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ELECTROMAGNETIC SCATTERING BY A HOMOGENEOUS
CHIRAL OBSTACLE: BOUNDARY INTEGRAL EQUATIONS AND
LOW-CHIRALITY APPROXIMATIONS*
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Abstract. Time-harmonic electromagnetic waves are scattered by a homogeneous chiral ob-
stacle. The corresponding transmission problem is reduced to a pair of coupled integral equations
over S, where S is the interface between the obstacle and the surrounding medium. This is done
using a generalization of the Stratton—Chu representation that is valid for chiral media. The integral
equations obtained are a generalization of those obtained by Miiller for a homogeneous dielectric
obstacle. Finally, we develop approximations for low-chirality obstacles. These approximations can
be computed using simple modifications to existing codes for solving Miiller’s equations.
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1. Introduction. Chiral media are everywhere: “We know today that almost
every substance found in living organisms is a carbon compound possessing a basic
asymmetry, or ‘chirality’ as chemists and physicists prefer to call it, a term coined by
Lord Kelvin” [11, p. 113]. Nonorganic materials can also be chiral; good examples
are certain man-made composites and coatings. Chiral media support two kinds of
electromagnetic waves. Thus, when “a linearly polarized wave is incident normally
upon a slab of chiral medium, two waves are generated in the medium. One is a
left-circularly polarized wave and the other is a right-circularly polarized wave of a
different phase velocity” [6, p. 2]. This phenomenon, known as optical activity, can
be modeled using appropriate constitutive relations; we use the Drude—-Born—Fedorov
relations.

In this paper, we consider the scattering of time-harmonic electromagnetic waves
by a bounded three-dimensional chiral obstacle surrounded by free space. This prob-
lem was first solved by Bohren [7] for a spherical obstacle. Subsequent work, using
integral equations and T-matrix methods, is described in [16] and [15]; see also [19].
It is possible to allow the exterior to be chiral, too; a uniqueness theorem covering
this case is proved in appendix A.

We assume that the obstacle is homogeneous. This allows us to reduce the prob-
lem to a pair of coupled integral equations over the interface between the obstacle and
its surroundings. We derive these equations using a generalization of the Stratton—
Chu representation to chiral media; such generalizations, involving scalar Green’s
functions, have been given before [17], [25], [1], although we give two different proofs.
Alternative representations, involving dyadic Green’s functions, are also available [16],
[15], [24].
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Many different pairs of coupled boundary integral equations can be derived and
studied; reviews are available for the acoustic transmission problem [14] and for elec-
tromagnetic scattering by a dielectric obstacle [12], [20]. (These papers also describe
methods for solving transmission problems using a single integral equation.) One
such pair, obtained by using an ansatz in each region, has been analyzed by Ola [23].
Here, we derive a generalization of Miiller’s equations. This pair is contrived so that
all hypersingular operators are combined in such a way that their strong singulari-
ties cancel. Thus, as for the pure electromagnetic transmission problem, we obtain
a pair of equations that has good theoretical properties and that is attractive for
computations.

We give a dimensionless formulation of the transmission problem. It is seen to
depend on four dimensionless parameters, which we can take as kea, ka, p, and k3.
Here, k. is the exterior wavenumber; k is the analogous quantity for the chiral obstacle,
which itself has diameter 2a; p? is the ratio of the two magnetic permeabilities; and
0 is the chirality measure. We allow ka, p, and kG to be complex. In practice,
|kB| < 1, so we develop approximations exploiting this fact. Indeed, we show that
the first-order correction in kB3 can be computed by solving Miiller’s equations (for a
dielectric obstacle) with different right-hand functions. This allows existing codes to
be extended easily so as to treat low-chirality obstacles.

2. Chiral media. A homogeneous isotropic chiral medium is characterized by
three (complex) parameters. These are the electric permittivity e, the magnetic per-
meability p, and the chirality measure 8. Thus, we use the Drude-Born-Fedorov
constitutive relations

D=¢E+BculE) and B=u(H+ Bcul H),

where E is the electric field, H is the magnetic field, B is the magnetic flux density,
and D is the electric flux density. For free space (where the medium is achiral), we
have 5 = 0.

In a source-free region, we also have

cwrlE—iwB=0 and culH +iwD = 0,

where we have suppressed a time dependence of e~ throughout. Hence, eliminating
B and D, we obtain

(2.1) curl E — iwp(H + Beurl H) = 0
and
(2.2) curl H + iwe(E + Beurl E) = 0.

Put E = Vit E and H= ve H whence (2.1) and (2.2) become

(2.3) curl E —ik(H + fcurl H) =0
and
(2.4) curl H + ik(E + fcurl E) = 0,

where k is defined by
k= wy/ue.
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This shows that the key dimensionless parameter for chiral media is k.
It is convenient to introduce fields U and U’ (the dual of U) as follows:

if U=E, then U =iH,;

if U = H, then U’ = —i E.

Here, {E, H} are regarded as solutions of (2.3) and (2.4). With this notation, we can
write (2.3) and (2.4) as

(2.5) curlU = kU’ + kB curlU".
As (U’)/ = U, we also have

(2.6) curlU’ = kU + kB curlU.
Eliminating curl U’, we obtain

(2.7) curlU = 28U + (v*/k)U’,
where

72 — k'2(1 _ ]{5262)71.
We always assume that k5] < 1.
Finally, taking the curl of (2.7), using (2.6), we obtain
curl curlU — 2y2BcurlU — ~*U = 0,

which is the governing differential equation for both E and H.
In chiral (or “handed”) media, left-handed and right-handed waves both can
propagate independently and with different phase speeds. To see this, let

whence

(2.8) E=3Qr+Qy) and H=3i(Qg—Qp).
Then, forming (2.3) &+ (2.4), we obtain

(2.9) curlQ; =v. Q; and curlQp = —vr Qp,
where

(2.10) L = ﬁ YR = ﬁ and  v*=LYR.

Thus, Q, is a left-handed field, with wavenumber ~y,, whereas Qp is a right-handed
field, with wavenumber vr. Note that k itself is not a wavenumber. Note also that
our splitting into left-handed and right-handed fields was done with a dimensionless
version of the well-known Bohren transformation.

We can relate Q;, and Qp to solutions of Maxwell’s equations. Thus, let us say
that [E, H, k] solves Maxwell’s equations if E and H solve (2.3) and (2.4) with 5 =0
and the specified value of k. Then it is easily verified that both

(2.11)  [Q.,—1Q.,vr] and [Qg,iQg,Vr] solve Maxwell’s equations.

These results allow representations for chiral fields to be found using known achiral
representations.
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3. Integral representations. There are two standard representations for elec-
tromagnetic fields in achiral media in terms of surface integrals. These are the
Stratton—Chu formula (which involves acoustic single-layer potentials) and another
formula based on a dyadic Green’s function. Here, we concentrate on the former,
although connections with dyadic Green’s functions are discussed in appendix B.

3.1. Achiral media. Consider a bounded three-dimensional domain B; with
a smooth closed boundary, S. Suppose that B; is filled with achiral material, with
electromagnetic parameters € and p.

We shall use the following notation: p, ¢ denote points of S; P, ) denote points
not on S. We choose the origin O at some point in B;; rp is the position vector of P
with respect to O, rp = |rp|, and 7p = rp/rp.

Introduce the fundamental solution GG, defined by

G(P,Q; k) = exp(ikR)/ (27 R),

where R = |rp — (| is the distance between P and ). Next, define a single-layer
potential by

(3.1) (Sv) (P) = /g v(q) G(P.q: k) ds,,

where ¢ € S and v(q) is a continuous density function. Let a(g) be a tangential vector
density, so that a(q)-n(g) = 0 for all ¢ € S, where n(g) denotes the unit normal at
q pointing out of B;. Define

(Ca)(P)=curl{Sa} and (Fa)(P)=curl{Ca}.
Then, the Stratton—Chu formula can be written as [10, Theorem 4.1]
(3.2) 2U(P)=C{nxU}+k 'F{nxU"}

for P € B;. This expresses the fields {E, H} in B; in terms of the tangential compo-
nents of E and H on S.

An alternative representation, using a dyadic Green’s function, is given in ap-
pendix B.

3.2. Chiral media. Suppose now that B; is filled with a chiral medium, with
parameters €, u, and 8. From (2.11) and (3.2), we have the representations

(3.3) —2Q(P) = (CL +7£1FL) {nxQp}
and
(3.4) —2QR(P) = (Cr — 75" Fr) {n x Q}

for P € B;, where, for « = L, R,
(3.5) (Cpa)(P) = curl{S,a}, (Fpa)(P) = curl{C,a},

and

(Saa) (P) = /S a(q) C(P. g; 7o) dsq.
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It is worth noting that Cra and Fra are not left-handed fields but the combi-
nation Cra + ’yL_lFLa s such a field. Similarly, Cra — fyglFRa is a right-handed
field.

Next, from (2.8), we obtain

—2E(P) =5 (CL+77 ' FiL) {nx Qp} + 5 (Cr — 7' Fr) {n x Qp}
and
—2H (P) = —%i (C’L + ’y;lFL) {nxQ.}+ %i (C’R — 'yglFR) {n x Qr}
for P € B;. Finally, using (2.8) again, we obtain

(3.6) —2U(P) = %C’L{n x U} + %CR{n x U}
+ 3 Fr{n x U} — 445 ' Fr{n x U}
+3C{nxU'} - 1Cr{n xU'"}
+ %ngFL{n xU'} + %fy]}lFR{n x U’}
for P € B;. This is the generalization of the Stratton—Chu formula to chiral media.
It reduces to (3.2) when 5 = 0.
The vector fields Cya and F,a have well-known properties. In particular, the
tangential components of these fields evaluated on S when a is itself a tangential

vector density are calculated readily. Thus, for continuous tangential densities, we
have

n x Cpa = £a + M,a,

where the upper (lower) sign corresponds to P — p € S from B, (B;), B, is the
(unbounded) exterior of B;, and M, is a boundary integral operator defined by

(3.7) (Mya) (p) = n(p) x curl {S,a}, pes.
For sufficiently smooth tangential densities a, we also have
n x F,a=P,a
on S, where
(3.8) (P,a) (p) = n(p) x curlcurl {S,a}, pes.

Note that M, and P, are related to the operators M, and N, in [10, section 2.7] by
M,a = 2M,a and N,a = 2P,{n x a}.

4. Statement of the problem. Let B; denote a bounded three-dimensional
domain with a smooth closed boundary, S, and connected exterior, B.. B, is filled
with an achiral medium, with constant electromagnetic parameters €. and p.. B; is
filled with a chiral medium, with parameters ¢, u, and 5. A given electromagnetic
field is incident upon the obstacle; it is partly scattered and partly transmitted into
the obstacle. This leads to the following (dimensional) transmission problem.

__ Transmission problem. Find electric fields Ee and El and magnetic fields
H,. and H; that satisfy Maxwell’s equations in B,,

curl Ee — i,uewﬁe =0 and curlﬁe + iaewE’e =0, PeB,,
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a modified form of these equations in B;,
curl E; — iuw('y/k)zﬁi —By*E; =0

and

curlﬁi + igw('y/k:)QE'i — ﬁfﬁi =0, PebBbB;,
and two transmission conditions on the interface,
(4.1) nxE,=nxE; and nxﬁt:nxﬁi, p€ES,
where the total fields in B, are given by
(4.2) E(P)=E.+ Ey., H,P)=H.+H;. PEcB.,,

and {Einc, ﬁinc} is the given incident field. In addition, the scattered fields {Ee, ﬁe}
must satisfy a Silver—Miiller radiation condition [10, section 4.2,

(4.3) ViteTp X H.+ \/aEe = o(r;l) as rp — 00,

uniformly for all directions 7 p.

We assume that the constants €. and p. are positive, whereas the constants e,
u, and O can be complex. Thus, with the chiral wavenumbers v, and yr defined
by (2.10), with k? = w?ue and 7?2 = y.vgr, we assume that [4]

Reyr >0, Reyg >0, Im~vyr, >0, Im~vyr >0, and n >0,

where n = /u/¢ is the (real) intrinsic impedance of the chiral medium. Athanasiadis
and Stratis [4] have proved that, with these assumptions, the transmission problem
has precisely one solution for all frequencies. Ola [23] has obtained similar results,
assuming that the chiral parameters are all real. Ammari and Nédélec [1] have proved
unique solvability for inhomogeneous obstacles, assuming that pu, €, and g are twice-
continuously differentiable real functions of position everywhere in space, taking con-
stant values outside a bounded region. A uniqueness theorem for a homogeneous chiral
obstacle embedded in a different homogeneous chiral medium is proved in appendix A.
This theorem also permits more general transmission conditions than (4.1).

It is convenient to consider a dimensionless version of the transmission problem.
Thus, scale all lengths using a, a typical length-scale for the chiral obstacle, and then
put

E.= V MeEea ﬁe = \/aHea E’z = \/ﬁE7 ﬁi = \/EH,

with similar scalings for Et, ﬁt, Einc, and ﬁinc. These scalings reduce the transmis-
sion problem to the following problem.

Dimensionless transmission problem. Find electric fields E. and E and
magnetic fields H, and H that satisfy Maxwell’s equations in B,

curlE, —i(kea)H. =0 and cwlH,+i(k.a)E. =0, P € B,
a modified form of these equations in B;,

curl E —i(ka)(v/k)*H — Bay*E =0
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and

curl H +i(ka)(v/k)*E — Bay*H =0, P € B;,
and two transmission conditions on the interface,
(4.4) mxE,=nxE and nxH;=nxH, peS§,

where the total fields in B, are given by E; = E. + Ej,c and H; = H, + Hj,.,

ke:w\/ﬂe&_ea p= \/Me/ , and b= V 56/5-

In addition, the scattered fields {E., H .} must satisfy a Silver—Miiller radiation con-
dition

(4.5) Tp xHeJrEe:o(r;l) as rp — 00.

As § = kea/(pka) and (y/k)? = (1 — k?2%)~L, we see that there are four dimen-
sionless parameters, which we can take as

kea, ka, kB, and p.

For an achiral obstacle, 3 = 0 so that there are then only three dimensionless
parameters. Moreover, for chiral obstacles, one typically has

k8l <1,

so this suggests that “low-chirality” approximations will be useful.

Alternative approximations are based on the assumption that the frequency is
low, so that k.a < 1; see [3] and [5].

In practice, it is common to consider an impedance-matched obstacle, so that

n="ne, where n=+/u/c and N = /le/cc.

This implies that p = § and so k.a = p?ka, which again reduces the problem to one
involving three dimensionless parameters.

Henceforth, we assume that all lengths have been scaled using a, and so we can
set a = 1.

5. Boundary integral equations. We are going to reduce the transmission
problem to a pair of coupled boundary integral equations over S. This can be done in
many ways. Our preferred choice is a direct method (meaning that the unknowns are
physically relevant) leading to a generalization of Miiller’s equations for scattering by
an achiral obstacle.

Thus, in the exterior achiral region, we use the Stratton—Chu representation.
When this is applied in B, to {E., H.}, it gives

(5.1) 2U.(P)=C.{nxU}+k;'F.{nxU.}, Pe€B,,

where C. and F,. are defined by (3.5) with -, replaced by k.. This representation
satisfies the Silver—Miiller radiation conditions. It can be used for U, = E, (in which
case U, =iH,) or for U, = H, (in which case U, = —iE.).
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An application in B; to {Einc, Hinc} (with the exterior material) yields a similar
formula which, when added to (5.1), gives

(5.2) 2U.(P)=C.{nx U}y +k'F.{nxU}}, PcB..
Computing the tangential components of (5.2) on S, we obtain
(5.3) (I = M){nxU;} —k;'PAn x U}} = 2n x Ujye,

where Uy, U;, Uiy, M., and P, are defined in an obvious manner.
In the interior chiral region, we use the generalization of the Stratton—Chu formula
(3.6). Computing the tangential components on S, we obtain

(5.4) (I+My+P){nxU}+ (M- +Pp){nxU'} =0,
where
My =4(Mp+Mg) and Py =31(y;'PLt9;"Pr).

Next, we use the transmission conditions (4.4) in (5.3) and (5.4). Setting U; = E;
and Uy = Hy in (5.3), we obtain

(5.5) (I — M,)J —ik;'P.M = 2J .
and
(5.6) (I — M)M +ik;'P.J = 2M,.,

where, as is customary, we have defined J, M, Ji,., and M, by
Jp)=nxH;, Mp =-nxE;, Jn=nxHy., and Mi.=-n X Ej,

for p € S. Similarly, (5.4) gives

and
(5.8) (I+ M, + P )M —i(8/p)(M_ + Py)J = 0.

Equations (5.5)—(5.8) are four boundary integral equations for the two unknowns
J(q) and M (q). We shall choose two linear combinations of these equations, namely,

(5.9) a1(5.5) + a2(5.6) + a3(5.7) + a4 (5.8)
and
(5.10) o1 (5.5) + 5(5.6) + a;3(5.7) + ay(5.8),

where o and a;, j=1,2,3,4, are constants to be specified.

When § = 0, several choices have been investigated, both theoretically and nu-
merically; see [12] and [20] for reviews. For all these choices, we always have existence:
J and M are just the tangential components of H; and E;, respectively, and we al-
ready know that the transmission problem always has precisely one solution. However,
the question of uniqueness is less obvious.
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One good choice is by Miiller [21]; see also [13, section 6.29]. Miiller took
(5.11)a; = pe, az=p, aoh=¢cc, aj=¢, and az=as=a)=a;=0.

This choice leads to a Fredholm system of the second kind: by construction, the
hypersingular operators P, occur only in the combination (P, — P;), and this dif-
ference is known to be compact in the space of Holder-continuous tangential vector
densities [20]. Numerical results obtained from Miiller’s system of boundary integral
equations are given in [8].

The chiral case is more complicated. For choice (5.9), we obtain

{lar +az)I + M1+ P1}J + {(a2 + au)] + Mo+ Po} M = 2011 Jinc + 200 M i,
where

My =—a1 M + asMy —i(6/p)agM_,
My = —asM. +i(p/6)asM_ + ay My,
P =i(az/ke)Pe + asP- —i(6/p)ay Py,
Py = —i(o1/ke)Pe +i(p/8)as Py + ay P_.

We want to eliminate the hypersingularities in P; and Ps, so we require (from (5.14))
that

(5.16) i(o2/ke) + 3a3(vp" —75") — 31(6/p)as(v "t +97") =0
and (from (5.15))
(5.17) —i(an/ke) + 5i(p/6)as(vp ' +15") + 30u(vpt — ") =0.

We impose similar constraints on oz;-. Moreover, to obtain a second-kind system, we
also require that

a; +az as+ oy

(5.18) ol +af ah+al 7 0.
The constraints (5.16) and (5.17) simplify to
(5.19) ag — 6%ay +ikeBas =0 and oy — p?as —ikefay = 0,

with similar constraints on .
We want a pair of equations that reduces to Miiller’s pair when 8 = 0. Therefore,
we choose

ar = (kp/7)?, a2=0, az=1, ax=i(p/6)kp
and
oy =0, o= (k§/v)? o =—i(6/p)kB, of=1.

These choices satisfy (5.19). They reduce to Miiller’s choice (5.11) when 8 = 0 (apart
from a constant factor). The condition (5.18) will also be satisfied if

(1+p*)(1+6%) # k25
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Substituting for a; and o into (5.9) and (5.10), respectively, and simplifying, we
obtain

(5.20) {I + (kp/7)*(I — M) + AYJ +i(p/8)BM = 2(kp/7)*Jinc,
(5.21) —i(8/p)BT 4 {I + (k6/7)*(I — M,) + AYM = 2(k6/7)*> M i,
where

A= L(k/¥*)(ve ML +yrMg + PL — Pr),

B=1(k/7¥*)(vo ML — yrMg + P + Pr — 2P.).
Equations (5.20) and (5.21) are our generalized Miiller equations for solving the prob-
lem of electromagnetic scattering by a chiral obstacle. When the obstacle is achiral
(8 =0), the equations reduce to Miiller’s equations:
(5.22) {I 4 p*(I — M) + Ao}J +i(p/8)BoM = 2p* Jinc,
(5.23) —i(8/p)BoJ + {I + 6*(I — M,) + A} M = 26> M iy,c;

here, A9 = M, By = k(P — P.), and M and P are defined by (3.7) and (3.8),
respectively, with ~y, replaced by k.

5.1. Uniqueness. The pair (5.20) and (5.21) is uniquely solvable. Existence
follows as when 8 = 0; see the paragraph following (5.10). To prove uniqueness, we
adapt fairly standard arguments. Thus, let Jy and M solve the homogeneous forms
of (5.20) and (5.21), and then construct the following eight fields:

. 2E°(P), PcB
—CeMy + ik, ' F.Jo = e .
CeMo + ik " Fedo { _2E(P), PeB,
2HY(P), Pe€B.,

C.Jo+ik *F.My = —eh D
0+ 0 {—QHP), P e B;,

—1p(CL+ Cr 471" Fr — 1 ' Fr)Mo
. _ _ 2E.(P), PcB
3i6(CL - C 'F 'Fr)Jo = e o
+ 216(CL R+ Fr+7g Fr)Jo _2E%(P), Pe B,
16(CL+ Cr+7. ' FL — 75 Fr)Jo

2H.(P), P € B.,

1 -1 —1
Lio(Cr — C F Fr)My =
+ 5ip(CL R+, Fr+7vg Fr)Mo {_QHO(P), P e B;.

Evaluating the tangential components of these fields on S, we find first that
(5.24) Jo:ang—i—nxﬁ:(S_l(nxﬁe—&—nXHO),
(5.25) ~My=nxE'+nxE=p"'(nxE.+nxE°.

Next, from the governing integral equations for Jy and M (in the form of (5.9)
and (5.10)), we calculate that

alnxH—azn><E+5_1a3n><He—p_1a4n><Ee=0 on S,

with another equation obtained by changing a; to ;. As ay = o = 0, these are seen
to be generalized transmission conditions in the form of (A.1) and (A.2), in which

—a ol oy —a3
Cii = ——, Ci2= <, C1=—_—), and cgp = —.
pa, oal, pag boy
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It follows that {Ee, ﬁe} and {E, /ﬁ} solve a homogeneous generalized transmission
problem in which the materials have been interchanged (achiral obstacle embedded
in a chiral medium), and so these fields must vanish identically by the uniqueness
theorem proved in appendix A.

Now, consider the fields { E?, H'} and {E®, H"}. Direct calculation shows that

pang—anO:ane—pan:0 on S,

as E. = 0 and E = 0. Similarly, §n x H° = n x H° on S. Hence, as {E?, H'}
and {EO, H 0} solve the homogeneous transmission problem, they also must vanish
identically. Finally, (5.24) and (5.25) imply that Jg = 0 and M = 0, as required.

6. Low-chirality approximations. In practice, the chirality parameter kS is
usually small. This motivates the development of low-chirality approximations. Thus,
corrections to first-order in kG for sources above a slightly chiral half-space have been
found [18], [26]. Here, we consider how to compute such corrections for scattering by
a slightly chiral obstacle.

It is known that the solution of the transmission problem depends continuously
on 8 as f — 0 through positive real values [2]. In fact, the solution is actually an
analytic function of 3. To see this, consider the Bohren field Q. From (2.9), we see
that @ satisfies

(V2 +11)Q, =0.

Thus, Q; is an analytic function of ~r; see [28], for example. But, from (2.10),
vz is a rational function of 3, whence @ is an analytic function of 5. A similar
argument applies to Q. Since k is fixed and |k| is small, it follows from the Bohren
decomposition (2.8) that the solution is an analytic function of k8 for |k3| < 1.

Rather than seek power-series solutions of the transmission problem directly, we
expand the solutions of the governing integral equations. Thus, we write

J~Jyg+ikBJ; and M ~ My+ikBM;,
where the error is O((k3)?) as k8 — 0. For small k3, we have

o~ k(L+EB), e~ (11 ik?BR),

and
Sra ~ Sa +ik@GTa,
where
k ikR
(Ta)(P) = — [ a(q)e™*ds,.
27T S

Similarly, Sga ~ Sa — ik3Ta. Thus, we obtain

My ~M+ikB L, P~ P +ikBQ,
Mp ~ M —ikB L, and Pgp ~ P —ik3Q

with an error of O((k3)?), where

La=nxcurl{Ta} and Qa=mn x curlcurl{Ta}.
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Note that L is an integral operator with a continuous kernel, whereas @) has a weak
singularity.

Substituting these approximations into the exact boundary integral equations,
(5.20) and (5.21), we find that {Jo, M} solves Miiller’s equations, (5.22) and (5.23).
The first-order correction {J1, M1} also solves Miiller’s equations but with different
functions on the right-hand sides: replace

20°Jine by —k7'QJo — (p/8)(M +iL)M
and
26°Mine by —k'QMo+ (8/p)(M +iL)J,.

In principle, one can calculate higher-order approximations, but the new right-hand
sides will be much more complicated. However, we can see that computing the first-
order correction is fairly straightforward.

The virtue of this strategy is clear. Sophisticated codes have been developed for
solving Miiller’s equations [8]. By a simple modification, these can be used to compute
the correction due to chirality of the obstacle. Note that the approximations obtained
for J and M can be inserted into (3.2) and (3.6) so as to generate exact solutions of
the governing equations in B, and B;.

Appendix A. A chiral/chiral uniqueness theorem. Consider a chiral ob-
stacle surrounded by a different unbounded chiral medium. The parameters of the
external medium are distinguished by the subscript e. We are going to prove that,
under certain conditions, the following transmission problem has only the trivial so-
lution. Note that we consider more general interface conditions than previously; they
are needed in our analysis of the system of integral equations in section 5.1.

Homogeneous transmission problem. Find electric fields E. and E and
magnetic fields H. and H that satisfy

curl B, —i(v2/k)H,. — 72E. =0

and
curl H, +1i(v2/k)E. — B.72H. =0
in Be,
curl E —i(v?/k)H — By*E =0
and

curl H +i(y?/k)E — Bv*H =0
in B;, and two generalized transmission conditions on the interface S,
(A1) nxE=cinxE,+canxH,
and

(A.2) nxH=cynxE,+cpnxH,,
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where c11, c12, co1, and cop are constants. In addition, {E., H.} must satisfy a
Silver—Miiller radiation condition (4.5).

We proceed in a standard way [4], [23], although some deviations are discussed
in detail. Thus, let S denote a large sphere of radius R enclosing B;, and let B, g
denote the region bounded internally by S and externally by Sg.

An application of the divergence theorem in B; to div (E x H) gives

/Sn-(E x H)ds =I(E,H, 37 ~*/k; B;) = I,
say, where the overbar denotes complex conjugation, and
(A.3) I(E,H, ky,r;B) = 1/3 {2Im (k1) E- H + k3| H|* — Ro| E[*} dV.
Similarly, an application of the divergence theorem in B, g to div (E. x H,) gives

/ 7 (E.x H.)ds — / n-(E.x H,)ds = I(E.,H.,B3:~2,72/ke; Be.r) = I,
Sr S

say. Hence

(A.4) Re Ee-(f'xHe)ds+Re{Ie}+Re/n-(EexHe)ds:O
Sr s

and

(A.5) Re{l;} = Re / n-(E x H)ds.
s

Now, we eliminate the integrals over S using the transmission conditions. These give

n-(ExH)=cpénn-(E. x H.)—ci2tan-(E. x H,).
Assume that
€11C22 and C12C21 are real
and that
(A.6) A = ¢11Co2 — €12C1 > 0.

Then Re{n-(E x H)} = ARe{n-(E. x H.)} whence (A.4) and (A.5) give

(A7) Re E.- (7 x H.)ds+Re{l.} + A"'Re{I;} = 0.
Sr

Next, we use the radiation condition. This gives

/ [P x Heo+E.|*ds = / (|# x H.|* + |Ec[*) ds+2Re [ E.-(#xH.)ds=o(1)
Sk

Skr Skr

as R — oco. We can eliminate the last integral using (A.7). From (A.3), we have

Re{[}:—Im(ng)/B(|E|2+|H|2) dV—QIm(m)/BIm(E-F)dV.
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But, using the Bohren transformation (2.8), we obtain
20E* +2[H” = Q. +|Qz° and 4Im(E-H)=1Q.|> - |Qxl

whence
2Re {1} = I (k2 + ) [ Qo dV ~m(nz — 1) [ |Qrf*av.
B B
It follows that

| < EP B ds i ) |

SR Be r

1Quu 2 dV +Tm (7er) / 1Qunl?dV

Be.r

rat {mew [ 1QuPav+nG [ 1QaFav} = o)

as R — oo.
Thus, assuming that all the coeflicients multiplying the above integrals are non-
negative, we deduce that

(A.8) / |E.|?>ds =o0(1) as R — oc.
Sr
Now, we have used the Silver—-Miiller condition (4.5). However, we also know that
{E., H.} satisfies the other Silver—Miiller condition, namely,
(A.9) tpx E.— H,=o0(rp') asrp — oo.

(This can be shown as follows. First, note that the generalized Stratton-Chu for-
mula (3.6) holds in B., if we replace the left-hand side by +2U(P). From the repre-
sentations (3.3) and (3.4), we can show by direct calculation that

'f)PXQeL_FiQeL and f‘PXQ(ZR_iQeR

are both o(rp') as rp — co. From these, we can derive (4.5) and (A.9), using (2.8).)
Then, repeating the calculation, we deduce that

/ |H.|?ds =o0(1) as R — co.
Sr
When this is combined with (A.8), we obtain

/ Q.. ds = o(1) and / Q. nl? ds = of1)
SR SR

as R — oo. But, from the curl of (2.9), we have
(V24+920)Qc, =0 and (V?+173)Q.z =0

in B.. Hence, Rellich’s lemma implies that Q.; =0 and Q.5 = 0 in B.. The rest of
the argument is standard, and so we obtain uniqueness, assuming that

Im(yz) >0, Im(ygr) >0,

Re (Yer) > 0, Re(ver) > 0,
Im (ver) 20, Im(7v.r) >0



SCATTERING BY A CHIRAL OBSTACLE 1759

and that (A.6) holds.

For the standard transmission conditions (4.4), we have ¢11 = p, ¢c12 = ¢21 = 0,
and coy = & whence A = ¢11Ca2 = pé and 12621 = 0. Then (A.6) reduces to the
condition that pé be real. In terms of the intrinsic impedances n and 7., (A.6) is
equivalent to

7N/ is real and positive.

Appendix B. Dyadic Green’s functions. For Maxwell’s equations, we have
the dyadic Green’s function Gg, defined by

(B.1) Go(P,Q;k) = 1+ k72VV)G(P,Q; k),

where | is the unit tensor; see, for example, [22] or [9, Chapter 7]. In terms of
components,

1 02
Gij=\6ij+ 53757 G
J ( J + k2 5‘:518%)
where 7p = (1, 22, x3). This leads to the representation

(B.2) 2U(P)=- /S {curlp Go(P, q; k) - (n x U) + Go(P, ¢; k) (n x curlU) } ds,

for P € By; see [22, equation (2.15)], noting that
(B.3) curlp {Go(P,Q; k)}-a = curlp {G(P,Q; k) a}
= (gradp G) x a = a - {curlg Go(Q, P; k)},

where a is any vector that does not depend on P.
The representation (B.2) is identical to the Stratton—Chu formula (3.2). To see
this, first note that (B.3) immediately gives

C{nxU} = / curlp Go(P, ¢; k) - (n x U) ds,,.
S

From Maxwell’s equations (that is, (2.5) with 8 = 0), we have curlU = kU’, so it
remains to show that

(B.4) (Fa)(P) = ? /S Go(P, ;) - a(g) dsq.

where a(q) = n x U'. Substituting for F' and Gg, we have to show that
(B.5) curlp curlp {a(q) G(P,¢;k)} = k*a G + gradp {divp (a G)}.

But curlp {a G} = (gradp G) x a(q) whence the left-hand side of (B.5) is k?a G +
(a-Vp)gradp G. The result follows by noting that, for any constant vector e,

o G o

e-(a-Vp)gradp G = e;a; oz Ox, eim
j OTi v

(a;G) = e-gradp {divp (aG)}.

It is known that the two representations (3.2) and (B.2) are identical [9, section
1.4.2] but this fact is seldom exploited. We can use it to derive the chiral generalization
of the Stratton—Chu formula from the known chiral analogue of (B.2).
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Thus, for chiral media, the dyadic Green’s function is given by [16, p. 60]
G(Pa Q) = GL(P7 Q) + GR(P7 Q)a

where Gy, is a left-handed field, Gg is a right-handed field,
GL(P.Q) = kv {7L Go(P, Q; 1) + curlp | G(P, Q5 71)}
GR(Pa Q) = %k772 {7R GO(Pa Q; ’VR) - Cul‘lp | G(Pa Q7 P)/R)} )
and Gy is defined by (B.1); note that G(P, Q) = Go(P, Q; k) when 8 = 0. This leads

to the representation
—2U(P) = / curlp G(P,q) - (n x U) ds,
s
- 272ﬁ/ G(P,q)-(nxU)ds, —|—/ G(P,q) - (n x curlU) dsg,
S s

which reduces to (B.2) when 8 = 0. Making use of (2.7), we can eliminate curlU to

give

—2U(P) = /Scurlp G(P,q)-(nxU)ds,
2
+/SG(P, q)- {L(n x U") —+?B(n x U)} dsg.

Write this formula as —2U = I; + I5 and then consider each integral separately.

For I, we note that
curlp G (P,q) -a = %kvﬂ (vr curlp + curlp curlp) {a G(P, q;vL)}

and
Lky ™2 (yg curlp — curlp curlp) {a G(P, ¢;vr)} -

curlp Gr(P,q)-a = 5
Hence, the first integral I; can be written as
k772 (v Crin x U} + 71 Cr{n x U})

Il — b
+ %k"y’Q (Fr{n xU} — Fr{n x U}),

where C,, and Fy, are defined by (3.5).
Next, consider the second integral Is. We have

kv
2 /S Go(P,q;v1) - a(q) dsq

k
+ W curl /Sa(q) G(Pa q; ’YL) dSq
kv ?{y;'Fra+Cra},

/ GL(P,q)-a(q)dsy =
S

using (B.4). Similarly
/ Gr(P,q)-alq)ds, = %kv_Z {ngFRa — C’Ra} .
S
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Hence,

L=3(v'"FrinxU'}+Cr{nxU'})
+ 3 (Vg ' Frin x U'} — Cr{n x U'})
— kB (v Frin x U} + Crin x U})
—1kB (75 ' Fr{n x U} — Cr{in x U}).

Finally, grouping terms, using kv~ 2y; — kB = ky~2yr + kB = 1, we obtain (3.6),

as required. This gives an alternative proof of (3.6).
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