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Theproblemof scatteringof sphericalwavesby a boundedobstacleis considered.
Generalscatteringtheoremsare proved.Theserelatethe far-field patternsdue to
scatteringof wavesfrom a point sourceput in any two different locations.The
scatterercan have any of the usual properties,penetrableor impenetrable.The
optical theoremis recoveredas a corollary. Mixed scatteringrelationsare also
established,relating the scatteredfields due to a point sourceand a planewave.
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I. INTRODUCTION

In classicalscatteringtheory, therearesomegeneralresultsthat connectthe solutionsof two
relatedproblems.Themostfamiliar of theseis reciprocity: thescatteredfield at A dueto a source
at B is simply relatedto the scatteredfield at B dueto a sourceat A.

Therearealsointernalrelationswithin a singleproblem.A well-knownexampleis theoptical
theorem for scatteringof planewaves:it relatesthe far-field patternin the forward directionto a
certainintegralof the far-field patternover all directions.

In this article,we derivesomegeneralrelationsfor scatteringof wavesemanatingfrom point
sources.Thus,we relateoneproblemwith a point sourceat A to a similar problemwith a point
sourceat B. By settingA5B andthenletting A recedeto infinity, we recovertheoptical theorem.
If we keepA fixed and let B recedeto infinity, we obtain so-calledmixed scattering theorems,
relatingplane-waveincidenceto point-sourceincidence.An exampleof theseis the mixed reci-
procity theorem, which has found much use recently in methodsfor solving inversescattering
problems.1

As Logan2 pointsout, Clebschconsideredthe scatteringof elasticwavesfrom a point source
by a rigid sphere140 yearsago, a decadebeforeLord Rayleighpublishedhis solution for the
scatteringof a planesoundwaveby a sphere.Collectedresultsfor scatteringof point-sourcefields
by simple shapesare given in Ref. 3. More recently, Dassiosand his co-workershavestudied
incidentwavesgeneratedby a point sourcein the vicinity of a scatterer;see,for example,Refs.
4–6. Thereis alsosomerecentwork on near-field inverseproblems:in addition to the previous
papers,we notethe work by Coyle7 andPotthast,1 aswell asrecentwork by threeof the present
authors.8,9 The revival of interestin problemsrelatedto point-generatedwave fields hasseveral
reasons.Oneis dueto the variety of applicationscomingfrom the theoryof compositematerials
andof acousticemission,from the theoreticalanalysisof biological studiesat thecell level, from
nondestructivetestingand evaluation,from geophysics,from modeling in medicineand health
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sciences,andfrom scatteringproblemsconnectedto environmentaldataanalysis.Anotherreason
is dueto the fact that a point-sourcefield is moreeasilyrealizablein a laboratory.

We give resultsfor both acousticand electromagneticwaves,and we permit all the usual
kinds of scatteringobstacles,penetrableand impenetrable.Extensionsto elastic-waveproblems
areexpected.

II. FORMULATION: ACOUSTICS

Let V2 be a boundedthree-dimensionalobstaclewith a smooth closed boundaryS ~the
scatterer!. The exteriorR3

\V2
5V of the scattereris an infinite homogeneousisotropic lossless

acousticmedium,that is the compressionalviscosity d is zero,and with massdensityr, phase
velocity c, meancompressibilityg and real wave numberk5vAgr, v being the angularfre-
quency. The interior of the scattererV2 is filled with a lossy medium,in general,with corre-
spondingphysicalparametersd2, r2, c2 and g2. We consideran incident sphericalacoustic
wave due to a sourcelocatedat a point with position vector a. Suppressingthe harmonictime
dependenceexp$2ivt%, andfollowing thenormalizationintroducedby DassiosandKamvyssas,4

we assumethe following form for the incidentfield:

ua
i ~r!5ae2 ika

eikur2au

ur2au
, rÞa, ~1!

wherea5uau. We notethat whena→`, the sphericalwavereducesto a planewavewith direc-
tion of propagation2 â, wherea5a â.4 The total field ua

t in the exteriorof the scattereris given
by

ua
t ~r!5ua

i ~r!1ua
s~r!, rPV\$a%, ~2!

whereua
s is the scatteredacousticfield, andsolvesthe Helmholtzequation

¹2ua
t ~r!1k2ua

t ~r!50, rPV. ~3!

The scatteredaswell asthe incidentfields aresolutionsof Helmholtz’s equationthat satisfy
the Sommerfeldradiationcondition

r̂•¹u~r!2 iku~r!5o~r21!, r→`, ~4!

uniformly in all directionsr̂PS2, whereS2 is the unit sphere.We note that ua
t alsosatisfiesthe

Sommerfeldradiationcondition.
In our analysis,we canpermit impenetrableor penetrablescatterers.In the former case,we

could haveDirichlet (ua
t
50), Neumann(]ua

t /]n50) or Robin conditionson S; the Robin ~or
impedance! condition is

S ]

]n
1 ikl D ua

t ~r!50, rPS, ~5!

wherel is a dimensionlessrealparameter. In thepenetrablecase,the incidentwaveis transmitted
into the scatterer;let ua

2 be the total acousticfield in V2. Then the following transmission
conditions musthold on the scatterer’s surface

ua
t ~r!5ua

2~r! and
]ua

t ~r!

]n
5b

]ua
2~r!

]n
, rPS, ~6!

where the constantb5(r/r2)(12 ikcd2g2) is complex for a lossy scattererand real for a
losslessscatterer. More detailson the physicalparametersof the aboveproblemscanbe found in
Ref. 6. The field ua

2 solvesthe Helmholtzequationin V2,
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¹2ua
2~r!1h2k2ua

2~r!, rPV2, ~7!

whereh5(c/c2)(12 ikcg2d2)21/2 is the ~complex! index of refractionbetweenthe two media
in V and V2. The choice of the branchof the squareroot is such that Im(h)>0 and hence
Im(hk)>0.

In addition,in orderto covervariouscasesthatarisein applications,we caneasilyextend our
analysisto includean impenetrablecore in the interior of the scatterer.

As it is well known,all the aboveproblemsarewell posed.
The behaviorof the scatteredwavein the far field is given by

ua
s~r!5ga~ r̂!h0~kr !1O~r22!, r→`, ~8!

whereh0(x)5eix/( ix) is thesphericalHankelfunctionof thefirst kind andorderzero.Moreover,

ga~ r̂!52
ik

4p
E

S
F]ua

s~r8!

]n
1 ik~ r̂"n̂!ua

s~r8!Ge2 ik r̂"r8ds~r8! ~9!

is the far-field pattern.5

III. GENERAL SCATTERING THEOREM

In what follows, we considertwo locationsfor the point source,a and b, from which the
time-harmonicincidentsphericalwavesemanate.Eachsourcegeneratesa correspondingscattered
field, ua

s andub
s , respectively. We areinterestedin relationsbetweenthesefields.

Let Sr denotea large sphereof radiusr, surroundingthe pointsa andb, andlet

Sa,«5$rPR
3:ua2ru5«%, ~10!

a small sphereof radius«, surroundingthe point a. Then,we introducethe following notation,

@u,v#S5E
S
S ū

]v

]n
2v

] ū

]n D ds,

wherethe overbardenotescomplexconjugation;in particular, we write @u,v#[@u,v#S .
Lemma 1: Let ua

i be a point source at a. Let ub
i be a point source at b, with corresponding

scattered field ub
s and far-field pattern gb . Then

lim
r→`

@ua
i ,ub

s#Sr
52aeikaE

S2
gb~ r̂!eik r̂"ads~ r̂! ~11!

and

lim
«→0

@ua
i ,ub

s#Sa,«
54paeikaub

s~a!, ~12!

where Sr is a large sphere of radius r surrounding a and b, and Sa,« is the small sphere defined
by Eq. (10).

Proof: For Eq. ~11!, we usethe asymptoticrelations

ur2au5r2 r̂"a1O~r21! and ur2au21
5r21

1O~r22!, ~13!

asr→`, andobtain

ua
i ~r!5h0~kr !ga

i ~ r̂!1O~r22!, r→`, ~14!
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wherega
i ( r̂)5 ika exp$2ika(11 â"r̂)% is the far-field patternof the point-sourceincident wave.

Using Eqs.~8! and ~14! givesEq. ~11!.
For Eq. ~12!, we evaluate ua

i and its normal derivative on Sa,« . There, we have ua
i

5(a/«)eik(a2«) and(]/]n)ua
i
52(ik1«21)ua

i (r), where]/]n denotesnormaldifferentiationin
the outwarddirection.Using the meanvaluetheoremandletting «→0, Eq. ~12! is proved. h

Now, for two point sources,with position vectorsa and b, we definea spherical far-field
pattern generator for sphericalacousticwavesby

Gb~a!5 ikaeikaFub
s~a!2

1

2p
E

S2
gb~ r̂!eika"r̂ds~ r̂!G . ~15!

This terminologyanddefinitionareappropriatefor the following reason@seeEq. ~50! later in this
work#. Whenboth the point sourceandthe observationpoint recedeto infinity, Gb(a) reducesto
the far-field pattern for an incident plane wave propagatingin the direction 2b̂. Using this
notation,the generalscatteringtheoremfor sphericalwavesis formulatedasfollows.

Theorem 2: For any two point-source locations in V, a and b, we have

Gb~a!1Ga~b!1
1

2p
E

S2
gb~ r̂!ga~ r̂!ds~ r̂!5Ea,b , ~16!

where

Ea,b52
ik

4p
@ua

t ,ub
t #. ~17!

The value of Ea,b depends on the scatterer:

Ea,b50 for Dirichlet or Neumann conditions on S; ~18!

Ea,b52
k2l

2p
E

S
ub

t ~r!ua
t ~r!ds for the Robin condition (5) on S; ~19!

or

Ea,b52
k

2p
Im~b !E

V2
¹ua

2~r!•¹ub
2~r!dv~r! for a penetrable scatterer, ~20!

where b is the constant in the transmission conditions (6).
Proof: Let us first evaluateEa,b directly. For Dirichlet (u t

50) or Neumann(]u t/]n50)
conditions,we immediatelyobtainEq. ~18!. Similarly, theRobincondition~5! givesEq. ~19!. For
a penetrablescatterer, we usethetransmissionconditions~6!, applyGreen’s first theoremandtake
into accountthat Im(bh2)50 ~seep. 9 of Ref. 6!; this givesEq. ~20!.

Next, we give an alternativeevaluationof Ea,b . Thus, by the relationsua
t
5ua

i
1ua

s for a
5a,b we have

@ua
t ,ub

t #5@ua
i ,ub

i #1@ua
s ,ub

i #1@ua
i ,ub

s#1@ua
s ,ub

s#. ~21!

Sinceua
i andub

i areregularsolutionsof the Helmholtzequationin V2, Green’s secondtheorem
gives

@ua
i ,ub

i #50. ~22!

For theothertermsin Eq. ~21!, we considertwo small spheres,Sa,«1
andSb,«2

, centeredat a and
b with radii «1 and«2 , respectively, with Sa,«1

ùSb,«2
5B, as well asa largesphereSR centered
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at theorigin surroundingthewholesystemof thescattererandthetwo smallspheres.Sinceua
i (r)

andub
s(r) aresolutionsof the Helmholtzequation,for rÞa,b, Green’s secondtheoremgives

@ua
i ,ub

s#5@ua
i ,ub

s#SR
2@ua

i ,ub
s#Sa,«1

2@ua
i ,ub

s#Sb,«2
.

The third term is zerobecauseua
i andub

s are regularsolutionsof the Helmholtzequationin the
interior of Sb,«2

. Then,letting R→` and«1→0, usingLemma1, we obtain

@ua
i ,ub

s#524paeikaub
s~a!12aeikaE

S2
gb~ r̂!eik r̂"ads~ r̂!. ~23!

As @ua
s ,ub

i #52@ub
i ,ua

s#, we easilydeducethat

@ua
s ,ub

i #54pbe2 ikbua
s~b!22be2 ikbE

S2
ga~ r̂!e2 ik r̂"bds~ r̂!. ~24!

Finally, in view of the regularityof ua
s andub

s in the regionexterior to S, we have

@ua
s ,ub

s#5@ua
s ,ub

s#SR
.

Then,letting R→`, we passto the radiationzoneandthuswe canusethe asymptoticform ~8!,
giving

@ua
s ,ub

s#5

2i

k E
S2

ga~ r̂!gb~ r̂!ds~ r̂!. ~25!

SubstitutingEqs.~22!–~25! in Eq. ~21!, makinguseof Eq. ~17! andits evaluation,givesEq. ~16!,
andthe theoremis proved. h

Let us maketwo remarks.First, if the scattereris a losslesspenetrableobstacle,that is, the
physicalparameterb is real, thenwe obtainEa,b50 in Eq. ~16!, just asfor soft or hardscatterers.

Second,supposethat we have a penetrablescattererwith a core S2 on which u2
50 or

]u2/]n50. Then,the relation ~20! still holds,where,now, V2 denotesthe part of the scatterer
betweenthe surfacesS andS2.

IV. RECIPROCITY RELATIONS

Theproof of Theorem2 usestwo evaluationsof @ua
t ,ub

t #. If, instead,we startfrom @ua
t ,ub

t #,
we obtaina reciprocity theorem.This is not surprising,becauseua

t canbe regardedas the exact
Green’s functionfor thescatteringproblem.Thereciprocitytheoremcanbefoundon p. 48 of Ref.
6, for example.We quoteit here,usingour normalizations.

Theorem 3: For any two point-source locations in V, a and b, and for any scatterer, we have

h0~ka !ua
s~b!5h0~kb !ub

s~a!, ~26!

where h0(x)5eix/( ix).
From Eq. ~1!, we seethat the samereciprocityrelationholdsfor the incidentfields,aswell:

h0(ka)ua
i (b)5h0(kb)ub

i (a). Hence,by Eq. ~2! we concludethat the total exterior fields satisfy
h0(ka)ua

t (b)5h0(kb)ub
t (a).

We notethatthepresenceof themultiplicativeconstantin theabovereciprocityrelationis due
to the form of themodifiedsphericalwave,Eq. ~1!. If we considerthepoint sourceslying on the
samesphere,that is, a5b, thenwe obtainthe following results:

ua
s~b!5ub

s~a!, ua
i ~b!5ub

i ~a!, ua
t ~b!5ub

t ~a!. ~27!
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Theserelationsexpressthe fact that interchangingthe excitationwith the observationpoint, the
scattered,incidentandtotal fields remainunchanged.FromEq. ~26! we cannothavea reciprocity
relation for the correspondingsphericalfar-field patterns,becausewhen the point sourcesgo to
infinity the sphericalwavesreduceto planewaves.

V. THE OPTICAL THEOREM

In Ref. 8, an optical theoremfor sphericalwavesincident upon a soft scattererhas been
proved.Now, this theoremaswell asoptical theoremsfor scatterersof othertypes canbederived
ascorollariesof thegeneralscatteringtheorem.First we definethescatteringcross-sectiondueto
a point sourceat a ~Ref. 6! as

sa
s
5

1

k2 E
S2

uga~ r̂!u2ds~ r̂!, ~28!

the absorptioncross-sectionas

sa
a
5

1

k
Im E

S
ua

t
]ua

t

]n
ds, ~29!

andthe extinctioncross-sectionas

sa
e
5sa

s
1sa

a . ~30!

If we put a5b in Theorem2, we obtain

2 Re$Ga~a!%1
1

2p
E

S2
uga~ r̂!u2ds~ r̂!5Ea,a .

We canrewrite this equationusingEq. ~28! to give

sa
s
524pk22 Re$Ga~a!%12pk22Ea,a . ~31!

From the definitions~17! and ~29!, we have

sa
a
5

1
2 ik21@ua

t ,ua
t #522pk22Ea,a . ~32!

Hence,addingEqs.~31! and ~32!, Eq. ~30! gives

sa
e
524pk22 Re$Ga~a!%. ~33!

The valueof Ea,a is given in Theorem2. In particular, for a penetrablescatterer, we obtain

sa
a
52

1

k
Im~b !E

V2
u¹ua

2~r!u2dv~r!, ~34!

whereasfor an impedancesurface,we have

sa
a
5lkE

S
uua

t u2ds.

We remarkthat the absorptioncross-sectionsa
a providesa measureof the total energy taken

from the incident sphericalwave and absorbedby the surfaceof the scattererin the impedance
boundarycase,or by the lossymediumoccupyingV2 in the penetrablecase.It is clear that sa

a

50 for the soft andhardscatterersandsa
a>0 for the othercases.
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VI. MIXED SCATTERING RELATIONS

For inverseproblems,oneeffectivereconstructionmethodis thepoint-sourcemethod.1 Oneof
themainstepsof this methodis thederivationof mixedreciprocityrelations.Theserelationswere
introducedin Ref. 10 for sound-softscatterers,andin Ref. 1 for sound-hardscatterers.

In this section,we allow one of the two point sourcesconsideredpreviously to recedeto
infinity, so that we haveone sphericalincident wave and oneplaneincident wave.We let both
sourcesrecedeto infinity at the end of this section,and recoverknown resultsfor plane-wave
incidence.

An incidentplanewavepropagatingin the directionof the unit vector d̂ is given by

u i~r;d̂!5exp$ ikd̂"r%. ~35!

We havealreadynotedthat ua
i (r)→u i(r;2 â) as a→`.

For anincidentplanewave,Eq. ~35!, we denotethetotal field in V, thescatteredfield andthe
far-field patternby u t(r;d̂), us(r;d̂) and g( r̂;d̂), respectively, indicating the dependenceon the
incidentdirection d̂. We have4

ua
s~r!→us~r;2 â!, as a→` ~36a!

and

ga~ r̂!→g~ r̂;2 â!, as a→`. ~36b!

Now, considerour previousresults,involving a and b, and let b→`. Lemma1 gives the
following results.

Lemma 4: Let ua
i (r) be an incident spherical wave and let u i(r;2b̂) be an incident plane

wave. Then

lim
r→`

@ua
i ,us~•,2b̂!#Sr

52aeikaE
S2

g~ r̂;2b̂!eik r̂"ads~ r̂! ~37!

and

lim
«→0

@ua
i ,us~•,2b̂!#Sa,«

54paeikaus~a;2b̂!. ~38!

Next, we definea plane far-field pattern generator by

G~a;2b̂!5 lim
b→`

Gb~a! ~39!

5 ikaeikaFus~a;2b̂!2
1

2p
E

S2
g~ r̂;2b̂!eika"r̂ds~ r̂!G , ~40!

wherethe sphericalfar-field patterngeneratorGb(a) is definedby Eq. ~15!. We will alsorequire
lima→`Gb(a); this limit is containedin the following theorem.

Theorem 5: For two incident spherical waves, ua
i and ub

i , we have

lim
a→`

Gb~a!5gb~2 â! ~41!

and
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lim
a→`

G~a;2b̂!5g~2 â;2b̂!. ~42!

Proof: We proveEq. ~41!; a very similar argumentgivesEq. ~42!.
We choosecoordinatessothat thepoint sourceat a is on thez-axis.Then,takesphericalpolar

coordinates~u, w! on S2, so that â"r̂5cosu. Hencefor u50 we have r̂5 â, while for u5p we
haver̂52 â. If we define

Fb~u !5E
0

2p

gb~ r̂!dw, ~43!

thenwe haveFb(0)52pgb( â) andFb(p)52pgb(2 â). Hence

E
S2

gb~ r̂!eik r̂"ads~ r̂!5E
0

p

Fb~u !eika cosu sinudu

5

i

ka E0

p

Fb~u !
d

du
~eika cosu!du

5

2p i

ka
@gb~2 â!e2 ika

2gb~ â!eika#2

i

ka E0

p

eika cosu
dFb~u !

du
du.

From this equationandEq. ~15!, we find that

Gb~a!5 ikaeikaub
s ~a!1eika@gb~2 â!e2 ika

2gb~ â!eika#1

eika

2p
E

0

p

eika cosu
dFb~gv !

du
du. ~44!

In view of Eq. ~8! andtaking into accountthat the integralin Eq. ~44! tendsto zeroasa→`, by
the Riemann-Lebesguelemma,we get Eq. ~41!.

We cannow let b→` in the generalscatteringtheorem,Theorem2; this givesthe following
results.

Theorem 6: Let ua
i (r) be an incident spherical wave and let u i(r;2b̂) be an incident plane

wave. Then

G~a;b̂!1ga~2b̂!1
1

2p
E

S2
g~ r̂;2b̂!ga~ r̂!ds~ r̂!5Ma~2b̂!, ~45!

where Ma(2b̂)5 limb→` Ea,b :

Ma~2b̂!50 for Dirichlet or Neumann conditions on S; ~46!

Ma~2b̂!52
k2l

2p
E

S
u t~r;2b̂!ua

t ~r!ds~ r̂! for the Robin condition (5) on S; ~47!

or

Ma~2b̂!52
k

2p
Im~b !E

V2
¹ua

2~r!•¹u2~r;2b̂!dv~r! for a penetrable scatterer. ~48!

The mixed reciprocityprinciple is containedin the next theorem.
Theorem 7: Let ua

i (r) be an incident spherical wave and let u i(r;2b̂) be an incident plane
wave. Then, we have the following reciprocity relation:
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ga~ b̂!5 ikae2 ikaus~a;2b̂!. ~49!

Proof: Let b→` in Theorem3, usingEqs.~8! and ~36a!. h

This resultmeansthat thesphericalfar-field patternof thepoint sourceat a in thedirectionb̂
is proportionalto the scatteredfield at a dueto the incidentplanewavewith directionof propa-
gation2b̂.

Finally, if we combineEqs.~36b!, ~39!, ~41! and ~42!, we obtain

lim
a→`

lim
b→`

Gb~a!5 lim
b→`

lim
a→`

Gb~a!5g~2 â;2b̂!. ~50!

We canthencheckthat letting both point sourcesrecedeto infinity, a→` andb→`, yields the
known scatteringandoptical theoremsfor plane-wavescattering;seeRefs.11–13, 6, and8.

VII. FORMULATION: ELECTROMAGNETICS

In the remainderof the article, we considerelectromagneticproblems.The exteriorV is an
infinite homogeneousmediumwith electricpermittivity «, magneticpermeabilitym, phaseveloc-
ity c andconductivitys50. The scattererV2 is filled with a homogeneousmediumwith corre-
spondingphysicalparameters«2, m2, c2 ands2Þ0.

We consideranincidentsphericalelectromagneticwavedueto a sourcelocatedat a pointwith
positionvectora, with respectto the origin O. This incidentwave(Ea

i ,Ha
i ) hasthe form9

Ea
i ~r;p̂!5

ae2 ika

ik
¹3S eikur2au

ur2au
â3p̂D , ~51!

Ha
i ~r;p̂!5~ ik !21~«/m !1/2¹3Ea

i ~r;p̂!, ~52!

wherep̂ is a constantunit vectorwith p̂• â50, k5vA«m.0 is the free-spacewavenumber, and
a5uau. Physically, (Ea

i ,Ha
i ) representsthe field generatedby a magneticdipole with dipole

momentâ3p̂; seep. 163 of Ref. 14 or p. 23 of Ref. 6. The coefficientae2 ika/( ik) in Eq. ~51!
assuresthat whenthe point sourcetendsto infinity the sphericalwavereducesto a planeelectric
wavewith directionof propagation2 â andpolarizationp̂. The total electricexteriorfield Ea

t is
given by

Ea
t ~r;p̂!5Ea

i ~r;p̂!1Ea
s~r;p̂!, rPV\$a%, ~53!

whereEa
s(r;p̂) is the scatteredelectricfield, which satisfiesthe Silver-Müller radiationcondition

lim
r→`

~r3¹3Ea
s
1 ikrEa

s!50 ~54!

uniformly in all directionsr̂PS2, whereS2 is the unit sphere.Ea
t solvesthe equation

¹3¹3Ea
t
5k2Ea

t in V. ~55!

We notethattheincidentelectricfield satisfiestheradiationcondition~54!, andhencethetotal
electricfield alsosatisfiesEq. ~54!.

The surfaceof the scatterermay be perfectlyconducting,in which case

n̂3Ea
t
50 on S, ~56!

or it may be animpedancesurface,in which case

n̂3¹3Ea
t
52~ ik/Zs!n̂3~ n̂3Ea

t ! on S, ~57!
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wherethedimensionlessparameterZs denotesthesurfaceimpedancerelativeto thecharacteristic
impedanceof the mediumandmay vary on S.

If the scattereris a dielectric, the incident electromagneticwavesare transmittedinto the
scatterer. Let Ea

2 be the total electricfield in the interior. ThenEa
2 satisfies

¹3¹3Ea
2

5h2k2Ea
2 in V2, ~58!

wherethecomplexconstanth is therelativeindexof refraction;on thesurfaceof thescattererwe
havethe following transmissionconditions:

n̂3Ea
t
5n̂3Ea

2 and n̂3¹3Ea
t
5~m/m2!n̂3¹3Ea

2 on S.

The behaviorof the scatteredelectricfield in the radiationzoneis given by

Ea
s~r!5h0~kr !ga~ r̂!1O~r22!, r→`, ~59!

wherega( r̂) is the far-field pattern.
More detailson the physicalparametersof the aboveproblemscanbe found in Ref. 6. Each

problemhasa uniqueandstableclassicalsolution.14,15

VIII. GENERAL SCATTERING THEOREM: ELECTROMAGNETICS

In the sequel,for an incident time-harmonicsphericalwave Ea
i (r;p̂) due to a point source

locatedat a, we will denotethe total field in V, the scatteredfield and the far-field patternby
writing Ea

t (r;p̂), Ea
s(r;p̂) andga( r̂;p̂), respectively, indicatingthedependenceon thepositiona of

the point sourceand the polarizationp̂. Also, the total electric field in V2 will be denotedby
Ea

2(r;p̂). We considera point sourceat a with polarizationp̂1 andanotherpoint sourceat b with
polarizationp̂2 .

For a shorthandnotation,we use

$E,E8%S5E
S
@~ n̂3Ē!•~¹3E8!2~ n̂3E8!•~¹3Ē!#ds;

in particular, we write $E,E8%[$E,E8%S .
Lemma 8: Let Ea

i (r;p̂1) be a point source at a. Let Eb
i (r;p̂2) be a point source at b, with

corresponding scattered field Eb
s(r;p̂2) and far-field pattern gb( r̂;p̂2). Then

lim
r→`

$Ea
i ~•;p̂1!,Eb

s~•;p̂2!%Sr
52aeikaE

S2
gb~ r̂;p̂2!•~ r̂3~ â3p̂1!!eik r̂"ads~ r̂! ~60!

and

lim
«→0

$Ea
i ~•;p̂1!,Eb

s~•,p̂2!%Sa,«
54p i~a/k !eika~¹3Eb

s~a;p̂2!!•~ â3p̂1!, ~61!

where Sr is a large sphere of radius r enclosing a and b, and Sa,« is a small sphere surrounding
a, defined by Eq. (10).

Proof: For Eq. ~60!, we usethe asymptoticforms ~13!. Theseshowthat the incidentelectric
wavetakesthe form

Ea
i ~r;p̂1!5h0~kr !ga

i ~ r̂;p̂1!1O~r22!, r→`, ~62!

wherega
i ( r̂;p̂1)5 ika exp$2ika(11 r̂"â)% ( r̂3( â3p̂1)) is the far-field patternof the point source

incidentwave.Using Eqs.~59! and ~62! we establishEq. ~60!. Note that r̂"ga
i ( r̂;p̂1)50.

For Eq. ~61!, somecalculationsshowthat
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$Ea
i ~•,p̂1!,Eb

s~•,p̂2!%Sa,«
5aeikaH E

Sa,«

n̂•¹3@~~ â3p̂1!•¹h0~kur2au!!Eb
s#ds

1E
Sa,«

~ ik1ur2au21!h0~kur2au!~¹3Eb
s!•~ â3p̂1!ds

2k2E
Sa,«

n̂•@Eb
s
3~ â3p̂1!#h0~kur2au!dsJ .

The first integralon the right-handsidevanishesby Stokes’s theorem.Applying the meanvalue
theoremon the remainingintegralsandletting «→0, we obtainEq. ~61!. h

For two incident sphericalelectric waves,Ea
i (r;p̂1) and Eb

i (r;p̂2), we define a spherical
far-field pattern generator, as follows:

Gb~a;p̂2!5eikaa3F¹3Eb
s~a;p̂2!2

ik

2p
E

S2
r̂3gb~ r̂;p̂2!eik r̂"ads~ r̂!G . ~63!

As we shallseelater, whenthepoint sourcesrecedeto infinity, Gb(a;p̂2) is reducedto thefar-field
patternfor anincidentplaneelectricwavepropagatingin thedirection2 â andof polarizationp̂2 .
Using this notation,the generalscatteringtheoremfor sphericalelectric wavesis formulatedas
follows.

Theorem 9: For any two point-source locations in V, a and b, and for any polarizations, p̂1

and p̂2 , we have

p̂1•G1~a;p̂2!1p̂2•Ga~b;p̂1!1

1

2p
E

S2
gb~ r̂;p̂2!•ga~ r̂;p̂1!ds~ r̂!5Ea,b~ p̂1 ;p̂2!, ~64!

where

Ea,b~ p̂1 ;p̂2!52

ik

4p
$Ea

t ~•,p̂1!,Eb
t ~•,p̂2!%. ~65!

The value of Ea,b depends on the scatterer:

Ea,b50 for a perfectly conducting surface; ~66!

Ea,b~ p̂1 ;p̂2!52
k2

2p
E

S

Re~ZS!

uZSu2
~ n̂3Ea

t ~ r̂;p̂1!!•~ n̂3Eb
t ~ r̂;p̂2!!ds~r! ~67!

for the impedance boundary condition (57); or

Ea,b~ p̂1 ;p̂2!52
k3m

2pm2
Im~h2!E

V2
Ea

2~ r̂;p̂1!•Eb
2~ r̂;p̂2!dv ~68!

for a dielectric scatterer.
Proof: We proceedexactlyasin theproof of Theorem2. First,we evaluateEa,b directly, using

the boundaryor transmissionconditionson S; for the dielectric scatterer, we haveto apply the
divergencetheoremin V2. This givesthe statedexpressionsfor Ea,b .

Next,we give analternativeevaluationof Ea,b , usingtherelationsEa
t
5Ea

i
1Ea

s , for a5a, b.
Formally, the calculationsproceedasbefore,with $•,•% in placeof @•,•#. We alsousethe vector
versionof Green’s secondtheorem,which gives

$Ea
i ,Eb

i %50, ~69!
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$Ea
i ,Eb

s%524p i~a/k !eika~¹3Eb
s~a;p̂2!!•~ â3p̂1!12aeikaE

S2
gb~ r̂;p̂2!•~ r̂3~ â3p̂1!!eik r̂"ads~ r̂!

~70!

and

$Ea
s ,Eb

s%5
2i

k E
S2

ga~ r̂;p̂1!•gb~ r̂;p̂2!ds~ r̂!. ~71!

The remainingdetailsareomitted. h

Thereis alsoa reciprocitytheorem,asEa
t is an exactGreen’s function. It canbe found on p.

63 of Ref. 6, for example.With our normalizations,it takesthe following form.
Theorem 10: For any two point-source locations in V, a and b, for any polarizations, p̂1 and

p̂2 , and for any scatterer, we have

h0~ka !~ b̂3p̂2!•~¹3Ea
s~ b̂;p̂1!!5h0~kb !~ â3p̂1!•~¹3Eb

s~ â;p̂2!!. ~72!

IX. OPTICAL THEOREM: ELECTROMAGNETICS

In Ref. 9, an optical theoremfor sphericalwavesincidentupona perfectconductor hasbeen
proved.Here,we generalizethis result to otherscatterers,usingthe generalscatteringtheorem.

First we definethe scatteringcross-sectiondueto a point sourceat a ~Ref. 6! as

sa
s
5

1

k2 E
S2

uga~ r̂;p̂!u2ds~ r̂!, ~73!

the absorptioncross-sectionas

sa
a
5

1

k
Im E

S
n̂"~Ea

t
3¹3Ea

t !ds ~74!

andthe extinctioncross-section,sa
e , by Eq. ~30!.

If we put a5b and p̂15p̂25p̂ in Theorem9, we obtain

2 Re@ p̂"Ga~a;p̂!#1
1

2p
E

S2
uga~ r̂;p̂!u2ds~ r̂!5Ea,a~ p̂;p̂!,

which we canrewrite as

sa
s
524pk22 Re@ p̂"Ga~a;p̂!#12pk22Ea,a~ p̂;p̂!. ~75!

From the definitions~65! and ~74!, we have

sa
a
5

1
2 ik21$Ea

t ~•,p̂!,Ea
t ~•,p̂!%522pk22Ea,a~ p̂;p̂!. ~76!

Hence,addingEqs.~75! and ~76!, the definition ~30! gives

sa
e
524pk22 Re@ p̂•Ga~a;p̂!#. ~77!

The valueof Ea,a(p̂;p̂) is given in Theorem9; it dependson the scatterer’s properties.

X. MIXED SCATTERING RELATIONS

Let

Ei~r;d̂,p̂!5p̂ exp$ ikd̂"r%. ~78!
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be anincidenttime-harmonicplaneelectricwave,wherethe unit vector d̂ describesthe direction
of propagationandtheunit vectorp̂ givesthepolarization.We will indicatethedependenceof the
total field in V, the total field in V2, the scatteredfield and the electric far-field patternon the
incident direction d̂ and the polarization p̂ by writing Et(r;d̂,p̂), E2(r;d̂,p̂), Es(r;d̂,p̂) and
g( r̂;d̂,p̂), respectively.

Here, we considermixed situations,and relate fields due to one sphericalelectric wave
Ea

i (r;p̂1) and oneplaneelectricwaveEi(r;2b̂,p̂2); we do this by letting b→` in our previous
results.

Using theasymptoticforms ~13!, we caneasilyshowthat for thesphericalelectricwave~51!
we have

lim
b→`

Eb
i ~r;p̂!5Ei~r;2b̂,p̂!, ~79!

that is the sphericalelectric wave, when the point sourcegoesto infinity, reducesto a plane
electric wave with direction of propagation2b̂ and polarizationp̂. Similarly, we haveEb

t (r;p̂)
→Et(r;2b̂,p̂), Eb

s(r;p̂)→Es(r;2b̂,p̂) andgb( r̂;p̂)→g( r̂;2b̂,p̂) as b→`.
Next, let b→` in Lemma8 to give the following result.
Lemma 11: Let Ea

i (r;p̂1) be an incident spherical electric wave and let Ei(r;2b̂,p̂2) be an
incident plane electric wave. Then

lim
r→`

$Ea
i ~•;p̂1!,Es~•;2b̂,p̂2!%Sr

52aeikaE
S2

g~ r̂;2b̂,p̂2!•~ r̂3~ â3p̂1!!eik r̂"ads~ r̂!

and

lim
«→0

$Ea
i ~•;p̂1!,Es~•;2b̂,p̂2!%Sa,«

54p i~a/k !eika~¹3Es~a;2b̂,p̂2!!•~ â3p̂1!.

We definea plane far-field pattern generator by the formula

G~a;2b̂,p̂2!5 lim
b→`

Gb~a;p̂2!5eikaa3F¹3Es~a;2b̂,p̂2!2

ik

2p
E

S2
r̂3g~ r̂;2b̂ ,p̂2!eik r̂"ads~ r̂!G ,

whereGb(a;p̂2) is definedby Eq. ~63!. Other limiting valuesaregiven in the next theorem.
Theorem 12: For two incident point source electric waves, Ea

i (r;p̂1) and Eb
i (r;p̂2), we have

lim
a→`

Gb~a;p̂!5gb~2 â;p̂2! ~80!

and

lim
a→`

G~a;2b̂,p̂2!5g~2 â;2b̂,p̂2!. ~81!

Proof: For Eq. ~80!, we usesphericalpolar coordinates~u, w! asin the proof of Theorem5,
anddefine

Fb~u !5E
0

2p

r̂3gb~ r̂;p̂2!dw.

In particular, we haveFb(0)52p â3gb( â;p̂2) andFb(p)522p â3gb(2 â;p̂2). Hence
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E
S2

r̂3 ĝb~ r̂;p̂2!eik r̂"ads~ r̂!5E
0

p

Fb~u !eika cosu sinudu

5

i

ka
@Fb~p !e2 ika

2Fb~0!eika#2

i

ka E0

p

eika cosu
dFb~u !

du
du

;2

2p i

ka
â3@gb~2 â;p̂2!e2 ika

1gb~ â;p̂2!eika#

for large a. From this equationand Eq. ~63!, we arrive at Eq. ~80!. The proof of Eq. ~81! is
similar. h

We cannow let b→` in the generalscatteringtheorem,Theorem9.
Theorem 13: Let Ea

i (r;p̂1) be an incident spherical electric wave and let Ei(r;2b̂,p̂2) be an
incident plane electric wave. Then

p̂1"G~a;2b̂,p̂2!1p̂2•ga~ b̂;p̂1!1
1

2p
E

S2
g~ r̂;2b̂,p̂2!•ga~ r̂;p̂1!ds~ r̂!5Ma~2b̂;p̂1 ,p̂2!,

where Ma(2b̂;p̂1 ,p̂2)5 limb→` Ea,b(p̂1 ;p̂2):

Ma~2b̂;p̂1 ,p̂2!50 ~82!

for a perfectly conducting surface;

Ma~2b̂;p̂1 ,p̂2!52
k2

2p
E

S

Re~ZS!

uZSu2 ~ n̂3Et~ r̂;2b̂,p̂2!!•~ n̂3Ea
t ~ r̂;p̂1!!ds~ r̂! ~83!

for the impedance boundary condition; or

Ma~2b̂;p̂1 ,p̂2!52
k3m

2pm2
Im~h2!E

V2
Ea

2~ r̂;p̂1!"E2~ r̂;2b̂,p̂2!dv ~84!

for a dielectric scatterer.
Proof: Theproof is similar to thatof Theorem9. Theonly substantialdifferenceappearsin the

formula for $Ea
s ,Ei%; cf. Eq. ~70!. Now, usingtheplaneelectricwave~78!, we find that ~seep. 59

of Ref. 6!

$Ea
s~•;p̂1!,Ei~•;2b̂,p̂2!%5p̂2•E

S
@ n̂3¹3Ea

s~r;p̂1!1 ikb̂3~ n̂3Ea
s~r;p̂1!!#e2 ikb̂"rds~r!

54p ik21p̂2•ga~2 b̂,p̂1!.

h

The mixed reciprocity relation for perfectconductorsis Theorem2.3.4 in Ref. 1. It is valid
moregenerally, as follows.

Theorem 14: Let Ea
i (r;p̂1) be an incident spherical electric wave and let Ei(r;2b̂,p̂2) be an

incident plane electric wave. Then

p̂2"ga~ b̂,p̂1!5e2 ikap̂1•@~¹3Es~a;2b̂,p̂2!!3 â#. ~85!

Proof: Working asin the proof of Theorem10 andtaking into accountthat

$Ea
i ~•;p̂1!,Es~•;2b̂,p̂2!%54p i~a/k !e2 ika~¹3Es~a;2b̂,p̂1!!•~ â3p̂1!

and

5696 J. Math. Phys., Vol. 43, No. 11, November 2002 Athanasiadis et al.

Downloaded 14 Jun 2004 to 158.125.1.23. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



$Ea
s~•;p̂1!,Ei~•;2b̂,p̂2!%524p ik21p̂2•ga~ b̂,p̂1!,

Theorem14 is proved. h

To conclude,we notethat we alsohave

lim
a→`

lim
b→`

Gb~a;p̂2!5 lim
b→`

lim
a→`

Gb~a;p̂2!5g~2 â;2b̂,p̂2!.

This can be usedto verify that the known scatteringrelationsfor plane-waveincidence14,6 are
recoveredwhen a→` and b→`. Furthermore,Eq. ~81! and the reciprocity principle for plane
waves6 givesthe following limiting property:

lim
a→`

p̂1•G~a;2b̂,p̂2!5 lim
b→`

p̂2•G~2b; â,p̂1!.

1R. Potthast,Point-Sources and Multipoles in Inverse-Scattering Theory ~Chapman& Hall/CRC, London,2001!.
2N. A. Logan,Proc.IEEE 53, 773 ~1965!.
3Electromagnetic and Acoustic Scattering by Simple Shapes, edited by J. J. Bowman,T. B. A. Senior, and P. L. E.
Uslenghi~North Holland,New York, 1969!.

4G. DassiosandG. Kamvyssas,IMA J. Appl. Math. 55, 67 ~1995!.
5G. DassiosandG. Kamvyssas,Q. J. Mech.Appl. Math. 50, 321 ~1997!.
6G. DassiosandR. Kleinman,Low Frequency Scattering ~Clarendon,Oxford, 2000!.
7J. Coyle, InverseProbl. 16, 275 ~2000!.
8C. Athanasiadis,P. A. Martin, andI. G. Stratis,IMA J. Appl. Math. 66, 539 ~2001!.
9C. Athanasiadis,P. A. Martin, and I. G. Stratis, ‘‘ On the scatteringof point-generatedelectromagneticwavesby a
perfectlyconductingsphere,andrelatednear-field inverseproblems,’’ Z. Angew. Math.Mech., to appear.

10R. Kress,‘‘Integral equationmethodsin inverseacousticandelectromagneticscattering,’’ in Boundary Integral Formu-
lations for Inverse Analysis, edited by D. B. Ingham and L. C. Wrobel ~ComputationalMechanicsPublications,
Southampton,1997!, pp. 67–92.

11V. Twersky, J. Appl. Phys.25, 859 ~1954!.
12A. T. de Hoop, Handbook of Radiation and Scattering of Waves ~Academic,London,1995!.
13C. Athanasiadis,J. Austral.Math. Soc.,Ser. B 39, 431 ~1998!.
14D. Colton andR. Kress,Inverse Acoustic and Electromagnetic Scattering Theory ~Springer, Berlin, 1992!.
15D. Colton andR. Kress,Integral Equation Methods in Scattering Theory ~Wiley, New York, 1983!.

5697J. Math. Phys., Vol. 43, No. 11, November 2002 Scattering relations for point sources

Downloaded 14 Jun 2004 to 158.125.1.23. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp


