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Abstract

We describe, analyze, and demonstrate a high-order spectrally accurate surface integral algorithm for simulating time-
harmonic electromagnetic waves scattered by a class of deterministic and stochastic perfectly conducting three-dimensional
obstacles. A key feature of our method is spectrally accurate approximation of the tangential surface current using a new
set of tangential basis functions. The construction of spectrally accurate tangential basis functions allows a one-third
reduction in the number of unknowns required compared with algorithms using non-tangential basis functions. The spec-
tral accuracy of the algorithm leads to discretized systems with substantially fewer unknowns than required by many indus-
trial standard algorithms, which use, for example, the method of moments combined with fast solvers based on the fast
multipole method. We demonstrate our algorithm by simulating electromagnetic waves scattered by medium-sized obsta-
cles (diameter up to 50 times the incident wavelength) using a direct solver (in a small parallel cluster computing environ-
ment). The ability to use a direct solver is a tremendous advantage for monostatic radar cross section computations, where
thousands of linear systems, with one electromagnetic scattering matrix but many right hand sides (induced by many trans-
mitters) must be solved.
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1. Introduction

Understanding of many physical phenomena and processes in atmospheric science, climatology, and
astronomy can be enhanced through simulation of electromagnetic waves scattered by non-convex particles
such as atmospheric aerosols, dust in planetary rings, ice crystals, or interstellar dust [15,30,37]. Scattering
simulations also play an important role in medical sciences because scattering is an important tool, for exam-
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ple, in classifying bi-concave blood cells [22,40] and in image-guided neurosurgery using medical imaging, for
example, of tumor models [12,21,41,42]. These obstacles are in general dielectric. However, developing algo-
rithms to simulate scattering by such perfectly conducting bodies is a crucial first step towards development of
spectrally accurate algorithms for electromagnetic scattering by three-dimensional dielectric bodies.

In this work we construct tangential vector basis functions on the surfaces of these particles, and present a spec-
trally accurate high-order algorithm to simulate the interaction of electromagnetic waves with a perfectly conduct-
ing three-dimensional obstacle D situated in a homogeneous medium with vanishing conductivity, the free space
permittivity �0 ¼ 107=ð4pc2Þ F=m and permeability l0 ¼ 4p� 10�7 H/m, where c ¼ 299; 792; 458 m=s is the
speed of light. We develop the algorithm using a class of surface parametrization (described in Section 2.2) that
includes a major class of model deterministic and stochastic surfaces used in the literature.

The electromagnetic waves, with angular frequency x (rad/s) and wavelength k ¼ 2pc=x (m), scattered by
D are described by the electric field intensity E with units V=m and the magnetic field intensity H with units
A=m [34, Section 1.8]. In this work we consider time harmonic electromagnetic waves, which can be repre-
sented as
Eðx; tÞ ¼ 1ffiffiffiffi
�0
p RefEðxÞe�ixtg; Hðx; tÞ ¼ 1ffiffiffiffiffi

l0

p RefHðxÞe�ixtg; x 2 R3 n D: ð1:1Þ
The complex vector fields E, H , which describe the magnitude, direction and phase of the electric and mag-
netic field intensities, satisfy the time harmonic Maxwell equations [9, p. 154]
curl EðxÞ � ikHðxÞ ¼ 0; curl HðxÞ þ ikEðxÞ ¼ 0; x 2 R3 n D; ð1:2Þ

with wave number k ¼ 2p=k rad=m, the Silver–Müller radiation condition
lim
jxj!1

½HðxÞ � x� j x j EðxÞ� ¼ 0; ð1:3Þ
and the perfect conductor boundary condition
nðxÞ � EðxÞ ¼ �nðxÞ � EincðxÞ ¼: f ðxÞ; x 2 oD; ð1:4Þ

where nðxÞ denotes the unit outward normal at x on the surface oD of D and E inc is the incident electric field.
In our experiments the incident field Einc, H inc is the plane wave
E incðxÞ ¼ ikp̂0eikx�d̂0 ; H incðxÞ ¼ ik½d̂0 � p̂0�eikx�d̂0 ; d̂0 ? p̂0; ð1:5Þ

where d̂0 is the direction of the plane wave and p̂0 its polarization.

Of particular interest is the radar cross section (RCS) [24] of the obstacle D, measured by a receiver with
polarization p̂1 situated in the direction
x̂ ¼ pðh;/Þ ¼ ðsin h cos /; sin h sin /; cos hÞT; x̂ 2 oB; ð1:6Þ

where oB denotes the unit sphere, which is defined as
rðx̂Þ ¼ 4p j E1ðx̂Þ � p̂1j2=k2; E1ðx̂Þ ¼ lim
r!1

Eðrx̂Þe�ikrr: ð1:7Þ
E1 is the electric far field. Two types of RCS are of particular interest: (i) The RCS for all directions x̂, with a
fixed incident direction d̂0; (ii) The RCS for all directions x̂, with varying incident directions d̂0 ¼ �x̂. These
are the bistatic and monostatic RCS respectively [24]. Co-location of the transmitter and receiver in the mono-
static RCS requires, unlike in the bistatic case, solution of the Maxwell equations with thousands of distinct
boundary conditions of the form (1.4).

The Mie-series solution is useful for checking the accuracy of our algorithm on spherical scatterers. For
checking the accuracy of our algorithm on non-spherical scatterers, we also consider the boundary conditions
f ðxÞ :¼ nðxÞ � EEDðxÞ; f ðxÞ :¼ nðxÞ � EMDðxÞ; x 2 oD; ð1:8Þ

where the boundary data f is induced by the electric and magnetic dipole solutions EED;HED and EMD;HMD

of the Maxwell equations, which describe radiation from a point source with polarization p̂src located at
xsrc 2 D [9, (6.20), (6.21), p. 163]:
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EEDðxÞ ¼ � 1

ik
curlxcurlxfp̂srcUðx; xsrcÞg; HEDðxÞ ¼ curlxfp̂srcUðx; xsrcÞg; ð1:9Þ
and
EMDðxÞ ¼ curlxfp̂srcUðx; xsrcÞg; HMDðxÞ ¼ 1

ik
curlxcurlxfp̂srcUðx; xsrcÞg; ð1:10Þ
where
Uðx; yÞ ¼ 1

4p
eikjx�yj

j x� y j ð1:11Þ
is the fundamental solution of the Helmholtz equation.
Although scattering problems have a long pedigree, there is substantial interest in establishing reliable,

high-order and fast algorithms for their solution. Difficulties arise in this practically important problem
due to the shape of curved scattering surfaces and the frequency of the incident wave (or more precisely
the electromagnetic size of the scatterers). This is because many established electromagnetic scattering algo-
rithms for small to medium-sized obstacles (say one to one hundred times the incident wavelength) require
setting up and solving complex dense linear systems with several thousand to several million unknowns.
For example, to compute the bistatic radar cross section of a perfectly conducting sphere of diameter 48 times
the incident wavelength at 7.2 GHz, the industrial standard boundary element/method of moments based
FISC (Fast Illinois Solver Code) algorithm requires 2,408,448 unknowns to achieve 0.33 dB relative error,
measured in a root mean square (RMS) norm [33, p. 29]. Furthermore, as discussed in the preface of [29,
p. vi], the effects of the approximation of smooth boundaries is not well understood for Maxwell’s equations.

For high-frequency problems (with obstacle size tens of thousands of times the incident wavelength) one
may use appropriate asymptotics (physical optics or Kirchhoff approximation [27]) for the illuminated region
and special approximations for the shadow and transition zones to reduce the number of unknowns and the
number of integrals required for the discretization, obtaining accuracy that increases as the wave number k

increases (specifically, accuracy Oðk�aÞ for a > 0). Such an approach has recently been implemented and ana-
lyzed in various ways for high-frequency acoustic scattering (using the Helmholtz equation) by single and mul-
tiple two dimensional convex obstacles in [3,5,10,13,20,25] and related references therein. However, for high-
frequency acoustic scattering by three-dimensional convex obstacles, one encounters substantial difficulties in
using such approximations and computations, for example in finding stationary points of various types, and
efficient approximations in shadow and transition regions. For recent but limited progress in this area for
acoustic scattering by three-dimensional convex obstacles, we refer to [4,19] and references therein. However,
development and realization of a similar asymptotic approach for simulation of scattering by three-dimen-
sional non-convex obstacles is an open problem.

In this work, we use direct (as opposed to asymptotic) methods to develop a spectrally accurate algorithm
to simulate the interaction of electromagnetic waves with small to medium electromagnetic-sized deterministic
and stochastic obstacles. Spectrally accurate algorithms to approximate the analytic electric and magnetic
fields, which are naturally tangential on associated scattering surfaces, have recently been developed in
[17,18] and were mathematically proven to yield spectral accuracy. A large set of simulation results in
[17,18] demonstrate that the algorithms are more efficient than industrial standard electromagnetic scattering
algorithms such as FastScat [7], FISC [33], FE-IE and CARLOS [1], and FERM and CICERO [39], for a class
of benchmark obstacles. The methods in [17,18] are based on finite dimensional ansatz spaces that include
non-tangential basis functions, leading to the dimension of the ansatz space being three times that required
for the acoustic counterpart methods in [16] (due to one normal and two tangential components). The algo-
rithms in [17,18] are based on a modification of the standard electric field surface integral reformulation of the
Maxwell equations that admits non-tangential approximations to the tangential surface electric field.

The three times computational penalty in [17,18] is substantial for medium frequency scattering and for
monostatic RCS computations, for which linear systems are to be set up and solved with thousands of differ-
ent right hand sides, arising due to co-location of the transmitter and receiver. In [18], the penalty is avoided if
the scatterer is a sphere, for which spectrally accurate tangential vector basis functions are well known and
widely used for the analytic Mie-series solution [9,29]. Algorithms based on ansatz spaces spanned by just
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surface tangential vector fields lead to only a two times computational penalty compared with their acoustic
counterparts [16]. Construction of ansatz spaces spanned by vector basis functions that are tangential on gen-
eral curved surfaces and development of algorithms utilizing these spaces, in which tangential electric fields
can be approximated with spectral accuracy, is a significant challenge.

In this work we describe such ansatz spaces, and subsequently develop a new algorithm that gives high-order
spectral accuracy with two-thirds of the unknowns required by the algorithms in [17,18]. We demonstrate this
important advancement of the spectrally accurate algorithms in [17,18] with numerical experiments using var-
ious deterministic and stochastic surfaces. The reduction in unknowns (and hence reduced memory usage)
allows us to simulate electromagnetic waves with the excellent accuracy achieved in [17,18] at frequencies up
to one hundred percent higher, using a small cluster computing environment similar to that used in [17,18].

Our ansatz space is based upon tangential vector spherical harmonics that arise via the surface-gradient and
surface-curl of spherical harmonics. Such vector spherical harmonics are widely used in Mie series [36, Chap-
ter 9] and T-matrix [28] computations for electromagnetic scattering by spheres and non-spherical particles
respectively, where they arise as components of fundamental solutions of the Maxwell equations that are
defined throughout the exterior of the scatterer. In our boundary integral equation (BIE) algorithm, trans-
formed vector spherical harmonics (with a tangential-like property on a given non-spherical surface) are used
to approximate a vector potential on a spherical reference surface, which yields the exterior field via a surface
integral representation. In contrast, in the Mie and T-matrix computations vector spherical harmonics are
used to approximate the exterior field throughout the exterior of the scatterer.

The truncated T-matrix is often computed using the null-field method [28]. Null-field method based
T-matrix computations are numerically unstable, and round-off errors become significant when the dimension
of the truncated T-matrix is large. Consequently, such computations can become divergent for large and/or
highly non-spherical particles [28, p. 543]. Such instability problems are avoided by, for example, using slow
extended precision arithmetic to minimize the effect of round-off errors [28, p. 544].

It is known [26, Section 7.9.4] that numerical instability involved in the null-field method can be avoided by
using a BIE to compute the T-matrix. The only disadvantage of using a BIE to compute the T-matrix is that
this approach requires solving a large number of (boundary integral) linear systems with a fixed scattering
matrix (obtained by discretizing the associated boundary integral operator) but different right hand sides (cor-
responding to each wave function used in expanding the incident field). Consequently, it is crucial to develop a
spectrally accurate scattering algorithm that requires fewer unknowns, allowing utilization of the LU-factor-
ization of the scattering matrix. In this work, we develop such an algorithm, and application of the algorithm
to compute the T-matrix in a stable way for various non-spherical obstacles will be considered in a future
work.

2. Surface integral equation reformulations

In this section, we describe analytical reformulations of the electromagnetic scattering problem involving
surface integral operators, and a class of parametrization of the scatterer’s surface. Let T ðoDÞ and T 0;aðoDÞ
denote the space of all continuous and uniformly Hölder continuous tangential vector fields on oD with the
supremum and Hölder norm respectively. Let T rðoDÞ denote the subspace of T ðoDÞ consisting of all r-times
continuously differentiable functions on oD with norm k � kr;1;oD. (If r ¼ 0, we drop the notation r in spaces
and norms.) The spaces T ðoBÞ and T rðoBÞ are defined similarly with oD replaced by oB.

2.1. Surface integral operators and equations

The unique radiating exterior solution E;H of (1.2) satisfying the boundary condition (1.4), (1.5) or (1.8)–
(1.10) can be represented as [8, Theorem 4.19, p. 126]
EðxÞ ¼ curl

Z
oD

Uðx; yÞwðyÞdsðyÞ; ð2:1Þ

HðxÞ ¼ 1

ik
curlEðxÞ ð2:2Þ
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for x 2 R3 n D, provided w 2 T 0;aðoDÞ for 0 < a < 1 solves the surface integral equation
wðxÞ þ ðMwÞðxÞ ¼ 2f ðxÞ; ð2:3Þ

where M : T ðoDÞ ! T 0;aðoDÞ is the bounded magnetic dipole operator [8, p. 167], given by
Mað ÞðxÞ ¼ 2

Z
oD

nðxÞ � curlxfUðx; yÞaðyÞgdsðyÞ; x 2 oD: ð2:4Þ
Restriction of the density a in (2.4) to tangential fields on oD reduces the order of singularity of the operator.
The solution w of (2.3) is tangential, because the boundary data (1.4), (1.5) and (1.8)–(1.10) are tangential on
oD. Eq. (2.3) has a unique solution provided the wave number k is not an interior Maxwell eigenvalue [8, The-
orem 4.23]. We assume throughout this paper that k is not an interior Maxwell eigenvalue. For a 2 T ðoDÞ, we
have the following asymptotics of the fundamental solution U in (1.11) as j x j! 1 uniformly for all y 2 oD
[9, p. 164]:
curlxfaðyÞUðx; yÞg ¼
ik
4p

eikjxj

j x j e�ikx̂�yx̂� aðyÞ þO
j aðyÞ j
j x j

� �� �
;

where x̂ ¼ x= j x j2 oB. Using the above asymptotics, (1.7), the unique solution w of (2.3), and (2.1), we get a
computable representation of the far field pattern E1 of E,
E1ðx̂Þ ¼
ik
4p

Z
oD

e�ikx̂�yx̂� wðyÞdsðyÞ; x̂ 2 oB: ð2:5Þ
To describe our spectrally accurate method, it is convenient to separate the kernel of M in (2.4) into its weakly
singular and smooth parts, using the following identity for a tangential function b 2 T ðoDÞ [9, p. 166]:
nðxÞ � curlxfUðx; yÞbðyÞg ¼ gradxUðx; yÞ½nðxÞ � nðyÞ�TbðyÞ � bðyÞnðxÞTgradxUðx; yÞ: ð2:6Þ

Using (2.4), (2.6) and (1.11), we write
MaðxÞ ¼
Z

oD

1

j x� y jm1ðx; yÞ þ m2ðx; yÞ
� �

aðyÞdsðyÞ; x 2 oD; ð2:7Þ
where for i ¼ 1; 2,
miðx; yÞ ¼ mi;1ðx; yÞ
1

j x� y j2
ðx� yÞ½nðxÞ � nðyÞ�T þ mi;2ðx; yÞ

1

j x� y j2
nðxÞTðx� yÞI þ mi;3ðx; yÞ; ð2:8Þ
with I being the 3� 3 identity matrix, m2;3 ¼ 0, the 3� 3 zero matrix, and
m1;1ðx; yÞ ¼ �
1

2p
tðx; yÞ; m1;2ðx; yÞ ¼

1

2p
tðx; yÞ;

m1;3ðx; yÞ ¼
1

2p
ksðx; yÞ½nðxÞTðx� yÞI � ðx� yÞðnðxÞ � nðyÞÞT�;

m2;1ðx; yÞ ¼
1

2p
½iktðx; yÞ � isðx; yÞ�; m2;2ðx; yÞ ¼

1

2p
½isðx; yÞ � iktðx; yÞ�;

tðx; yÞ ¼ cosðk j x� y jÞ; sðx; yÞ ¼
sinðk j x� y jÞ= j x� y j; if x 6¼ y;

k; if x ¼ y:

�
ð2:9Þ
Each mi;j ði ¼ 1; 2; j ¼ 1; 2; 3Þ is infinitely differentiable on R3 � R3.

2.2. Parametrization of the scattering surface

A clearly described parametrization of the obstacle (based on a reference domain or surface) is essential for
computer implementation of any algorithm based on a surface integral equation such as (2.3), (2.4). In par-
ticular, our main interest is to develop spectrally accurate algorithms for a well defined class of parametriza-
tions that include standard evolving surface representations for reconstruction techniques in inverse scattering
(for example, see [9, p. 115; 11, p. R111; 42, p. 1513] and related references therein), and all of the interesting
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deterministic and stochastic obstacles mentioned in Section 1, which arise in various applications. We start
describing the surface of the obstacle D by recalling a quote from [11, p. R111]: A popular way of parameter-

izing surfaces is to use a set of suitable basis functions such as the spherical harmonics. The spherical harmonics
are defined for x̂ 2 oB, using (1.6), as
Y l;jðx̂Þ ¼ Y l;jðh;/Þ ¼ ð�1ÞðjþjjjÞ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4p
ðl� j j jÞ!
ðlþ j j jÞ!

s
P jjjl ðcos hÞeij/; l ¼ 0; 1; 2; . . . ; j j j6 l; ð2:10Þ
where the P jjjl are the associated Legendre functions. The spherical coordinate system used in (2.10) with polar
angle h and azimuthal angle / can be used to parametrize oD, for example, by choosing a suitable point inside
D as origin.

Using the polar and azimuthal angles, we assume that each point x̂ on oD can be represented as
x̂ ¼ ðx; y; zÞT ¼ ðq1ðh;/Þ; q2ðh;/Þ; q3ðh;/ÞÞ
T
; ðx; y; zÞT 2 oD; h;/ 2 R ð2:11Þ
for some nonlinear functionals qj : R2 ! R, for j ¼ 1; 2; 3 that yield, via p in (1.6), a bijective parametrization
map q : oB! oD. In fact, it is sufficient to know a suitable approximation to the parametrization map q, for
example, based on the Fourier (Laplace) coefficients of qj for j ¼ 1; 2; 3 with respect to the spherical harmonics
expansion.

Many interesting and practically important scatterers can be described in this way, including Gaussian ran-
dom particles simulating ice crystals (modeled from images obtained by a cloud particle imager) [30], dust par-
ticles [37], erythrocytes [22,40], brain tumors [21], all benchmark radar targets in [39], (after converting the
material construction coordinates [39] to spherical coordinates [16]), and recently established three-dimen-
sional shape reconstruction surfaces in medical imaging and optical tomography [12,11,41,42].

Restriction to such parametrizations is not a disadvantage in inverse scattering [9] where general qualitative
information about scatterers is of greater importance than finer details such as corners and edges. In forward
scattering, for simulation of electromagnetic waves exterior to a complex structure, coupling of the finite ele-
ment and surface integral methods is considered to be the best approach [1,2,23]. Such a coupling is achieved
by introducing an artificial interface consisting of a smooth surface that encloses the complex structure, and
deriving corresponding Dirichlet-to-Neumann boundary conditions. For efficient computations, the interface
should be close to the associated complex structure. For example, such a smooth interface surface can be cho-
sen from those considered in this work. The original problem is then replaced by a problem exterior to the
smooth surface coupled with a problem on the remaining bounded domain. The bounded domain problem
involving the complex structure can be efficiently solved using various finite element methods [29]. The remain-
ing exterior problem can be solved efficiently using the spectrally accurate algorithm presented in this work.

2.3. Reformulation in spherical coordinates

Using the surface parametrization q we reformulate the surface integral equations (2.3), (2.4) on a spherical
reference domain and work in the spherical coordinate system.

We use the bijective parametrization q : oB! oD to write (2.3) as
wðqðx̂ÞÞ þ ðMwÞðqðx̂ÞÞ ¼ 2f ðqðx̂ÞÞ; x̂ 2 oB:
The surface integral equation (2.3) is then equivalent to
Wðx̂Þ þ ðMWÞðx̂Þ ¼ 2Fðx̂Þ; W ¼ w � q; F ¼ f � q; ð2:12Þ

where using (2.7), for a given density field A 2 CðoBÞ,
MAðx̂Þ ¼M1Aðx̂Þ þM2Aðx̂Þ; x̂ 2 oB; ð2:13Þ

with
M1Aðx̂Þ ¼
Z

oB

1

j x̂� ŷ jM1ðx̂; ŷÞAðŷÞdsðŷÞ; ð2:14Þ

M2Aðx̂Þ ¼
Z

oB
M2ðx̂; ŷÞAðŷÞdsðŷÞ; ð2:15Þ
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where for each x̂; ŷ 2 oB, M1ðx̂; ŷÞ, M2ðx̂; ŷÞ are 3� 3 matrices defined by
M1ðx̂; ŷÞ ¼ Rðx̂; ŷÞJðŷÞ m1ðqðx̂Þ; qðŷÞÞ; ð2:16Þ
M2ðx̂; ŷÞ ¼ JðŷÞ m2ðqðx̂Þ; qðŷÞÞ; ð2:17Þ
J is the Jacobian of q, and
Rðx̂; ŷÞ :¼ j x̂� ŷ j
j qðx̂Þ � qðŷÞ j : ð2:18Þ
Thus, using (2.3) and (2.11), we have reformulated the electromagnetic scattering problem described in
Section 1 as an integral equation on oB. We recall from Section 2.1 that the unique solution
w ¼W � q�1 of (2.3) is tangential on oD. However, in general, W is not tangential on oB. Conversely,
for a given tangential function A on oB, the function A � q�1 may not be tangential on oD. The starting
point of the algorithm in this work is the construction of an orthogonal transformation that transforms
tangential functions on oB to tangential functions on oD. More precisely, we construct an orthogonal
transformation F with
nðqðx̂ÞÞTFðx̂ÞAðx̂Þ ¼ 0; for all A 2 T ðoBÞ; x̂ 2 oB: ð2:19Þ

In order to prove spectral accuracy for our algorithm, we require that F be smooth on oB. (Many orthog-

onal transformations that satisfy (2.19), for example the rotation matrices described in [16], are not smooth
and are therefore not appropriate in this setting.)

In our algorithm we define Fðx̂Þ to be the orthogonal transformation that maps x̂ to nðqðx̂ÞÞ by rotation in
the plane containing x̂ and nðqðx̂ÞÞ.

We choose this transformation in such a way that it rotates any vector y 2 C3 by angle w in the counter
clockwise direction around the unit vector x̂� nðqðx̂ÞÞ= j x̂� nðqðx̂ÞÞ j, where w ¼ cos�1ðx̂Tnðqðx̂ÞÞÞ is the
angle between x̂ and nðqðx̂ÞÞ. Using the Rodrigues’ formula [38, p. 338] and the fact that
j x̂� nðqðx̂ÞÞ j¼ sin w, the orthogonal transformation Fðx̂Þ can be written as
Fðx̂Þy ¼ cos wyþ ½x̂� nðqðx̂ÞÞ� � yþ 1

1þ cos w
½½x̂� nðqðx̂ÞÞ�Ty�½x̂� nðqðx̂ÞÞ�; y 2 C3: ð2:20Þ
For w 2 ½0; pÞ, the rotation (2.20) is well defined and F is r-times continuously differentiable on oB, provided
that oD is a Crþ1 surface for r P 0. Throughout the paper we assume that w 6¼ p, that is,
nðqðx̂ÞÞ 6¼ �x̂; for all x̂ 2 oB:
(If nðqðx̂ÞÞ ¼ �x̂ for all x̂ 2 oB, then the orthogonal transformation is not required because nðx̂Þ ¼ x̂ and
hence in this case for A 2 T ðoBÞ, we have nðqðx̂ÞÞTAðx̂Þ ¼ 0.) For our analysis, we assume that oD is
Crþ1 for some fixed r P 0. The transformation F is illustrated in Fig. 1. It is convenient to represent
Fðx̂Þ by an orthogonal matrix, which we also denote Fðx̂Þ. Next we define the action of F and
F�1ð¼ FTÞ on vector fields V and v defined respectively on oB and oD using the bijective parametriza-
tion q as follows:
ðF � VÞðxÞ ¼ Fðx̂ÞVðx̂Þ; ðF�1 � vÞðx̂Þ ¼ F ðx̂ÞTvðqðx̂ÞÞ; x ¼ qðx̂Þ 2 oD; x̂ 2 oB: ð2:21Þ

Using Rodrigues’ formula, for x̂ 2 oB, with y ¼ vðqðx̂ÞÞ, we have
ðF�1 � vÞðx̂Þ ¼ cos wy� ½x̂� nðqðx̂ÞÞ� � yþ 1

1þ cos w
½½x̂� nðqðx̂ÞÞ�Ty�½x̂� nðqðx̂ÞÞ�: ð2:22Þ
Lemma 1. The Cr orthogonal transformation F preserves the tangential property between reference and

conductor surface:

(i) F � V is tangential on oD for any V 2 T ðoBÞ and

(ii) F�1 � v is tangential on oB for any v 2 T ðoDÞ.



Fig. 1. The unit outward normal to oB at x̂ and the unit outward normal to oD at qðx̂Þ are generally not equal. Hence even if w ¼W � q�1

is tangential on oD, W need not be tangential on oB. The tangential transformation is effected by rotation in the plane containing x̂ and
nðqðx̂ÞÞ.
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Proof.

(i) Let V 2 T ðoBÞ and let x 2 oD with x ¼ qðx̂Þ for some x̂ 2 oB. For brevity we write n ¼ nðqðx̂ÞÞ and
V ¼ Vðx̂Þ. Using cos w ¼ nTx̂ in (2.20),
nTF ðx̂ÞV ¼ ðnTx̂ÞnTV þ nT½ðx̂� nÞ � V � þ 1

1þ nTx̂
½ðx̂� nÞTV �nTðx̂� nÞ ¼ ðnTx̂ÞnTV � nT½V � ðx̂� nÞ�:

Expanding the vector triple product we have

nTF ðx̂ÞV ¼ ðnTx̂ÞnTV � nT½ðVTnÞx̂� nðVTx̂Þ� ¼ ðnTx̂ÞnTV � ðVTnÞnTx̂þ VTx̂ ¼ VTx̂ ¼ 0;

where in the last step we have used that V is tangential on oB.

(ii) Let v 2 T ðoDÞ and let x̂ 2 oB with x̂ ¼ q�1ðxÞ for some x 2 oD. An identical argument to above, using

(2.22), shows that x̂TðF�1 � vÞðx̂Þ ¼ 0. h

We conclude this subsection by defining an additional rotation transformation that is required for spec-
trally accurate evaluation of the magnetic dipole operator defined in (2.13)–(2.15). The integral operator
M2 has a smooth kernel that can be evaluated with spectral accuracy using spherical polynomial approxima-
tion. The weakly singular operator M1 can be evaluated with similar spectral accuracy by working in a rotated
coordinate system in which the weak singularity appears at the north pole n̂ ¼ ð0; 0; 1ÞT. The rotation of the
coordinate system for x̂ ¼ p̂ðh;/Þ is induced by the orthogonal matrix T x̂, which maps x̂ to n̂ and is given by
T x̂ :¼ Rzð/ÞRyð�hÞRzð�/Þ; ð2:23Þ

where
RyðwÞ :¼
cos w 0 sin w

0 1 0

� sin w 0 cos w

0B@
1CA; RzðwÞ ¼

cos w � sin w 0

sin w cos w 0

0 0 1

0B@
1CA: ð2:24Þ
Since T x̂ is an orthogonal matrix we have, for x̂; ẑ 2 oB and ŷ ¼ T �1
x̂ ẑ,
j x̂� ŷ j¼j T�1
x̂ ðn̂� ẑÞ j¼j n̂� ẑ j : ð2:25Þ
Using the linear transformation
T x̂AðẑÞ :¼ AðT�1
x̂ ẑÞ; ẑ 2 oB; A 2 CðoBÞ; ð2:26Þ
and its bivariate analogue
T x̂Aðẑ1; ẑ2Þ :¼ AðT�1
x̂ ẑ1; T�1

x̂ ẑ2Þ; ẑ1; ẑ2 2 oB; A 2 CðoB� oBÞ; ð2:27Þ
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we write (2.14) as
M1Aðx̂Þ ¼
Z

oB

1

j n̂� ẑ j T x̂M1ðn̂; ẑÞ T x̂AðẑÞdsðẑÞ; A 2 CðoBÞ: ð2:28Þ
Here we have used the invariance of the surface measure on oB. Evaluating the operator using (2.28), where
the integrand is expressed in the rotated coordinate system, facilitates the spectrally accurate approximation in
Section 3.2.

3. A fully discrete high-order spectral algorithm

3.1. Ansatz spaces

The crucial component of our algorithm is the development of a suitable sequence of ansatz spaces for the
Galerkin scheme to approximate electromagnetic fields that are tangential on oD.

We have the following requirements from each ansatz space: (i) spectrally accurate approximation of tan-
gential functions on the parametrized surface (that is, for any f 2 T rðoDÞ the ansatz space should contain a
function G with kf � q� Gk1;oB 6 cN�r, where N represents the dimension of the ansatz space); (ii) G � q�1

is tangential on oD for all functions G in the ansatz space; (iii) the ansatz space has an orthonormal basis,
and each member of the basis has a separable form similar to that for the spherical harmonics. The latter prop-
erty allows for fast transformations using the orthonormal basis. We note that the orthonormality here (in the
ansatz spaces) is with respect to the L2 inner product
ðG ;HÞ ¼ IðHTGÞ ¼
Z

oB
HTðx̂ÞGðx̂Þdsðx̂Þ: ð3:1Þ
We proceed in this section by introducing such a basis, and using the basis to define the approximation space.
For x̂ 2 oB, let
Z
ð1Þ
l;j ðx̂Þ ¼ F ðx̂ÞY ð1Þl;j ðx̂Þ; Y

ð1Þ
l;j ðx̂Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p Grad Y l;jðx̂Þ; ð3:2Þ

Z
ð2Þ
l;j ðx̂Þ ¼ F ðx̂ÞY ð2Þl;j ðx̂Þ; Y

ð2Þ
l;j ðx̂Þ ¼ x̂� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þ
p GradY l;jðx̂Þ; ð3:3Þ
where Grad is the surface gradient [9, p. 167]. We choose the ansatz space for our algorithm to be
Tn ¼ span Z
ð~kÞ
l;j : 1 6 l 6 n; j j j6 l; ~k ¼ 1; 2

n o
:

Next we show that the space Tn spanned by non-polynomial functions Z
ð1Þ
l;j , Z

ð2Þ
l;j on oB satisfies the three

requirements above.

Theorem 2. Let f 2 T rðoDÞ. Then,

(i) For n > 3 there exists Fn 2 Tn and a constant cr independent of n such that
kFn � f � qkj;1;oB 6 cr
1

nr�j
kf � qkr;1;oB; 0 6 j 6 r: ð3:4Þ
(ii) Z
ð~kÞ
l;j � q�1 2 T ðoDÞ for 1 6 l 6 n; j j j6 l; ~k ¼ 1; 2.

(iii) For 1 6 l;l0 6 n; j j j6 l; j j0 j6 l0; ~k; k0 ¼ 1; 2,
Z
ð~kÞ
l;j ;Z

ðk0Þ
l0 ;j0

	 

¼ Y

ð~kÞ
l;j ;Y

ðk0Þ
l0 ;j0

	 

¼ dll0djj0d~kk0 : ð3:5Þ
Proof

(i) Let Pn denote the space of vector spherical polynomials, whose Euclidean components are spherical
polynomials of degree not greater than n > 3. For f 2 T rðoDÞ, using (2.21), let W ¼ F�1 � f . Using
Lemma 1, W 2 T ðoBÞ and is r-times continuously differentiable on oB. Hence using [17, (A.1), p. 53]
there exists Wn�3 2 Pn�3 such that
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kWn�3 �Wkj;1;oB 6 cr
1

ðn� 3Þr�j kWkr;1;oB; 0 6 j 6 r: ð3:6Þ
Let P denote the tangential projection I � x̂x̂T. Note that Wn�3 may not be tangential to oB, but PWn�3 2 Pn�1

is tangential to oB. Thus FPWn�3 2 Tn [14, p. 325]. Let F :¼ F �W ¼ f � q and Fn :¼ F � PWn. Then, since W is
tangential on oB, PW ¼ W, and using (3.6),
kFn � f � qkj;1;oB ¼ kFn � Fkj;1;oB 6 kFkj;1;oBkPkj;1;oBkWn�3 �Wkj;1;oB 6 cr
1

ðn� 3Þr�j kWkr;1;oB

6 cr
1

nr�j
kf � qkr;1;oB:
(ii) The result follows from Lemma 1 because Y
ð1Þ
l;j and Y

ð2Þ
l;j are tangential on oB.

(iii) Using (3.1)–(3.3),
ðZð~kÞl;j ;Z
ðk0Þ
l0 ;j0 Þ ¼

Z
oB

Y
ðk0Þ
l0;j0 ðŷÞFðŷÞ

T
FðŷÞY ð~kÞl;j ðŷÞdsðŷÞ ¼

Z
oB

Y
ðk0Þ
l0 ;j0 ðŷÞY

ð~kÞ
l;j ðŷÞdsðŷÞ:
The result follows from the orthonormality of the vector spherical harmonics Y
ð~kÞ
l;j [9, Theorem 6.23, p.

178]. h

To evaluate the Galerkin inner product integrals (3.1) in our fully discrete Galerkin scheme, we approxi-
mate the integrals numerically using the Gauss-rectangle quadrature rule given by the following formula
(for a continuous scalar valued function G on oB):
Z

oB
Gðx̂Þdsðx̂Þ � QnðGÞ ¼

X2nþ3

r¼0

Xnþ2

s¼1

lnþ1
r mnþ1

s Gðẑnþ1
rs Þ; ð3:7Þ
where, using (1.6), ẑnþ1
rs ¼ pðhnþ1

s ;/nþ1
r Þ, hnþ1

s ¼ cos�1 zs, zs are the zeros of the Legendre polynomial of degree
nþ 2, mnþ1

s are the corresponding Gauss–Legendre weights ðs ¼ 1; . . . ; nþ 2Þ, and
lnþ1
r ¼ p

nþ 2
; /nþ1

r ¼ rp
nþ 2

; r ¼ 0; . . . ; 2nþ 3: ð3:8Þ
Since the quadrature (3.7) is exact for spherical polynomials of degree at most 2nþ 2, using Theorem 2(iii), we
obtain an induced discrete inner product
ðG ;HÞn ¼ QnðHTGÞ ¼
X2nþ3

r¼0

Xnþ2

s¼1

lnþ1
r mnþ1

s Hðẑnþ1
rs ÞTGðẑnþ1

rs Þ; G ;H 2 T ðoBÞ: ð3:9Þ
It follows (using also Theorem 2(iii)) that
ðG ;HÞ ¼ ðG ;HÞn; G ;H 2 Tn: ð3:10Þ
Using the non-polynomial basis (3.2), (3.3) and (3.10), we define a fully discrete orthogonal projection
operator
OnA ¼
Xn

l¼0

X
jjj6l

X2

~k¼1

ðA;Zð~kÞl;j Þn Z
ð~kÞ
l;j ; A � q�1 2 T ðoDÞ: ð3:11Þ
Using (3.10), clearly OnA ¼ A for all A 2 Tn. In [17] a similar operator to On that involves componentwise
harmonics (which are not, in general, tangential) was shown to retain the Oð ffiffiffinp Þ Lebesgue constant bound
of its continuous counterpart (that is, the discrete operator modified by replacing the discrete inner product
by the L2 inner product). Such an optimal Oð ffiffiffinp Þ bound in [17] was obtained using results in [31,32]. We con-
jecture that
kOnk1;oB 6 cna; a < 1: ð3:12Þ
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A complete proof of this result similar to the analyses in [31,32] is beyond the scope of this paper. (We have
observed the bound (3.12) numerically for various values of n 6 200.)

We complete this subsection by giving a convenient separable representation of the basis functions. Using
(1.6), (2.10), (3.2) and (3.3), for ~k ¼ 1; 2, we have the following representation [18]
Z
ð~kÞ
l;j ðx̂Þ ¼ Fðx̂Þ

X2

t¼1

að
~k;tÞ

l;j ðhÞeij/vðtÞðh;/Þ; x̂ 2 oB; ð3:13Þ
where, denoting the normalizing coefficient in (2.10) by cj
l,
vð1Þðh;/Þ ¼ ðcos h cos /; cos h sin /;� sin hÞT; vð2Þðh;/Þ ¼ ð� sin /; cos /; 0ÞT;
að1;1Þl;j ðhÞ ¼ að2;2Þl;j ðhÞ ¼ cj

lP
jjj0
l ðcos hÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
;

að1;2Þl;j ðhÞ ¼ �að2;1Þl;j ðhÞ ¼ cj
lðij= sin hÞP jjjl ðcos hÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
:

3.2. A fully discrete Galerkin method

We have introduced all of the necessary ingredients for describing a semi-discrete spectrally accurate Galer-
kin algorithm, which is not computer implementable. In order to define a fully discrete algorithm for (2.12), we
additionally require quadrature discretization of the parametrized magnetic dipole operator (2.13)–(2.18). We
use the spectrally accurate approximation described in detail in [17,18] to approximate M by Mn0 of the form
Mn0Aðx̂Þ ¼M1;n0Aðx̂Þ þM2;n0Aðx̂Þ; ð3:14Þ

with [18, Eq. (3.14)]
M1;n0Aðx̂Þ ¼
X2n0þ1

r0¼0

Xn0þ1

s0¼1

ln0

r0 m
n0

s0 a
n0

s0 T x̂M1ðn̂; ẑn0

r0s0 Þ T x̂Aðẑn0

r0s0 Þ; ð3:15Þ
where an0
s0 ¼

Pn0

l¼0P lðcos hn0

s0 Þ, and we have used n̂ � ẑn0
r0s0 ¼ cos hn0

s0 , and [18, Eq. (3.17)]
M2;n0Aðx̂Þ ¼
X2n0þ1

r0¼0

Xn0þ1

s0¼1

ln0

r0 m
n0

s0 T x̂M2ðn̂; ẑn0

r0s0 Þ T x̂Aðẑn0

r0s0 Þ: ð3:16Þ
A small modification to the proof of [17, Theorem 1] shows that, by choosing n0 ¼ anþ 1 for some fixed con-
stant a > 1, and n0 � n P 3 we obtain the following spectral accuracy in the magnetic dipole operator approx-
imation: if the conductor surface is smooth then for any s 2 N, there exists cs > 0, independent of n and n0,
such that
kðM�Mn0 ÞPnk1;oB 6 cs
1

ns
kPnk1;oB for all Pn 2 Tn: ð3:17Þ
In the computational algorithm described below, the density function of the fully discrete magnetic dipole
operator is always a function in Tn. For computations in Section 5 we set n0 ¼ 2nþ 1.

We are now ready to describe the complete algorithm to solve (2.12), using the various spectrally accurate
approximations described above. Our fully discrete scheme for (2.12) is: compute W n 2 Tn such that
Wn þOnMn0Wn ¼ Onf : ð3:18Þ

Since Wn 2 Tn can be written as
Wnðx̂Þ ¼
Xn

l¼1

X
jjj6l

X2

~k¼1

wlj~kZ
ð~kÞ
l;j ðx̂Þ; x̂ 2 oB; ð3:19Þ
the operator equation (3.18) is equivalent to the requirement that the coefficients wlj~k solve the fully discrete
Galerkin system
ðWn;Z
ðk0Þ
l0 ;j0 Þn þ ðMn0W n;Z

ðk0Þ
l0;j0 Þn ¼ ðF;Z

ðk0Þ
l0;j0 Þn; l0 ¼ 1; . . . ; n; j j0 j6 l; k0 ¼ 1; 2: ð3:20Þ
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In matrix form, w ¼ ðwlj~kÞ satisfies
ðIþMÞw ¼ f ; ð3:21Þ

where w ¼ ðwlj~kÞ, and
Ml0j0k0 ;lj~k ¼ ðMn0Z
ð~kÞ
l;j ;Z

ðk0Þ
l0;j0 Þn; Il0j0k0 ;lj~k ¼ dll0djj0d~kk0 ; f l0j0k0 ¼ ðF;Zðk

0Þ
l0 ;j0 Þn: ð3:22Þ
Our approximation to the solution w of (2.3) is then
wnðxÞ ¼Wn � q�1ðxÞ; x 2 oD: ð3:23Þ

Similar to Theorem 3 in [17], we have the following spectrally accurate convergence result for smooth surfaces.

Theorem 3. Let w be the unique solution of (2.3). Let n; n0 2 N be sufficiently large that n0 ¼ anþ 1 for some

fixed a > 1 and n0 � n > 3. Let wn be the fully discrete approximation in (3.23). Let (3.12) hold. Then for any

q 2 N there exists cq > 0, independent of n and n0, such that
kw� wnk1;oD 6 cq
1

nq
kwkqþ1;1;oD:
Proof. The proof follows from arguments identical to the proof of Theorem 3 in [17] using (3.17) and the spec-
trally accurate approximation result (i) in Theorem 2 (with j ¼ 0). h
3.3. Implementation

In this section, we describe an efficient way to set up the N � N electromagnetic scattering matrix M in
(3.21), (3.22), where N ¼ 2ðnþ 1Þ2 � 2. We remark that for the algorithms in [17,18], which include non-tan-
gential basis functions, the dimension of the scattering matrix is more than 1:5N , showing the marked advan-
tage in the current algorithm, which has the same accuracy but a reduction by at least 10; 000 in the dimension
of the dense complex system for the case n P 100.

We show that M can be computed in OðN 2:5Þ operations. This complexity can be reduced further by making
use of fast transforms.

Using (3.15), (3.16), [18, Eq. (3.26)], and (3.13) we get
Ml0j0k0 ;lj~k ¼
X2nþ3

r¼0

Xnþ2

s¼1

lnþ1
r mnþ1

s

X2n0þ1

r0¼0

Xn0þ1

s0¼1

ln0

r0 m
n0

s0

�
X2

t0¼1

aðk
0 ;t0Þ

l0 ;j0 ðh
nþ1
s Þe�ij0/nþ1

r vðt
0Þðhnþ1

s ;/nþ1
r Þ

T
FTðx̂rsÞ an0

s0M1ðx̂rs; ŷ
r0s0

rs Þ þM2ðx̂rs; ŷ
r0s0

rs Þ
� �

F ðyr0s0

rs Þ

�
X
j~jj6l

F sl~jje
iðj�~jÞ/nþ1

r

X2

t¼1

að
~k;tÞ

l;~j
ðhn0

s0 Þei~j/n0
r0 T�1

x̂rs
vðtÞðhn0

s0 ;/
n0

r0 Þ;
where we have written yr0s0
rs ¼ T�1

x̂rs
ẑr0s0 and introduced F sl~jj from [18, Eq. (3.26)].

The matrix M, which has OðN 2Þ ¼ Oðn4Þ entries, can be computed by successively computing the following
arrays. Each array is a sum with OðnÞ terms and depends on four labels (ignoring ~k and k0). Thus M can be
computed in Oðn5Þ ¼ OðN 2:5Þ operations.
Esrs0~jt ¼
X2n0þ1

r0¼0

ln0

r0 e
i~j/n0

r0FTðx̂rsÞ an0

s0M1ðx̂rs; ŷ
r0s0

rs Þ þM2ðx̂rs; ŷ
r0s0

rs Þ
� �

Fðyr0s0

rs ÞT�1
x̂rs

vðtÞðhn0

s0 ;/
n0

r0 Þ;

Dsrl~j~k ¼
Xn0þ1

s0¼1

X2

t¼1

mn0

s0 a
ð~k;tÞ
l;~j
ðhn0

s0 ÞEsrs0~jt; Csrlj~k ¼
X
j~jj6l

F sl~jje
iðj�~jÞ/nþ1

r Dsrl~j~k;
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Bsj0t0lj~k ¼
X2nþ3

r¼0

lnþ1
r e�ij0/nþ1

r vðt
0Þðhnþ1

s ;/nþ1
s Þ

TCsrlj~k;

Ml0j0k0 ;lj~k ¼
Xnþ2

s¼1

X2

t0¼1

mnþ1
s aðk

0 ;t0Þ
l0;j0 ðh

nþ1
s ÞBsj0t0lj~k:
Once E has been used to compute D, it is discarded. Similarly, D is discarded after it has been used to compute
C, and so on. The fast Fourier transform (FFT) can be used to speed up the computation of the arrays above,
and for calculating f and F in (3.22) and [18, Eq. (3.26)], respectively.

4. Exterior field and far field computations

Using (2.5) and (3.23), the far field corresponding to wn ¼Wn � q�1 is given by
cMWnðx̂Þ :¼ ik
4p

Z
oD

e�ikx̂�yx̂� wnðyÞdsðyÞ ¼
Z

oB

bM x̂ðŷÞW nðŷÞdsðŷÞ x̂ 2 oB;
where
bM x̂ðŷÞWnðŷÞ ¼
ik
4p

JðŷÞe�ikx̂�qðŷÞx̂�W nðŷÞ; ŷ 2 oB:
Hence the representation (3.19) yields
cMWnðx̂Þ ¼
Xn

l¼1

X
jjj6n

X2

~k¼1

wlj~k
cMZ

ð~kÞ
l;j ðx̂Þ:
We compute a spectrally accurate approximation En;1 to E1 using the approximation to cM described in [18,
Section 4.1], which we denote cMn. Our approximation is then
En;1ðx̂Þ ¼
Xn

l¼1

X
jjj6n

X2

~k¼1

wlj~k
cMnZ

ð~kÞ
l;j ðx̂Þ:
The quantities cMnZ
ð~kÞ
l;j ðx̂Þ do not depend on Wn and can be precomputed independently.

A similar approach yields a spectrally accurate approximation En to the exterior field E. From (2.1), the
exterior field corresponding to wn ¼Wn � q�1 is given by
fMWnðxÞ :¼ curl

Z
oD

Uðx; yÞwðyÞdsðyÞ ¼
Z

oB

eM xðŷÞWnðŷÞdsðŷÞ; x 2 R3 n D;
where
eM xWnðŷÞ ¼ JðŷÞ curlxfUðx; qðŷÞÞWnðŷÞg:

Using the approximation fMn to fM described in [18, Section 4.2] and (3.19), our approximation is then
Enðx̂Þ ¼
Xn

l¼1

X
jjj6n

X2

~k¼1

wlj~k
fMnZ

ð~kÞ
l;j ðx̂Þ:
As in the far field computations, the quantities fMnZ
ð~kÞ
l;j ðx̂Þ do not depend on Wn and can be precomputed

independently.

5. Numerical experiments

We compute approximations to the surface current, exterior field, and monostatic and bistatic RCS by solv-
ing the electromagnetic scattering problem (1.2)–(1.4) at various frequencies. The boundary condition (1.4) is
induced by the plane wave (1.5) with incident unit vector direction d̂0 ¼ �pðh;/Þ, given by (1.6) and with



4556 M. Ganesh, S.C. Hawkins / Journal of Computational Physics 227 (2008) 4543–4562
polarization p̂0 that is either horizontal (H, where p̂0 ¼ ð� sin /; cos /; 0ÞT) or vertical (V, where
p̂0 ¼ ðcos h cos /; cos h sin /;� sin hÞT) [35, pp. 8–9].

In the case of spherical scatterers, the exact scattered field is given analytically by the Mie series. Using the
Mie series we are able compute exact errors in our computed approximation to the far field. For non-spherical
scatterers the exact scattered field is not known, in general. To validate our algorithm for non-spherical scat-
terers we simulate the electric field induced by an off-center electric dipole (ED) or magnetic dipole (MD) point
source located a distance 0.1 from the origin in the direction pð30�; 90�Þ with polarization vector
psrc ¼ ð1; 1; 0Þ

T, leading to the boundary conditions (1.8)–(1.10). The exact scattered field (and hence far field)
is known for this point source scattering problem. We measure the error between a known function u (far field)
and an approximation un on oB using the relative maximum error function
Table
List of

Object
Diame
Relative Error ¼ max
x̂2oB

X3

~k¼1

j eT
~k ½uðx̂Þ � unðx̂Þ� j

( )
max
x̂2oB

X3

~k¼1

j eT
~k uðx̂Þ j

( ),
:

For comparison with results in [33] we also use the relative error in the RMS norm (measured in decibels)
RMS error ¼ 1

4p

Z
oB
½10 log10uðx̂Þ � 10 log10unðx̂Þ�2 dsðx̂Þ

� �1=2

:

We numerically approximate these errors at over 1300 points in oB. To demonstrate the convergence of our
algorithm for plane wave scattering by non-spherical obstacles, we tabulate values of the bistatic RCS for var-
ious observation angles.

The number of unknowns N ¼ 2ðnþ 1Þ2 � 2 required to solve a given scattering problem depends on the
shape of the scatterer and the size of the scatterer relative to the wavelength k ¼ 2p=k of the incident wave.
Our demonstration scattering problems (obstacle description and relative-size) are listed in Table 1. The
non-spherical scatterers are as shown in Fig. 2.

Our experiments were performed using a parallel version of our algorithm on a two node (8 socket) cluster
with 2 GHz dual core Opteron (DcOp) processors. The maximum value of n that we use in our experiments is
n ¼ 165 (due to memory limitations) and the incident frequency in our experiments is chosen accordingly.
When n ¼ 165 our linear systems have only N ¼ 55; 110 unknowns and so we are able to present results using
parallel direct solves. The ability to use direct solves is a considerable advantage for monostatic RCS compu-
tations, where we solve with one matrix but more than 2000 right hand sides. We remark that to obtain com-
parable results with algorithms in [17,18] would require more than 1:5N ¼ 82; 650 unknowns, which could not
be realized on the cluster that we use for the experiments in this paper.

The tables below demonstrate the high-order convergence of our algorithm for medium frequency scatter-
ing, with diameter up to 48k (which in some literature is considered to be a very large three-dimensional prob-
lem even for acoustic scattering, as suggested by the title and numerical experiments in [2]). Our algorithm
(GH) in this paper has also been tested at lower frequencies with all of the obstacles in [17,18] with similar
accuracy to that reported there in all cases.

We show in Table 2 that using N ¼ 55; 100 unknowns we are able to obtain higher accuracy than FISC for
scattering by a sphere with diameter 48 times the incident wavelength, even though we use only about two

percent of the unknowns (2,408,448) required to obtain 0.33 dB RMS error using FISC [33, p. 29].
Results in Table 2 demonstrate that one may get higher accuracy in the far field induced by a point source

than for that induced by a plane wave with the same frequency. Hence a convergence study of both point
source and plane wave cases is necessary to demonstrate the performance of scattering algorithms. Accord-
ingly, for non-spherical scatterers, we give point source far field error results in Tables 3, 4 and tabulate con-
verging simulated bistatic RCS values for plane wave scattering in Tables 5–8.
1
demonstration objects

Sphere Bean Fount Submarine Erythrocyte
ter 48k 30k 30k 30k 40k



Fig. 2. Perfectly conducting scatterers used in our experiments.

Table 2
RMS error for GH (using GMRES) and FISC [33] for scattering by a sphere with diameter 48k

Algorithm Unknowns MD ED PW
RMS Err. RMS Err. RMS Err.

GH 48,670 ðn ¼ 155Þ 2.9e�11 1.9e�11 9.9e�02
FISC 2,408,448 – – 3.3e�01
GH 51,840 ðn ¼ 160Þ – – 3.7e�03
GH 55,110 ðn ¼ 165Þ – – 5.9e�05

Table 3
Error in approximation to radiating field from point source

n beanð30kÞ beanð30kÞ fountð30kÞ fountð30kÞ
k ¼ 47:1239 k ¼ 47:1239 k ¼ 78:5398 k ¼ 78:5398
MD ED MD ED
Rel. Err. Rel. Err. Rel. Err. Rel. Err.

150 6.73e�04 9.09e�04 2.41e�06 1.18e�06
155 5.04e�05 7.54e�05 3.70e�07 2.08e�07
160 6.03e�06 7.87e�06 2.98e�07 1.45e�07
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In [6, p. 104], using a fast high-order algorithm for scalar acoustic scattering by a bean obstacle with diam-
eter 30 times the incident wavelength, 617, 910 unknowns were used to obtain accuracy less than that in Table
3 with n ¼ 155. The CPU time required for a single incident direction in [6, p. 104] is about 80 h just for linear



Table 4
Error in approximation to radiating field from point source

n subð30kÞ subð30kÞ eryð40kÞ eryð40kÞ
k ¼ 9:4248 k ¼ 9:4248 k ¼ 39:8932 k ¼ 39:8932
MD ED MD ED
Rel. Err. Rel. Err. Rel. Err. Rel. Err.

150 4.94e�04 2.59e�04 1.43e�04 1.02e�04
155 2.59e�04 1.40e�04 5.56e�05 4.74e�05
160 7.42e�05 4.44e�05 2.26e�05 2.15e�05

Table 5
Computed bistatic RCS for incident wave d̂0 ¼ �pðp=2;p=2Þ with HH polarization for observation points in the horizontal plane with
azimuth /

n beanð30kÞ beanð30kÞ beanð30kÞ beanð30kÞ
k ¼ 47:1239 k ¼ 47:1239 k ¼ 47:1239 k ¼ 47:1239
/ ¼ 0:0� / ¼ 60:0� / ¼ 120:0� / ¼ 180:0�

150 11.32140391 15.07447877 15.07447880 11.32140392
155 11.32145461 15.07447142 15.07447142 11.32145464
160 11.32145841 15.07446793 15.07446794 11.32145840

Table 6
Computed bistatic RCS for incident wave d̂0 ¼ �pðp=2;p=2Þ with HH polarization for observation points in the horizontal plane with
azimuth /

n fountð30kÞ fountð30kÞ fountð30kÞ fountð30kÞ
k ¼ 78:5398 k ¼ 78:5398 k ¼ 78:5398 k ¼ 78:5398
/ ¼ 0:0� / ¼ 60:0� / ¼ 120:0� / ¼ 180:0�

150 8.234988913 5.047784768 5.047791415 8.235005411
155 8.234995275 5.047790111 5.047792074 8.234999861
160 8.235001560 5.047795533 5.047805101 8.235005031

Table 7
Computed bistatic RCS for incident wave d̂0 ¼ �pðp=2; 0Þ with HH polarization for observation points in the horizontal plane with
azimuth /

n subð30kÞ subð30kÞ subð30kÞ subð30kÞ
k ¼ 9:4248 k ¼ 9:4248 k ¼ 9:4248 k ¼ 9:4248
/ ¼ 0:0� / ¼ 60:0� / ¼ 120:0� / ¼ 180:0�

150 �17.25546467 �12.91421502 �3.984522645 23.87782796
155 �17.25560125 �12.91439235 �3.984531932 23.87782565
160 �17.25683322 �12.91438282 �3.984535724 23.87782207

Table 8
Computed bistatic RCS for incident wave d̂0 ¼ �pð0; 0Þ with VV polarization for observation points in the vertical plane with polar angle
h

n eryð40kÞ eryð40kÞ eryð40kÞ eryð40kÞ
k ¼ 39:8932 k ¼ 39:8932 k ¼ 39:8932 k ¼ 39:8932
h ¼ 0:0� h ¼ 60:0� h ¼ 120:0� h ¼ 180:0�

150 41.39571841 11.61666797 9.801996741 56.93466410
155 41.39571993 11.61686887 9.801937614 56.93466411
160 41.39572008 11.61686949 9.801937292 56.93466412
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iterative solves (with 18 iterations and 4 h and 28 min per iteration). For iterative solver based algorithms, the
CPU time required for many incident directions is roughly the number of incident directions multiplied by the
CPU time required for a single incident direction.

In Table 9 we give the total (set up + factorize + solve + RCS evaluation) CPU time required for vector
electromagnetic scattering to compute the monostatic RCS of the bean obstacle with diameter 30 times the
incident wavelength at 2402 incident directions using our algorithm with n ¼ 155 (giving 48,670 unknowns)
Table 9
Total (set up + factorize + solve + RCS evaluation) time taken with 16�DcOp to compute the monostatic RCS of a bean shaped
obstacle of diameter 30k with 2402 incident directions

Algorithm Unknowns CPU time

GH 48,670 ðn ¼ 155Þ 10.5 h

Fig. 3. Bistatic RCS of submarine with diameter 30k for incident wave d̂0 ¼ �pðp=2; 0Þ with HH polarization, simulated using n ¼ 160.

Table 10
Error in approximation for scattering by a unit sphere with wave number close to an interior Maxwell eigenvalue at
k ¼ 75:384956883881728, simulated using n ¼ 95

k MD ED PW
Rel. Err. Rel. Err. Rel. Err.

75.384 2.13e�10 4.89e�11 6.14e�10
75.38495 3.11e�08 6.00e�09 2.26e�09
75.3849568 2.54e�06 4.96e�07 1.70e�07
75.384956883 2.42e�04 4.69e�05 1.61e�05
75.38495688388 9.77e�02 1.91e�02 6.58e�03
75.3849568838817 4.42e�01 8.92e�02 3.07e�02
75.384956883881728 4.67e�01 9.41e�02 3.24e�02
75.3849568838818 5.48e�01 1.12e�01 3.86e�02
75.38495688389 2.73e�02 5.30e�03 1.82e�03
75.384956884 1.82e�03 3.50e�04 1.21e�04
75.3849569 1.34e�05 2.55e�06 8.89e�07
75.38496 6.86e�08 1.33e�08 4.71e�09
75.385 4.98e�09 9.54e�10 7.03e�10



Fig. 4. Bistatic RCS of erythrocyte with diameter 40k for incident wave d̂0 ¼ �pð0; 0Þ with VV polarization, simulated using n ¼ 160.

Fig. 5. Monostatic RCS of fount with diameter 30k for incident wave with VV polarization, simulated using n ¼ 160.
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Fig. 6. Monostatic RCS of bean with diameter 30k for incident wave with HH polarization, simulated using n ¼ 160.
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to obtain the accuracy detailed in Tables 3 and 5. For this case, using parallel direct solves we are able to solve
the corresponding 2402 linear systems using 16 DcOp processors in less than 2.3 h after computing the LU
factorization of the scattering matrix. Thus we are able to compute the monostatic RCS with over two thou-
sand incident directions in about twice the time required for the present GH algorithm to compute the bistatic
RCS. This is in contrast to electromagnetic scattering algorithms such as FISC, which are built on fast solvers
and the fast multiple method with which such monostatic RCS computations would require approximately
2402 times as long as the corresponding bistatic RCS computation.

In Table 10 we demonstrate the robustness of our algorithm for wave numbers in the vicinity of an interior
Maxwell eigenvalue. Although the integral equation (2.3) does not have a unique solution when k is an interior
eigenvalue, we are able to obtain 8 digits accuracy in our approximate far field when k differs from the eigen-
value only in its eighth digit. In Figs. 3–6 we give polar plots of the bistatic and monostatic RCS obtained
from the far field scattered by some of our test obstacles.

6. Conclusions

In this work we have utilized a new tangential basis that gives spectrally accurate approximation to simulate
electromagnetic scattering by perfect conductors using only about twice as many unknowns as related acoustic
scattering algorithms, and considerably fewer unknowns than industrial standard algorithms. We have dem-
onstrated that this reduction in unknowns allows solution of problems at up to one hundred percent higher
frequency than was possible using previous spectral Galerkin methods for electromagnetic scattering. These
problems can be solved using direct solvers because of the relatively small number of unknowns. This is a par-
ticular advantage for monostatic RCS and BIE based T-matrix computations where one must solve linear sys-
tems with the same matrix but with hundreds or thousands of right hand sides.
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