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Abstract. The (ordinary) Sachs—-Wlfe effect relatesprimordial matter perturbationsto the
temperatureariationss 7/ T in thecosmicmicrowave backgroundadiation;§ 7/ T canbeobsened
in all directionsaroundus. A standardut idealizedmodelof this effect leadsto aninfinite setof

moment-lile equations:the integral of P(k)jf(ky) with respecto k (0 < k < 00) isequalto a
given constantCy, for £ = 0, 1, 2, .... Here, P is the power spectrumof the primordial density
variations, j, is a sphericaBesselfunctionandy is a positive constant.It is shavn how to solve
theseequationsexactly for P (k). The samesolutioncanberecovered,in principle,if thefirst m

equationsarediscarded Comparisonsvith classicamomeniproblems(wherejf(ky) is replaced
by k%) aremade.

1. Intr oduction

Somemightsaythattheultimateinverseproblemis to understandheorigin of structurein the
universeusinginformationthatis currentlyavailable: it isthecentralproblemin early-unverse
cosmology[18, 27]. Oneof the availablecosmologicabbsenablesis the cosmicmicrovave
backgroundadiation(CMBR). It is known thatthe temperaturef the CMBR is remarkably
uniformin its spatialvariation,with 7 /T ~ 10-5-10*[35], [18, sectionl.5],implying that
the expansionof the universeis largely isotropic. Corversely inhomogeneitiein thedensity
of theuniverseleadto temperaturanisotropiessothatthesecanbe usedasa sensitve testof
theoriesof structureformation[36].

In thesetheories,the primary unknavn function is P(k), the power spectrumof the
primordialdensityfluctuations.Undercertainassumptionst canbeshavn that P (k) satisfies
thefollowing setof equations:

/ k2P (k) j2(ky) dk = Cy, £=0,1,2,.... (1.1)
0

Here,y is agivenpositive constant,j, is a sphericaBesselfunctionandthe constants”, are
given.

Experimentshave provided estimatedor a finite numberof the C,. How canthesebe
usedto recover P(k)? Thisis amajorquestionput it is not our mainconcernhere. We are
interestedfirst, in anidealizedproblem: given an exactknowledgeof all the C,, reconstruct.
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We shaw thatthis inverseproblemcanbe solved exactly. Thisis a new result. Furthermore,
we shaw thatthe samesolutioncanberecoveredif thefirst few (in fact,ary finite number)of
the C, areunknown.

Whatuseis anexactinversionformulafor anidealizedproblem?First, it revealstheill-
posednatureof the problemt.Thus, P (k) is foundto be given by the Fourier sinetransform
of a certainfunction go(1), which is definedby an infinite serieswith a finite interval of
cornvergence.This meanghattechnique®f analyticcontinuationarerequired,a procesghat
canbe very difficult numerically[12] and onethatgives the problemits ill-posedcharacter
Secondpurinversionformularevealssomeof theanalyticstructure.For example,the low-k
behaiour of P (k) isintimatelyrelatedto theasymptotidehaiour of go(1) ash — oo. Third,
exactresultscanbe usedto testnumericalalgorithmsdesignedor thefinite-dataproblem.

The plan of the paperis asfollows. In the next section,we sketcha derivation of the
gowerningequationg1.1). Carefulderivationscanbe foundin the literature;referencesre
given. Our aimis to motivatethe studyof (1.1) in away thatis accessibléo non-specialists.
Thus, we limit our discussionto perhapshe simplestmodelof the underlyingphysics. In
section3, we formulatetwo moment-like problemscalledthe basicproblemandthereduced-
dataproblem in whichwearegiven C, for £ > Oandl > ¢q, respectiely, wherelq isary fixed
positive integer. Apart from the system(1.1), we alsoconsider(in section5) the analogous
classicamomentproblemwherej2(ky) is replacedoy k¢. For bothcaseswe applyageneral
methoddescribedn sectiond. This replacegheinfinite systemof moment-like equationsy
asingleintegral equation.Applicationto the astrophysicaproblemis madein section—9.

2. The governing equations

Thereareseveralphysicalcause®f temperatur@ariationsn the CMBR (Kolb andTurnerlist
five [18, p 383]). For large angularscalesthe dominantcontritution comesfrom variations
in the gravitational potential;this is known asthe Sahs-\lfe effect[31]. An elementary
discussionof the relevant equationscan be found in [18 section9.6.2;25, section6.4 and
28,7,6], whereasadwanced,detailed,derivationsthat are up-to-datewith the presentstate
of computationcanbe foundin [15, 20]. A brief derivationis sketchedhere;for a rigorous
derivation, involving time-dependenprocessesvithin generalrelatvity, seethe cited books
andpapers.
Considerthe standardcaseof aflat universe(©2o = 1) with zerocosmologicakonstant

(A = 0). The obsenredtemperaturdluctuationsof the CMBR in the direction of the unit
vectory are

ST(H) T —To

T To

whereTy is the meantemperature The Sachs—Wilfe effectrelatesthe obsereds 7/ T to the
primordialdensityfluctuationsn theearlyuniverseatatime whenlight andmatterdecoupled.
For themicrowave radiation thewholeuniverseatthistimeis referredio asthelastscattering
surface[18, p 74]. Sincethetime of last scatteringto the presentthe distancetravelled by
lightis y = 2¢/Ho, wherec is thespeedf light and Hy is theHubbleconstant A present-day
obserer at a given point will receve light from a sphericalshell of present-dayadiusy on
the last scatteringsurface. Thus, it is naturalto expandon that shellin termsof spherical
harmonicst” (g),

ST(@)

— =

> amMY @), (2.1)
t,m

T For thedefinitionof anill-posedproblemsee for example,[8, ch 4].
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wherea,,, aredimensionlessxpansioncoeficients.
We canalsogive aFourierrepresentatiofor §7/T,

’STT@) = Vf@(k) exp (ivk - ) dk, 2.2)

where® (k) is a Fourieramplitude. Thefactory = V/(2r)3 whereV is a (large) volume,
sothat ® is dimensionless(For simplicity, we have useda continuumdescription(Fourier
transform)hereratherthana discretedescription(Fourier series)followed by anappropriate
limit.)

We cancomparg(2.1) and(2.2), usingthe plane-vave expansion

e (iyk - §) = 4r ) il jitky) Y} (@)Y} k),

L,m

where j, is a sphericalBesselfunction, k = kk, k = |k| andthe overbardenotescomple
conjugation.We find that

() = 47 [ @001 ¥y
whenceuseof theadditiontheoremfor Legendrepolynomialsgives

> laun 2 = 4@+ DV? [ [ @O jithy) k') Puth - ) i (23)

The Sachs—Wilfe effect relatess7T/ T, throughphysicson the last scatteringsurface,to
the primordialdensityfluctuationsat thetime of lastscatteringgp/p. Thelatterquantityhas
aFourierrepresentatiosimilarto (2.2),namely

(Sp’@ = V/ A(k)exp (ik - x) dk.

It is usualto assumethat A (k) is an independenGaussiarrandomvariableof zeromean.
Thus(A(k)) = 0and

(A(R)AK)) = VP (k)83 (k — k),
whereP (k) is the powerspectrunmof the densityfluctuations.Note that

Pk) = V/(A(k)A(k/)) dk’. (2.4)

Then,the Sachs—Wilfe analysisshaws that (the Fourier transformsof) §7/T andép/p are
relatedby

A(k) = AK’O(k), (2.5)
where A is areal constantwith the dimensionsf area. (Roughlyspeakingthe temperature
fluctuationsare proportionalto the perturbedgravitational potential, ® say and V2® is
proportionatothedensityfluctuationsfrom[28], wehave A = —2c¢?/ HZ = —3y?.) So,if we
take an ensembleverageof (2.3) anddefinerotationallyinvariantdimensionlessoeficients
C¢ by

1 2
Ce = 5757 D Mlaml®),

we find that

4y

ya

= (4n/ A%V f k2P (k) j2(ky) dk. (2.6)
0

Co = / kP (k) j2(ky) di
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Thesetof coeficients{C,} is known astheangularpowerspectruni.

Thetemperaturdluctuationshave beenmeasureaxperimentally;for example,this was
doneby the COBE satellite(see[34,35] andreferencesherein). This gives an estimateof the
angulampowerspectruni7, section7]: thus,wehavevaluesof C, for arangeof ¢-values.From
these,we would like to extractthe power spectrum,P (k). This is a moment-lile problem.
In section7, we give anexplicit solutionof anidealizedproblem,in which we know C, for
alle > 0.

In practice therearecomplications First,themeasuredaluesof Co andC;, the‘nuisance
parameterq7, p 175],areunreliable.We shav that P (k) canberecovered heverthelessysing
C, forall £ > £y, where(y is ary fixed positive integer.

Anothercomplicationis thatwe cannotactuallymeasureC, becausat is definedasan
ensembleverage:we alwayshave arelative uncertainty(or cosmicvariance of (2¢ + 1)~%2,
evenif the experimentalmeasurementare perfect[2, 36,p 354,7,p 160,34,p 189]. Once
inverted,theseerrorswill leadto correspondingrrorsin the calculatedpP (k). Astheerrors
in C, decayas ¢ increasespne possibility is to use C, for £ > ¢, where{y is chosen
sufiiciently large, soasto recover P. OnecouldthencomputeC, for £ < £p, andcompare
with the experimentakestimatesgiving the possibility of cross-walidation. However, we defer
discussion®f computationahspectdo a laterpaper

Furthercomplicationscomefrom the underlyingphysics. Thus,the Sachs—Wlfe effect
typically is decomposeihto two additive quantitiesthe‘ordinary’ andthe‘integrated’Sachs—
Wolfe effects, of which (2.6) only representshe former. The methodsdevelopedin this
paperareonly applicableto the ordinary Sachs—\Wlfe effect. In the idealizedlimit thatthe
CMBR anisotroy is composednly of superHubblescale,adiabatic,densityperturbations
in aflat (2o = 1) universe,the ordinary Sachs—\Wlfe effect dominates. This ideal limit
hasan approximatevalidity in inflationary cosmology which is a promising candidatefor
developmentasafundamentatheoryof theearlyuniverse;for reviews, see for example,[18,
ch 8] or [25, ch 10]. The understandingpf the CMBR anisotroy is still a developing
areaof researchalthoughthe generalconsensuss that thereare substantiamodifications
to the idealizedregime of the ordinary Sachs—\Wlfe effect. We will not attemptto surey
this vast body of researchhere, but the interestedreadercan begin with a few exemplary
papers[7, 10, 13, 1416]. It is safeto saythat, whenappliedto real data,therewould be
practicallimitations to the methodsdevelopedin this paper Neverthelessthey offer a new
andvery differentperspectie on the subject.

3. Formulation of two mathematical problems

Let usbegin by consideringhefollowing moment-like problem.

Basic problem. Givena setof numbes {C,} and a setof functions{y, (k)}, with n =
0,1,2,..., findafunction f (k) (in a certainspace)}that satisfies

/OO F)Y (k) dk = C,,, for n=0,12,.... (3.1)
0

T In generalrelativity, a densityfluctuationis not a gauge-iwvariantquantity In practicaltermsthis meansdensity
fluctuationsare not well-definedobsenrables. For sub-Hubblescalesthe gaugedependencef densityfluctuations
is negligible, so that ary reasonablgyaugechoiceis operationallyacceptable.However for superHubble scales,
the gaugedependencés acute. Properly the power spectrumP (k) in (2.4) mustbe definedwith respecto ‘gauge-
invariant’ quantities[5, 17] thatin the sub-Hubblescaleregime arereadily identifiedasdensityfluctuations.This is

a well-studiedproblemin the literature[10,14, 19, 21, 24, 26, 282]. For our purposeshowever, thesedetailsare
unimportantandwe will be contentwith our slightly imprecisedescription(2.4). Whatis importantfor ourwork is

thatthe basicrelationbetween” (k) andtheangulampower spectrumC; is of theform (2.6).
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We aremainly interestedn oneparticularset{v,}, givenby

Y (k) = jZ(ky), (3.2)
wherey is fixed. For asimplermodelproblem,we shallalsoconsiderthe choice
Wn (k) = kn7 (33)

which givesriseto a classicalStieltjies)momentproblem[4, 33].
We are alsointerestedn the following relatedproblemwherethe first m of (3.1) are
omitted.

Reduced-dataproblem. Givena setof numbes {C, } anda setof functions{y, (k)}, find a
function f,, (k) that satisfies

/ S ()Y (k) dk = C, for n>m>=0. (3.4)
0
Here, m is fixedand fo = f.

It isimportantto notethatwe seekf,, in thesamespaceas /. We arealsousingthesame
numbergC,} andthe samefunctions{v,} (for n > m) asin thebasicproblem:thus,C, and
Y, areindependenof m.

As we saw in section2, the reduced-datgroblem, with v,,(k) = j,,z(ky), arisesin
connectionwith the Sachs—Wlfe effect. In that context, the basicunknowvn functionis the
power spectrumP (k) = k2 f (k), apartfrom a constanfactor;see(2.6).

4. A generalmethod

A generamethodor treatingmoment-lile problemss to replacehemby anintegralequation.
Thus,choosea secondsetof functions{¢, (1)}, multiply the nth equationof (3.4) by ¢, and
sumover n. Thisgives

/Ooo T () (k, 1) dk = g, (A1), (4.1)
where

Ko (k, 1) = i Y (k) (A) (4.2)
and -

) =3 Cutn . (4.3)

n=m

To beeffective, onehasto beableto solve theintegral equation(4.1), perhapsy recognizing
theleft-handsideasaknown integral transform;implicitly, this requireshatthe sumdefining
thekernelkC,, canbeevaluatedn closedform. To make themethodrigorous,onehasto shov
thatthesumsin (4.2)and(4.3) arecorvergent,andthattheimplied interchangef summation
andintegrationis justified. Notethat,at this stage . is unspecified.

We will usethis methodbelow for thetwo sets{v,,} given by (3.3)and(3.2). Weremark
that a similar methodwas usedin [22, 23] to analysethe so-callednull-field equations a
systemof moment-like equationginvolving Hankel functions)that canbe usedto solwe the
boundary-alueproblemsfor acousticscatteringoy boundecdbstacles.
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5. Moment problems
We startwith v, (k) = k", giving thefollowing simplereduced-dataroblem.
Moment problem M,,,. Find a function f,, (k) that satisfies
/Ooo (K" dk = C, forall n>m>0. (5.1)
We assumehat f,, is a smoothfunctionthat hasa Laplacetransform.

We canrewrite (5.1) as

/0 Oo{km Fn GO dk = Cprom, for n=0,12,....
Multiply by ¢,,(A) = (—X1)"/n! andsumover n to give

/Ooo{k'"fm (ke dk = g (1), (5.2)
where

=3 Crn S 53)

Equation(5.2) givesthe Laplacetransformof k™ f,, (k), so thatwe caninvertto obtain f,,
itself. Thisshavsthat f,, is obtainableuniquelyfrom thegiven coeficients{C,} with n > m.

In the derivation abore, we assumedhat the series(5.3) is corvergent. In fact, we
only requirecorvergencefor |A| < Ao, say andthendefineg,, (1) for larger|A| by analytic
continuation. The assumptiorthat f,, (k) hasa Laplacetransformis enoughto ensurethat
k™ f,. (k) alsohasa Laplacetransform this beingwhatis actuallyrequiredin thederivation.

The connectionbetweenclassicalmomentproblemsandthe Laplacetransformis well
known; see for example,[33, p 97] and[9, p 230]. For aconnectiorwith aHankel transform
(take ¢, (1) = (—1)"/(n1)?), see[33, p 96].

How are f,, and fo = f relatedfor m > 0? From(5.3),we have

=0 dY K™ L (A"
gm(h) = Zc( —(‘a) > O

n=m

d) x (A)” ( d)’"
= -5 ——) 8.
<d ZO ! dr/) °°

/ e = <_£> / " e de,
0 dr/) Jo

So,integratingm timesgives

We alsohave

/0 fu)& dk = go(h) + pm(3), (5.4)

wherepg = 0 and

m—1

pn() =)t

=0
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is an arbitrary polynomial of degree (imm — 1). But the left-handside of (5.4) is a Laplace
transform,andsoit mustvanishas|i| — oo (in aright-handhalf-plane).go(1) hasthesame
property asit isthe Laplacetransformof fy. Hence the polynomialp,, () mustbeabsent:

/ " fae ™ dk = go() = f " foe d.
0 0

Thus, f,,(k) = fo(k) for all m. This meansthatif we know, a priori, that f,, and f are
bothin the samespacghere,we assumedhatthey both have Laplacetransforms)thenthey
areequal: deletingthefirst m momentsC,, doesnot represent lossof information. Similar
comparisonganbe madebetweenf,, and f,,, with m # m’.

For asimpleexample take C,, = n! for n > 0, whence

g =) (1" =@+n~"
n=0

for [A\| < 1. Notethatwe candefinego(d) for all A # —1 by analytic continuation. By
inspectionwe have f (k) = e *.

6. The Sachs—Wlfe effect

Here,we assumeahat, (k) = j,f(ky), wherej, is asphericaBessefunctionandy is fixed.
Thus,we considetthefollowing problem.

Sachs—\¥lfe problem P,,,. Find a function f,, (k) that satisfies
/ fu (k) j2(ky) dk = C,, forall n>m>0. (6.1)
0

Here, m is fixed,andthe constant<,, are given.

Whatconditionson f,, areappropriate.et usassumehat
a -0,
O g
Then,consideringheintegral on theleft-handsideof (6.1), we seethatwe need
2Zm+a+1>0 for corvergenceatk = 0
and
B >0 for corvergenceatk = oc.

Notethatcorvergenceatk = 0 depend®nthesmallestalue ofn usedwhichis m. Howewer,
we wantconditionsthatdo notdepencbnm. So,given thatthe basicproblemis Py, minimal
conditionsare

a>-1 and B > 0. (6.2)

Argumentsbasedon causalityimply that P(k) = O(k*) ask — 0 [1,30], where
P(k) = k%f(k). Thus,the desiredphysicalsolutionshouldhave « > 2. This hasled to
studiesof modelpower spectraof theform

_ (ky)“
1O = T kg1

wherea > 2, 8 > 0 andkg is aconstan{6].

(6.3)
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Next, let usconsideranexactsolution[11, formula6.574.2]:

00 B-2 _1
/ K 20y dk = —— A, : o
0 UL (3(B+ 1T (n+ 358+ 1)

This holdsfor 0 < 8 < 2n + 2. Notethattheright-handsideis O(n~#) asn — oo.

This exactsolutionthrows somelight on the next question:how doestheintegral onthe
left-handside of (6.1) behae asn — o0? If we split the rangeof integrationat k = 1,
say we caneasily seethat the asymptoticcontribution from integratingover 0 < k < 1is
exponentiallysmall. The dominantcontribution comesfrom integratingover £k > 1, sothat
thelarge« behaiour of f,, (k) canbeused. Comparingwith the exactsolutiongiven abore
shavsthat

(6.4)

C,=0mn"*) as n — .

Thus,thereisalink betweerthelarge+ behaiour of the(given)coeficientsC, andthelarge
behaiour of f,, (k).
Anotherexactsolutionis [11, formula6.577.1]:

k2 2 b4
/(; ml}l (ky) dk = ?yln+l/2(k0y)Kn+l/2(kOy)7 (6.5)
0

wherel,+1/> andK,.+1/» aremodifiedBessefunctionsandk is a positive constant Notethat
the right-handsideis O(n~1) asn — oo. This formula gives the angularpower spectrum
for the model (6.3), exactly, whene = 2 andg = 1. Furtherformulaecanbe obtainedby
differentiationof (6.5) with respecto k.

7. The basicproblem Py

We aregoingto applythegeneraimethodof section4 to problemP,, which we restatenere.

Problem P,. Find a function f (k) that satisfies

f fk)j2(ky)dk = C, for n=012.... (7.1)
0

We haveto chooseheset{¢, (1)}. Thereareveryfew knowvn sumsinvolving productsof
Besseffunctions.From Abramawitz andStegun[3, formula10.1.45],we have

sin{ky+/2 — 2cost}

> “(2n + 1) P, (cost) j2(ky) =

2, ky/2 — 26080 (7-2)
whereP, is aLegendrepolynomialandé is unrestrictedIf we definea by

A= yv/2—2cosf = 2ysinio, (7.3)
we canrewrite (7.2)as

sinkA

Kok, 1) = S (7.4)
wherekC,, is definedby (4.2)and

$u(h) = @n+DP(1 = 3(0/0)P). (7.5)

Notethat,for corvergenceof theintegralin (4.1),werequirethata is real. Moreover, we can
obtaintheformula(7.4)for all » > Oif weallow 6 = 6 +i6; to be comple; specifically we
cansupposehaté lies onthelL-shapedcontourgiven by

{0<60r <7 with 6, =0} and {0<6; <oco with 0 =m}.
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So,multiplying (7.1) by (2n + 1) P, (cos) andsummingover n gives

/oo k7L £ (k) sinik dk = Ago(R), for A >0, (7.6)
0
where
go() =Y (2n+DC,P(1— (/). (7.7)
n=0

Thisreduceghedeterminatiorof f (k) to theinversionof a Fouriersinetransform:
2k [°° )
fl) = —f Ago(A) sinik da. (7.8)
T Jo

The derivation assumeshat k! f (k) hasa Fourier sinetransform,which is consistenwith
the corvergenceconditions(6.2). It alsoassumeshatthe series(7.7) is corvergentfor some
valuesof 1, andthatgo(1) canbedefinedfor othervaluesof A by analyticcontinuation.

For an example,take C, to be definedby the right-handside of (6.4) for n > 0 with
0 < B < 2. In orderto calculatego(2), definedby (7.7), we usethefollowing expansion(see
theappendixfor a derivation):

A-—x)7 =Y @n+De,P(x)  for |x| <1, (7.9)
n=0

wherey < 1and
'A-—y) T'nty)

c, =277 . 7.10
I'(y) Tn—y+2 (7.10)
Comparingwith C,,, we &ty =1 — %ﬂ whence
cn = (4/m)27P2y>PT(B) sin (37 8)C,.
With x = 1 — (1/y)2, wefind that
b A2
go(h) = 5 —————7— (7.11)

2T (B)sin(37B)
Notethatthe seriesdefininggo(1) corvergesfor 0 < A < 2y, but we canuse(7.11)to define
go(d) for all » > 0. Hence(7.8) gives

fl) = A lsinakda = k18,

k (o]
T'(B)sin(37B) /0
in agreementith (6.4).

8. The reduced-dataproblem P,,

For m > 0, we considerthe reduced-dataroblem?P,, (the Sachs—Wlfe problem)described
in section6.

Proceedingsfor Py, we multiply (6.1) by (2n + 1) P, (cos®) andsumover n fromn = m.
This gives,using(7.3),

o0 sinak =L ,
/(; fm(k){ v —;)ﬁbn(}»)an(ky)}dk:gm()»), (8.1)

whereg,, (L) andg, (1) aredefinedby (4.3)and(7.5),respectiely.
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Next, multiply (8.1) by A andwrite as
m—1

/oo kL fu (k) sinak dk — 2.3 ¢, (1) /OO Fu®)j2ky) dk = Agn(3). (8.2)
0 n=0 0

Notingthat P, (x) isapolynomialin x of degreen, we seethatthesecondermontheleft-hand
sideof (8.2)is a polynomialin X of degree(2m — 1). So,applyingthe differentialoperator
d?" /da2" gives

d2m 0o N ) d2m d2m
da2n /0 k™ fin (k) sinik dk = m()\gm()v)) = d)\W(kgo(k)).

Integrating2m timesthengives

/ ” k7Y £, (k) sinxk dk = Ago(A) + pam (M), (8.3)
0

wherep,,, is anarbitrarypolynomialof degree(2m — 1). Buttheleft-handsideof (8.3)is the
Fouriersinetransformof k=1 f,, (k). Thisis assumedo exist and,by the Riemann—Lebesgue
lemma,it mustvanishas|A| — oco. Ago(A) hasthe sameproperty as it is the Fourier sine
transformof k=1 £, by (7.6). Hence,the polynomial p,,, (A) mustbe absent.It follows that
Sfm(k) = f (k) for all m.

Thesolutiongiven above is correctbut somevhatdeceptie, for in theformulationof P,
we arenotgiven C, for 0 < n < m. Thus,we cannotform the series(7.11)defininggo(1).
So,insteadof (8.3),we obtain

/ ” k7L £, (k) sinik dk = g (A) + pan (X),
0

wherethe polynomial p,, (1) is to be determinedy the requirementhatthe right-handside
vanishesas|i| — oo. Thus(justasfor Py), we have to effect the analytic continuationof
gm(2). Numericalconsequencagmainto beexplored.

9. Discussion

We have given an explicit formulafor solvingthe basicproblem?,. For the applicationwe
have in mind, all the constantsC,, arenon-n@ative doesit follow thatthe solution f (k) is
positive? In generaltheanswelis ‘no’. We shaw this by giving anexplicit counterexample.
Let

fk) = yllky/m)Y? = (2/m) A}, (9.1)
whereA is a constanto be chosen.Notethatif A > 0, f(k) < 0for k < 4A%/(wy). (The
variousfactorsin (9.1) aremerelyinsertedfor algebraiccorvenience.)We obsere thatthe f
definedby (9.1) s alinearcombinationof two of the exactsolutions(6.4), correspondingo
B = 3andg = 1. Thus,

3 nT(n+32) A

S PPTQPrn+y 2+l

We have to shaw that C,, > 0 for all » > 0; we do this using an inductive argument.
Straightforvard calculationshavs that

_M+3 4n+1)

T 4n+5 " (4n+5@2n+D(2n+3)

So,C, > Oforalln > OprovidedA > 0andCy, > 0. But

Co=1-A,
sowe cantake any Awith0 < A < 1.

n

n+l
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Appendix
Here,we derive the expansion(7.9) with (7.10). From(7.9), orthogonalitygives
1
=3 / (A= 07R (0 dx

_ (_1);1 1 ., dr -
= ot /_1(1 x) o (1—x9)"dx

usingRodiguesformula. Integratingby partsn times,using

d _ Fn+y) Y
1-x) 7" =—2A-x)7"
dx”( x) ro) 1-x)
andnotingthattheintegratedtermsvanish,gives
1 Tn+ty)

Cn

1
— N7 _2\n _ —y—n
= 2500 T() /_1(1 xH)"(A—x)"""dx.

In theintegral, putx = 1 — 2¢; it becomes

n'(L—1y)
Fn—y+2)’
usingtheintegral definition of the betafunction,andtheresult(7.10)follows.

1
2y / V(- )" de = 2"
0
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