem 2.3.15
certainly expanded with the writing of it (the lemma has a top ological interpretation,
and applications of the Jordan curve theorem might shorten f).

This completes the proof of Lemma 2.3.10 2



APPENDIX B

GLOSSARY OF SYMBOLS AND TERMS

k (57) The LDI operation a ¢ b= a+ k(b a) on a vector space.
n (60) The LDI operation a , b= a"ba " on a group.
' (61) The LDI operation a b= a banda '*' b= a (a ' b) on an LDI.
(59) A binary operation making an LDI out of a compatible family of LDI operations
on an LDL.
(74) A binary operation on T which repeatedly distributes.

AL NN (84) An equivalence and two binary operations onA , making it into a |
algebra.

l."i' f: , ¥o! , to (74) n-step and arbitrary-step LDI and LD expansion.

1-1 (5) The property of an LD being one-to-one, that is, eachL , is 1-1.

onto (5) The property of an LD being onto, that is, each L, is onto.

(8) (4,19,8) An action of By on a vectora2 C' of elements from some LDC.

A (84)A=T(fa, :n 1g; ), a set of terms.

A" (B4) A" =T(fa, :n O0Og; ), a set of terms.

A (84) A =(A) nf,g, asetof nite non-empty sequences of terms.

A,A1 (2) The free LD on one generator, usuallyx.

An,A (2) The free LD onn oron! generators.
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A;j (2) The LD which is the closure offj g, a non-trivial elementary embeddingj : V !

V , under .
aQ (52) A subLDI of Q: aQ = faq: g2 Qg.
a 1Q (52) A superLDI of Q so that a(a Q)= Q.
j j (21) The length of a braid word (or free-group word)
[1,  (3,8,36) Dehornoy's LD bracket operation onB; .
B:1 (61) The 4-element LDI hf0;1g f* ; _g; i witnessingus 6 p; Vi.
B, (25) The words in generators 1;:::; n 1 and concatenation.
Bn (20,25) The subgroup ofB; generated by 1;:::; n 1.
B (5) The positive braids in By,.
B: (3) The in nite braid group.
BT (5) The positive braids.
abes e (29) Segment-shortening braids.
(40) An LD embedding of A, into G,.
" (10) An LD embedding of A into B; .
¢ (72)ch = ()= (F7)in Ry,, chosenso n(Un)= € 6 ¢, = n(Vn).
compatible family  (59) A family of LDI operations that distribute over each oth er.
11:1Cp;C1 it (96) An abbreviation for :::XCoXcll Tl
conuence (2,35, 41,74) That LD or LDI equivalent words can be expandedto a
common word.
do(u) (89) The right depth of the rst ag in u2 A*, if it exists.

@@@(74) Derivative operationsonT .
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pig (24) The LD word p left-divides g, i.e., g= p r for somer.
dominates (20) g dominatespif p q.
E (2) The set of elementary embeddingg : V ! V , a limit ordinal.
ol » o (53,55) Equivalence under the axioms LDI, LD.
(48) An equivalence relation on LDI's (the resulting quotient is 1-1).

(f) (4,10,14) An action of B; on either the free groupFg (only in Section 2.1.2) or

(a di erent action) on the free group Fx

Fe,Fx,Fi,Fy 1+ (10,13,25,36) The free group on a set of generator&(= fg :i 2! g,
X =1fx;:i2!q).

f B4 AmapA AT ! A*:f((up;ug;iii;un);w)= ug (U (:::(up w))).

fn (67)f, = P b ::{:zb a P used in building up; vy .

n+1

Fr 67)F; =fn fn 1 ::: f1 fo, used in building up; vy .

F, 67)F, =fq fn 1 ::: fz f1, used in building un; vy.

Fi (35) The ith Fibonacci number.

G (82) A set of generators of the free groug-g: G=fg :i2!g.

Gn (38) Words in generators ; and h; (h 2 H), precursor of G,.

G, (35) A certain group which extends B; and in which A, embeds.
p (42) Acertainbraid p= , p 1 i1 1.

GC (5) The equational theory of group conjugation.

O (67) gy = Pb—{Z&? used in building up; vy .

H @)H I'* mak(r; up some of the generators o, .

h (84) Amap A A* ! A*: h(d;a) = ap; h(t;a) = f(4;a)if i> 0; h(y;v w) =
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h(d;v) h(d;w).
initially left, right (26) A relation between two free words inF, .1 .
intersecting instance  (27) Two free words whose intersection is fairly easily exHiited.
intersecting pair  (27) Two segments which intersect.
irre exivity (2,2) Usually, the irre exivity of <.
k 85) Amapk:P! A.
Ko (71) kn =1+1="7.
L, (5) The left-multiplication (by a) endomorphism of an LD.
“o(u) (89) The left-factor of the rst ag in u2 A* if do(u) = 1.
LD (1) The left-distributive law, or, a left-distributive a Igebra.

LD (5) The equational theory of the left-distributive law.

LDI (1,48) The left-distributive idempotent laws, or, a lef t-distributive idempotent al-

gebra.
LDl (5) The equational theory of the left-distributive idempot ent laws.

LDl ;1 1,LDI onto,LDl 1 1 onto (6) The equational theories of 1-1 LDI's, onto LDI's and

1-1-onto LDI's.
leans right (17) A property of a reduced word in Fy .
< (4) A linear ordering on B; .
(20) A linear ordering on A, extending <.
<_ (2) A partial ordering on left-distributive algebras.
<lex (5) The lexicographical ordering onA' induced by <, on A.

u< v (29) The word u is a (possibly improper) subsegment of the wordv.
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loop (26) An extension of a segment to include initial and termind x, 's.
medial (63) The medial law for LDI's: (a b (c dy=(a c¢) (b d).

P (84)P=T(fa, :n 1g; ; ), a set of terms.

P,P1 (3) The free -algebra on one generator, usually x.

P; (3) The -algebra which is the closure of fjg, a non-trivial elementary embedding

j:V I V  under and

pairing, complete  (39) A nested pairing of all the free-word generators and the

inverses inG,,.

pairing, commuting (38) A pairing of a free word generator and its inverse inGy

which commutes with the braid word between.
(71) The homomorphism : T ! Ry induced by a;b;c2 R.
n (73) The homomorphism , : T ! Rﬁ”n induced by a; b; .

. (50) Homomorphisms :Q! Q%and :Q=! Q% Q andLDI, Q%a 1-1LDI,

with =
:Fx 'F & (13) An isomorphism preserving the action ofB; .
(50) The projection :Q! Q= (Q an LDI).

(70,73) The retractive homomorphism : Q2! Q, and especially : Rﬁ"n ' Ry, -

By F, (36) Projections of G, onto the braid group, a free group, and a permutation
group.
primary intersecting instance (27) Two free words whose intersection is easily ex-
hibited.

Q2 (69) An extension to the LDI Q by adjoining a°
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quandle (1,48) An algebra which is essentially a 1-1-onto LDI, with an inverse opera-

tion.
.,. 1 (48) The quandle and inverse quandle operations.
Quandles (6) The equational theory of quandles.
(0" (26) The reversing antiautomorphisms ofB; and F, 41 .
Rk (71) The LDI hR; i (R a eld, k 2 R).
R (71) The LDI (R¢)® = Ry [f a% (a2 R).
Ri" (72) An LDI witnessing un 6 1pi Vn.
RG (65) The rightmost generator of a word.
s( ) (3.,8,36) The shift operation on B; and G,.
i (3) One of the generators of the braid groups.
-positive (4) A braid >" .

1-positive,negative,neutral (24,26) A braid which can be written as a product of
generators and their inverses where ; occurs and occurs only positively, occurs

and occurs only negatively, or does not occur.
1; n-proposition (3,9) That certain braids are non-trivial.

(3) An axiomatization of the left-distributive operation together with a composition

operation.

I (83) An axiomatization of the left-distributive and idempo tent operation together

with a composition operation.
(74) A set of letters.

1+, k (36,37) Permutation groups.
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segment (26) A non-empty reduced word in F, of alternating sign.

self-intersecting segment  (27) A segment which intersects itself.

support (20) The vectors of LD elements which a given braid acts on.

Tn (53) Words in X and one binary operation .

T(fa;b;a; ), T (67) Terms in letters a, b, ¢ and one binary operation.

T (74) Terms in the letters and one binary operation.

T(G; ) (82) The set of terms in generatorsG using the single binary operation .
T(G; ; ) (82) The set of terms in generatorsG using the two binary operation and .
terminally left, right (27) A relation between two free words inFy 41 .

Un, Vo B7)Un=F7 on GVa=F, Onh+1 C Uy =V, 2 GC nLDI .

variable clash (20) g dominatesp in a variable clash is one wayp q occurs.

Xn (53) A set of n generators.

ZFC (3) The Zermelo-Frankel axioms of set theory, together withthe Axiom of Choice.



