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Abstract. We investigate the free-edgestressesn anisotropic bimaterials throughthe useof the free-edgestress
intensity fador, K ;. Thisrequires adermination o the singulaiity order a the freesufaceaswell asa calcu-
lation d the nearfield stressesWe determine the order of the singularity for arbitrary freesuifaceorientaton o
the uppermateria using aneigervalue analsis for anisotropic bimaterias. Theinterfacial stessesare deermined
usingabounday elementcalculation basedon anisotropic, bimatrial Greensfuncions.Thevariation o K ¢ with
freesurfaceorientationis determined.We find thatthe free-edgesingularity vanishesfor cettain anglesdependent
onthe anisotropic dastic consants.
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1. Introduction

Layeredmaterialsare subjectto failure initiation wherean interface meetsa free surfacein
the compositesolid. Theinitiation of failure at thesesites canbe interpretedmathematically
by the stresssingularity at suchalocation.The natureof the singularity hasbeeninvestigated
by many researcherncluding Zwiers, Ting and Spilker (1982), Ting (1996),Bogy (1972),
Dundurs(1969),Heinand Erdogan(1971),BakandKoenig(1994),Ding and Kumosa(1994),
Tewary (1991), Tewary and Kriz (1991)andReedy(1990). Thesenvestigationswere primar-
ily concernedvith compositesolidswhosefree surfaceswere orientedat either+90° or atan
arbitrary symmetric anglewith respecto the interface.In this paper we investigatesingular
stresse#n anisotropichimaterialswheretheinterfaceintersectghe free surfaceandthe angle
of the uppermaterial with respectto the interfaceis varied. The free surface orientationof
the materialbelow theinterfaceis maintainedat 90°. The georretry of the generalproblemis
shavn in Figure 1.

In generalthereare two calculationsnvolved with assessinghe intensity of stressat the
intersectionof the interfacewith the free surface. The nearfield stressest such a point are
singular

0;;(r,0) ~ K ;r°%;(0), (1)

where r, 0 arepolar coordinatesituatedat the intersectiorwith the free surfaceands is the
orderof the singularity (Res < 0). Following Reedy(1990),the free-surbicestresantensity
factorK ; canbedefinedas

Ky = lim {o2(r, 0r ), )

where x, = 0 and § = 0 istheinterface.To investigatethe stressintensity at the free surface
thereforerequirestwo calculations First, we mustdetermnethe order of thesingularity § for
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Figure 1. Anisotropic bimaterial with arbitrary freesufaceorientation of theuppermaterial.

the particularmaterial systemandfree-suriceorientationof interest.Second the stresseson
the interfacenearthe free surfacemust be accuratelycalculatedin order to obtain Ky from
(2).

In this papemwefirstreview the procedureof Ting (1996)for thedeternination of theorder
of the singularity § in anisotropicbimaterials.We next investigatethe singularity orderfor a
variety of free-surficeangles With referenceo Figure 1, of specialinterestarethoseangles¢
for whichthesingularity orderis zero.Fromapracticalviewpoint, thisindicatesanonsingular
stateof stresswheredelaninationinitiation at the free edgeis suppressedrlheoretically this
impliesthat(1) is inconplete atsuchspecialangles;aweaklogarithnic singularity may still
bepresen{Ting, 1996,Section9.6).

We next describehedeterminationof thestateof stressontheinterfacethroughaboundary
elerrent calculationwherethe kernelsof the boundaryintegrals are Greens functions for
anisotropicbimaterials. The useof theseparticular Greens functionsallow us to only dis-
cretizetheremote boundaryof the specinen. All i nterfacial boundaryconditionsaresatisfied
with the Greens functionso nointerfacediscretizationis necessaryFinally, we provide sone
exanple calculationsfor the free-edgestressintensity factor as a function of free-surfice
orientationangles¢ for coppersilicon, nickel-coppey andsoldercopperbimaterialsystens.

2. Determination of the singularity order &

The order of the singularity at a free edge in an anisotropichimaterial problem may either
be deternined throughthe eigenvalue analysisof Zwiers, Ting and Spilker (1982)and Ting
(1996) or with a Greens function techniqueusedby Tewary (1991) and Tewary and Kriz
(1991). For this investigation, we selectedthe eigervalue approachsince we were inves-
tigating problens with a variable angle of the upperfree surface ¢. The Greens function
method asdevelopedin Tewary (1991)is specifcally for the caseof ¢ = 90°. The Greens
function techniquehasthe distinct advantageover the eigervalue approachof not requiring
the deternmination of complex roots of a high-ordey conplex polynomial. However, thereis
addedcomplexity with the Greens functionapproachdueto the necessityof solvinga Hilbert
problem For the problemunderconsideratiorhere,the eigenvalue approachprovidesadirect
methodfor determining the singularity orders.
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Reduction of free-edge stress intensities in anisotropic bimaterials 167

The dgervaue analysis for the singularity order § is basedon the techniqueof Stroh
(1958).Following Ting (1996,Section9.6), the displacenentsandstressfunctionin an aniso-
tropic bimaterialcanbewritten as

(m)°

U = A @) + AT T 0)E"), ®

F = #1800 0))q + B T 0)5™), (4)
wherethesuperscripiz = 1, 2 indicateseithertheupperor lower material, A andB are3 x 3
complex matrices,q andg are3 x 1 complex vectors,the angledbracletsdenotea diagonal
matrix, and anoverbarindicatesa complex conjugatelf § is real,q is the complex conjugate
of g. If § is comple, § is not necessariljthe complex conjugateof g. The elenentsof the
diagonalmatricesappearingn (3)—(4) are

(£0))a =8(0); a=123, (5)

wherewe have omittedthesuperscript: for clarity. Thecomplex variableg, is definedthrough
the polarform of thevariablez, as

Za = 1 (COSH + p, SINO) = riy(0), (6)
where
Zo = X1+ PaXo. (7)

The determnant |D| neededor calculatingthe roots p, canbe corveniently written in the
form usedby Ting (1996)

ID| = Q4+ p(R+R") + p?T| =0, 8)
wherethe 3 x 3 matricesQ, R, and T are,in termsof the anisotropicelastic constants,
Qir = Cina, R = ciuz, Ti = cizo- 9)

The roots p, of the sextic equation,(8), occurin complex conjugatepairs. The remaining
terms appearingin (3) and(4) aredefinedwith theright eigervaluesa,

Da={Q+ p(R+R") + p?Tla=0, (10)
b=(R"+pha (11)

The matricesA andB in (3) and (4) are then

AV =[a" & &), (12)
B™ =[b{" by bl (13)

The componentsof the stresgunctionin (4) arerelatedto the Cartesiarstresscomponentsas

oin=—F;2, oi2 = Fi1. (14)
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168 J.R Berger et al.

Equations(3) and (4) canbe written for continuity of displacementnd traction acrossthe
bimaterial interfaceandat thetraction-freesurfacesshawvn in Figure 1, (r, 0) = (r, —%n) and
(r, 0) = (r, ). Thisyieldsasetof 12 equationswhich canbe solved for thesingularityorder
3. However, amore eficient solutioncanbe obtainedby usingthe orthogonalityandclosure
relations(ManticandParis, 1996; Ting, 1996)which relatethe matricesA andB as

B'’A+A’TB=B A+A B=1, (15)
B’A+A’B=B'A+A B=0, (16)
ABT +AB =BAT +BA =1, (17)
AAT £ AA" = BB’ +BB' =0. (18)

The vectorsa and b must be properly normelized (Ting, 1996) for theserelationsto hold.
Equations(3) and (4) written for continuity of tractionand displacemenacrossthe interface
arethen

A®q + A%, = A@qy + A%G, = h, (19)
=0 =) .
B®q, +B"d; = B?q,+ B G, = g. (20)

usingthefactthat¢ ™ (0) = 1 by our choiceof coordinatesystem The boundaryconditionat
thetraction-freesurfaceatd = ¢ is then(cf. Ting, 1996,Equation(9.6-6))

[B(l)<é_(1)d+l(¢)>B(1)T + §(1)<§(1)d+1(¢)>§(1)r]h
HBY (@ (@)A® + B (e gAY 1g = 0. (21)
The boundaryconditionat thetraction-freesurfaceatd = —z /2 is

_ (T
[B(Z)(§(2)8+1(—%7T))B(2)T I B(2)<C(2)8+1(—%7T)>B(2) 1h

HB2 @ (1A + BP (@~ 1 A® g =0, (22)

In matrix form, (21) and(22) canbewritten as

M(a){ n } =0, (23)
g

where the matrix M is formed throughthe coefficients appearingin (21) and (22). For a
nontrivial solution,we requirethe determnantof the6 x 6 matrix M to vanish,

IM(8)| = O. (24)

Equation (24) is a 6th order equation whoseroots are the singularity order §. In general,
the roots of (24) may be real or conyplex. For the problemunderconsiderationherewe ae
concernedvith stresssingularitieswith boundedstrain enelgy, so—1 < Re&$) < 0. Roots
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Reduction of free-edge stress intensities in anisotropic bimaterials 169

Table 1. Elastic constants for the materials studied (GPa)

c11 €12 c44 H
Solder 1308 1070 119 0.0
Copper 1684 1214 754 1038
Nickel 2465 1473 1247 1502
Silicon 1657 639 796 574

with imaginarypartsgive riseto oscillatory singularitiescommonly associatedvith interface
crackproblerns. For most common material systens, theimaginarypartsof the rootsof (24)
arevery small in conmparisonto therealpartsof theroots(Tewary, 1991a).Therefore ourgoal
is to find therootsof (24) with —1 < Re&$) < 0 as afunction of the orientationof the free
surfacein theuppermaterialfor several bimaterialsysterrs.

3. Singularitiesin cubic bimaterials

We now solve (24) numerically for the singularityorders for threebimaterial systens whose
componentshave aubic materialsymmetry. For eachof the material systens investigatedwe
will deternine the variation of the singularity orderwith the free surface orientationof the
uppermaterial. The georretry of thematerial systemunderconsiderations shovnin Figurel.

The dastic constantf the anisotropiccrystalsconsiderecherearegivenin Hirth and Lothe
(1982) and summarized in Table 1. The elasticconstantf solder will be specifed so that
the materialis nearly isotropic. The isotropicelastic constantgor high tin-contentsolder are
taken from Berger (1994) and converted to the equivalent cubic elastic constantsshown in

Table 1. Alsogivenin thetableis the anisotrogy factor H from Hirth andLothe(1982)which

is definedas

H = 2c¢c44+ c12 — 11, (25)

wherethe contractechotationfor anisotropicstiffnessesiasbeenused(Ting, 1996;Hirth and
Lothe, 1982). The anisotroy factor provides a measureof the strengthof the anisotroy in
cubicmaterials.

Equation (24) was solved numerically with a secantmethodfor a variety of free-edge
orientationangles¢ for nickel-copper soldercopper andcoppersilicon bimaterials.Because
of the complicationsinvolved with finding the complex rootsof (24), contourplots werefirst
generatedor the magnitudeof the deterninantasa functionof the real andimaginary parts
of therooté. Suchplots arehelpful in finding conplex rootswith iterative numerical schenes
sincetheinitial estimatedor therealandimaginarypartsof therootsmay easilybe obtained.
A contourplot for thecoppersilicon bimaterialis shavn in Figure 2 for thecasep = 170°. As
indicatedin the figure,for this particular orientationthe roots are approxinetely at Re(§) ~
—0.45, —0.2, —0.1. Note thatIm(8) = 0 for theseroots.For comparison,the contour plot of
the deterninantfor ¢ = 100 in the samebimaterialsystemis shown in Figure3. Notein the
figurethatthe only root with —1 < Re(§) < 0isvery closeto Re(§) = 0. This indicatesthe
expectedresultthat the order of the singularity is decreasings the free-surfice orientation
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Figure 2. Contour plot of [M (8)| vs. therealandimagnaty pats of theroot, § for ¢ = 170° in coppersilicon.
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Figure 3. Contour plot of [M(8)| vs.therealandimaghnary pats of theroot, § for ¢ = 100° in coppersilicon.

angle¢ is decreasedSimilar resultswere obtainedfor the nickel-copperand soldercopper
bimaterials.

A summary plot of the magnitudeof the determinant as the free-edgeorientationangle
¢ wasvariedin the coppersilicon, nickel-copperand soldercopperbimaterialsis shovn in
Figures4—6. The maximum singularity orderoccursat ¢ = 180 asexpected.As the free-
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Figure 4. Plotof [M(8)| vs.thereal pat of the root, § for several orientatons¢ in coppersilicon.
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Figure 5. Plot of [M(8)| vs.thereal pait of the root, § for several orientatonse¢ in nickel-copper
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Figure 6. Plotof |[M(8)| vs.therealpar of theroot, § for several orientations¢ in solder-copper
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Figure 7. Finerscale plot of [M ()| vs.therealpatt of theroot, § for 82° < ¢ < 90° in coppersilicon.

182085.tex; 31/07/1995; 12:58; p.7



172 J.R Berger et al.

—— Nickel-Copper %/, =3.727

-+ Solder-Copper ?, =3.060

----- Copper-Sificon ¥/ _=2.042

Max [Re (6)|

80 90 100 110 120 130 140 150 160 170 180

Free-Surface Orientation, ¢

Figure8. Theorder of the freeedgesingularity, 8, vs. free-suriceorientation, ¢ in coppersilicon, nickel-copper
andsoldercopperbimaterias.

surface orientationangle ¢ is reducedthe singularity order moves snoothly towardszero.
Thereis evidencein Figures4—6 that the negative root disappearsntirely somewherefor
¢ < 90 in eachof the bimaterials.A finerscaleversionof Figure 4 is shovn in Figure 7
for the magnitudeof the deternminantin coppefsilicon as¢ is varied from 90° to 82°. From
Figure 7 we seethat the singularity disappeargor free-edgeorientationanglesin copper
silicon of ¢ < 88. For the nickel-copperbimaterial,we find thatthe singularityis eliminated
if ¢ < 85 andfor the soldercopperbimaterial,we find that¢ < 82 for elimination of the
singularity A summary plot of the variationof the singularityasafunctionof the orientation
of the free-suracefor eachbimaterial is shavn in Figure 8. Note in the figure the smooth
behaior of the order of the singularity as ¢ is relaxed. We have plotted the most negative
Re(8) in —1 < Re(8) < 0for thosecasesvhich have multiple rootsin thisrange.

As evident from the analysis the critical anglebelow which the stressstateis nonsingu-
lar is dependentbn the elastic constantof the bimaterial. This can be illustrated with the
generalizedundursconstant{Ting, 1995)¢, « for eachof the bimaterials,

@ _ @
0= ST (26)
@ _ ,@
o C:jm—ﬁ,)@) (27)
where
Ly — —%(p;") . ﬁ;n))(p;n) _ ﬁ(l'”)sil, (28)
0" =515 — 517 [Re(py” p3")] @9

and s/, are the reducedelastic conpliances. For the bimaterial systens studied here, the
generalizedDundurs constantsare given in Table 2. Shown in Figure 9 is the maximum
upperfree surface orientationangle for a nonsingularstressstateas a function of the ratio
of generalizeddundursconstantgor eachof the bimaterialsstudiedhere. Thedependencen
elasticconstantf this angle is clearly indicatedin the figure, althoughit could be agued
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Table 2. Genedlizeddundus constnts for the bimaterial systems

Bimaterial % K o/K
CoppetSilicon 0.323 0.158 2042
Nickel-Copper —0.342 —0.092 3.727
Solder-Copper —-0.731 —0.239 3.060
87
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Figure 9. Maximum upper free surface orientation angle for nonshgular stressesvs. the ratio of genedized
Dunduss constnts.

thatthe dependencés weakasthe variationin this angle only rangesrom 82° to 87° for the
bimaterialsstudiedhere.

The singularity order data presentedn Figure 8 is snooth so a polynomal canbe fitted
to the datain a leastsquaresenseA fifth-order polynomal provided a goodfit to the data
over therangeof ¢ considerechere.For free-suriceorientationangles8® < ¢ < 180 the
polynormial hastheform

5
Re§) = Y Cig*. (30)
k=0

The wmeficientsC;, for eachof the bimaterialsaregivenin Table 3. Thesecoeficientsyield
correlationcoefiicientsof r = 0.99977 0.99983,and0.99986for the coppersilicon, nickel-
copper andcoppersolderbimaterials,respectiely. For any given free-edgeorientationangle
¢ we canthereforeobtainthe correspondingingularityorderfrom (30).

4. Boundary element analysis for anisotropic bimaterials

Special Greens functionsfor anisotropichimaterialsprovide an idealtool for accuratelycal-
culatingthe stresdistribution nearabimaterialinterface.Here, we usethe boundaryelenent
formulation of Berger (1994)which is basedon the anisotropic,bimaterial Greens function
of Tewary, Wagoney andHirth (1989). The boundaryelenmentformulation allows usto ana-
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Table 3. Polynomial coefficients for the bimagrials

Bimaterial Co C1 Co C3 Cy Cs
(x1072)  (x10% (x107%) (x1078) (x1071Y
CopperSilicon 11396 —47472 78556 —63917 25238  —38683
Nickel-Copper 15777 52001 84746  —8.009 36726 —6.3361
CopperSolder -1.0717 65702 —1.2266 98416 —3.6752 5.6269

lyze the generalanisotropichimaterial shown in Figure 1 wherewe vary ¢. The anisotropic,
bimaterial Greens functionis of thegeneral form

Uz Po) = Y APa) 2o — pa) + Y B(pa) IN(za — pp), (31)
o af

where z,, andp, arecoordinatesf thesourceandfield pointsexpresseas complex variables,
A andB arematriceswhich dependson the anisotropicelastic constantsand the rootsof (8).
The Greens function containsboth free-spacesingularterms as well as region-dependent,
regularterms which satisfythe interfacial boundaryconditions.We notethattherearein fact
four partsto the Greens function dependingon the relative position of the sourceandfield
pointswith respecto the interface.The full detailsof the displacenent and traction Greens
functionsfor anisotropichimaterialscanbefoundin Berger (1994).

In Berger (1994)the Greens function of (31) wasusedin aboundaryintegral formulation
to analyzeanisotropic bimaterials.lt was also shavn that the Greens function degenerated
to a hompgeneousanisotropic fundanental solution as well as a hompgeneousjsotropic
solution(the Kelvin solution) provided onewas carefulin dealingwith the degeneratecaseof
isotropic material behavior. The Greens function of (31) thereforerepresents very general
fundarrental solutionwhich canbeappliedto awidevariety of materialsandproblens in two
dimensions.

The discretizedboundaryintegral equationused in Berger (1994) with this particular
Greens functionis of theform

J J J i

1 2 . 1 2 .
cun(62) = S — [ Ul o b = S uih— [Tl o) e (32
a Y2 j=1 a

j=1 1 1

where only the renote boundaryof the solid is discretized.The interface betweenthe two
materialsdoesnotrequirediscretizatiorsince the conditionsof tractionand displacenentcon-
tinuity aresatisfied exactly by the Greens function. The integration over therenmote boundary
of the bimaterialis performedin the complex z,-planeusingthe mapping of Cruse(1988),

Bé = n'{pa — né, (33)

which mapsa differentialboundarysegmentto the complex z,-plane.ln (33), n{ andné are
componentsof the local normal vectorat the jth integration element, p,, is the root of (8),
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andz{, zé arethe endpointsin the conplex planeof the jth integrationelement.In (32), the
multiplier ¢y, is 8 for internalcomputationpointsand 058, for boundarypoints, andthe
kernels T;; andU;, arethetractionand displacenent Greens functions,respectrely. Further
detailsconcerningheimplementationof (32) for stressanalysisis givenin Berger (1994).

The specinen illustratedin Figure 1 wasdiscretizednto 96 boundaryelenents. Theupper
horizontal surfaceof the specimen was subjectedo a uniform displacenentu, = 1.0, and
the tractionr; = 0. The lower horizontal surface was fixed againstdisplacenent in both
coordinatedirectionsandthe remaining surfaceswere prescribedas stressfree. For eachof
the bimaterialsstudiedhere,the boundaryelenent analysiswas perforned for free-surbce
orientationanglesof ¢ = 70°=120 in 10° increnents.For all bimaterialsandall free-surice
orientationanglesthe same boundaryconditionswere imposed.

5. Free-edge stressintensities

We now determnethe free-edgestressntensityfactor K ; asdefined by (2). The orderof the
singularity can be calculatedfrom (30) for the free-surice orientationanglesof ¢ = 70°—
120 in eachof the bimaterial systens. We determine the free-edgestressintensity factor by
performingaleast-squaresollocationon K ; from (1). To performthecollocation,we usethe
o022 conmponentof stressalongtheinterfacedeternined from the boundaryelenent analysis.
As canbe shavn from a development of the eigenfunctiongfor %;;(6) in (1), £22(0) = 1.
The o5, stressactingon the interfacein the nearfield of the free edgeis thengiven by (1) as
o22(r, 0) = K r’. The free-edgestressintensity factoris then calculatedoy a least-squares
collocationof the o5, datafrom the boundaryelenentanalysisas

EN §
Ky = k=l (34)
‘ X ()

where o, = o022(r;). The critical assumptiorbeing madehereis that the stresseausedfor

the collocationare in the nearfield wherethe asymptoticstressgiven by (1) is valid. For the
material systens and geonetriesstudiedhere,the authorsare unavareof ary detailedstudies
of the extent of the singularity-donmnated zonefor the stressegjiven by (1). For guidance,
singularity dominated zone sizesfrom studiesof crack-tip fields in chevron-notchedspeci-
mens were usedfrom Sanford and Chona(1984). In thesestudies,the singularasynptotic

expressiondor stressewerefoundto bevalid in theregion r/ W < 0.5 where W is thewidth

of the chevron-notchedspecinen. The datausedin the collocationby (34) for the bimaterial

specinens was obtainedin the region 0.04 < r/W < 0.09 where W is the width of the

specinen shown in Figure 1. This is well within the size of the singularity-donmnated zone
for crack-tip fields in chevron-notchedspecinens; futureresearctwill focuson a more exact
deternination of the singularity-doninated zonein materialsand specinens similar to those
studiedhere.

The wllocationfor K » wasperformedwith (34) using10-20datapointsdistributedevenly
alongthe interlace with 0.04 < r,/W < 0.09. We obtain the resultsfor free-edgestress
intensity factorsshown in Figure 10. We seethe expectedincreasen K , asthe free surface
orientationangle is increasedNote that K s is simply the local value of o,, for the case
¢ = 70° sinceé = 0 for this particularangle.The stressintensityis approachingan asymp-
totic limit for eachbimaterial systemunderthe particularloading studied heresincewe ae
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Figure 10. Fres-edge stressintenstiy fador K, vs. upperfree surface orientation angle, ¢ in coppersilicon,
nickel-copper andsolder-copperbimaterials

imposinga displacenentboundaryconditionacrosghe uppersurfaceof the specimen shown
in Figurel.

6. Summary

We have studiedfree-edgesingularitiesand stressintensitiesin a variety of anisotropic bi-
materials. The calculationfor the order of the singularity was performed with the eigervalue
analysisof Ting (1996).The orderof the singularitywasshown to dependon thefree-suréice
orientationas well as the elasticconstantof the bimaterial. Free-suréce orientationangles
were deternined belav which the stressstate was nonsingular Thesecritical angleswere
shown to be weaklydependenon theeastic constantgor the bimaterialsystens studiedhere.
Free-edgestress-intensityactorswere calculatedwith a local collocationmethodusingthe
oy, componentof stressalongtheinterface. Thesestressesveredetermnedfrom a boundary
elermrentanalysisbasedon Greens functionsfor anisotropicbimaterials.It wasnotedthatan
assunption wasmade concerningthe size of the singularitydominatedzonefor thedatato be
valid in the collocationfor K ;. Singularity dominatedzonesizesin fracturespecimens were
usedasguidanceor deternining theregion of validity of thefree-edgeasynptotic stresdield.
Futureresearctwill investigatethis aspectof free-edgestresdields in moredetail.
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