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A crucial ingredient in the formulation of boundary-valueproblemsfor acousticscatteringof
time-harmonicwavesis the radiationcondition. This is well understoodwhen the scattereris a
boundedobstacle.For plane-wavescatteringby an infinite, rough, impenetrablesurfaceS, the
physicsof the problem suggeststhat all scatteredwavesmust travel away from ~or along! the
surface.This conditionis used,togetherwith Green’stheoremandthefree-spaceGreen’sfunction,
to deriveboundaryintegralequationsoverS. This requirescarefulconsiderationof certainintegrals
over a largesemicircleof radiusr; it i s known that theseintegralsvanishasr→` if the scattered
field satisfiesthe Sommerfeldradiationcondition, but that is not the casehere—reflectedplane
wavesmustbepresent.TheintegralequationsobtainedareHelmholtzintegralequations;theymust
be modifiedfor grazingincidentwaves.As suchintegralequationsareoften claimedto be exact,
andareoftenusedto generatebenchmarknumericalsolutions,it seemsworthwhileto establishtheir
validity or otherwise. © 1997 Acoustical Society of America. @S0001-4966~97!01406-9#

PACSnumbers: 43.20.Fn,43.30.Hw@ANN#

INTRODUCTION

Considerthescatteringof a planetime-harmonicacous-
tic waveby a boundedobstacle.To fix ideashere,we con-
sidera two-dimensionalobstacle,with a smooth,sound-hard
surface S. Mathematically, this is an exterior Neu mann
problemfor theHelmholtzequation.In orderto havea well-
posedproblem,we imposethe Sommerfeldradiationcondi-
tion,

ArS ]u

]r
2iku D→0 as r→`, ~1!

uniformly in all directions.Here,u is thescatteredfield, r is
a planepolarcoordinate,k is thewavenumber,andwe have
assumeda time dependenceof e2ivt. Physically,the radia-
tion condition ensuresthat the scatteredwaves propagate
outwards,awayfrom theobstacle.Mathematically,theradia-
tion condition also yields uniquenessand existencefor the
boundary-valueproblem.

A familiar methodfor solving the aboveproblemis to
derivea boundaryintegralequationfor the boundaryvalues
of u on S. In the derivation,Green’stheoremis appliedto
u and a fundamentalsolution G, in the region boundedin-
ternally by S and externallyby Cr , a large circle of radius
r. It turns out that the radiationcondition implies that the
integral

I~u;Cr![E
Cr

S u
]G

]r
2G

]u

]r D ds→0 as r→`, ~2!

and so only boundaryintegrals over S remain. Thus, the
radiationcondition is a crucial ingredientfor two results:a
well-posedboundary-valueproblem;and the vanishingof a

standardintegral over a large circle. SeeColton and Kress
~1983! for more information.

For a sound-hardsurfaceS, the proceduredescribed
aboveleadsto the following boundaryintegralequation:

u~p !2E
S
u~q !

]G

]nq
~p,q !dsq5E

S

]u inc

]nq
G~p,q !dsq ,

pPS, ~3!

here,u inc is the given incidentwave.Onecanalsoderivean
equation for the boundary values of the total field
u tot5u inc1u; this boundaryintegralequationis

u tot~p !2E
S
u tot~q !

]G

]nq
~p,q !dsq52u inc~p !, pPS.

~4!

We shall refer to ~3! and~4! asstandard Helmholtz integral
equations. Similar equationscan be derived for sound-soft
surfaces~exteriorDirichlet problem,u tot50 on S).

Now, it is known that thewavesscatteredby a bounded
two-dimensionalobstaclehavethe form

u~r,u !5

e ikr

Ar
f ~u !1O~r23/2! asr→`, ~5!

where(r,u) areplanepolar coordinates,and f is called the
far-field pattern.Thus,apartfrom beingoutgoing(e ikr), the
wavesdecaywith distancefrom theobstacle(1/Ar). Indeed,
the radiation condition implies that u5O(r21/2) as r→`.
As G also satisfiesthe radiationcondition,we find that the
integrandin ~2! is

uS ]G

]r
2ikG D2GS ]u

]r
2iku D5o~r21! asr→`,
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whenceI(u;C )→0 as r→`, whereC is any pieceof Cr .
This showsthat theresult~2! is due,essentially,to thedecay
of u ~andG), not to any cancellationeffectsinducedby the
integration.

The descriptiongiven abovechangescompletelywhen
theobstacleis unbounded. For example,supposethatS is an
infinite, flat plane.Then,anincidentplanewavewill bescat-
tered ~reflected! specularly as a single propagatingplane
wave. More generally,supposethat S is an infinite corru-
gatedsurface;then,an incidentplanewavewill be scattered
into a spectrumof planewaves.The specificationof a ‘‘ra-
diation condition’’ for suchproblemscontinuesto attractat-
tention ~see,for example,Ramm,1986!; clearly, the Som-
merfeld radiation condition is not appropriate,as it is not
satisfiedby a propagatingplane wave. Nevertheless,it is
customaryto proceed,assuming that the scatteredfield can
be representedin terms of plane waves,at least at some
distancefrom S. Typically, this requiresthediscardingof an
integralsuchas~2!, but with the largecircle C r replacedby
a largesemicircle Hr . Canthis stepbe justified?This paper
beganasan attemptto do this.

Another possibleapproachis to assumethat u can be
written as a surfacedistribution of sourcesor dipoles; see
Sec. VI E. One might also invoke the limiting absorption
principle, in which the wave number k is replaced by
k1i«, where« is smallandpositive;thecorrespondingu is
requiredto decayas r→`. However,this is delicate~com-
pared to scatteringby a boundedobstacle! as the limits
«→0 andz→` for exp$iz(k1i«)% do not commute.

Themotivationbehindthepresentwork is thepervasive
view thatsolvinga boundaryintegralequationgivesa rigor-
ous,exactway ~apartfrom numericalerrors! of solvingprob-
lems involving the scatteringof plane waves by infinite
roughsurfaces.Indeed,onecanfind manybooksandpapers
setting out this view. ~Referencesto the literature will be
given later.! However,very little attentionhasbeengiven to
thederivation of theboundaryintegralequationsthemselves,
most writers being contentto start by writing down a stan-
dard Helmholtz integral equation,~3! or ~4!. We will show
that ~3! is valid for plane-wavescatteringby aninfinite, one-
dimensional,rough surface.We will also show that ~4! is
valid, exceptfor grazingincident waves~in which casethe
right-handsideshouldbe replacedby u inc).

The paperis organizedas follows. SectionI is devoted
to formulating the problem,with somediscussionon radia-
tion conditionsand somebackgroundon angular-spectrum
representationsand integral representations~usingG). Esti-
mation of integralsover the semicircleHr is carriedout in
Secs.II, III, and IV. Thus, the methodof stationaryphase
andanexpansionmethodareusedin Secs.II andIII, respec-
tively, but only for a single plane wave. Results for
I(u;Hr) areobtainedin Sec.IV, andarethenusedin Sec.V
to derive variousboundaryintegral equationsof Helmholtz
type.Extensivediscussionof the resultsis given in Sec.VI.
For example,it is shownthatthestandardHelmholtzintegral
equationsare valid for a finite patch of roughnessand for
finite incidentbeams.

I. FORMULATION

Considerthe scatteringof a planewave by an infinite
roughsurface,S. In this paper,we assumethat thesurfaceis
one-dimensional,so that it canbe describedby

z5s~x !, 2`,x,`

with 2h,s(x)<0 and someconstanth>0. The acoustic
mediumoccupiesz.s and,for definiteness,we assumethat
S is a smooth,sound-hardsurface.Thus we can write the
total field as

u tot5u inc1u,

whereu is the scatteredfield and

u inc~r,u !5e2ikr cos~u1u i!, uu iu<
1
2 p, ~6!

is the incidentplanewave;u i is the angleof incidence~it is
theanglebetweenthedirectionof propagationandthenega-
tive z axis!, and (r,u) are plane polar coordinates:
x5r sinu and z5r cosu. All the fields u tot , u inc , and u
satisfy the Helmholtzequation

~¹2
1k2!u50, ~7!

for z.s. The boundarycondition is

]u tot

]n
50 on S, ~8!

where]/]n denotesnormaldifferentiationout of the acous-
tic medium.

A. Reflection by a flat surface

If S is flat (s50), the problemis trivial. Nevertheless,
this problemcan still teachus something.It is well known
that the scatteredfield is

u~r,u !5e ikr cos~u2u i! for uu iu,
1
2p. ~9!

When uu iu5
1
2p ~‘‘grazing incidence’’!, we haveu[0: The

incidentwavesatisfiesthe boundaryconditionon S.
Thus,for uu iu,

1
2p,

u tot52 e ikx sin u i cos~kz cosu i!

and

2 e ikx sin u i cos~kzcosu i!1A1e ikx
1A2e2ikx

both ‘‘solve’’ the problem,whereA1 and A2 are arbitrary
constants.Of course,we disallow this secondsolution, un-
less A15A250: but why? The answeris becauseof the
radiation condition ~which we have yet to specify!. Physi-
cally, we wantto excludeall ‘‘incoming’’ planewaves,apart
from the incidentwave.We will bemoreprecisein Sec.I B.

B. Angular-spectrum representations

For any S, the scatteredfield abovethe corrugations,
z.0, may be written usingan angular-spectrumrepresenta-
tion,
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u~x,z !5E
2`

`

F~m !e ik~mx1mz !
dm

m~m !
~10!

5E
2p/2

p/2

A~a !e ikrcos~u2a !da

1 evanescentterms. ~11!

Here,F(m) is the spectral amplitude, A(a)5F(sina! and

m~m !5HA12m2, umu,1,

iAm2
21, umu.1.

The integrals are superpositionsof plane waves; they are
propagating,homogeneousplane waves when umu,1 and
they are evanescent,inhomogeneousplane waves when
umu.1 In ~11!, we seethe propagatingplanewavesexplic-
itly: Theypropagateat ananglea to thepositivez axis,with
an ~unknown! complex amplitude,A(a); the ‘‘evanescent
terms’’ decayexponentiallywith z. For moreinformationon
angular-spectrumrepresentations,seeClemmow~1966! and
DeSantoandMartin ~1996!.

In general,thespectralamplitudemustbeconsideredas
a generalizedfunction, and not as a continuousor analytic
function.This simpleobservationis motivatedby knownre-
sultsfor particularsurfaces.Thus,for a flat surfacewe have

F~m !5d~m2sin u i!cosu i , uu iu,
1
2 p,

whered is the Dirac delta function, whereasfor a periodic
surfaceF is a discretesum of delta functions.So, we split
the scatteredfield into threepartsas

u5upr1uev1ucon, ~12!

where

upr~r,u !5 (
n51

N

Anv~r,u;an!,

uev~r,u !5 (
m51

M

Bmw~r,u;mm!, ~13!

ucon~r,u !5E
2`

`

C~m !e ikr~m sin u1m cosu !
dm

m~m !
, ~14!

v~r,u;a !5e ikr cos~u2a !, with uau< 1
2p, ~15!

and

w~r,u;m !5e ikrm sin ue2kr cosuAm2
21 with umu.1.

~16!

The first term in ~12! is a sumof propagatingplanewaves;
the coefficientsAn and the anglesan are unknownin gen-
eral.The secondterm in ~12! is a sumof evanescentwaves;
the coefficientsBm and mm are unknown in general.The
third term in ~12! is a continuousspectrumof planewaves;
the unknownfunction C is continuous.Propertiesand con-
sequencesof the generalrepresentation~12! were investi-
gatedby DeSantoandMartin ~1996!.

Let us now return to the radiation condition. Having
chosenan origin O, arbitrarily, we considera large semi-
circle Hr , with radius r and centerat O. We then require

that all propagatingplane-wavecomponentsv(r,u;an) in
u propagateoutwards through Hr , away from O. This is
almostbuilt into thedecomposition~12!: we haveto becare-
ful with grazing waves (uanu5 1

2p). For example, if an

5
1
2p, v5e ikx; this waveleavesthe semicircleat u5

1
2p but

entersat u52
1
2p. A simple way to imposeour radiation

condition without excluding grazing waves is to split the
half-spacez.0 and the semicircleHr into two parts.Thus
with

Hr
6

5$~r,u !:0<6u< 1
2 p% ~17!

being quarter-circles,we require that in the region x>0,
z.0, we use0<an< 1

2p, so that all planewavespropagate
out throughHr

1 . Similarly, in the regionx<0, z.0, we use
2

1
2p<an<0, so that all planewavespropagateout through

Hr
2 . This form of the radiation condition will be usedto

deriveboundaryintegralequations.

C. Boundary integral equations

One wayto determinethe scatteredfield is to derive a
boundaryintegral equationover the rough surfaceS. The
appropriatefundamentalsolution is

G~P,Q !5G~y,x!5 2
1
2 iH0

~1!~kux2yu!,

wherex andy are the positionvectorsof Q and P, respec-
tively, with respectto the origin O, and Hn

(1) is a Hankel
function. Apply Green’stheoremto u and G in the region
Dr with boundary]Dr5HrøSrøTr , where Hr is a large
semicircleof radiusr andcenterO,

Sr5$~x,z !:z5s~x !,2r,x,r%

is a truncatedrough surface,and Tr consistsof two line
segmentsjoining theendsof Hr andSr . Then,asbothu and
G satisfy the Helmholtz equation~7! in Dr @apartfrom the
singularity in G(P,Q) at P5Q] , we obtain

2u~P !5E
]Dr

H u~q !
]G

]nq
~P,q !2

]u

]nq
G~P,q !J dsq ,

wherePPDr , qP]Dr and]/]nq denotesnormaldifferentia-
tion at q. Useof the boundarycondition ~8! yields

2u~P !5E
Sr
H u~q !

]G

]nq
~P,q !1

]u inc

]nq
G~P,q !J dsq

1I~u;Hr!1I~u;Tr!, ~18!

where

I~u;S !5E
S
H u~q !

]G

]nq
~P,q !2

]u

]nq
G~P,q !J dsq

andnormaldifferentiationis takenin a directionawayfrom
the origin @so that ]/]n5]/]r on Hr , consistentwith ~2!#.

The scatteredfield u and its derivative ]u/]x are
boundedin theneighborhoodof S. This assumptiontogether
with simple boundsand the large-argumentasymptoticbe-
havior of Hankel functionsshowthat I(u;Tr)5O(r21/2) as
r→`, whence

I~u;Tr!→0 as r→`. ~19!
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Before estimatingI(u;Hr) for large r, using ~12!, we con-
sider a single propagatingplane-wavecomponentin ~12!.
Thus,we shallevaluateI(v;Hr) as r→`, wherev is defined
by ~15!. Indeed,we shall evaluatethe limit usingtwo differ-
entmethods:themethodof stationaryphase~Sec.II ! andan
expansionmethod~Sec.III !. We shall discusstheevaluation
of I(u;Hr) itself for large r in Sec.IV. Boundaryintegral
equationswill thenbe derivedfrom ~18! in Sec.V.

II. THE METHOD OF STATIONARY PHASE

We use the method of stationary phase to estimate
I(v;Hr). There are two cases,dependingon the value of
a, which canbesmoothedtogetherusinga uniform approxi-
mation.

A. The method of stationary phase: zaz< 1
2p

We are interestedin large values of r5uxu for fixed
valuesof y andk. We have

G~P,q !.
B

Akr
exp$ik~r2y• x̂!%

5

B

Akr
e ikre2ikr cos~u2w !

asr→`, wherex̂5x/r, y5(r sinw,r cosw) and

B52
1
2 iA~2/p !e2ip/4. ~20!

Hence,for larger,

v

]G

]r
2G

]v

]r
.ik

B

Akr
@12 cos~u2a !#

3e ikr~11 cos~u2a !!e2ikr cos~u2w !

andthen

I~v;Hr!.iBe ikrL~kr !, ~21!

where

L~l !5AlE
2p/2

p/2

g~u !e ilF~u !du,

g~u !5@12 cos~u2a !#e2ikr cos~u2w !

and

F~u !5 cos~u2a !.

For large l[kr, the dominant contribution to L(l)
comesfrom those points c in the range of integration at
which the phase F is stationary: F8(c)50. As
F8(u)5 sin(a2u) and uau, 1

2p, the only stationary-phase
point is at u5a. Then ~BleisteinandHandelsman,1986,p.
220!

L~l !;Bg~a !e ilF~a ! asl→`, ~22!

where

B5A 2p

uF9~a !u
expH 1

4
ip sgnF9~a !J 5A2pe2ip/4.

But g(a)50, andso L(l)5o(1) as l→`. In fact, an inte-
grationby partsgives

L~l !5

i

Alcosa
@~12sin a !e iF

1~11sin a !e2iF#

1O~l21!

as l→`, where F5l sin a2kr sinw. Hence,from ~21!,
we obtain

I~v;Hr!5O„~kr !21/2… askr→`, for uau, 1
2p. ~23!

B. The method of stationary phase: zaz5 1
2p

Supposethat a5
1
2p. In this case,F(u)5sinu is sta-

tionary at u56
1
2p, which are end points of the rangeof

integration.We have

g~ 1
2 p !50 and g~2

1
2 p !52 e ikr sin w.

It follows that

L~l !;A2pe ip/4e2ile ikr sin w asl→`, ~24!

whence

I~v;Hr!5e ikr sin w
1O„~kr !21/2… askr→`, for a5

1
2p.

~25!

Whena52
1
2p, we obtain the sameresult exceptthat w is

replacedby 2w. In this case,the relevantstationary-phase
point is at u5

1
2p.

When r50, we can give an independentcheckof the
result ~24!. In this case,we have

L~l !5AlE
2p/2

p/2

~12sinu !e il sin udu

5pAl$J0~l !2iJ1~l !%,

whereJm is a Besselfunction. The result follows from the
well-known asymptoticapproximation,

Jm~l !;A 2

pl
cosS l2

1

2
mp2

1

4
p D asl→`. ~26!

C. Uniform asymptotics

We haveseenthat the resultsfor uau, 1
2p and uau5 1

2p
are different, that is, the asymptoticestimateof I(v;Hr) is
not uniform in the parametera. However,we can obtain a
uniform approximation~seeAppendix A!; for example,if
a is near 1

2p, we find that

I~v;Hr!. cos~ 1
2 d !e ikr sin werfc~m !, ~27!

where

erfc~m !5

2

Ap
E

m

`

e2x2
dx ~28!

is the complementaryerror function,

m5A2le2ip/4 sin 1
2 d and d5

1
2 p2a.
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Note that if a5
1
2p (d50), we recover~25!. On the other

hand, if a,
1
2p (d.0), we recover ~23!, since

erfc(m);p21/2m21exp(2m2) as m→`.

III. AN EXPANSION METHOD

The integral I(v;Hr) is over a semicircleof radius r,
betweenu52

1
2p and u51

1
2p. We can evaluatethis inte-

gral explicitly, using appropriateexpansionsof v and G.
Thus

v~r,u;a !5e ikr cos~u2a !
5 (

m52`

`

imJm~kr !e2im~u2a !,

~29!

henceforth,we suppressthe limits when the summationis
over all integers.Similarly,

G~P,q !5 2

1

2
i(

n
Hn~kr !Jn~kr !e in~u2w ! ~30!

for r.r, whereHn[Hn
(1) . Hence

I~v;Hr!5(
m

(
n

imJn~kr !Wmn~kr !Amne i~ma2nw !,

where

Wmn~w !5 2
1
2 ipw$Jm~w !Hn8~w !2Jm8 ~w !Hn~w !%

and

Amn5

1

p
E

2p/2

p/2

e i~n2m !udu

5H 1 if m5n,

2~21! j

~2 j11!p
if m5n12 j11,

0 otherwise,

here, j is an arbitrary integer.It follows that

I~v;Hr!5(
n

inJn~kr !$Wnn~kr !2Fn~kr,a !%e in~a2w !,

where

Fn~kr,a !5

22i

p (
j

1

2 j11
Wn12 j11,ne i~2 j11!a. ~31!

We want to estimateI(v;Hr) for large r. We can evaluate
the first term in the bracesexactly: Wnn is essentiallya
Wronskian,given by Wnn51. For Fn , we have

Wmn~w !;exp$i~m2n !p/2%

asw→`, for fixed m andn. ~32!

We proceedformally, and use this approximationin ~31!.
~This procedurecanbejustified;seeAppendixB.! Theresult
is

Fn~kr,a !;G ~a1
1
2 p ! askr→`,

independentlyof n, where

G ~u !5

22i

p (
j

e i~2 j11!u

2 j11
5

4

p (
j50

`
sin~2 j11!u

2 j11
, ~33!

this is a familiar Fourierseries:

G ~u !5H 1, 0,u,p,

21, 2p,u,0,

0, u50,6p,

~34!

and is definedby periodicity for other valuesof u. Hence,
for large kr, Fn;1 for 0<uau, 1

2p but Fn5o(1) for
uau5 1

2p. Thus we obtain the same~nonuniform! resultsas
derived in Secs. II A and II B. The drawbackswith this
methodare that it doesnot yield resultsthat areuniform in
a for a near 6

1
2p, and it is very complicatedto use for

three-dimensionalproblems.

IV. ASYMPTOTIC BEHAVIOR OF I(u;H r)

Whena planewaveis reflectedby a roughsurfaceS, we
canusethe angular-spectrumrepresentation~12! for the re-
flectedfield abovethe corrugations.Thuswe have

I~u;Hr!5I~upr ;Hr!1I~uev;Hr!1I~ucon;Hr!.

For I(uev;Hr), with uev definedby ~13!, we have

I~w;Hr!.iBAkre ikrE
2p/2

p/2

g~u !e ikrF~u !du,

wherew is definedby ~16!,

F~u !5m sin u1iAm2
21cosu

and

g~u !5@12F~u !#e2ikr cos~u2w !,

as umu.1, integrationby partsshowsthat

I~w;Hr!5O„~kr !21/2… askr→`.

Hence,from ~13!,

I~uev;Hr!→0 as r→`.

For ucon, we have

ucon~r,u !;A2p

kr
e i~kr2p/4!C~sin u ! askr→`.

This result makesessentialuse of the continuity of C(m)
~seeClemmow,1966,Sec.3.2!. Thus,ucon satisfiestheSom-
merfeldradiationcondition ~1!, whence

I~ucon;Hr!→0 as r→`.

@A direct derivation of this result, basedon ~14! and the
methodof stationaryphase,is given in AppendixC.#

Finally, considerI(upr ;Hr). If uanu, 1
2p, the resultsof

the previoussectionsare immediatelyapplicable,and show
that I(upr ;Hr)→0 as r→`. Next, considergrazingwaves,
uanu5 1

2p, andwrite

v65v~r,u;6 1
2 p !5e6ikx.

We have

I~upr ;Hr!5I~upr ;Hr
1!1I~upr ;Hr

2!,
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whereHr
6 are quarter-circlesdefinedby ~17!; the radiation

condition~all planewavesmustpropagateoutwardsthrough
Hr , away from O) implies that we limit our attention to
I(v6 ;Hr

6), as v6 propagatesinwardsthroughHr
7 . So,from

Sec.II A, we have

I~v1 ;Hr
1!.iBe ilAlE

0

p/2

~12sin u !

3e2ikr cos~u2w !e il sin udu

for large l[kr. Thereis one point of stationaryphase~cf.
Sec.II B! at u5

1
2p, but the integrandvanishestherewhence

I(v1 ;Hr
1)→0 as r→`. A similar argumentsucceedsfor

I(v2 ;Hr
2).

In summary,we find thatour radiationconditionensures
that

I~u;Hr!→0 as r→`. ~35!

V. BOUNDARY INTEGRAL EQUATIONS

In Sec.I, we usedGreen’stheoremto obtaintheintegral
representation

2u~P !5E
Sr
H u~q !

]G

]nq
~P,q !1

]u inc

]nq
G~P,q !J dsq

1I~u;Hr!1I~u;Tr!

when PPDr , the regionboundedby the semicircleHr , the
truncatedrough surfaceSr , and the two line segmentsTr .
Note that the left-handsideof this equationdoesnot depend
on r, so that the right-handsideof theequationmusthavea
limit as r→`. Taking this limit, using ~19! and ~35!, we
obtain

2u~P !5E
S
H u~q !

]G

]nq
~P,q !1

]u inc

]nq
G~P,q !J dsq ,

PPD` , ~36!

whereD` is the unboundedregionz.s and

E
S
5 lim

r→`
E

Sr

,

which is the standarddefinition of a principal-valueintegral
at infinity. In fact, the integral over S existsas an ordinary
improper integral; to see this, we note that the integrand
behaveslike

U~x !e ikuxuuxu21/2 asuxu→`,

whereU(x) is only requiredto be bounded.
We remark that Beckmannand Spizzichino ~1963, p.

180! andOgilvy ~1991,p. 75! discardI(u;Hr) by assuming
erroneouslythat u50 on Hr .

Letting P→pPS in ~36! gives

u~p !2E
S
u~q !

]G

]nq
~p,q !dsq5E

S

]u inc

]nq
G~p,q !dsq ,

pPS. ~37!

This is ~formally! the standardHelmholtz integral equation
for the boundaryvaluesof u on S.

It is commonto not work with ~37! but with an integral
equationfor the total field, u tot . To obtainsuchan equation,
we startby defininga regionD̃r with boundary]D̃r . Given
r, let H̃r denotethe semicirclein z<0, with radius r and
centerO; then,D̃r is theboundedregionin z,s enclosedby
H̃r and the rough surface.The boundary]D̃r consistsof a
piece of Sr , namely S t with t(r),r, and a piece of H̃r ,
namelyH̃r\ T̃ r whereT̃ r consistsof two circulararcsjoining
the ends of H̃r and the ends of S t . Now, apply Green’s
theoremto u inc and G in D̃r . As both fields satisfy ~7! in
D̃ r , the result is

05E
S t
H u inc~q !

]G

]nq
~P,q !2

]u inc

]nq
G~P,q !J dsq

2I~u inc ;H̃r!1I~u inc ; T̃ r! ~38!

whenPPDr , taking into accountthedirectionof thenormal
vector on S. As before, simple bounds show that
I(u inc ; T̃ r)→0 as r→`. If uu iu,

1
2p, u inc @given by ~6!# is a

planewavepropagatingoutwardsthroughH̃ r , whence

I~u inc ;H̃r!→0 as r→`~ uu iu,
1
2 p !.

For grazingincidence,we have

I~u inc ;H̃r!5u inc~P !~ uu iu5
1
2 p !.

We combinetheseformulasandwrite

I~u inc ;H̃r!→Ui~P ! asr→`~ uu iu<
1
2 p !. ~39!

Letting r→` in ~38!, andaddingtheresultto ~36!, weobtain

2u~P !5E
S
u tot~q !

]G

]nq
~P,q !dsq2Ui~P !, PPD` . ~40!

Then,lettingP→p P S gives

u tot~p !2E
S
u tot~q !

]G

]nq
~p,q !dsq52u inc~p !2Ui~p !,

pPS. ~41!

Now, the standardHelmholtz integral equationfor the total
field is

w~p !2E
S
w~q !

]G

]nq
~p,q !dsq52u inc~p !, pPS. ~42!

Thus, for nongrazingincident waves(Ui50), we seethat
u tot doessatisfy the standardHelmholtz integral equation.
However,for grazingincidentwaves,u tot doesnot satisfythe
Helmholtz integralequation~42!, but 2u tot does.

VI. DISCUSSION

A. Previous work: Helmholtz integral equations

The ideathat a boundaryintegralequationmay be used
to solvethe problemof plane-wavescatteringby an infinite
rough surfaceis familiar. It is discussedin books on such
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problems; see for example Maystre and Dainty ~1991!,
Ogilvy ~1991, Secs.4.1.1 and 6.3! and Voronovich ~1994,
Sec.3.1!. In particular,thestandardHelmholtzintegralequa-
tion ~4! is equation~6.53! in Ogilvy’s book and equation
~3.1.37! in Voronovich’sbook.

Many recent authors refer to the paper by Holford
~1981! on thescatteringof a planewaveby a periodicsound-
soft surface.He obtainsthe integralrepresentation@his equa-
tion ~20!#

u tot~P !5u inc~P !1

1

2ES
u tot~q !

]G

]nq
~P,q !dsq ,

PPD` , ~43!

asin Sec.I C, by applyingGreen’stheoremto u tot andG in
the semicircular region Dr @using our notation and the
boundarycondition~8!#. He claimsthat ‘‘the termu inc(P) is
the contributionfrom the largesemicircle’’ Hr asr→`. He
doesnot provethis statementand,moreover,it is not truefor
grazing incident waves.To seethis, we note that applying
Green’stheoremto u tot andG in Dr gives

2u tot~P !5E
Sr

u tot~q !
]G

]nq
~P,q !dsq1I~u tot ;Hr!

1I~u tot ;Tr!.

Now, I(u tot ;Tr)→0 as r→` and

I~u tot ;Hr!5I~u;Hr!1I~u inc ;Hr!

5I~u;Hr!1I~u inc ;Cr!2I~u inc ;H̃r!,

where Cr5HrøH̃r is a large circle. But, for an incident
planewave,

I~u inc ;Cr!52u inc ,

exactly,whence

I~u tot ;Hr!→2u inc2Ui asr→`,

whereUi is definedby ~39!. Thus ~43! is correctwhenever
Ui[0.

Holford himself refers to earlier papersby Urosovskii
~1960!, who in turn refersto Lysanov~1956!. For more re-
cent work, we can cite Thorsos~1988!, Bishop and Smith
~1992! and McSharry et al. ~1995!. All thesepapersstart
from the Helmholtz integral equationfor u tot , ~4!, or the
analogousequationfor a sound-softsurface.Moreover,all
but oneof thesepapersareconcernedwith plane-waveinci-
dence,the exceptionbeingthe paperby Thorsos~1988!. He
considersa ‘tapered’planewave;we will discussbeamsof
finite extentin Sec.VI D.

B. Far-field asymptotics

Careis neededwhenapproximatingthescatteredfield at
large distancesfrom an infinite surface.To illustrate this,
consider the integral representation~40!. Let P[(x,z)
PD` and q[(j,s(j))PS have position vectors y and q,
respectively.In the far field, kR@1, where R5uy2qu, so

that we can use the large-argumentapproximation for
H1

(1)(kR). Thus, assumingfor simplicity that U5Ui50,
~40! gives

2u~x,z !5

ik

2 ES
u tot~q !

H1
~1!~kR !

R
n~q !•~q2y!dsq

;iBAkE
S
u tot~q !

e ikR

R3/2n~q !•~q2y!dsq ~44!

as kz→`, whereB is definedby ~20! and n(q) is the unit
normalvectorat q pointing out of D` .

If u tot(q) hasa compactsupport~so that it vanishesfor
uqu.L, say!, or if S is finite ~boundedscatterer!, we can
makea secondapproximation:

R5$r2
22y•q1q2%1/2

5r2 ŷ•q1O~q2/r ! asr→`,
~45!

where r5uyu, ŷ5y/r, and q5uqu. ~The notationusedhere
differs from that usedin Secs.I C and II A.! To the same
order,we canalso replace(q2y) in ~44! by (2y). Hence,
we find that u is given by ~5!, wherethe far-field patternis

f ~u !5 2

iBAk

2 E
S
u tot~q !n~q !• ŷ exp$2ik ŷ•q%dsq .

However,one cannotjustify the useof the approxima-
tion ~45! for plane-waveincidenceand unboundedsurfaces
~seethe discussionby Ogilvy, 1991,p. 78!. This is immedi-
ately clear, becausethere must be a reflectedplane wave,
whereas~45! leadsto a cylindrical wave.For explicit confir-
mation, considerthe reflection of a plane wave by a flat
surface,sothatu tot(q)52 exp$ikj sinui%; theintegralin ~44!
can then be estimatedusing the methodof stationaryphase
@andyields thecorrectu, givenby ~9!#, whereasthe integral
for f (u) diverges.

C. A finite patch of roughness

Supposethat the infinite surfaceS is flat, apart from a
finite patchof roughness,Spatch, confinedto uxu,L, say.A
plane-waveincidenton sucha patchwill generatea specular
plane wave and a cylindrical wave. Thus, for nongrazing
incidence,the standardHelmholtz integral equationfor the
total field, ~4!, is valid.

To seethat the decompositionitself is valid, write

u tot5uflat1ucyl ,

where

uflat5e2ikrcos~u1u i!1e ikr cos~u2u i!~ uu iu,
1
2 p !

is the total field for reflectionby an infinite flat sound-hard
surface.Thus

]ucyl

]n
5 2

]uflat

]n
on Spatch. ~46!

There are now three casesto consider, namely, ridges,
grooves,anda combinationthereof.

73 73J. Acoust. Soc. Am., Vol. 102, No. 1, July 1997 J. A. DeSanto and P. A. Martin: Rough surface integral equations



1. Ridges

Supposethat Spatch consistsof a finite numberof ridges
~‘‘bosses’’!, so that s(x)>0. Then,thescatteringproblemis
equivalentto the scatteringof two planewaves,uflat , by a
finite boundedobstacle~a ‘‘double-body’’! with boundary
SpatchøSpatch8 , where Spatch8 is the reflection of Spatch in the
line z50. Thusucyl is acylindricalwave,satisfyingtheSom-
merfeldradiationcondition ~1!.

The use of bossesto model rough surfacesis well
known ~Ogilvy, 1991,Sec.6.1!. The useof imagesto treat
scatterersnear flat impenetrableboundariesis also well
known; for a recentapplication,seeChaoet al. ~1996!. In-
deed,if we introducetheexactGreen’sfunctionfor thehalf-
planez>0,

GE~P,Q ![GE~x,z;j,z !

5 2
1
2 i$H0

~1!~kA~x2j !2
1~z2z !2!

1H0
~1!~kA~x2j !2

1~z1z !2!%,

we find that

2ucyl~P !5E
Sridge

H ucyl~q !
]GE

]nq
~P,q !

1

]uflat

]nq
GE~P,q !J dsq , PPD` ,

where S ridge is the union of all the ridge surfaces
(Spatch\S ridge is part of z50). Letting P→pPS ridge yields a
boundaryintegralequationfor ucyl(p).

Alternatively,we canwrite

ucyl~P !5E
Sridge

n1~q !GE~P,q !dsq , PPD` , ~47!

where the boundarycondition ~46! implies that the source
densityn1 solvesa Fredholmintegralequationof thesecond
kind over S ridge.

2. Grooves

Supposethat Spatch consists of a finite number of
grooves,so that s(x)<0. Then,]ucyl /]z is known, in prin-
ciple, for all x on z50: It is zeroexceptacrossthemouthof
eachgroove.As thereis a finite numberof grooves,it fol-
lows that ucyl is a cylindrical wave; it has an angular-
spectrumrepresentationwith a continuousspectralampli-
tude.

Let Smouth be the union of all the groovemouths;it is
part of z50. We canwrite

ucyl~P !5E
Smouth

n2~q !GE~P,q !dsq , P[~x,z ! and z.0.

~48!

To find thesourcedensityn2 , we canapplyGreen’stheorem
inside each groove to ucyl and G; we have the boundary
condition ~46! on the surfaceof eachgroove,and we have
~transmission! conditionsenforcingthecontinuityof ucyl and
]ucyl /]z acrossthe mouthof eachgroove.

Note thatwe cannot use~48! insidethegroovesbecause
of the image singularitiesin GE. This extra complication

with grooves~comparedto ridges! has given rise to more
sophisticatedmethodsfor solving suchproblems,involving
more complicated integral representations;see Willers
~1987! and Asvestasand Kleinman ~1994!. Applicationsof
GE to rough-surfacescatteringwere madeby Bermanand
Perkins~1985! andby ShawandDougan~1995!.

3. Ridges and grooves

From the discussionabove,we seethat if Spatchconsists
of a finite numberof ridgesand grooves,then ucyl can be
representedusing

ucyl~P !5E
S

1

n~q !GE~P,q !dsq ,

where S15S ridgeøSmouth, P[(x,z) and z.max$s(x),0%.
Thedeterminationof n on S1 is complicated,althoughS1 is
a finite surface.If we usetheHelmholtzintegralequationfor
u tot , which we know is legitimate,we haveto solvean inte-
gral equationover an infinite surface.However,this canbe
reducedto an integralequationover Spatch asfollows. Since
]G(p,q)/]nq50 whenboth p andq areon the flat part of
S, Sflat5S\Spatch, ~4! gives

u tot~p !52u inc~p !1E
Spatch

u tot~q !
]G

]nq
~p,q !dsq , pPSflat .

This meansthatu tot on the~infinite! flat partof S is knownin
termsof u tot on theroughpartof S. Hence,we canwrite ~4!
for pPSpatch as

u tot~p !2E
Spatch

u tot~q !K~p,q !dsq52 f ~p !, pPSpatch,

where

K~p,q !5

]G

]nq
~p,q !1E

Sflat

]G

]n l
~p,l !

]G

]nq
~q,l !ds l ,

f ~p !5u inc~p !1E
Sflat

u inc~q !
]G

]nq
~p,q !dsq .

D. Finite beams

So far we have taken the incident field to be a plane
wave.However,for manyapplications,the incidentfield is a
finite beam.To constructsucha beam,we startby consider-
ing a single line-sourceat Q,

u inc~P !5G~P,Q !.

As u inc satisfiesthe Sommerfeldradiationcondition,an en-
ergy argument~DeSantoand Martin, 1996! showsthat the
scatteredfield cannot include any reflected plane waves.
Thus,thestandardHelmholtzintegralequations,~3! and~4!,
arevalid; seeDeSantoandBrown ~1986,Sec.4.1!.

Next, we distributethe line-sourcesover a finite curve
Q ~or a finite region!, to give

u inc~P !5E
Q

n inc~Q !G~P,Q !dsQ ,

where n inc is prescribedand can be adjustedto make u inc

beamlike.~If Q is far from S, theasymptoticapproximations
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describedin Sec.VI B canbeused.! It follows that thestan-
dardHelmholtz integralequationsremainvalid.

Another way to generatea beamis to usean angular-
spectrumrepresentation,

u inc~r,u !5E
2p/2

p/2

A inc~a !e ikr cos~u1a !da, ~49!

whereA inc is a prescribedcontinuousfunction, and is typi-
cally takenasa Gaussian~SaillardandMaystre,1990!. The
standardHelmholtz integralequationsarevalid for incident
fields of this type.

Thorsos~1988! usesa ‘‘tapered’’ planewave.This inci-
dentfield doesnot satisfytheHelmholtzequation,andsothe
derivationof the Helmholtz integral equationfor u tot fails.
@The Helmholtzintegralequationfor u, ~3!, is valid without
this qualification.# Nevertheless,as Thorsospoints out, the
taperedplanewave is an approximationto an actualwave
field, constructedusing ~49!; seeThorsos~1988,Sec.I B!.

E. Other integral equations

An alternative way of solving scattering problems,
touchedon above,is to assumethat thescatteredfield canbe
written as

u~P !5E
S
g~q !G~P,q !dsq , PPD,

wherethesourcedensityg is unknown.For sound-hardsur-
faces,the boundarycondition~8! yields an integralequation
for g,

g~p !2E
S
g~q !

]G

]np
~p,q !dsq5

]u inc

]np
, pPS.

For sound-softsurfaces,the correspondingintegralequation
is

E
S
g~q !G~p,q !dsq5 2u inc~p !, pPS;

this has beensolved numerically by Lentz ~1974!, Rodrı́-
guezet al. ~1992!, andothers.

Chandler-Wildeand Ross ~1995, 1996! use a double-
layer potentialfor sound-softsurfaces,

u~P !5E
S
g~q !

]G1

]nq
~P,q !dsq , PPD,

where G1 satisfies an impedance condition on a line
z52h0 (h0.h).

All of the formulations mentionedin this section are
indirect, in that theyassumethatu(P) canberepresentedin
a specifiedform. Thus the radiationcondition is implicit in
the representation.

VII. CONCLUSIONS

We haveseenthat the useof standardHelmholtz inte-
gral equationsfor the scatteringof a planewaveby an infi-
nite, sound-hard,one-dimensional,roughsurfaceis justified
in most circumstances.In particular, the equationfor the
boundary values of the scatteredfield is always valid,

whereasthe integralequationfor the boundaryvaluesof the
total field is valid for nongrazingincident waves~a simple
modificationis requiredfor grazingincident waves!. These
resultsunderpinthe useof theseintegral equationsfor nu-
mericalcomputations.

The standardHelmholtz integral equationsare valid if
the roughnessis confinedto a finite portion of an otherwise
flat but infinite surface.They are also valid for incident
beamsof finite width.

Similar resultsmay be obtainedfor sound-softsurfaces.
Extensionto electromagneticand elastodynamicproblems,
andto penetrableinterfaces,shouldbe straightforward.

Finally, extensionof these ideasto two-dimensional
rough surfacescan also be made,althoughthe analysisis
more difficult and the resultsare different. Someof these
aspectsarecurrentlyunderinvestigation.
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APPENDIX A: UNIFORM ASYMPTOTICS

We derivea uniform approximationfor I(v;Hr), using
a methoddiscussedby BleisteinandHandelsman~1986,Sec
9.4!. We start by focussingon the non-uniformity at a5

1
2

p; the nonuniformity at a52
1
2p can be treatedsimilarly.

Write L5L11L2 where

L1~l !5AlE
2p/2

0

g~u !e ilF~u !du

andL25L2L1 . We haveL25o(1) as l→`, uniformly in
a, for a boundedawayfrom 2

1
2p. For L1 thereis a point of

stationaryphaseat u5a2p ~outsidethe rangeof integra-
tion! which approachesthe end point at u52

1
2p as a

→ 1
2p. Let us makea preliminarychangeof variables,map-

ping the end point to the origin: Put u5x2
1
2p and a

5
1
2p2d giving

L1~l !5AlE
0

p/2

h~x !e il f ~x;d !dx

with

h~x !5@11cos~x1d !#e ikr sin ~w2x !

and

f ~x;d !5 2cos~x1d !.

Thus L1 hasa stationary-phasepoint at x52d, which ap-
proachesthe end-pointx50 as d→0. The prototypespecial
function with this propertyis the complementaryerror func-
tion, definedby ~28!. In order to relatethis function to L1 ,
we changethe integrationvariablefrom x to t, using

f ~x;d !2 f ~0;d !5
1
2 t2

1gt,
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requiring that x52d is mapped to t52g gives g52
3 sin1

2d. Hence,

L1~l !5Ale il f ~0;d !E
0

T

h̃ ~ t !e il~1/2 t21gt !dt,

where

h̃ ~ t !5h~x~ t !!
dx

dt
and

dx

dt
5

t1g

f 8~x;d !
.

For the dominantcontribution,we can set the upper limit
T5` andreplaceh̃ (t) by h̃ (0); this gives

L1~l !.Ale il f ~0;d !
gh~0!

f 8~0;d !
E

0

`

e il@~1/2! t21gt#dt.

Standardmanipulationsshow that the integral can be ex-
pressedas

A p

2l
e ip/4e2 1/2ilg2

erfc~m ! with m5gA1

2
le2ip/4.

Substitutingback,we obtain

L1~l !.A2p cos 1
2 de ip/4e2ile ikr sin werfc~m !

whencethe final result ~27! follows.

APPENDIX B: ASYMPTOTIC BEHAVIOR OF Fn

In order to estimateFn(kr,a) for large kr, we substi-
tutedtheasymptoticapproximation~32! into ~31!. However,
this requiressomejustification, as ~32! presupposesthat m
andn arefixed. @A hint that nonuniformbehaviormight be
expectedcomesfrom ~29!: The left-hand side is a plane
wave whereas every term on the right-hand side is
O((kr)21/2) as kr→`.# We startby writing

Fn~w,a !5w$Hn8~w !F n~w,a !

2Hn~w !~]/]w !F n~w,a !%,

where

F n~w,a !5(
j

1

2 j11
Jn12 j11~w !e i~2 j11!a. ~B1!

Next, we use a standardintegral representationfor Bessel
functions,

Jm~w !5

1

2p
E

2p

p

e i~mu2w sin u !du,

whence

F n~w,a !5

i

4E2p

p

G ~u1a !e i~nu2w sin u !du ~B2!

whereG (u) is definedby ~33!. Finally, we usethe method
of stationaryphaseto estimate~B2! for large w; thereare
stationary-phasepointsat u56

1
2p, whence~22! gives

F n~w,a !5A~ 1
2 p/w !sin~w2

1
2 np2

1
4 p !1O~w21!

asw→`, for 0<uau, 1
2p, whereas

F n~w,6 1
2 p !5O~w21! asw→`.

Theseresultsare exactly the sameas we would have ob-
tainedif we hadreplacedthe Besselfunction in ~B1! by the
leading term in its large-argumentasymptotic expansion,
namely~26!.

APPENDIX C: ASYMPTOTIC BEHAVIOR OF
I(Ucon ;H r)

Disregardingtheevanescenttermsin ~14!, we canwrite
ucon asthe integral in ~11!, whence

I~ucon;Hr!5E
2p/2

p/2

A~a !I~v;Hr!da.iBe ilAlD~l !

asl[kr→`, wherewe haveused~21!, and

D~l !5E
2p/2

p/2

A~a !E
2p/2

p/2

@12cos~u2a !#

3e2ikr cos~u2w !e il cos~u2a !duda

5E
2p/2

p/2

A~a !E
2p/22a

p/22a

~12cosc !

3e2ikr cos~c1a2w !e il coscdcda.

As A is a continuousfunctionof a, we canchangetheorder
of integrationto give

D~l !5E
0

p

~12cosc !Q~c !e il coscdc, ~C1!

where

Q~c !5E
2p/2

p/22c

$A~a !e2ikr cos~c1a2w !

1A~2a !e2ikr cos~c1a1w !%da.

Now we can estimate D(l) for large l using the
methodof stationaryphase.The stationary-phasepointsare
c50 andc5p. At c50, 12cosc50, whereasQ(p)50.
Hence, the integrandin ~C1! vanishesat both stationary-
phasepoints, whenceD(l)5O(l21) as l→`. Thus, we
deducethat I(ucon;Hr)→0 as r→`.
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Cohen,E. Bécache,P. Joly, andJ. E. Roberts~SIAM, Philadelphia!, pp.
208–215.

Chandler-Wilde,S. N., and Ross,C. R. ~1996!. ‘‘Scattering by rough sur-
faces:the Dirichlet problemfor the Helmholtz equationin a non-locally
perturbedhalf-plane,’’ Math. MethodsAppl. Sci. 19, 959–976.

Chao,J. C., Rizzo,F. J., El-Shafiey,I., Liu, Y. J., Udpa,L., andMartin, P.
A. ~1996!. ‘‘A generalformulationfor light scatteringby a dielectricbody
neara perfectlyconductingsurface,’’ J. Opt. Soc.Am. A 13, 338–344.

76 76J. Acoust. Soc. Am., Vol. 102, No. 1, July 1997 J. A. DeSanto and P. A. Martin: Rough surface integral equations



Clemmow,P. C. ~1966!. The Plane Wave Spectrum Representation of Elec-
tromagnetic Fields ~Pergamon,Oxford!.

Colton, D., andKress,R. ~1983!. Integral Equation Methods in Scattering
Theory ~Wiley, New York!.

DeSanto,J. A., andBrown, G. S. ~1986!. ‘‘Analytical techniquesfor mul-
tiple scatteringfrom roughsurfaces,’’in Progress in Optics XXIII, edited
by E. Wolf ~Elsevier,New York!, pp. 1–62.

DeSanto,J. A., andMartin, P. A. ~1996!. ‘‘On angular-spectrumrepresen-
tationsfor scatteringby infinite rough surface,’’ Wave Motion 24, 421–
433.

Holford, R. L. ~1981!. ‘‘Scatteringof soundwavesat a periodic,pressure-
releasesurface:An exactsolution,’’ J. Acoust.Soc.Am. 70, 1116–1128.

Lentz,R. R. ~1974!. ‘‘A numericalstudyof electromagneticscatteringfrom
ocean-likesurfaces,’’RadioSci. 9, 1139–1146.

Lysanov,Iu. P. ~1956!. ‘‘One approximatesolution for the problemof the
scatteringof acousticwavesby anunevensurface,’’Sov.Phys.Acoust.2,
190–197.

Maystre,D., andDainty, J. C. ~Eds.! ~1991!. Modern Analysis of Scattering
Phenomena ~Adam Hilger, Bristol!.

McSharry,P. E., Moroney,D. T., andCullen,P. J. ~1995!. ‘‘Wave scatter-
ing by a two-dimensionalpressure-releasesurfacebasedon a perturbation
of the Green’sfunction,’’ J. Acoust.Soc.Am. 98, 1699–1716.

Ogilvy, J. A. ~1991!. Theory of Wave Scattering from Random Rough Sur-
faces ~Adam Hilger, Bristol!.

Ramm,A. G. ~1986!. Scattering by Obstacles ~Reidel,Dordrecht!.
Rodrı́guez,E., Kim, Y., andDurden,S.L. ~1992!. ‘‘A numericalassessment

of roughsurfacescatteringtheories:Horizontalpolarization,’’ RadioSci.
27, 497–513.

Saillard,M., andMaystre,D. ~1990!. ‘‘Scatteringfrom metallic anddielec-
tric roughsurfaces,’’J. Opt. Soc.Am. A 7, 982–990.

Shaw,W. T., andDougan,A. J. ~1995!. ‘‘Half-spaceGreen’sfunctionsand
applicationsto scatteringof electromagneticwavesfrom ocean-likesur-
faces,’’ WavesRandomMedia 5, 341–359.

Thorsos,E. I. ~1988!. ‘‘The validity of the Kirchhoff approximationfor
roughsurfacescatteringusingaGaussianroughnessspectrum,’’J.Acoust.
Soc.Am. 83, 78–92.

Urosovskii, I. A. ~1960!. ‘‘Sound scatteringby a sinusoidallyunevensur-
facecharacterizedby normalacousticconductivity,’’ Sov. Phys.Acoust.
5, 362–369.

Voronovich,A. G. ~1994!. Wave Scattering from Rough Surfaces ~Springer-
Verlag,Berlin!.

Willers, A. ~1987!. ‘‘The Helmholtz equationin disturbedhalf-spaces,’’
Math. MethodsAppl. Sci. 9, 312–323.

77 77J. Acoust. Soc. Am., Vol. 102, No. 1, July 1997 J. A. DeSanto and P. A. Martin: Rough surface integral equations


