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Physical limit of stability in supercooled D 2O and D2O¿H2O mixtures
S. B. Kiseleva) and J. F. Ely
Chemical Engineering Department, Colorado School of Mines, Golden, Colorado 80401

~Received 13 June 2002; accepted 10 October 2002!

The fluctuation theory of homogeneous nucleation was applied for calculating the physical
boundary of metastable states, the kinetic spinodal, in supercooled D2O and D2O1H2O mixtures.
The kinetic spinodal in our approach is completely determined by the surface tension and equation
of state of the supercooled liquid. We developed a crossover equation of state for supercooled D2O,
which predicts a second critical point of low density water–high density water equilibrium, CP2,
and represents all available experimental data in supercooled D2O within experimental accuracy.
Using Turnbull’s expression for the surface tension we calculated with the crossover equation of
state for supercooled D2O the kinetic spinodal,TKS , which lies below the homogeneous nucleation
temperature,TH . We show that CP2 always lies inside in the so-called ‘‘nonthermodynamic habitat’’
and physically does not exist. However, the concept of a second ‘‘virtual’’ critical point is physical
and very useful. Using this concept we have extended this approach to supercooled D2O1H2O
mixtures. As an example, we consider here an equimolar D2O1H2O mixture in normal and
supercooled states at atmospheric pressure,P50.1 MPa. © 2003 American Institute of Physics.
@DOI: 10.1063/1.1526634#
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I. INTRODUCTION

In the fluctuation theory of homogeneous nucleation1,2

the physical boundary of metastable states is determ
from the condition that the lifetime of the metastable pha
tM is of the same order as a relaxation time of a homo
neous statetR . Therefore, in the vicinity of the thermody
namic spinodaltM!tR , the very concept of a ‘‘homoge
neous’’ state loses its meaning and the thermodyna
spinodal is experimentally unattainable. The line wheretM

>tR is treated in the fluctuation theory of homogeneo
nucleation as the kinetic spinodal. Both times,tM and tR ,
depend on the kinetic properties of liquid, but the ratiotM /tR

depends on the thermodynamic properties only.
In our previous work,3–7 we developed a general, base

on the fluctuation theory of homogeneous nucleation1,2 ap-
proach for the calculation of the physical boundary of me
stable states in superheated, stretched, and supercoole
uids. The kinetic spinodal in our approach is complet
determined by the surface tension and equation of s
~EOS! of the metastable fluid. In our most recent work7

further referred as Paper I, we applied this approach for
calculation of the kinetic spinodal in supercooled water. U
ing the two-critical point~TCP! scenario,8–18we developed a
parametric crossover model for supercooled water and h
shown that the second critical point of the low density wa
~LDW!–high density water~HDW! equilibrium, CP2, al-
ways lies inside the so-called ‘‘nonthermodynamic habit
created by this ‘‘virtual’’ critical point itself, and, therefore
does not exist. Nevertheless, the concept of the second
tual’’ critical point is useful and yields a physically sel
consistent representation of the kinetic spinodal and ther
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dynamic properties of supercooled water outside
‘‘nonthermodynamic habitat’’ region.

In this work, we continue the study initiated in our pr
vious papers for supercooled water5–7 and extend this ap-
proach to supercooled D2O and D2O1H2O mixtures. We
proceed as follows: In Sec. II we review the major conce
of the fluctuation theory of homogeneous nucleation. In S
III we describe a phenomenological crossover model for o
component fluids and obtain a crossover EOS for pure D2O.
An application of this crossover EOS to the prediction of t
kinetic spinodal in pure D2O is presented in Sec. IV. In Sec
V we describe the isomorphic crossover free-energy mo
for binary mixtures and consider its application to the p
diction of the kinetic spinodal in supercooled D2O1H2O
mixtures. Our results are discussed and summarized
Sec. VI.

II. THEORETICAL BACKGROUND

According to classical theory of homogeneous nucl
tion19–21 the nucleation rateJ, which determines the averag
number of nuclei formed in a unit volume of the metasta
phase per unit time, is proportional to the probability of ha
ing a critical nucleus

J5J0 exp~2Wmin /kBT!, ~2.1!

wherekB is Boltzmann constant, and

Wmin5
4
3pr c

2s ~2.2!

determines the nucleation barrier, which is equal to the m
mum reversible work required to form a critical size nucleu
s is the surface tension, andJ0 is a prefactor which depend
on a kinetic coefficient, usually the self-diffusion or the she
viscosity, but does not depend on the critical radiusr c . The
mean time of formation of a critical nucleus in a volumeV,
il:
© 2003 American Institute of Physics
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tM5~JV!215~J0V!21 exp~Wmin /kBT!, ~2.3!

determines the lifetime of the metastable state. The homo
neous nucleation limit of the metastable state is determi
as a locus of the constant~usually small tM.0.141
seconds20! lifetime tM . Thus, in the classical theory of ho
mogeneous nucleation, the nucleation temperatureTH is de-
termined by both, the thermodynamic~through theWmin)
and kinetic~through theJ0), properties of supercooled fluid

In the fluctuation theory of homogeneous nucleation1,2

the dynamics of a system in a metastable state of the in
phase are connected with the relaxation and fluctuation of
hydrodynamic fields of the order parameterw(xW ,t), energy
densitye(xW ,t), etc. The slowness of their relaxation allow
us to exclude other degrees of freedom and to only cons
the dynamics of a single hydrodynamic mode-scalar field
the order parameter. In this case the equation of motion
the system is the same as that of a system near a sec
order phase transition22

]w

]t
52GcDS 2

]H
]w

1 f stD , ~2.4!

whereGc is a transport coefficient,H is an effective Hamil-
tonian, andf st is an external random force modeling th
thermal fluctuations. The effective HamiltonianH$w% can be
expanded in a functional series as in a second-order p
transition. In the vicinity of instability region, the effectiv
Hamiltonian can be represented in the form2

H$w%5E S g

2
~Dw!21

u2

2
w22

u3

3
w3D dV, ~2.5!

whereg, u2 , u3.0, andu2 are small. The curveu250 rep-
resents a bare or ‘‘unrenormalized’’ spinodal, i.e., a spino
of the system in the absence of fluctuations.

The solution of Eqs.~2.4! and~2.5! obtained by Patash
inskii and Shumilo1,2 show that the lifetime of the metastab
phase taking into account of fluctuations is given by

tM5tRS 4pg

l0
D exp~gWmin /kBT!, ~2.6!

where tR516g/Gcu2
2 is a characteristic time governing th

relaxation toward local equilibrium,g5(u2g)3/2/kBTu3
2 is a

dimensionless parameter andl0>8.25 is a dimensionles
constant. It follows from Eq.~2.6! that whengWmin@kBT
the lifetime of the metastable phase is exponentially lon
than the relaxation timetR . For g<kBT/Wmin , the initial
homogeneous state that is stable with respect to lo
wavelength fluctuations transforms to a heterogeneous
as a result of fluctuations during a time comparable with
time governing the relaxation toward local equilibrium (tM

.tR). The curvegWmin5kBT, or, alternatively,

~u2!KS5u2~TKS!5
1

g S kBTKSu3
2

Wmin
D 2/3

, ~2.7!

can be regarded as the physical limit of stability in a sup
cooled liquid—the kinetic spinodal,TKS , limits the region in
the phase diagram@u2.(u2)KS or T.TKS] of statistically
well defined and experimentally attainable metastable sta
Downloaded 19 Jan 2003 to 138.67.128.3. Redistribution subject to AI
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For 0,u2,(u2)KS ~or T,TKS) the lifetime tM,tR and the
very concept of an equilibrium homogeneous state is
longer applicable, and this spinodal region separates m
stable and unstable states in the phase diagram of
component fluids.1,2

As was shown by Kiselev,4,5 the parametersu2 andu3 in
the effective Hamiltonian~2.5! for one-component fluids can
be expressed through the dimensionless first,m̄r

5r(]m/]r)T /kBT, and second,m̄rr5r2(]2m/]r2)T /kBT,
derivatives of the chemical potential,m5(]rA/]r)T5A
1P/r, with respect to the density,r,

u25kBTrm̄r5rS ]P

]r D
T

,

~2.8!

u35
1

2
kBTrm̄rr5

1

2
rF2S ]P

]r D
T

1rS ]2P

]r2 D
T
G ,

and for the parameterg in supercooled liquids a good est
mate is5–7

g5kBTr tr
1/3, ~2.9!

wherer tr is the density of liquid at the triple point. Usin
Eqs. ~2.8! and ~2.9!, Eq. ~2.7! for the kinetic spinodalTKS

can be written in the form5,6

m̄r~TKS!5F kBTm̄rr
2 ~TKS!

4Wmin~TKS!
G 2/3S r

r tr
D 1/3

. ~2.10!

We need to note that Eq.~2.10! for the kinetic spinodal
TKS , unlike Eq.~2.3! for the homogeneous nucleation lim
TH , does not contain any kinetic coefficient. Along the k
netic spinodal the lifetime of the metastable phasetM and the
relaxation timetR are changed, but the ratiotM /tR , which
depends on the thermodynamic properties of liquid only,
mains constant. Therefore, if the surface tension is kno
the physical boundary of metastable states, the kinetic s
odal, in the fluctuation theory of homogeneous nucleation
completely determined by the equation of state,P
5P(r,T).

III. EOS FOR SUPERCOOLED D2O

In Paper I we have shown that the second HDW–LD
critical point, CP2, is actually a ‘‘virtual’’ critical point which
physically does not exist. However, the concept of a sec
critical point appears to be very useful and the parame
crossover model in combination with the two-critical poi
scenario yields a highly accurate and physically se
consistent representation of all available experimental d
and the kinetic spinodal in supercooled water. Therefore,
supercooled D2O we also adopt the TCP scenario and pa
metric crossover model employed earlier for supercoo
H2O.7

The Helmholtz free energy in the parametric crosso
model is represented in the form

Ā~T,r!5DĀ~t,Dh!1~r/rc!m̄0~T!1Ā0~T!, ~3.1!

whereDĀ is the critical part of the dimensionless Helmhol
free energy densityĀ5rA/rcRTc ~whereR is the universal
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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gas constant! as a function oft5T/Tc21, the dimensionless
deviation of the temperatureT from the critical temperature
Tc , and the order parameterDh5Dr5r/rc21, the dimen-
sionless deviation of the densityr from the critical density
rc , while the background contributionsm̄0(T) and Ā0(T)
are analytic functions of temperature. The critical part of
Helmholtz free energy is given by23–26

DĀ~r ,u!5kr22aRa~q!

3FaC0~u2!1(
i 51

5

cir
D iR2D̄i~q!C i~u!G , ~3.2!

t5r ~12b2u2!, Dr5krbR2b11/2~q!u1d1t, ~3.3!

whereb, a, andD i are the universal critical exponents,27,28

b2 is a universal linear-model parameter, the scaled functi
C i(u) are universal analytic~even fori 50 – 2, or odd fori
53 – 5) functions of the parametric variableu, andk, d1 , a,
and ci are system-dependent coefficients. The crosso
function R(q) in Eqs. ~3.2! and ~3.3! is defined by the ex-
pression

R~q!5S 11
q2

11q
D 2

, ~3.4!

where the crossover variableq is related to the parametri
variabler by

q5~rg !1/2, ~3.5!

whereg5Gi21 is the inverse Ginzburg number.
The first three terms on the right-hand side of Eq.~3.2!

correspond to the asymptotic (i 50), first (i 51), and sec-
ond (i 52) Wegner correction terms.29 The next two asym-
metric terms (i 53 and i 54) are equivalent to a ‘‘mixing’’
of the thermodynamic variables related to the asymmetry
the VLE surface in real fluids with respect to the critic
isochore,30,31 and the last term in Eq.~3.2! ( i 55) corre-
sponds to the additional asymmetric term}Dh5 in the effec-
tive Hamiltonian of the system.32,33 For large values of the
variableq, at utu@Gi, the crossover functionR(q) modifies
each term in Eq.~3.2! so they all become analytic, and E
~3.2! is transformed into the classical Landau expansio34

with additional asymmetric terms25 }Dh3 andDh5.
In order to apply the parametric crossover model to r

systems, one needs to specify the background contribut
in Eq. ~3.1!. Here, following our previous work for super
cooled water,7 we represent the analytic functionsm̄0(T) and
Ā0(T) by truncated Taylor expansions

m̄0~T!5(
j 51

3

mjt
j ,

~3.6!

Ā0~T!52Zc1(
j 51

3

Ajt
j ,

where Zc5Pc /rcRTc is the critical compressibility. The
parametric crossover~CR! EOS in this case is completel
specified by Eqs.~3.2!–~3.6! and contains the following uni
versal constants: the critical exponentsa, b, D i , andD̃i , and
the linear-model parameterb2. The values of all universa
Downloaded 19 Jan 2003 to 138.67.128.3. Redistribution subject to AI
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constants and the universal scaled functionsC i(u) are pre-
sented in Tables I and II, respectively. In addition, the pa
metric CR EOS also contains the following system
dependent constants: critical parametersTc , rc , andPc , the
rescaled asymptotic critical amplitudek of the coexistence
curve, the amplitudea of the asymptotic term, the amplitude
ci of the nonasymptotic (i 51,2) and asymmetric (i 53 – 5)
terms, the inverse rescaled Ginzburg numberg, and the co-
efficients mj and Aj in the background contributions. Th
coefficient c5 corresponds to the asymmetric term}Dh5,
which appears to be statistically irrelevant,23,24,26 therefore
we further setc5[0.

As was pointed out in our previous study for supe
cooled water,7 an accurate determination of the position
the CP2, especially the critical pressurePc2 for which an
uncertainty is of about 10%–15%, is not possible in pr
ciple. Therefore, in order to avoid an over fitting, for supe
cooled D2O we adopt the same value ofPc2 as obtained
earlier for supercooled H2O.7 All other system-dependen
constants for supercooled D2O, including the critical param-
etersTc2 andrc2 , have been found from a fit of the CR EO
to experimental data. For this purpose the experimentalkT

data by Kanno and Angell,35 experimentalCP data by Angell
et al.36 and by Rasmunssen and MacKenzie,37 and experi-
mental (r,T) data by Zheleznyi,38 by Kanno and Angell,39

and by Hare and Sorensen40 have been used. In addition, w
also used the specific volume data in the stable region
temperaturesTm<T<300 and pressures 1<P<150 MPa
generated with the new International Formulation for t
thermodynamic properties of heavy water of Kestin a

TABLE I. Universal scaled functions.

C0(u)5
1
2b4@2b(b221)/(22a)12b(2g21)(12b2u2)/(g(12a))

2(122b)(12b2u2)2/a#
C1(u)5@1/(2b2(12a1D1))#@(g1D1)/(22a1D1)2(122b)b2u2#
C2(u)5@1/(2b2(12a1D2))#@(g1D2)/(22a1D2)2(122b)b2u2#

C3(u)5
1
3u@322(e02b)b2u21e1(122b)b4u4#

C4(u)5
1
3b2u3@12e2(122b)b2u2#

C5(u)5
1
3b2u3@12e4(122b)b2u2#

TABLE II. Universal constants.

a50.110
b50.325
g522a22b51.24
b25(g22b)/g(122b)>1.359
D15D̃150.51

D25D̃252D151.02
D35D45g1b2150.565
D551.19
D̃35D̃45D321/250.065

D̃55D521/250.69
e052g13b2152.455
e15(e02b)(2e023)/(e025b)>4.90
e25(e023b)/(e025b)>1.773
e3522a1D553.08
e45(e323b)/(e325b)>1.446
Ds5g1b212D1>0.055
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Sengers.41 We found that the best estimates for the critic
parameters of the second critical point CP2 in supercooled
D2O are

Tc2519565 K,

rc251220650 kg m23, ~3.7!

Pc25230620 MPa.

It appears, that with respect to the CP2 all available ex-
perimental data for supercooled D2O lie in the high
temperature–low density region (T.Tc2 and r,rc2).
Therefore, an extrapolation of the CR EOS with the asy
metric terms obtained from the ‘‘high temperature–low de
sity’’ fit into the low temperature–high density region (T
<Tc2 andr>rc2) can give some unphysical behavior an
in general, is not recommended. In order to reduce the n
ber of the adjustable parameters and make model more
dictable at high densities, in the second step we, follow
Kiselev and Kostyukova,3 represented the asymmetric amp
tudec4 in Eq. ~3.2! as a linear combination of the amplitude
c1 andc3 ,

c45c1

C0

E0

2c3

D0

E0

, ~3.8!

where the coefficientsC0 , D0 , andE0 depend on the critica
exponent only

C05
~g1D1!

Ab2~122b!
S 2b

122b D Ds

, ~3.9!

D05e02b1e1

~e025b!

~122b!2
, ~3.10!

E0512
~12e012e21b!

~122b!
1e2

~e02b22!

~122b!2
. ~3.11!

Comparison of the constrained, by Eq.~3.8!, crossover
model CREOS-02 and unconstrained crossover mo
CREOS-01 with experimental data for supercooled D2O is
shown in Figs. 1–3. As one can see, in the entire experim
tally attainable region both CREOS-01 and CREOS-
models are practically equivalent. Both models represent
experimental values of the isothermal compressibilitykT in
liquid and supercooled D2O in the pressure rangeP
510– 190 MPa with an average absolute deviation~AAD ! of
about 1.5% (n572), the specific heat and liquid densitie
data atP51 MPa and temperatures 245 K<T<300 K with
an AAD of about 1.0% (n538) and 0.03% (n536), respec-
tively. However, since the constrained crossover model c
tains one adjustable parameter less than CREOS-01
gives a physically more reliable extrapolation into the hig
density region, we choose here the CREOS-02 as a b
EOS for supercooled D2O. The values of all system
dependent parameters in the CREOS-02 for supercooled2O
are listed in Table III. In the second column in Table III w
also give the values of the system-dependent paramete
the CREOS-02 for supercooled H2O. The values of these
parameters have been obtained from a fit of the CREOS
to the experimentalkT , r(T), andCP data for supercooled
Downloaded 19 Jan 2003 to 138.67.128.3. Redistribution subject to AI
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H2O as was described in our previous work for CREOS-07

Since in supercooled H2O both models, CREOS-01 an
CREOS-02, practically coincide, we will not discuss t
CREOS-02 for H2O here.

IV. KINETIC SPINODAL IN SUPERCOOLED D 2O

Equation~2.10! for the kinetic spinodal requires the su
face tensions, which appears in Eq.~2.2! through the nucle-
ation barrierWmin . In general, the surface tension in on
component fluids can be considered as a function of
temperature and radius of curvaturer. Here, following our
previous work,6,7 we represent the surface tension in t
form

s~T,r !5s0~T!S 122
dT

r
D , ~4.1!

FIG. 1. The isothermal compressibility of D2O at different pressures in
normal and supercooled states as a function of temperature. The sym
represent experimental values obtained by Angellet al. ~Ref. 35!, the
dashed curves represent values calculated with the CREOS-01, and the
curves correspond to the values calculated with the CREOS-02.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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wheredT is the Tolman length,42 ands0 is a surface tension
of the planar interface. The nucleation barrier,Wmin , and
critical radius of the nucleus,r c , in this case can be written
in the form6

TABLE III. System-dependent parameters for the crossover EOS for su
cooled D2O and D2O1H2O mixtures.

Parameter D2O H2O ki
(1)

k 0.319 254 0.360 725 23.482 67E100
d1 0.200 011 0.216 981 26.756 78E201
a 211.969 236.150 22.313 05E101
c1 2379.046 2207.762 23.344 92E101
c2 265.477 267.900 21.151 41E100
c3 2407.576 2418.576 2.111 15E101
c4 2458.119 22028.26 0
g 13.9632 15.7862 9.890 01E100
A1 20.712 249 20.204 735 9.096 81E100
A2 215.237 231.325 23.337 98E101
A3 50.5706 53.9308 0
m1 1.919 44 0.536 002 22.692 77E102
m2 2155.576 2152.770 1.732 85E101
m3 214.7238 215.5989 25.996 06E100

FIG. 2. The isobaric specific heat~top! and thermal expansivity~bottom! of
D2O at atmospheric pressure,P50.1 MPa, in normal and supercooled stat
as a function of temperature. The symbols represent experimental v
obtained by Angellet al. ~Ref. 36! ~circles!, by Rasmussen and MacKenz
~Ref. 37! ~squares!, by Zheleznyi~Ref. 38! ~triangles down!, and by Hare
and Sorensen~Ref. 40! ~triangles up!. The dashed curves represent valu
calculated with the CREOS-01, the solid curves correspond to the va
calculated with the CREOS-02, and the dot–dashed curve represents v
of the isochoric heat capacity calculated with the CREOS-02.
Downloaded 19 Jan 2003 to 138.67.128.3. Redistribution subject to AI
Wmin5
4

3
pr c

2s0S 124
dT

r c
D , ~4.2!

r c5
1

2
r c

0S 11A124
dT

r c
D , ~4.3!

and the critical radiusr c
0 is given by

r c
05

Tms0~T!vS~T!

~Tm2T!Dh
~4.4!

wherevS is the molar volume of solid at the melting tem
peratureTm , and Dh is the molar enthalpy of fusion. Fo
surface tension at the planar solid–liquid interface,s0(T),
we have used Turnbull’s expression43

s050.32
Dh

vS
2/3

. ~4.5!

As follows from Eqs. ~2.10!, and ~4.2!–~4.5!, if the
Tolman length,dT , is known, the kinetic spinodal in supe
cooled liquid is completely determined by the equation
state only. The results of our calculations for the kinetic sp
odal in supercooled D2O performed with CREOS-02 an
dT520.2 nm ~which appears to be a reasonably good e
mate for the supercooled water6! are shown in Figs. 3 and 4
The dotted curve in Figs. 3 and 4 corresponds to the mel
temperatures,Tm , the dot–dashed curve represent the te
peratures of the maximum densities,TMD , calculated with
the CREOS-02, and the dark-shaded area marks the ‘‘n
thermodynamic habitat,’’ i.e., the region where no thermod
namic state for supercooled D2O is possible. As one can se
the second critical point, CP2, lies inside the ‘‘nonthermody-
namic habitat’’ for supercooled D2O and, therefore, physi
cally does not exist. However, outside the ‘‘nonthermod

r-

es

es
ues

FIG. 3. T–r diagram of supercooled D2O. The symbols represent exper
mental values obtained by Zheleznyi~Ref. 38! ~triangles down!, by Kanno
and Angell~Ref. 39! ~circles!, and by Hare and Sorensen~Ref. 40! ~triangles
up!, and the diamonds correspond to the data generated with the new I
national formulation for the thermodynamic properties of heavy water
Kestin and Sengers~Ref. 41!. The dashed curves represent values calcula
with the CREOS-01, and the solid curves correspond to the values ca
lated with the CREOS-02.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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namic habitat’’ atT.TKS , in the so-called ‘‘no-man’s land’
(TKS,T,TH), i.e., the region with short lived but still ther
modynamic states10 ~the light-shaded area in Fig. 4!, and in
the experimentally attainable metastable region (T.TH)
CREOS-02 can be used for the accurate calculation of
thermodynamic properties of supercooled D2O.

V. SUPERCOOLED D2O¿H2O MIXTURES

A crossover expression for the Helmholtz free energy
binary mixtures can be obtained from the principle
critical-point universality,44–47which means that with the ap
propriately chosen thermodynamic variables, also called
morphic variables, the thermodynamic potential of bina
mixtures has the same form as the thermodynamic pote
of a one-component fluid. An isomorphic crossover equat
of state for binary mixtures based on the critical-point u
versality and phenomenological crossover model~3.2! has
been developed by Kiselev.26 This crossover model has bee
widely used for the prediction of the thermodynamic prop
ties and the phase behavior of more than 25 bin
mixtures,26,48–51 including pure H2O and D2O and their bi-
nary mixtures,52,53 in a wide range of the parameters of sta
around the critical point of the vapor–liquid equilibria, CP1.
Here, we apply this approach to the supercooled D2O1H2O
mixtures.

The isomorphic free-energy density of a binary mixtu
is given by26

rÃ~T,r,x̃!5rA~T,r,x!2rm̄x~T,r,x̃!, ~5.1!

where m̄5m22m1 is the difference of the chemical poten
tials m1 and m2 of the mixture components,x5N2 /(N1

1N2) is the mole fraction of the second component in t
mixture,rA(T,r,x) is the Helmholtz free-energy density o
the mixture, and the isomorphic variablex̃ is given by

FIG. 4. P–T diagram of supercooled D2O. The symbols represent the ho
mogeneous nucleation temperatures obtained by Kanno and Angell~Ref. 35!
~filled circles with the eye-guide line!, the temperatures of the maximum
densities,TMD , obtained by Kanno and Angell~Ref. 39! ~circles!, by Em-
mett and Millero~Ref. 59! ~triangles up!, and by Fine and Millero~Ref. 60!
~triangles down!. The dashed and solid curves correspond to theTMD and
the kinetic spinodals,TKS , calculated with the CREOS-01 and with th
CREOS-02, respectively.
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x̃5
em̄/RT

11em̄/RT
. ~5.2!

The thermodynamic equation

x52 x̃~12 x̃!S ]Ã

] x̃
D

T,r

1

RT
~5.3!

provides a relation between the concentrationx and the iso-
morphic variablex̃. At fixed x̃ the isomorphic free-energy
rÃ will be the same function oft and r as the Helmholtz
free-energy density of a one-component fluid. With E
~3.2! and ~3.3! the isomorphic free-energy density of bina
mixtures reads26

rÃ~T,r,x̃!

Rrc1Tc1

5 k̃r 22aRa~q!

3F ãC0~u!1(
i 51

4

c̃i r
D iR2D̃i~q!C i~u!G

1(
i 51

4 S Ãi1
r

rc

m̃i D t i~ x̃!2
Pc~ x̃!

Rrc1Tc1

1
rT

rc1Tc1

@ ln~12 x̃!1m̃0#, ~5.4!

t5
T2Tc~ x̃!

Tc~ x̃!
5r ~12b2u2!, ~5.5!

Dr5
r2rc~ x̃!

rc~ x̃!
5 k̃r bR2b11/2~q!u1d̃1t, ~5.6!

where all nonuniversal parameters as well as the critical
rametersTc( x̃), rc( x̃), and Pc( x̃) are analytic functions of
the isomorphic variablex̃.

In addition to Eqs.~5.4!–~5.6!, we also adopted a so
called critical line condition~CLC!, which implies that a
zero level of the entropy of a binary mixture can be chos
so that the isomorphic variablex̃5x along the whole critical
line, including the one-component limits.54–58 For the ther-
modynamic potential as given by Eqs.~5.4!–~5.6!, the CLC
can be written in the form26

dm̃0

dx̃
5

1

RrcTc

dPc

dx̃
1

rc1

rc

~Ã11m̃1!
Tc1

Tc
2

dTc

dx̃
, ~5.7!

Tc~ x̃!5Tc~x!, rc~ x̃!5rc~x!, Pc~ x̃!5Pc~x!. ~5.8!

The critical values of the entropyS52(]Ã/]T)r,m̄ and the
enthalpyH in this case are determined by51

Sc

R
52

rc1Tc1

rcTc

~Ã11m̃1!2m̃0

and

Hc

RTc1

52
rc1

rc

~Ã11m̃1!. ~5.9!
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Thus, the CLC in the form~5.7! does not put any restriction
on the zero level of the enthalpy, and just determines the z
level of the entropy, which in binary mixtures can be chos
arbitrarily.

To specify the crossover equation forÃ(T,r,x̃) of a bi-
nary mixture, one also needs the system-dependent pa
etersd̃1( x̃), k̃( x̃), ã( x̃), c̃i( x̃), andg̃( x̃), m̃i( x̃), andÃi( x̃)
as functions of the isomorphic variablex̃. Following Kiselev
et al.26,48,57we represent all system-dependent parameter
Eqs. ~5.2!–~5.4!, designated ask̃i( x̃), as functions ofx̃ and
the excess critical compressibility factorDZc( x̃), where

DZc~ x̃!5Zc~ x̃!2Zcid~ x̃! ~5.10!

is the difference between the actual compressibility facto
a mixture Zc( x̃)5Pc( x̃)/Rrc( x̃)Tc( x̃) and its ‘‘ideal’’ part
Zcid( x̃)5Zc1(12 x̃)1Zc2x̃. The dimensionless coefficient
k̃ and d̃1 in this case can be written in the form48

k̃i~ x̃!5ki11~ki22ki1!x̃1ki
~1!DZc~ x̃!1ki

~2!DZc~ x̃!2, ~5.11!

and all other coefficients are given by

k̃i~ x̃!5
Pc~ x̃!

Rrc1Tc1

@ki11~ki22ki1!x̃1ki
~1!DZc~ x̃!

1ki
~2!DZc~ x̃!2#, ~5.12!

where subscripts 1 and 2 correspond to the pure D2O and
H2O, respectively. Within the law of corresponding sta
~LCS!, the mixing coefficientski

( j ) in Eqs.~5.11! and ~5.12!
are universal constants for all binary mixtures of simple fl
ids with DZc<0.20.48

Since the coefficientski1 and ki2 for pure D2O (x50)
and pure H2O (x51) are known, in order to specify a cros
over equation of state for D2O1H2O mixtures one needs t
know the critical locusTc( x̃), rc( x̃), andPc( x̃) only. In this
work, following the previous study of the D2O1H2O mix-
tures near the plait critical points,53 for supercooled
D2O1H2O mixtures forTc( x̃) and rc( x̃) we also use the
linear expressions

Tc~ x̃!5Tc1~12 x̃!1Tc2x̃,
~5.13!

rc~ x̃!5rc1~12 x̃!1rc2x̃,

where subscripts ‘‘c1’’ and ‘‘ c2’’ correspond to the criti-
cal parameters of the CP2 in pure D2O and H2O, respec-
tively. Since in this case in the entire composition range
,x,1 the differenceDZc!1, we set the coefficientski

(2)

50, and for the mixing coefficientski
(1) we adopt the values

originally obtained by Kiselev26 for methane1ethane and
ethane1n-butane mixtures. The values of these coefficie
are listed in Table III. The results of our calculations of t
isothermal compressibilitykT,x , isobaric specific heatCP,x ,
densityr, and thermal expansivity in D2O1H2O mixture at
equimolar composition,x50.5, and atmospheric pressur
P50.1 MPa, in normal and supercooled states as a func
of temperature are shown in Figs. 5 and 6.

According to the principle of critical-poin
universality,44–47at fixedx̃ a binary mixture is isomorphic to
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one-component fluid. Therefore, for the calculation of t
kinetic spinodal in binary mixtures one can use Eq.~2.10!
but with redefined parametersm̄r and m̄rr ,

m̄r5
1

kBT
S ]P

]r D
T,x̄

,

~5.14!

m̄rr5
1

kBT F2S ]P

]r D
T,x̄

1rS ]2P

]r2 D
T,x̄

G .

In addition, for the heat of fusion,Dh, and specific volume,
nS , in Eq. ~4.5! for D2O1H2O mixtures we use the simpl
linear approximations

Dh5Dh1~12x!1Dh2x,
~5.15!

vS5vS1~12x!1vS2x.

The results of our calculations of the kinetic spinodal
pure D2O and H2O, and D2O1H2O mixture at atmospheric
pressure withdT50 are shown in Figs. 5 and 6. The shad
area in Figs. 5 and 6 marks the nonthermodynamic hab
calculated for the 50%D2O150%H2O mixture with the
CREOS-02.

FIG. 5. The isothermal compressibilitykT,x ~top! and isobaric specific hea
CP,x ~bottom! of 50%D2O150%H2O mixture at atmospheric pressure,P
50.1 MPa, in normal and supercooled states as a function of tempera
The curves correspond to the values calculated with the CREOS-02, an
symbols represent experimental values obtained for pure D2O ~empty sym-
bols! and pure H2O ~filled symbols! by Angell et al. ~Refs. 36 and 61!
~circles!, by Archer and Carter~Ref. 62! ~triangles!, and by Rasmussen an
MacKenzie~Ref. 37! ~squares!.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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VI. DISCUSSION AND SUMMARY

In the present work, we applied the fluctuation theory
homogeneous nucleation for the prediction of the kine
spinodal in supercooled D2O and D2O1H2O mixtures. In
order to do this, we first developed a crossover equation
state for supercooled D2O, CREOS-02, which predicts a se
ond critical point, CP2, and reproduces all available exp
mental data in supercooled D2O to within experimental ac-
curacy. The kinetic spinodal,TKS , calculated with the
CREOS-02 lies below the homogeneous nucleation temp
ture, TH , thus satisfying a physically obvious conditio
TKS<TH , and separates the statistically well-defined th
modynamic metastable states (TKS<T<Tm) from the ‘‘non-
thermodynamic habitat’’ (T,TKS), where no thermody-
namic state for supercooled D2O is possible. We show, tha
similar to the CP2 in supercooled H2O, the CP2 in super-
cooled D2O always lies in the ‘‘nonthermodynamic habita
and physically does not exist. However, the concept of
second ‘‘virtual’’ critical point is physical and extremely us
ful. In spite of the fact that existence of a CP2 is prohibited
by the kinetic theory, the thermodynamic surface in sup
cooled D2O exhibits a nonanalytic, singular behavior caus
by long-scale fluctuations in density. Similar to the syst

FIG. 6. The density r ~top! and thermal expansivity~bottom! of
50%D2O150%H2O mixture at atmospheric pressure,P50.1 MPa, in nor-
mal and supercooled states as a function of temperature. The curves
spond to the values calculated with the CREOS-02, and the symbols r
sent experimental values obtained for pure D2O ~empty symbols! and pure
H2O ~filled symbols! by Zheleznyi~Ref. 38! ~triangles down! and by Hare
and Sorensen~Ref. 40! ~triangles up!, and by Rasmussen and MacKenz
~Ref. 37! ~squares!.
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near the vapor–liquid CP1, the intensity of these fluctuation
increases as the distance to the CP2 decreases. Physically th
CP2 can be never approached, but outside the ‘‘nontherm
dynamic habitat’’~at T.TKS) the thermodynamic propertie
of the supercooled D2O can be reproduced with high accu
racy with the CREOS-02 based on the concept of this ‘‘v
tual’’ critical point of HDW–LDW equilibrium.

As we discussed in Paper I, there are also other EOS
different scenarios for supercooled water. EOS such as th
developed by Truskett and co-workers,63 by Jeffery and
Austin,64 and by Ponyatovskyet al.65,66also support the two-
critical point scenario and predict the existence of a sec
critical point in supercooled water. However, these EOS o
qualitatively agree with experimental data, quantitatively t
predictions of thermodynamic properties such as the isot
mal compressibility, isobaric specific heat, and thermal
pansivity are relatively poor, especially at high pressure5

The CREOS-02 yields a drastically better description
these thermodynamic properties and brings a dramatic
provement to the quantitative prediction of the two-critic
point scenario. On the other hand, the singularity-fr
scenario67–72 also gives a thermodynamically consistent p
ture of supercooled water anomalies, but without a sec
critical point. A simple two-state model proposed b
Tanaka,71,72 for example, also yields a reasonably good re
resentation of the experimental data for supercooled wa
Therefore, it is interesting to compare this model w
CREOS-02. In Tanaka’s model71,72 all thermodynamic quan-
tities, designated asX(T,P), similar to the Eq.~3.1! for the
Helmholtz free energy in CREOS-02 are also represente
a sum of the background contributionXB(T,P) and anoma-
lous part

X~T,P!5XB~T,P!1DXS̄, ~6.1!

whereS̄5S0 exp@(DE2DvP)/kBT# is so called the Boltz-
mann factor72 with S0 , DE, and Dv as model parameters
However, the physical meaning of the background contri
tions in Eqs.~3.1! and ~6.1! is different. In Eq.~3.1!, the
functionsm̄0(T) andA0(T), which correspond to the back
ground contributions to the isochoric heat capacityCV

52T(]2A/]T2)V and pressureP5r2(]A/]r)T along the
critical isochore, respectively, are by definition smooth a
lytic functions of the temperature with monotonic first an
second derivatives~see Fig. 7!. Because of such structure o
Eq. ~3.1!, the functionsm̄0(T) andA0(T) do not make any
contributions into the singular behavior of the isotherm
compressibility and thermal expansivity shown in Figs. 1 a
2. They do contribute the isobaric heat capacity through
background contribution inCV , which in the metastable re
gion is much smaller thanCP ~see the dotted–dashed curv
in Fig. 2!. In the Tanaka’s two-state model,72 the background
parts XB(T,P) are, in principle, unknown functions of th
temperature and pressure, different for different propert
Therefore, in order to describe only the density, isotherm
compressibility, and isobaric heat capacity in supercoo
water as functions of temperature and pressure at leas
adjustable parameters are needed,72 that is approximately the
same number as in the CREOS-02~17 in the constrained
model!. However, even in this case the two-state model

rre-
re-
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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veloped by Tanaka,71,72 fails to reproduce an anomalous b
havior of the isobaric heat capacity atT,253 K. Thus, put-
ting away the speculations about the caloric measuremen
the emulsified supercooled water,72 we can conclude that a
the present time the CREOS-02 is the only thermodyna
cally consistent model capable of representing the thermo
namic surface of supercooled light and heavy water wit
experimental accuracy and with a high degree of phys
self-consistency.

We consider our results as a strong argument for
second ‘‘virtual’’ critical point scenario. However, it does n
necessarily mean that the two-state model developed for
percooled water by Tanaka71,72 should be ruled out. We be
lieve that a combination of the ‘‘virtual’’ critical point sce
nario with the two-order parameter physical picture w
make our model more predictive and will allow us to d
scribe the anomalous behavior of the viscosity and diffus
coefficient in supercooled water as well as give quantita
predictions for the relaxation timetR and glass transition
temperatures. An incorporation of a second ‘‘glass-formin

FIG. 7. The background contributionsm̄0(t) ~top! andĀ0(t) ~bottom!, and
their first ~dashed lines! and second~dot–dashed! lines derivatives in super-
cooled D2O as functions of temperature.
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order parameter into the CREOS-02 can be done in princ
by the same way, that a dissociation–association chem
reaction in the dilute aqueous sodium chloride solutions
been incorporated into the crossover Leung–Griffi
model.73 This study is in progress and its results will b
presented in a future publication.

In the present paper, in order to test the predictability
CREOS-02, we extended the two-critical point scenario
supercooled D2O1H2O mixtures. Here we employed th
two-critical point scenario and a principle of critical-poin
universality~which is successfully used for the prediction
the thermodynamic properties of binary mixtures around
locus of the plait critical points! to supercooled D2O1H2O
mixtures, and obtained an isomorphic CREOS-02. The
morphic CREOS-02 for supercooled D2O1H2O mixtures re-
quires only the critical locus as an input and does not con
any additional adjustable parameters. Using the simple lin
approximations for the ‘‘virtual’’ critical locus of HDW–
LDW equilibria in supercooled D2O1H2O mixtures, we
were able to reproduce the thermodynamic surface and
kinetic spinodal in the entire range of compositions fro
pure D2O (x50) to pure H2O (x51). As an example, we
considered here the kinetic spinodal,TKS , and the isotherma
compressibilitykT,x , isobaric specific heatCP,x , densityr,
and thermal expansivity in the equimolar (x50.5)
D2O1H2O mixture at atmospheric pressure,P50.1 MPa, in
normal and supercooled states. Since there are no experi
tal data for supercooled D2O1H2O mixtures which could
confirm or refute our calculations, we consider them a
pure theoretical prediction and a challenge to experimen
ists, rather than a final physical result. In order to prove
validity of our theory for binary mixtures, more experiment
measurements in supercooled D2O1H2O mixtures are
needed.
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