
CHAPTER 9

PREDICTING THE ATOMIC CONFIGURATION OF 1- AND
2-DIMENSIONAL NANOSTRUCTURES VIA GLOBAL
OPTIMIZATION METHODS

C.V. CIOBANU1, C.Z.WANG2, D.P.MEHTA3, AND K.M. HO2

1Division of Engineering, Colorado School of Mines, Golden, CO, USA, e-mail: cciobanu@mines.edu;
2US DOE Ames Laboratory and Iowa State University, Physics Department, Ames, IA, USA,
e-mail: wangcz@ameslab.gov; kmh@ameslab.gov
3Department of Mathematics and Computer Science, Colorado School of Mines, Golden, CO, USA,
e-mail: dmehta@mines.edu

Abstract: In the cluster structure community, global optimization methods are common tools for
arriving at the atomic structure of molecular and atomic clusters. The large number of
local minima of the potential energy surface of these clusters, and the fact that these
local minima proliferate exponentially with the number of atoms in the cluster simply
demands the use of fast stochastic methods to find the optimum atomic configuration.
Therefore, much of the development work has come from (and mostly stayed within)
the cluster structure community. Partly due to wide availability and landmark successes
of high resolution microscopy techniques, finding the structure of periodically recon-
structed semiconductor surfaces was not posed as a problem of stochastic optimization
until recently, when we have shown that high-index semiconductor surfaces can posses a
rather large number of local minima with such low surface energies that the identification
of the global minimum becomes problematic. We have therefore set out to develop global
optimization methods for systems other than clusters, focusing on periodic systems in
one- and two- dimensions as such systems currently occupy a central place in the field
of nanoscience. In this article, we review some of our recent work on global optimiza-
tion methods (the parallel-tempering Monte Carlo method and the genetic algorithm) and
show examples/results from two main problem categories: (1) the two-dimensional prob-
lem of determining the atomic configuration of clean semiconductor surfaces, and (2)
finding the structure of freestanding nanowires. While focused mainly on optimization
the atomic structure for a system with set periodic boundary conditions, our account also
reviews a recent example of using genetic algorithms for growth of nanostructures into
their global energy minima compatible with given confinement conditions
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9.1. INTRODUCTION

The discovery of carbon nanotubes (CNTs) [1] sparked arduous interest in nanotube
science and applications. The fascination with nanotubes, now still at an all-time
high, is beginning to slow down as researchers have found another class of materi-
als (nanowires) with superior potential to impact science at the nanometer scale, as
well as our everyday lives. While CNTs are inert, nanowires (NWs) have “chem-
istry” which opens up unprecedented avenues for controlling their structure as well
as their electronic, optical, mechanical and magnetic properties [2]. The scientific
curiosity about nanostructures in general and about NWs in particular comes from
the realization that at such small scales the structure, properties, and phenomena
cannot be straightforwardly inferred from our knowledge of the bulk forms. The
appeal of the NWs is also driven by the continuous miniaturization of electronics
and optoelectronics industry, which has achieved the limit in which the interconnec-
tion of devices in a reliable and controllable way is particularly challenging. Fervent
strides are underway in the preparation of NWs for molecular and nano-electronics
applications [2, 3]: such wires (possibly doped or functionalized) can operate both
as nanoscale devices and as interconnects [4]. Silicon nanowires (SiNWs) offer, in
addition to their appeal as building blocks for nanoscale electronics, the benefit of
simple fabrication techniques compatible with the currently well-developed silicon
technology.

While remarkable progress has been achieved in the synthesis and device appli-
cations of SiNWs, atomic-level knowledge of the structure of ultrathin nanowires
remains largely speculative. Stating the obvious, when the diameters are as small
as 1 nm, the atomic structure of the NW is the single most important factor that
determines its electronic, optical, and mechanical properties, as well as the ensuing
phenomena and technological applications. The importance of atomic structure has
been emphasized in a sequence of recent high-profile publications [5–10], which
bring strongly plausible arguments and simulation evidence for various configura-
tions in certain diameter regimes. The current proposals for SiNW configurations
fall into several main categories: fused-fullerenes [5], fused-clathrates [9, 11], dia-
mond structure single-crystals with reconstructed nanofacets [8, 12], polycrystals
[7] and high-density phases [10], with each of the categories representing a nov-
elty with respect to previous work. However, when considered together, the works
[5–12] appear to collectively suggest that the procedures currently used to investi-
gate the structure of thin nanowires are not reliable. One may be determined to draw
this conclusion because seemingly simple questions regarding the SiNW diameter
(“what is thinnest stable Si nanowire? ” [7]) and its core structure are still under
investigation.

The reason for the current situation of the SiNW problem is that this problem is
exponentially complex (NP-complete), as we could recognize from a quick compar-
ison with the problem of structure of atomic clusters: for a given number and type of
atoms, the only mathematical difference between the two problems (wire vs. cluster)
is the periodic boundary condition necessary to simulate the quasi 1-dimensional
wires. Yet, in most theoretical approaches to date the structures proposed are not
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derived from the kind of robust search procedures that have been employed for
atomic clusters. The problem is exacerbated by the fact that in the few-nanometer
diameter regime experimental characterization of NWs with atomic resolution is
extremely difficult, and thus theoretical proposals for NW structures cannot be
easily confirmed or refuted. Since the problem of structure determination is NP
complete and the current approaches are not dealing with this aspect, it is likely that
a set of structures based on physical intuition (albeit refined using electronic struc-
ture relaxations) may not include many low-energy minima which could end up
being the global minimum. Even if we assume (purely for the sake of the argument)
that all the thermodynamically relevant structures of silicon NWs have already been
reported in previous theoretical studies over the last 7 years, such a solution for
the case of silicon will not readily transfer into methodologies or knowledge about
NWs made of other materials, and we would again have to resort to trying numerous
intuitive structures over many years.

Another problem, analog in principle with the above problem of finding the struc-
ture of nanowires, is searching for the structure of semiconductor surfaces. Under
conditions of ultra-high vacuum, these surfaces reorganize their atomic configu-
ration to minimize the surface energy, and in the process create periodic recon-
structions which can repeat almost flawlessly over thousands of Angstroms in the
nominal plane of the surface. The determination of atomic structure of crystalline
surfaces is a long-standing problem in surface science. Despite major progress
brought by experimental techniques such as scanning tunneling microscopy (STM)
and advanced theoretical methods for treating the electronic and ionic motion, the
commonly used procedures for finding the atomic structure of surfaces still rely
to a large extent on one’s intuition in interpreting STM images. While these pro-
cedures have proven successful for determining the atomic configuration of many
low-index surfaces [e.g., Si(001) and Si(111)], in the case of high-index surfaces
their usefulness is limited because the number of good structural models for high-
index surfaces is rather large, and may not be exhausted heuristically. An illustrative
example is Si(5 5 12), whose structure has been the subject of intense dispute
[13–16] since the publication of the first atomic model proposed for this sur-
face [17]. There are also other stable surfaces of silicon such as (113) [18, 19]
and (105)[20–25], which required a long time for their correct structures to be
revealed.

The high-index surfaces attract a great deal of scientific and technological interest
since they can serve as natural and inexpensive templates for the fabrication of low-
dimensional nanoscale structures. Knowledge about the template surface can lead to
new ways of engineering the morphological and physical properties of these nanos-
tructures. The main technique for investigating atomic-scale features of surfaces is
STM, although, as pointed out in a recent review, STM alone is only able to provide
“a range of speculative structural models which are increasingly regarded as solved
surface structures” [26]. The role of theoretical methods for structural optimization
of high-index surfaces has been largely reduced to the relaxation of these specu-
lative models. However, the publication of numerous studies that report different
structures for a given stable high-index silicon surface (see, e.g., [13–17]) indicates
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a need to develop methodologies capable of actually searching for the atomic struc-
ture in a way that does not predominantly rely on the heuristic reasoning associated
with interpreting STM data. We are thus facing the same problem as described above
for the case of nanowires, which is why we develop global optimization methods as
useful tools to complement experimental data (when exists or is readily obtainable)
or to make more robust predictions of structure in case experiments are not available.

A truly general and robust way of predicting the atomic structure of 1-D and
2-D systems surfaces takes sustained effort over many years. It is not entirely clear
that such robust atomic-scale predictions about semiconductor surfaces can even
be ventured, since theoretical efforts have been somewhat tempered by the lack of
empirical or semiempirical potentials that are both sufficiently fast and sufficiently
transferable for surface or nanowire calculations.

However, the long process that lead to the discovery of the reconstruction of
the (105) surface [20, 27, 22–25] indicates a clear need for a search methodology
that does not rely on human intuition. Our efforts to develop such methodolo-
gies are presented in Section 2 (parallel-tempering Monte Carlo and the genetic
algorithm) for finding the lowest-energy reconstructions for elemental crystal sur-
faces. We review our work on atomic structures of surfaces and nanowires over the
past few years, relying in particular on Refs. [39, 57, 54, 60], from which large
portions where reproduced here with permission of the respective publishers. Our
initial focus will be on silicon because of its utmost fundamental and technolog-
ical importance; nonetheless, the same strategies could be applied for any other
material surfaces provided suitable models for atomic interactions are available. In
Section 9.3 we will show how the genetic algorithm can be modified to address
the structure of nanowires, and describe recent results on the magic configurations
of the H-passivated SiNWs oriented parallel to the [110] direction. We also review
an intriguing application of the genetic algorithms for 1-d nanostructures, namely
their growth into global minima compatible with preset confinement conditions.
This simulated growth relies on the fact that genetic algorithms for 1-d nanostruc-
tures do not have to preserve the number of atoms during the evolution, and can in
fact grow the structure and optimize its atomic configuration during the same run.
Section 9.4 summarizes our results on various surfaces and nanowires obtained so
far, and identifies a number of future directions that can tremendously benefit from
the application of global search methods.

9.2. RECONSTRUCTION OF SILICON SURFACES AS A PROBLEM
OF GLOBAL OPTIMIZATION

In choosing a methodology that can help predict the surface reconstructions, we
have taken into account the following considerations. First, the number of atoms in
the simulation slab is large because it includes several subsurface layers in addition
to the surface ones. Moreover, the number of local minima of the potential energy
surface is also large, as it scales roughly exponentially[28, 29] with the number
of atoms involved in the reconstruction; by itself, such scaling requires the use of
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fast stochastic search methods. Secondly, methods that are based on the modifica-
tion of the potential energy surface (PES) (such as the basin-hoping[30] algorithm),
although very powerful in predicting global minima, have been avoided as our future
studies are aimed at predicting not only the correct lowest-energy reconstructions,
but also the thermodynamics of the surface. Lastly, the calculation of interatomic
forces is expensive, so the method should be based on Monte Carlo algorithms rather
than molecular dynamics. We mention, however, that recent advances in molecular
dynamics algorithms, especially the parallel replica[31] and temperature accelerated
dynamics[32] developed by Voter and coworkers, may constitute viable alternatives
to Monte Carlo parallel tempering for the sampling of low-temperature systems.

These considerations, coupled with a desire for simplicity and robustness
of implementation, prompted us to choose the parallel-tempering Monte Carlo
(PTMC) algorithm [33, 34] for finding the reconstruction of semiconductor sur-
faces. While we describe the salient features of the PTMC for crystal surfaces in
Section 9.2.1, the reader is refer to the original work [35] for full implementation
details.

The PTMC simulations, however, have a broader scope that the global mini-
mum search, as they are used to perform a thorough thermodynamic sampling of
the surface systems under study. Given their scope, such calculations [35] are very
demanding, usually requiring several tens of processors that run canonical simula-
tions at different temperatures and exchange configurations in order to drive the
low-temperature replicas into the ground state. If we focus only on finding the
reconstructions at zero Kelvin (which can be representative for crystal surfaces in
the low-temperature regimes achieved in laboratory conditions), it is then justified
to explore alternative methods for finding the structure of high-index surfaces. In
Section 9.2.2, we will address the problem of surface structure determination at zero
Kelvin, and report a genetically-based strategy for finding the reconstructions of
elemental semiconductor surfaces. Our choice for developing this genetic algorithm
(GA) was motivated by its successful application for the structural optimization of
atomic clusters [36, 37]. We have designed and tested the algorithm for Si(105)[38],
but we tested it on other surfaces as well [39–41]. Both Sections 9.2.1. and 9.2.2.
deal with the Si(114)-(2 × 1) surface, as an illustrative example of how the two
methodologies fare in the quest for finding low energy structures.

9.2.1. The Parallel-Tempering Monte Carlo

The reconstructions of semiconductor surfaces are determined not only by the effi-
cient bonding of the surface atoms, but also by the stress created in the process [17].
Therefore, we retain a large number of subsurface atoms when performing a global
search for the lowest energy configuration: this way the surface stress is intrinsically
considered when reconstructions are sorted out. The number of local minima of the
potential energy is also large, as it scales roughly exponentially [28, 29] with the
number of atoms involved in the reconstruction; by itself, such scaling requires the
use of fast stochastic search methods. One such method is the parallel-tempering
Monte Carlo (PTMC) algorithm [33, 34], which was shown to successfully find the
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reconstructions of a vicinal Si surface when coupled with an exponential cooling
[35]. Before outlining the procedure, we discuss briefly the computational cell and
the empirical potential used.

The simulation cell [of dimensions 3a × a
√

2 for Si(114)] in the plane of the
surface) has a single-face slab geometry with periodic boundary conditions applied
in the plane of the surface, and no periodicity in the direction normal to it. The
“hot” atoms from the top part of the slab (10–15 Å thick) are allowed to move,
while the bottom layers of atoms are kept fixed to simulate the underlying bulk
crystal. The area of the simulation cell and the number of atoms in the cell are kept
fixed during each simulation. Under these conditions, the problem of finding the
most stable reconstruction reduces to the global minimization of the total potential
energy V(x) of the atoms in the simulation cell (here x denotes the set of atomic posi-
tions). In terms of atomic interactions, we are constrained to use empirical potentials
because the highly accurate ab-initio or tight-binding methods are prohibitive as far
as the search itself is concerned. Since this work is aimed at finding the lowest
energy reconstructions for arbitrary surfaces, the choice of the empirical potential
is important. After numerical experimentation with several empirical models, we
chose to use the highly optimized empirical potential (HOEP) recently developed
by Lenosky et al. [42]. HOEP is fitted to a large database of ab-initio calculations
using the force-matching method, and provides a good description of the energetics
of all atomic coordinations up to Z = 12.

The parallel tempering Monte Carlo method (also known as the replica-exchange
Monte-Carlo method) consists in running parallel canonical simulations of many
statistically independent replicas of the system, each at a different temperature
T1 < T2 < . . . < TN . The set of N temperatures {Ti, i = 1,2, . . . ,N} is called a
temperature schedule (or schedule for short). The probability distributions of the
individual replicas are sampled with the Metropolis algorithm [43], although any
other ergodic strategy can be employed [44]. Irrespective of what sampling strategy
is being used for each replica, the key feature of the parallel tempering method is
that swaps between replicas of neighboring temperatures Ti and Tj (j = i ± 1) are
proposed and allowed with the conditional probability [33, 34] given by

min
{

1,e(1/Tj−1/Ti)[V(xj)−V(xi)]/kB
}

, (9-1)

where V(xi) represents the energy of the replica i and kB is the Boltzmann con-
stant. The conditional probability (9-1) ensures that the detailed balance condition
is satisfied and that the equilibrium distributions are the Boltzmann ones for each
temperature.

In the limit of low temperatures, the PTMC procedure allows for a geometric
temperature schedule [45, 46]. To show this, we note that when the temperature
drops to zero, the system is well approximated by a multidimensional harmonic
oscillator, so the acceptance probability for swaps attempted between two replicas
with temperatures T < T ′ is given by the incomplete beta function law [46]
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Ac(T ,T ′) � 2

B(d/2,d/2)

∫ 1/(1+R)

0
θd/2−1(1 − θ )d/2−1dθ , (9-2)

where d denotes the number of degrees of freedom of the system, B is the Euler
beta function, and R ≡ T ′/T . Since it depends only on the temperature ratio R, the
acceptance probability (9-2) has the same value for any arbitrary replica running at
a temperature Ti, provided that its neighboring upper temperature Ti+1 is given by
Ti+1 = RTi. The value of R is determined such that the acceptance probability given
by Eq. (9-2) attains a prescribed value p. Thus, the (optimal) schedule that ensures
a constant probability p for swaps between neighboring temperatures is a geometric
progression:

Ti = Ri−1Tmin, 1 ≤ i ≤ N, (9-3)

where Tmin = T1 is the minimum temperature of the schedule.
The typical Monte Carlo simulation done in this work consists of two main parts

that are equal in terms of computational effort. In the first stage of the computa-
tion, we perform a parallel tempering run for a range of temperatures [Tmin, Tmax].
The configurations of minimum energy are retained for each replica, and used as
starting configurations for the second part of the simulation, in which replicas are
cooled down exponentially until the largest temperature drops below a prescribed
value. As a key feature of the procedure, the parallel tempering swaps are not turned
off during the cooling steps. Thus, in the second part of the simulation we are in
fact using a combination of parallel tempering and simulated annealing, rather than
a simple cooling. At the k-th cooling step, each temperature from the initial temper-
ature schedule {Ti,i = 1,2, . . . ,N} is decreased by a factor which is independent of
the index i of the replica, T (k)

i = αkT (k−1)
i . Because the parallel tempering swaps

are not turned off, we require that at any cooling step k all N temperatures must be
modified by the same factor αk in order to preserve the original swap acceptance
probabilities. We have used a cooling schedule of the form [35]

T (k)
i = αT (k−1)

i = αk−1Ti (k ≥ 1), (9-4)

where Ti ≡ T (1)
i and α = 0.85.

The third and final part of the minimization procedure is a conjugate-gradient
optimization of the last configurations attained by each replica. The relaxation is
necessary because we aim to classify the reconstructions in a way that does not
depend on temperature, so we compute the surface energy at zero Kelvin for the
relaxed slabs i, i = 1,2, . . . ,N. The surface energy γ is defined as the excess energy
(with respect to the ideal bulk configuration) introduced by the presence of the
surface:

γ = (Em − nmeb)/A (9-5)
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where Em is the potential energy of the nm atoms that are allowed to move,
eb = −4.6124 eV is the bulk cohesion energy given by HOEP, and A is the surface
area of the slab.

At the end of the simulation, we analyze the energies of the relaxed replicas.
Typical plots showing the surface energies of the structures retrieved by the PTMC
replicas are shown in Figure 9-1a, for different numbers of particles in the computa-
tional cell. To exhaust all the possibilities for the numbers of particles corresponding
to the supercell dimensions of 3a × a

√
2, we repeat the PTMC simulation for dif-

ferent values of n ranging from 208 to 220, and look for a periodic behavior of the
lowest surface energy as a function of n. For the case of Si(114), this periodicity
occurs at intervals of �n = 4, as shown in Figure 9-1b. Therefore, the (correct)
number of atoms n at which the lowest surface energy is attained is n = 216, up to
an integer multiple of �n. As we shall show in Section 9.2.2 below, the repetition of

Figure 9-1. (a) Surface energies of the relaxed parallel tempering replicas i, (0 ≤ i ≤ 31) with total
number of atoms n = 216 (solid circles), 215 (open triangles), 214 (open circles) and 213 (solid tri-

angles). For clarity, the range of plotted surface energies was limited from above at 100 meV/Å
2
. (b)

Surface energy of the global minimum structure showing a periodic behavior as a function of n, with a
period of �n = 4; this finding helps narrowing down the set of values for n that need to be considered
for determining the Si(114) reconstructions that have a 3a × a

√
2 periodic cell. (Reproduced from Ref.

[39], with permission from Elsevier)



Predicting the Atomic Configuration of Nanostructures 239

the simulation for different values of n in the simulation cell can be avoided within
a genetic algorithm approach.

9.2.2. Genetic Algorithm

Like the previous method, the genetic algorithm also circumvents the intuitive pro-
cess when proposing candidate models for a given high-index surface. An advantage
of this algorithm over most of the previous methodologies used for structural opti-
mization is that the number of atoms involved in the reconstruction, as well as their
most favorable bonding topology, can be found within the same genetic search [38].

This search procedure is based on the idea of evolutionary approach in which
the members of a generation (pool of models for the surface) mate with the goal of
producing the best specimens, i.e. lowest energy reconstructions [38]. “Generation
zero” is a pool of p different structures obtained by randomizing the positions of
the topmost atoms (thickness d), and by subsequently relaxing the simulation slabs
through a conjugate-gradient procedure. The evolution from a generation to the next
one takes place by mating, which is achieved by subjecting two randomly picked
structures from the pool to a certain operation (mating) O:(A,B) −→ C. The mating
operation O produces a child structure C from two parent configurations A and B, as
follows. The topmost parts of the parent models A and B (thickness d) are separated
from the underlying bulk and sectioned by an arbitrary plane perpendicular to the
surface. The (upper part of the) child structure C is created by combining the part of
A that lies to the left of the cutting plane and the part of slab B lying to the right of
that plane: the assembly is placed on a thicker slab, and the resulting structure C is
subsequently relaxed.

A mechanism for the survival of the fittest is implemented as a defining fea-
ture of the genetic evolution. In each generation, a number of m mating operations
are performed. The resulting m children are relaxed and considered for the possi-
ble inclusion in the pool based on their surface energy. If there exists at least one
candidate in the pool that has a higher surface energy than that of the child consid-
ered, then the child structure is included in the pool. Upon inclusion of the child,
the structure with the highest surface energy is discarded in order to preserve the
total population p. As described, the algorithm favors the crowding of the ecology
with identical metastable configurations, which slows down the evolution towards
the global minimum. To avoid the duplication of members, we retain a new struc-
ture only if its surface energy differs by more than δ when compared to the surface
energy of any of the current members p of the pool. Relevant values for the param-
eters of the algorithm are given in [38]: 10 ≤ p ≤ 40, m = 10, d = 5Å , and

δ = 10−5 meV/ Å
2
.

We have developed two versions of the algorithm. In the first version, the number
of atoms n is kept the same for every member of the pool by automatically rejecting
child structures that have different numbers of atoms from their parents (mutants).
In the second version of the algorithm, this restriction is not enforced, i.e. mutants
are allowed to be part of the pool: in this case, the procedure is able to select the
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Figure 9-2. (a) Evolution of the lowest surface energy (solid line) and the average energy (dash line)
for a pool of p = 30 structures during a genetic algorithm (GA) run with variable n (210 ≤ n ≤ 222). (b)
Evolution of the number of atoms n that corresponds to the model with the lowest energy from the pool,
during the same GA run. Note that the lowest energy structure of the pool spends most of its evolution
in states with numbers of atoms that are compatible with the global minimum, i.e. n = 212 and n = 216
(Reproduced from [39], with permission from Elsevier)

correct number of atoms for the ground state reconstruction without any increase
over the computational effort required for one single constant-n run. The results
of a variable-n run are shown in Figure 9-2a which shows how the lowest energy
and the average energy from a pool of p = 30 structures decreases as the genetic
algorithm run proceeds. The plot in Figure 9-2a displays typical features of the
evolutionary approach: the most unfavorable structures are eliminated from the pool
rather fast (initial steep transient region of the graphs) and a longer time is taken for
the algorithm to retrieve the most stable configuration. The lowest energy structure
is retrieved in less than 500 mating operations. The correct number of atoms [refer
to Figure 9-2b] is retrieved much faster, within approximately 100 operations. It is
worth noting that even during the transient period, the lowest-energy member of the
pool spends most of its evolution in a state with a number of atoms (n = 212) that
is compatible with the global minimum structure.

The two independent algorithms (PTMC and GA) presented here are able to
retrieve a set of possible candidates for the lowest energy surface structure. We use
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both of the algorithms in this work in order to assess how robust their structure pre-
dictions are. As it turns out, the two methods not only find the same lowest energy
structures for each value of the total number of atoms n, but also most of the other
low-energy reconstructions – a finding that builds confidence in the quality of the
configuration sampling performed here. Since the atomic interactions are modelled
by an empirical potential [42], it is desirable to check the relative stability of dif-
ferent model structures using higher-level calculations based on density functional
theory (DFT). The details of these density functional calculations can be found, e.g.,
in [39].

9.2.3. Selected Results on Si(114)

At the end of the global search procedures (PTMC and GA), we obtain a set of
model structures which we sort by the number of atoms in the simulation cell and
by their surface energy. Since the empirical potentials may not be fully transferable
to different surface environments, we study not only the global minima given by the
model for different values of n, but also most of the local minima that are within
15 meV/ Å

2
from the lowest energy configurations. After the global optimizations,

the structures obtained are also relaxed by density functional theory (DFT) methods
[39, 40]. The results are summarized in Table 9-1 below.

Table 9-1. Surface energies of selected Si(114) reconstructions, sorted by
the number of atoms n in the 3a × a

√
2 periodic cell. The second column

shows the number of dangling bonds (counted for structures relaxed with
HOEP) per unit area. The last two columns list the surface energies given
by the HOEP interaction model [42] and by density functional calculations
(DFT) [47] with the parameters described in text. (Adapted from [39] with
permission from Elsevier)

Bond counting HOEP DFT

n (db/3a2
√

2) ( meV/ Å
2
) ( meV/ Å

2
)

216 8 81.66 89.48
8 83.16 90.34
8 83.31 91.29
8 83.39 88.77
8 83.64 94.68
8 84.42 92.16

215 8 91.61 97.53
8 91.82 95.30
8 92.00 94.20

214 6 86.95 95.17
10 87.32 99.58
10 87.39 98.47
10 87.49 93.88

213 4 89.46 90.43
6 89.76 94.01
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Table 9-1 lists the density of dangling bonds (db per area), as well as the sur-
face energies of several different models calculated using the HOEP potential and
DFT. The configurations have been listed in increasing order of the surface energies
computed with HOEP, as this is the actual outcome of the global optimum searches.
The data shows clearly that the density of dangling bonds at the Si(114) surface
is, in fact uncorrelated with the surface energy. The lowest number of dbs per area

reported here is 4, and it corresponds to n = 213 and γ = 90.43 meV/ Å
2

at the
DFT level. The optimum structure, however, has twice as many dangling bonds but

its surface energy is smaller, 88.77 meV/ Å
2
. Furthermore, for the same number of

atoms in the supercell (n = 216) and the same dangling bond density (8db/3a2
√

2),
the different reconstructions obtained via global searches span an energy interval of

at least 5 meV/ Å
2
. These findings constitute a clear example that the number of

dangling bonds can not be used as a criterion for selecting model reconstructions for
Si(114). We expect this conclusion to hold for many other high-index semiconductor
surfaces as well.

The HOEP surface energy and the DFT surface energy also show very little cor-
relation, indicating that the transferability of the interaction model [42] for Si(114)
is not as good as, for instance, in the case of Si(001) and Si(105) [35]. The most
that can be asked from this model potential [42] is that the observed reconstruction
[50] is amongst the lower lying energetic configurations – which, in this case it is.
We have also tested the transferability of HOEP for the case of Si(113), and found
that, although the ad-atom interstitial models [18] are not the most stable struc-
tures, they are still retrieved by HOEP as local minima of the surface energy. We
found that the low-index (but much more complex) Si(111)-(7 × 7) reconstruction
is also a local minimum of the HOEP interaction model, albeit with a very high
surface energy. Other tests indicated that, while the transferability of HOEP to the
Si(114) orientation is marginal in terms of sorting structural models by their surface
energy, this potential [42] performs much better than the more popular interaction
models [48, 49], which sometimes do not retrieve the correct reconstructions even
as local minima. Therefore, HOEP is very useful as a way to find different local
minimum configurations for further optimization at the level of electronic structure
calculations.

A practical issue that arises when carrying out the global searches for surface
reconstructions is the two-dimensional periodicity of the computational slab. In
general, if a periodic surface pattern has been observed, then the lengths and direc-
tions of the surface unit vectors may be determined accurately through experimental
means (e.g., STM or LEED analysis): in those cases, the periodic vectors of the
simulation slab should simply be chosen the same as the ones found in experiments.
When the surface does not have two-dimensional periodicity, or when experimental
data is difficult to analyze, then one should systematically test computational cells
with periodic vectors that are integer multiples of the unit vectors of the bulk trun-
cated surface, which are easily computed from knowledge of crystal structure and
surface orientation. There is no preset criterion as to when the incremental testing of
the size of the surface cell should be stopped – other than the limitation imposed by
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finite computational resources; nevertheless, this approach gives a systematic way
of ranking the surface energies of slabs of different areas, and eventually finding the
global minimum surface structure.

In this section we have reviewed the PTMC and GA methods of global opti-
mization, and exemplified their application using the case case of Si(114), a stable
high-index orientation of silicon. The PTMC and GA procedures coupled with the
use of a highly optimized interatomic potential for silicon have lead to finding a
set of possible models for Si(114), whose energies have been recalculated via ab
initio density functional methods. The most stable structure obtained here without
experimental input coincides with the structure determined from scanning tunneling
microscopy experiments and density functional calculations in [50]. Motivated by
these results for 2-dimensional systems, we have set out to adapt the less compu-
tationally intensive of the two methods (GA) for the study of quasi-1-dimensional
nanowire systems. The blue print of this genetic algorithm for 1-d systems, along
with an example application for the case of hydrogenated SiNWs is presented in the
next section.

9.3. THE STRUCTURE OF FREESTANDING NANOWIRES

Interestingly, the application of GA for the study of nanowires has been around for
the last few years, and as we have found one research group and their close col-
laborators [51–53] who used GA for finding the structure of metallic nanowires. To
the best of our determination from [51–53], the method can be traced to the origi-
nal article of Deaven and Ho on molecular clusters [36], since very little has been
reported in terms of actual GA procedure for nanowires. While the spirit of the algo-
rithm is general in that it is based on the natural evolution of living ecosystems, the
adaptation of GA for artificial systems of atoms requires a certain amount of inspi-
ration, design, as well as intense testing of the versatility of the genetic operations
(cross-overs, mutations) for specific boundary conditions. Once GA is fully set up
for 1-dimensional boundary conditions (possibly including variable unit-cell period
and variable numbers of atoms), then it can be used for NWs made of any material
provided that suitable (i.e. fast and sufficiently accurate) atomic interaction models
are available. In what follows we describe the blueprint of such algorithm (Section
9.3.1) and show its application for hydrogenated SiNWs (Section 9.3.2).

9.3.1. A Genetic Algorithm for 1-D Nanowire Systems

As in the 2-dimensional case, the GA uses concept of a genetic pool to search for low
energy structures using principles inspired by the evolution of biological systems. In
biological evolution, offspring generations inherit traits from the older generations
that may or may not help them survive. Similarly, during GA simulations, new NW
configurations (children) inherit diverse structural motifs (genes) from their “parent”
structures that may lower their formation energies, case in which the NW children
live. It may also happen that new NW structures have too high energies to “sur-
vive”, case in which they would not be accepted in the genetic pool. We have shown
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above an example of how GA can be used to find the structure of 2-dimensional
reconstructions. The key to extending the use of GA to NWs is to realize that these
algorithms must be system-specific. In other words, the type of genetic moves (e.g.
mating operations) that define the evolution cannot be identical for e.g., clusters
[36] and surfaces [38]. On the other hand, the moves and their sequence should not
be so radically different that each new physical system would require a prohibitive
amount of programming and testing.

In Section 9.2.2. we described a simple GA scheme in 2-D where the main
assumptions were that the periodic lengths are a priori known, and that the num-
ber of Si atoms in the supercell was either fixed or left to vary. If we consider the
vast number of proposals for SiNWs [5–10], it becomes apparent that an algorithm
with constant periodic length cannot sort through such multitude of structures with
different periods along the wire. We therefore describe here a GA with variable peri-
odic length and variable number of atoms (e.g., with fewer than 100 atoms per unit
cell), so that highly unfavorable numbers of atoms can be eliminated quickly and
naturally during the genetic evolution. It is our hope that such implementation of
GA will prove very versatile as it will be able to simultaneously find the number,
the period and the atomic structure of thin NW structures.

We now describe the salient features of the proposed GA. We again start with
a pool of p structures, in which the atoms are placed at random (but connected)
positions. The key modification is that we allow the boundaries of the periodic
cells to relax along with the atomic positions. The “Generation Zero” itself (see
Section 9.2.2) will have members of different numbers of atoms and different peri-
odic lengths. The evolution proceeds as follows (refer to Figure 9-3). Two members
are randomly chosen from the pool (parent structures a and b), scaled to have the
same length (e.g., the geometric mean of their periodic lengths) and translated so
that they lie between the same spatial bounds in the periodic direction (z) with their
centers of mass projecting in the same location in a plane perpendicular to z. a child

Figure 9-3. Schematics of the cross-over operation in a genetic algorithm design to tackle variations of
the periodic cell along its axis. Reproduced from [54], with permission from Taylor & Francis
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structure c is produced from a and b through a cross-over (mating) operation in
which the parents are sectioned by the same random plane (Figure 9-3) then por-
tions of parents that lie on different sides of the cutting plane are assembled to form
C. There are two possibilities to form the child structure, and one of them will be
discarded at random without an energy calculation. The child structure c is relaxed
(both atomic positions and periodic boundaries), and placed in the pool if its total
energy per atom is smaller than that of the most unfavorable pool member. Upon
placing the structure in the pool, the highest energy structure is removed in order to
preserve the total population p. The procedure is repeated for thousands of gener-
ations and stopped according to a set of desired criteria. Since we are interested in
diverse types of low energy structures, we would not want the pool crowded with
the same structure. For this reason, we allow a child to enter the pool not only when
its formation energy is favorable, but also if its structure is different from all the
other structures in the pool.

The boundary conditions. The periodicity can still be fixed from the start when
it is known from experiments [55] or when we attempt to study wires with crys-
talline core [56]. In the latter case, one subtlety arises as we need to consider integer
multiples of the period of the core in order to allow for various reconstructions to
form along the wire [8]. In the case of moving boundary conditions, we will have to
ensure from the beginning that our system is connected, as otherwise connectivity
may be hard to achieve during the GA evolution.

The cross-over operations. In its most simple form, the cross-over operation
is the one shown in Figure 9-3 We can readily imagine other ways to perform
cross-over operations such as using two random planes to cut and assemble parts
of two or more parents. Based on extensive testing for the high-index surfaces
[38–40], we found that cross-over operations with 2 parents and either 1 or 2 cut-
ting planes are sufficiently robust and efficient for a wide range of aspect ratios
of the structures, and there is little need to go beyond these values for the thick-
ness regimes that we are interested in. For the crystalline-core nanowires the planes
need not be random, but rather parallel to the axis of the nanowire in order for
the supercell boundaries not to act like cutting planes themselves. This compatibil-
ity between periodic boundary conditions and the mating operations only appears
necessary for wires with known core crystal structures: in all other cases it may
negatively affect the course of the evolution as the parents would be limited in
terms of the kind of offspring they could produce using cutting planes parallel to the
axis.

The mutations. As described, there are no explicit mutations in the algorithm.
One can envision the simplest standard mutation as selecting one atoms and moving
it arbitrarily by a small distance. Many of these standard mutations will have to be
forcefully accepted to diversify in the pool, since random mutations almost always
increase the energy per atom. More efficient moves that are aimed at improving the
diversity of the parents participating in mating operations are zero-penalty, global
“mutations” that amount to rotating a child around its axis, shuffling its atomic coor-
dinates through boundary conditions, or taking the mirror image of the child with
respect to a plane perpendicular to its axis.
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9.3.2. Magic Structures of H-Passivated Si-[110] Nanowires

Our choice to first study this particular NW system (i.e. hydrogenated SiNW ori-
ented along the [110] direction) was motivated by recent experiments [55] that
succeeded in characterizing, with atomic-scale resolution, H-SiNWs with diame-
ters between 2 and 7 nm. The authors of [55] have showed that the H-SiNWs are
single-crystals with axis orientations along [110], [112] or [111], and they have also
reported STM imaging of the NW facets. Comparison with these experiments leaves
therefore little wiggle room for theory, and thus constitutes a solid testing bed for
our approach. It should be mentioned that in experiments what is being controlled is
the number of H atoms on the surface and the wire diameter through timed exposure
to the HF environment. What we control in our simulations is the chemical potential
of H atoms, and determine the most stable thermodynamic state for a given chemical
potential [57].

During a GA optimization run, a pool of at p = 60 structures (initially just
random collections of atoms with periodic boundary conditions with a fixed period
of 3.84 Å, corresponding to the [110] crystal axis) is evolved by performing genetic
(mating) operations. For this particular SiNW system, the mating operations consist
in selecting two random parent structures from the pool, cutting them with the same
plane parallel to the wire axis, then combining parts of the parent structures that
lie on the opposite sides on the cutting plane to create a new structure (child). The
child structure is then passivated by satisfying all its dangling bonds with H atoms,
then relaxed with the Hansel-Vogl (HV) empirical model [58]. We include the child
structure in the genetic pool based on its formation energy f defined as

f = (E − μHnH)/n − μ, (9-6)

where E is the total energy of the computational cell with n Si atoms and nH hydro-
gen atoms, μ is the bulk cohesive energy of Si in its diamond structure, and μH is
the chemical potential of hydrogen. The H chemical potential is set such that certain
hydrogenation reactions at surfaces are thermodynamically allowed [57]. The pool
is divided into two equal subsets, one for each values of H. The mating operations
are performed both with parents in the same subset and with parents in different
subsets, in order to ensure a superior sampling of the potential energy landscape.
The mating operation is carried out 15 times during a generation, and a typical GA
run has 50,000 generations. At the end of each run, all structures are relaxed at DFT
level using the VASP package [59]. The chemical potential H used to compute the
DFT formation energies is determined so that it maximizes the correlation with the
HV formation energies for a few hundred configurations [57]. While some energetic
reordering does occur after the DFT calculations, most of the low-energy structures
found with the HV model remain relevant at the DFT level. GA runs with numbers
of atoms in the range 9 < n < 31 revealed three classes of spatially closed structures
with relatively low formation energies, which we described as 6-atom-ring chains,
double-chains (fused pairs of 6-ring chains) and hexagons (refer to Figure 9-4). As
the number of atoms per unit of wire length increases, we found that the most stable
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Figure 9-4. Magic nanowires (perspective view) found as minima of the formation energy per atom,
Eq. (9-6): the crossection of the wire can be (a) chain, (b) double-chain, or (c) hexagonal

cross section of the nanowire evolves from chains of six-atom rings to double-chains
to hexagons bounded by 001 and 111 facets. Our calculations predict that hexago-
nal wires become stable starting at about 1.2 nm diameter, which is consistent with
recent experiments on NWs with diameters of about 3 nm [55]. Pursuing further the
comparison with [55], we computed STM images for the facets of hexagons with
diameters in the range of 2–3 nm. Our calculation is in agreement with the STM
experiments, which also showed the exclusive presence of dihydride species on the
001 facets of [110] H-SiNWs.

9.3.3. Growth of 1-D Nanostructures into Global Minima Under Radial
Confinement

In this subsection we present a novel application of genetic algorithms, namely their
use for finding the structure of a 1-D nanotube via simulated growth [60]. Because
we pursue simulation of growth [60], we have chosen a variable-number genetic
algorithm which in the case of 2-D and 3-D periodic structures was shown to retrieve
the correct global minimum of the relevant energetic quantity – i.e., surface energy
in 2-D,[38, 39] and cohesion energy per particle in 3-D[61]. The 1-D nanotube stud-
ies reviewed here [60] were started with very few atoms in the periodic cell, often
with a single atom. The growth of the nanostructures takes off and proceeds entirely
through crossover operations, and stops when the optimal structure (i.e., that with
lowest energy per particle) for the given confinement conditions is found. As such,
the growth is not a reflection of the kinetic processes that occur in actual synthesis
experiments, but it is rather a different way to seek the optimal nanostructure that
can be synthesized under the prescribed confinement conditions.

We have noticed that simple planar crossovers such as those shown in Figure 9-3
lead to extremely slow and often nonconvergent genetic evolutions. Therefore, we
have diversified the set of mating (crossover) operations in order to improve the
algorithm’s performance. Two types of crossover operations were employed. The
first type, which we call sine crossovers (S1, S2, S3 cf. [60]) requires cutting the
parents along sinusoidal lines that are compatible with the periodic boundary con-
ditions along the axis of the tube and with respect to the angular coordinate. This
crossover procedure is adapted from recent work in 3-D crystal structure prediction
[61] which showed that, at least for 3-D periodic systems, the real-space GA is more
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efficient when using cutting functions that obey the periodic boundary conditions.
The other type of crossover is based on planar cuts (P1 and P2 cf. Ref. [60]) where
planes are either randomly oriented or are parallel to the axis of the nanostructure.

We have tested the genetic algorithm for two systems, LJ systems and carbon
nanotubed subjected to radial confinement conditions [60], and describe here only
the latter system. The purpose is to find out if nanotubes can grow via genetic opera-
tions. To this end, we started the GA runs from genetic pools in which each member
has one single carbon atom in the periodic cell. We follow the evolution of GA
runs in which only one type of cross-over is employed from the set , as well as
GA runs where all the crossover operations are attempted with equal probability.
The evolution of the lowest energy in the pool for each of the six GA runs (i.e.
five runs based on a single type of crossover, and one run with all equiprobable
crossovers) is plotted in Figure 9-5a, and the average energy across the pool is
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Figure 9-5. Evolution of (a) the lowest energy in the pool and (b) the average energy across the pool for
CNT systems in separate runs performed with only one type of crossover, as well as in a run performed
with all crossovers attempted with equal probability. The horizontal axis of each plot shows the number
of crossovers (moves) attempted. Note that the GA runs based solely on sine operations could not find
the global minimum structure within 10,000 crossovers. Reproduced from [60], with permission from
Taylor & Francis
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shown in Figure 9-5b for each run. We observe that only the runs based on pla-
nar cuts (P1 and P2) are able to find the optimal defect free CNT structure in less
than 104 operations. The run based on all operations finds the correct structure in
less than 5000 moves (crossovers). Since the individual sine crossovers are slow in
finding the global optimum structure, the success of the all-move GA run is most
likely due to the planar crossovers.

The structure of the best member in the genetic pool for the all-crossovers GA
run on CNT systems is shown at selected time-points in the evolution in Figure 9-6.
As specified, the run started with a single carbon atom for every member of the
pool, but we show two unit cells for each frame to help the visualization through
periodic boundary conditions along the direction of the nanotube. The best struc-
ture grows from one atom to a string of atoms that spans the length of the periodic
cell (frame labeled 700 in Figure 9-6). A rather large number of crossovers has to
be attempted in order for the string to grow wider (frames 2000, 2200), i.e. into a
strip of sp2-hybridized carbon atoms (graphene) at frame 2200. Planar crossovers
performed with parent structures that consist of graphene strips will likely lead to
two flat strips, as shown in frame 2300. The two strips subsequently coalesce at an
angle (frame 2700 in Figure 9-6), acquire more atoms and start curving onto a cylin-
drical surface due to the confining potential walls (frame 3300). Planar mating of
parent structures such as that shown in frame 3300 results in closing the circumfer-
ence, as shown in frame 3600; this closing occurs with defects along the cross-over
planes, but such defects are systematically weeded out later on (see frames 4100
and 4300).

We have thus shown that a real space, variable-number algorithm can be used
to retrieve simultaneously the lowest-energy structure and the optimal number of
atoms of 1-D nanostructures subjected to desired conditions of radial confinement,
starting from a single atom in the periodic unit cell. This algorithm is based on
two-parent crossover operations and zero-penalty “mutations”, the latter of which
allowing for the algorithm to evolve even from a genetic pool made of identical
structures. The structure of nanowires and nanotubes subjected to radial confinement
were obtained for other materials as well (e.g. gold, Lennard-Jones atoms), which

Figure 9-6. Evolution of lowest-energy carbon structure during a GA run performed with all crossover
types. The system starts with only 1 atom for each member of the genetic pool, and evolves towards a
defect-free CNT as the lowest-energy pool member. The outer confining wall is shown by the white dash
line, and the “time” (i.e., the index of the crossover operation) is indicated by the number shown atop
each frame. The number of atoms is shown at the bottom of the frames; for clarity, two periodic lengths
along the CNT axis are displayed. Reproduced from [60], with permission from Taylor & Francis
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suggests that the variable number genetic algorithm is a versatile tool for finding the
atomic configuration of nanowires.

9.4. FUTURE DIRECTIONS

We have so far described, in certain detail, two methodologies (PTMC and GA)
for the finding the structure of semiconductor surfaces. One of the two methods
(GA) has also been designed for the study of nanowire structures. At this stage,
the problem of pristine SiNWs structure that has triggered the development of GA
for 1-dimensional system is still not solved, as we have chosen to study first a sys-
tem (H-passivated Si [110] nanowire for which experimental observations [55] are
available for comparison. The algorithm is to be developed over time, as one can add
capabilities to it in order to study an increasing number of 1-dimensional material
systems. An overview of the 1-D systems that can be tackled in the future is summa-
rized in Figure 9-7, which shows the possible combinations between the materials
targeted in this study, wire diameter regimes, and experimentally relevant surface
terminations.

In terms of the semiconductor materials, silicon is perhaps the most important,
and it is the material that drew our attention to the nanowire structure problem in the
first place. Since, at its core, our methodology remains the same irrespective of the
material chosen, we will consider not only Si but other materials as well. The binary
materials (e.g., Si-Ge, In-P) in the chart above have been less scrutinized than sili-
con, and thus carry a tremendous potential for scientific novelty. The presence of a
second atomic species in a sizeable proportion is bound to change the NW structure
and will give insight into how the optical, electronic and mechanical properties can
be tailored by changing the wire material and/or its composition.

The two regimes of wire diameters are delineated according to the current capa-
bilities of the genetic algorithm, which turns out to be very efficient when dealing
with less than 100 atoms per periodic cell along the wire axis. Defining the NW

Figure 9-7. An overview of the nanowire semiconductor systems that might be tackled by global opti-
mization methods. With the exception of the oxide-passivated wires (included here only for completness),
the systems presented should be fairly amenable to study via genetic algorithms for diameters smaller
than 10 nm. Reproduced from [54], with permission from Taylor & Francis
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diameter as that of the smallest cylinder that includes all atoms, this number of
atoms roughly corresponds to 3 nm diameter in the case of Si. For larger numbers
of atoms per unit cell, the global optimization methods become much slower, as the
difficulty of the structure determination problem increases exponentially; the meth-
ods should be further developed and refined to address, for example, a tripling of the
number of atoms. Fortunately, in the regimes of diameters thicker than 3 nm, cur-
rent experiments have been able to precisely identify a crystalline core with specific
axis orientations [55, 56]. Therefore, for thick wires we will most likely not have to
apply the GA, but instead study the structure and energetics of NWs starting from
facet and facet-edge energies.

Most of the recent experiments show that the surface of the nanowires can
fall into three main categories: clean [5], H-terminated [55] or oxide-terminated
[62, 63]. Of these categories, the oxide surface is the least tractable with the
currently available atomic interaction models. We cannot reasonably apply DFT
methods either, because the structure of the oxide is mostly amorphous, thus hard
to predict or assume. On the other hand, the clean and H-passivated NWs are very
important for our fundamental understanding of the NWs structure and its effect on
NW properties and applications.

Since in the nanometer-thin regime the structure of the NWs is crucial in deter-
mining novel phenomena, properties and applications, we believe that the impact
of using global optimization methods for finding the structure of low-dimensional
nanostructures should be significant, especially in the very foreseable future when
the experimental community will achieve the stage at which it can routinely fab-
ricate devices based on ultra-thin wires (smaller than 3 nm diameter). At that
point, research in (e.g.) device conduction, optical phenomena, chemical sensing
at the nanoscale, and nano-electromechanical properties will require immediate
and detailed knowledge about the atomic structure as a starting point for any
robust understanding of the operation of such devices. The methodologies that
we have reviewed here have strong predictive capabilities, and therefore we hope
that they will robustly complement the experimental techniques and provide the
needed structure input for investigations of novel properties and functionalities of
ultra-thin NWs.
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