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Soundwavesalong a rigid axisymmetrictube with a variablecross-sectionare considered.The
governing Helmholtz equation is solved using power-series expansionsin a stretchedradial
coordinate, leading to a hierarchy of one-dimensionalordinary differential equationsin the
longitudinaldirection.Thelowestapproximationfor axisymmetricmotionturnsout to beWebster’s
horn equation.Fourth-orderdifferentialequationsareobtainedat the next level of approximation.
Comparisonswith existing asymptotictheoriesfor waves in slendertubesare made. © 2004
Acoustical Society of America. @DOI: 10.1121/1.1775272#

PACS numbers: 43.20.Mv @LLT # Pages:1381–1388

I. INTRODUCTION

Webster’s hornequation~1919! givesa one-dimensional
approximationfor low-frequencysoundwavesalonga rigid
tubewith a variablecross-sectionalareaA(z). The equation
itself canbe written as

1

A

d

dz S A~z !
dP

dz D1k2P~z !50, ~1!

wherek5v/c, v is the frequency, c is the ~constant! speed
of sound,andz is thecoordinatealongthetube.Equation~1!
canbe derivedby consideringa thin layer of the fluid at z,
perpendicularto the z-direction,with theassumptionthat the
acousticpressureis constantover this layer; this pressureis
P(z). For a succinctderivation,see~Pierce,1989,p. 360!.
Alternative derivations and extensionsto other problems
~suchaswith fluid flow throughthe tube! areavailable;see,
for example,~Reinstra,2002! and~Hélie, 2003!. Exactsolu-
tions of Eq. ~1! are availablefor variousspecificA(z); for
somerecentresults,see~Kumar andSujith, 1997!.

In 1967, Eisnerpublishedan excellentreview of early
work basedon Eq. ~1!. On p. 1127, we read: ‘‘Eq. ~1! is
usually called ‘Webster’s horn equation,’but we see that
there is little justification for this name.Daniel Bernoulli,
Euler, and Lagrangeall derived the equationand did most
interestingwork on its solution,morethan150 yearsbefore
Webster.’’

We are interestedin giving a systematicderivation of
Webster’s equation,and of higher-order variants.We limit
our analysis to axisymmetric tubes, and obtain Webster’s
equationwhenwe seekaxisymmetricsolutions.We alsocon-
sidernonaxisymmetricmotions.To be specific,we consider
a tube of finite length,and seekthe frequenciesof free vi-
brationof the compressiblefluid within the closedtube.

In 1916~threeyearsbeforeWebster’s paper!, Lord Ray-
leigh publisheda paperon axisymmetricmotionsin an axi-
symmetrictube.He beganby writing thegeneralsolutionof
theaxisymmetricHelmholtzequationin cylindrical polarco-
ordinates(r,u,z) as

u~r,u,z !5J0S rA d2

dz2
1k2D u0~z !, ~2!

whereu0(z)5u(0,u,z) is the value of u on the axis of the
tube;astheBesselfunctionJ0(w) hasa power-seriesexpan-
sion in integerpowersof w2, this providesmeaningto the
right-handside of Eq. ~2! @seeEq. ~26! below#. Rayleigh
then obtainedan equationfor u0(z) by applyingthe bound-
ary conditionon therigid wall of the tube;asa first approxi-
mation,heobtainedEq. ~1! @seeEq. ~8! in ~Rayleigh,1916!#.
He also discussedsome higher-order approximations.We
shall adopt a similar approach,althoughwe do not begin
with anexplicit representationsuchasEq. ~2!: we shallusea
Frobenius-typepower-seriesexpansionfor the radial varia-
tion of u(r,u,z).

After formulatingtheproblemin Sec.II, weexaminethe
specialcaseof circular cylinders in Secs.III and IV. The
exactsolutionfor theeigenfrequenciesis recalledin Sec.III.
Then,the approximatemethodis developedin Sec.IV. It is
basedon someobservationsof Boström ~2000! for the re-
lated axisymmetricproblemsof elastic waves in isotropic
rods. In principle, we can obtain a heirarchyof approxima-
tions: We give explicit resultsfor the first two membersof
this heirarchy. Apart from the merits of explaining the
methodfor a simplecase,we arealsoableto give a quanti-
tative comparisonwith the exactsolutionsfrom Sec.III.

In Sec. V, we consider axisymmetric, noncylindrical
tubes.We changevariablesin thegoverningHelmholtzequa-
tion from r andz to r andz, wherer is a scaledversionof r
chosento that the lateralboundaryis mappedto r5constant;
this has the effect of complicating the partial differential
equation~via thechainrule! but hasthevirtue thatthelateral
boundarycondition is appliedon a coordinatesurface.The
complicationsbring the shapeof the boundaryinto the dif-
ferentialequation@cf. Webster’s equation~1!# but theycanbe
dealtwith readily becausewe thenusea Frobenius-typeex-
pansionin the new ‘‘radial’’ variabler. Again, we obtain a
hierarchyof approximations.Thefirst approximationgivesa
second-orderordinary differential equation; it reducesto
Webster’s equationfor axisymmetricmotions. The second
approximation gives a fourth-order ordinary differentiala!Electronicmail: pamartin@mines.edu
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equation.In order to assesstheseapproximations,we com-
parewith someresultsof Ting andMiksis ~1983! andGeer
and Keller ~1983!. Theseauthorsbeganwith the governing
elliptic boundary-valueproblemfor wavesin slendertubes,
and then obtainedvarious asymptoticapproximations.The
comparisonsaremadein Sec.VI. Someconcludingremarks
canbe found in Sec.VII.

In summary, the approximatemethoddescribedbelow
hastwo virtues.First, the approximationscanbe improved.
Second,theuseof powerseriesmeansthat thebasicmethod
canbe appliedto muchmorecomplicatedequationsof mo-
tion, and to systemsof such equations.For example,the
propagationof elasticwavesin nonuniformanisotropicrods
canbestudied;for somepreliminaryresultsin this direction,
see~Martin, 2004!.

II. FORMULATION

Considera tube of circular cross-sectionand length L.
Using cylindrical polar coordinates,( r̃,u,z̃), the interior of
the tubeis specifiedby

0< r̃,aR̃~ z̃ !, 0<u,2p, 0, z̃,L,

where0,R̃( z̃)<1, so that 2a is the maximumdiameterof
the tube.It will be convenientto definedimensionlessvari-
ables,usingL asour lengthscale.Thus,we put

r5 r̃/L, z5 z̃/L, R̃~ z̃ !5R~z ! and «5a/L.

~Later, we shall regard« as a small parameter.! Hence,the
tubebecomes

0<r,«R~z !, 0<u,2p, 0,z,1.

Inside thetube, the acousticpotentialU(r,u,z,t) satis-
fies the waveequation

1

r

]

]r S r
]U

]r D1

1

r2

]2U

]u2
1

]2U

]z2
5

L2

c2

]2U

]t2
, ~3!

wherec is thespeedof sound.On thelateralwall of thetube,
the normalderivativeof U vanishes

]U

]r
2«R8~z !

]U

]z
50 on r5«R~z !, 0,z,1. ~4!

We assumethat R(0) and R(1) areboth positive,andclose
the two endsof the tubewith rigid circular discs,giving

]U/]z50 at z50 and at z51. ~5!

We seekfreevibrationsof thecompressiblefluid within
the axisymmetric tube. Thus, we put U(r,u,z,t)
5u(r,z)cosmu cosvt, where m is a non-negativeinteger
andv is the frequency. The waveequationbecomes

r
]

]r S r
]u

]r D1r2
]2u

]z2
1~k2r2

2m2!u50, ~6!

where~now! k5vL/c is a dimensionlesswavenumber. We
areinterestedin determiningeigenfrequencies v sothatthere
is a nontrivial u that satisfiesEq. ~6! andthe boundarycon-
ditions.

III. CIRCULAR TUBE: EXACT SOLUTION

Considera circular tubewith R(z)51 for 0,z,1. We
can write down separatedsolutions of Eq. ~6!, u(r,z)
5Jm(lr)cosmz, whereJm is a Besselfunction,andl andm
arearbitraryconstantssatisfyingk2

5l2
1m2. Theboundary

conditionsgive l«5 jm,,8 andm5Np, whereN>0 and,>1
are integersand jm,,8 is the ,-th zero of Jm8 :Jm8 ( jm,,8 )50,
,51, 2,...,.Hence,

k2
5~Np !2

1~ jm,,8 !2«22. ~7!

This is the exactsolutionof the problem.It canbe found in
textbooks@for example,p. 221 of ~Kinsler et al., 1982!# and
wasgiven by Lord Rayleighin the first edition of volumeII
of The Theory of Sound, publishedin 1878~Rayleigh,1945!.

A. Axisymmetric modes „mÄ0…

The axisymmetricproblem(m50) is unusual,because
we can take l50: both Eq. ~6! and the lateral boundary
condition on r5« are satisfiedby u(r,z)5cosmz, so that
onesetof eigenfrequenciesis given by

k5Np for all «.0. ~8!

This set is elementary;it canbe found in Sec.62 of Lamb’s
book ~1960!.

The next setcomesby using j0,28 .3.832

k2
5~Np !2

114.68«22, N50,1,2,...,. ~9!

B. Flexural modes „mÄ1…

We arealso interestedin nonaxisymmetricmotions.As
an example,we considerthe casem51 ~‘‘flexural modes’’ !.
As j1,18 .1.841 and j1,28 .5.331, Eq. ~7! gives the first two
setsof eigenfrequenciesas

k2
5~Np !2

13.39«22 and k2
5~Np !2

128.42«22

~10!

for N50,1,2,...,later, we will comparethe coefficients3.39
and28.42with thoseobtainedby certainapproximatetheo-
ries.

IV. CIRCULAR TUBE: APPROXIMATE METHOD

If thetubeis slender, «[a/L!1, weexpectto beableto
derive one-dimensionaltheories. We shall do this using
power seriesin r. Note that we do not limit ourselvesto
polynomials in r, andso we arenot limited, in principle, to
very long waves.Nevertheless,it turnsout thatthelow-order
truncationsobtainedbelow work bestfor longerwaves.

We begin,as in the methodof Frobenius,by writing

u~r,z !5 (
n50

`

r2n1aun~z !, ~11!

wherea and un(z) are to be found. Substitutionin Eq. ~6!
gives

~a2
2m2!u0~z !1 (

n50

`

r2n12$sn~a !un111un91k2un%50,

wheresn(a)5(2n121a)2
2m2. Justas in the methodof

Frobeniusfor ordinarydifferentialequations,we requirethat
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everycoefficientof r, vanishes.For the first term to vanish,
we obtaina2

5m2. As we wantu to beboundedat r50, we
takea51m, andthenwe obtain

un9~z !1k2un~z !524~n11!~n1m11!un11~z !,

n50,1,2,...,.

Notice that this proceduredoes not determineu0(z).
However, following Boström ~2000!, we note that u1 ,
u2 ,..., are all determinedby u0 ; for example,we have

u152

u091k2u0

4~m11!
~12!

and

u252

u191k2u1

8~m12!
5

u0
iv

12k2u091k4u0

32~m11!~m12!
.

Then,regardless of the choice of u0 , theinfinite seriesin Eq.
~11! will give anexactsolutionof Eq. ~6!, assumingthat the
seriesconverges.

The end boundary conditions, Eq. ~5!, give
(n50

` r2nun8(z)50 at the two ends,whence

un8~0!5un8~1!50, n50,1,2,...,. ~13!

The lateralboundaryconditionreducesto ]u/]r50 on
r5«, andthis gives

(
n50

`

~2n1m !«2nun~z !50, 0,z,1.

Eliminating un in favor of u0 , we obtain an equationfor
u0(z)

05mu01~m12!«2u11~m14!«4u21¯

5mu02

~m12!«2

4~m11!
~u091k2u0!

1

~m14!«4

32~m11!~m12!
~u0

iv
12k2u091k4u0!1¯. ~14!

At this stage,no approximationshave beenmade.We
obtainvariousapproximationsby truncatingEq. ~14!; this is
donenext.

A. First approximation

If we discardall termswith powersof « greaterthan2 in
Eq. ~14!, we obtain

u09~z !1Em
~1!u0~z !50, ~15!

where

Em
~1!~k,« !5k2

2@4m~m11!/~m12!#«22. ~16!

FromEq. ~13!, we seethatEq. ~15! is to besolvedsubjectto
u08(0)5u08(1)50.

If we look for solutionsof Eq. ~15! in the form

u0~z !5cosmz, ~17!

we find that m2
5Em

(1)(k,«). Then, in order to satisfy the
boundaryconditionson the two endsof the tube,we obtain
m5Np, whence

k2
5~Np !2

1@4m~m11!/~m12!#«22.

This can be comparedwith the exactsolution,Eq. ~7!. For
m50, we recovertheexactsetof solutionsgivenby Eq. ~8!.
For m51, we can comparewith Eq. ~10!; when m51, we
have 4m(m11)/(m12)58/3.2.67 which is in error by
about20%.

B. Second approximation

If we retainthe termsin «4 in Eq. ~14!, we obtain

u0
iv~z !1Cmu09~z !1Em

~2!u0~z !50, ~18!

where

Cm~k,« !52k2
2

8~m12!2

~m14!«2
, ~19!

Em
~2!~k,« !5k4

1

32~m11!~m12!

~m14!«4 Fm2

~m12!~k« !2

4~m11!
G .

~20!

The fourth-orderEq. ~18! is to be solvedsubjectto

u08~0!5u0-~0!5u08~1!5u0-~1!50, ~21!

usingEq. ~12! to expressu18 in termsof u0- andu08 , andEq.
~13!.

SubstitutingEq. ~17! in Eq. ~18! gives

m4
2m2

Cm~k,« !1Em
~2!~k,« !50, ~22!

andthena routinecalculationyields

m2
5k2

2nm /«2
5mm

2 ~k,« !, ~23!

say, wherenm5xm14(m12)2/(m14) and

xm56S 11

1

4
m D

21

A~m12!~814m24m2
2m3!.

~24!

Finally, the endboundaryconditionsgive

k2
5~Np !2

1nm /«2. ~25!

1. Axisymmetric modes (mÄ0)

Whenm50, Eq. ~25! reducesto Eq. ~8! whenwe take
the minussign in 6. If we take the plus sign, we obtaink2

5(Np)2
18«22, where the coefficient8 can be compared

with the exact14.68in Eq. ~9!.
For this axisymmetricproblem, we can comparewith

Rayleigh’s approach.As J0(w)5121/4w2
11/64w4

2¯,
Eq. ~2! gives

u~r,z !5u0~z !2
1
4 r2~u091k2u0!

1
1

64 r4~u0
iv

12k2u091k4u0!2¯. ~26!

If we discardthe higher-ordertermsandapply the boundary
condition,]u/]r50 on r5«, we obtain preciselyEq. ~18!
with m50. This is reassuringbut notsurprising:The repre-
sentationsgivenby Eqs.~2! and~11! areequivalent,although
the latter canbe usedfor nonaxisymmetricproblems.
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2. Flexural modes (mÄ1)

Whenm51, we obtain

k2
5~Np !2

1
4
5 ~96A21!«22. ~27!

To obtain the lowestvalues,we take the minussign, giving
k2

5(Np)2
13.53«22; the coefficient3.53 differs from the

exact3.39by about4%. Thus,the fourth-ordermodelgives
goodaccuracyfor the lowestsetof eigenfrequencies.

If we taketheplus signin Eq. ~27!, thecoefficientmul-
tiplying «22 becomes10.87, which can be comparedwith
the exact value of 28.42 given in the secondof Eq. ~10!.
Thus,as when m50, the secondset of eigenfrequenciesis
not approximatedwell by the fourth-ordermodel.

V. NONCYLINDRICAL TUBES

Oncewe moveawayfrom cylinders,we no longerhave
exact solutions.Therefore,an approximatemethodwill be
required. For this reason,we choose to make a simple
changeof the independentvariables,from (r,z) to ~r,z!, so
that thenewgeometryis a circularcylinder. Thepriceof this
changeis that the new partial differential equationis more
complicated.

Thus,definenew variablesr andz by

r5r/R~z ! and z5z, ~28!

so that the tube is mappedonto the circular tube,given by
0<r,«, 0,z,1. ~Later, we will usez in placeof z, but it is
clearer to distinguishthe two variablesat this stage.! The
chainrule gives

]u

]r
5

1

R

]u

]r
,

]2u

]r2
5

1

R2

]2u

]r2
,

]u

]z
5

]u

]z
2r

R8

R

]u

]r
,

]2u

]z2
5

]2u

]z2
22r

R8

R

]2u

]r]z
2r

]u

]r
S R8

R D 8

1rS R8

R D
2 ]

]r
S r

]u

]r
D .

Hence,Eq. ~6! becomes

~11r2R8
2!r

]

]r
S r

]u

]r
D1r3~R8

2
2RR9!

]u

]r
1r2R2

]2u

]z2

22r3RR8
]2u

]r]z
1@~krR !2

2m2#u50, ~29!

the lateralboundarycondition,Eq. ~4!, becomes

~11«2R8
2!

]u

]r
2«RR8

]u

]z
50 on r5«, 0,z,1,

~30!

andthe endboundaryconditions,Eq. ~5!, become

]u

]z
2r

R8

R

]u

]r
50 at z50 and at z51. ~31!

To solveEq. ~29!, we proceedasin Sec.IV, andwrite

u~r,z !5 (
n50

`

r2n1aun~z !. ~32!

Substitutionin Eq. ~29! gives

~a2
2m2!u0~z !1 (

n50

`

r2n12$sn~a !un111Ln~z;a !%50,

wheresn(a)5(2n121a)2
2m2, and

Ln~z;a !5R2un922RR8~2n1a !un8

1@k2R2
1~2n1a !2R8

2

1~2n1a !~R8
2
2RR9!#un .

As before,we takea51m andthen

Ln~z;m !524~n11!~n1m11!un11~z !,

n50,1,2,...,.

In particular, we find that

24~m11!u15R2u0922mRR8u08

1@k2R2
1m~m11!R8

2
2mRR9#u0 ,

~33!
28~m12!u25R2u1922~m12!RR8u18

1@k2R2
1~m12!$~m13!R8

2
2RR9%#u1 .

Eliminating u1 from the last equation,usingEq. ~33!, gives

32~m11!~m12!u25amu0
iv

1bmu0-1gmu091dmu081«mu0 ,

~34!

where

am~z !5R4, bm~z !524mR3R8,

gm~z !52R2$k2R2
13m@~m11!R8

2
2RR9#%,

dm~z !524mR$k2R2R81R2R-

2~m11!R8@3RR92~m12!R8
2#%,

«m~z !5k4R4
12mk2R2$~m11!R8

2
2RR9%2mR3R iv

1m~m11!$R2~4R8R-13R9
2!

2~m12!R8
2@6RR92~m13!R8

2#%.

WhenEq. ~32! is substitutedin thelateralboundarycon-
dition Eq. ~30!, togetherwith a5m, we obtain

05mu0~z !1 (
n50

`

«2n12$~2n121m !un11~z !

1~2n1m !R8
2un2RR8un8%. ~35!

Similarly, the endboundaryconditionsEq. ~31! give

(
n50

`

r2nFun8~z !2

R8

R
~2n1m !un~z !G50 at

z50 and at z51, ~36!

which immediatelygives

1384 J. Acoust. Soc. Am., Vol. 116, No. 3, September 2004 P. A. Martin: Webster’s horn equation and some generalizations



R~z !un8~z !2R8~z !~2n1m !un~z !50 at z50

and at z51, ~37!

for n50,1,2,...,.
Below, we shall usethe following shorthandnotation:

S1~z !5R8/R, S25R9/R, S35R-/R, S45R iv/R.
~38!

A. First approximation

If we retainonly the termsup to «2 in Eq. ~35!, we find
that

05mu0«22
1~m12!u11mR8

2u02RR8u08 .

Upon usingEq. ~33!, this gives

u09~z !1Dm
~1!~z !u08~z !1Em

~1!~z !u0~z !50, ~39!

where

Dm
~1!~z !52S1~22m2!/~m12!,

Em
~1!~z !5Em

~1!~k,«R !1

m~m11!~m22!

m12
S1

2
2mS2 ,

andEm
(1) aredefinedby Eq. ~16!. FromEq. ~37!, Eq. ~39! is to

be solvedsubjectto Ru082mR8u050 at z50 andat z51.
Equation~39! canbe transformedso asto eliminatethe

first-derivativeterm.Thus,put

u0~z !5RgU0~z ! with g5~m2
22!/~m12!. ~40!

Then,we find that U0(z) solves

U09~z !1@k2
2K~z !#U0~z !50, ~41!

where

K~z !5

2~m11!

m12 H m

m12
S1

2
1S21

2m

«2R2J ,

subjectto (m12)U0822(m11)S1U050 at z50 and at z
51. Notice that Eq. ~41! hasoscillatory solutionswhen k2

.K but exponentialsolutionswhenk2
,K.

Equation ~39! and its associatedboundaryconditions
can also be written as a regular Sturm-Liouville problem.
Thus,

~p~z !u08!81@q~z !1lw~z !#u0~z !50,

wherep5w5R22g, l5k2, g is definedby Eq. ~40!, and

q~z !5mR22gH m11

m12 F ~m22!S1
2
2

4

«2R2G2S2J .

1. Axisymmetric modes (mÄ0)

Whenm50, Eq. ~39! reducesto

~Au08!81k2Au050, ~42!

whereA(z)5pa2@R(z)#2 is the areaof the ~circular! cross-
sectionat z; Eq. ~42! is recognizedasWebster’s horn equa-
tion Eq. ~1!. The appropriate boundary conditions are
u08(0)5u08(1)50.

2. Flexural modes (mÄ1)

Whenm51, Eq. ~39! reducesto

u09~z !1

2

3
S1u08~z !1F k2

2

2

3
S1

2
2S22

8

3«2R2Gu0~z !50,

subjectto Ru082R8u050 at z50 andat z51.

B. Second approximation

If we retainthe termsup to «4 in Eq. ~35!, we obtainan
equationcontainingu0 , u08 , u1 , u18 , andu2 . If we eliminate
u1 , u18 , andu2 , usingEqs.~33! and~34!, we obtaina fourth-
orderequationfor u0(z),

u0
iv

1Bm
~2!~z !u0-1Cm

~2!~z !u091Dm
~2!~z !u081Em

~2!~z !u050,
~43!

where

Bm
~2!

54S1~422m2m2!/~m14!,

Cm
~2!

5Cm~k,«R !26m$S21~42m2m2!S1
2~m14!%,

~44!

Dm
~2!

5Dm~k,«R !24mS31

4mS1

m14
$~m11!~42m2!S1

2

13m~m13!S2%,

Em
~2!

5Em
~2!~k,«R !2mS413m~m11!S2

2

22mk2H 42m2m2

m14
S1

2
1S2J 1

4m2~m13!

m14
S1S3

2

6m2~m11!~m12!

m14
S1

2
S2

1

m~m11!~m12!

m14
~m2

2m24!S1
4

2

8m~m12!

~m14!«2R2
$~m11!~m22!S1

2
2~m12!S2%,

Cm andEm
(2) aredefinedby Eqs. ~19! and ~20!, respectively,

and

Dm~k,« !5

4S1

m14 H ~422m2m2!k2

1

4

«2
~m12!~m2

22!J . ~45!

Note that Eq. ~43! reducesto Eq. ~18! whenR(z)[1.
Equation~43! is to besupplementedwith boundarycon-

ditions.From Eq. ~37!, theseare

Ru082mR8u050 and Ru182~m12!R8u150 ~46!

at z50 andat z51. Eliminating u1 from the secondof Eq.
~46!, usingEq. ~33!, andthenusingthe first of Eq. ~46!, we
obtain

u0-23mS1u091$2~m2
21!S1

2
13S2%u082mS3u050;

~47!
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both this condition and u085mS1u0 are to be imposedat z
50 andat z51. Notice that the boundaryconditionsdo not
involve k2.

1. Axisymmetric modes (mÄ0)

Whenm50, Eq. ~43! reducesto

u0
iv

1

4R8

R
u0-12S k2

2

4

«2R2D u091

4R8

R S k2
2

4

«2R2D u08

1S k4
2

8k2

«2R2D u050. ~48!

FromEq. ~47!, we seethatEq. ~48! is to besolvedsubjectto
Eq. ~21!. We observethat Eq. ~48! involves R and R8, but
not higher derivativesof R. Also, Eq. ~48! can be derived
directly by applyingEq. ~4! to Eq. ~26!.

2. Flexural modes (mÄ1)

Whenm51, we obtain

B1
~2!~z !5

4

5
S1 , C1

~2!~z !52k2
2

12

5
S1

2
26S22

72

5
~«R !22,

D1
~2!~z !5

4

5
S1$k2

16S1
2
112S2212~«R !22%24S3 ,

E1
~2!~z !5k4

2S416S2
2
2

2

5
k2$2S1

2
15S2136~«R !22%

1

2

5
S1$8S3218S1S2212S1

3%

1

24

5«2R2 H 2S1
2
13S21

8

«2R2J .

Then,thedifferentialequationEq. ~43! ~with m51) is to be
solvedsubjectto

u082S1u050 and u0-23S1u0913S2u082S3u050

at z50 andat z51.

VI. COMPARISON WITH ASYMPTOTIC
APPROXIMATIONS

A numberof formal asymptotictheorieshave beende-
velopedfor wavesin slendertubes.In thepapersby Ting and
Miksis ~1983! andby GeerandKeller ~1983!, thetubesneed
not have circular cross-sectionsand they need not be
straight.Here, we shall comparethe resultsobtainedfrom
our one-dimensionaltheory with thoseobtainedby special-
ising the analysisin ~Ting andMiksis, 1983! and ~Geerand
Keller, 1983! to our axisymmetricgeometries.

Two asymptoticregimesareof interestto us. In one,k
5O(1) as «→0, so that the wavelengthis comparableto L,
the lengthof the tube.All solutionsof this kind areaxisym-
metric. In a secondregime,k5O(«21) as «→0, so that the
wavelengthis comparableto a!L. Both kinds of solution
areseenin the exactsolutionsfor circular tubes~Sec.III !.

A. Wavelength comparable to L

For axisymmetricmotion, we obtainedthe fourth-order
Eq. ~48!, which we write hereas

~R2u08!81k2R2u05
1
8 «2R3~Ru0

iv
14R8u0-12k2Ru09

14k2R8u081k4Ru0!. ~49!

In this equation,k and u0(z) are unknown; they are to be
determinedsubjectto thefour boundaryconditions,Eq. ~21!.

Let us lookfor solutionsof the form

k2
5k0

2
1«2k2

2
1¯, ~50!

where k0 and k2 are to be found. Thus, we put u0(z)
5v0(z)1«2

v1(z)1¯ and Eq. ~50! in Eq. ~49!. This is a
classicsingularperturbation,becauseEq. ~49! reducesto a
second-orderequationwhen«50, implying that the bound-
ary conditionswill haveto be modified.Indeed,writing out
thefirst two termsof theexactboundarycondition,Eq. ~36!,
we have

05u08~z !1r2@u1822~R8/R !u1#1¯

5u08~z !2
1
4 r2R2~u091k2u0!81¯,

at eachend of the tube,wherewe haveusedEq. ~33!. We
will not be able to satisfy this condition for all allowabler
with 0<r,«, andso we integrateover eachcircular endof
the tube,andimpose

05u08~z !2
1
8 «2R2~u091k2u0!81¯ at z50

and at z51; ~51!

this ensuresthat Eq. ~36! is satisfiedin an averagesense.
The termsin «0 from Eqs.~49! and ~51! give

~R2
v08!81k0

2R2
v050 for 0,z,1, with

v08~0!5v08~1!50. ~52!

This is Webster’s horn equationagain,written as a regular
Sturm-Liouville problem:it is an eigenvalueproblemfor k0

2

andv0(z); we normalizethe solutionusing

E
0

1

$v0~z !R~z !%2dz51. ~53!

The termsin «2 give

~R2
v18!81k0

2R2
v152k2

2R2
v01V, ~54!

where

V5
1
8 R3~Rv0

iv
14R8v0-12k0

2Rv0914k0
2R8v081k0

4Rv0!

5
1
4 R2~R8R92RR-!v082

1
2 R3R9v09 , ~55!

after usingEq. ~52!1 . Similarly, Eq. ~51! gives

v18~z !52
1
4 RR8v0952

1
4 ~RR8v08!8 at z50

and at z51. ~56!

Thusv1 solvesa forcedversionof Webster’s horn equation
with inhomogeneousboundaryconditions.As the homoge-
neousform of Eq. ~54! admitsnontrivial solutions,Eq. ~54!
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will only havesolutionsif a consistencycondition is satis-
fied. Thus,we multiply Eq. ~54! by v0(z) andEq. ~52!1 by
v1(z), subtractthe two, and integrateover 0<z<1. This
gives

F2

1

4
R2

v0~RR8v08!8G
z50

1

52k2
2
1E

0

1

Vv0dz,

wherewe haveusedEqs. ~52!2 , ~53!, and ~56!. In order to
cancel the left-hand side, write V5$V
11/4@R2(RR8v08)8#8%21/4@R2(RR8v08)8#8. Then, an inte-
grationby partsgives

k2
2
5

1

4 E0

1

R2~RR8v08!8v08dz1E
0

1

Wv0dz, ~57!

where

W~z !5V1
1
4 @R2~RR8v08!8#8

5
1
4 R3R8v0-1~RR8!2

v091
1
2 ~3R2R8R91RR8

3!v08

~58!

and we haveusedEq. ~55!. Integratingthe first integral in
Eq. ~57! by parts,usingEq. ~52!2 , thengives

k2
2
52

1

2 E0

1

~RR8v08!2dz1K,

where K5*0
1(Wv021/4R3R8v09v08)dz. We are going to

showthat K50.
Noting the first term in Eq. ~58!, andmakinguseof Eq.

~52!1 , we have

v0-v02v09v0852@k0
2
v081~2R21R8v08!8#v0

1~k0
2
v012R21R8v08!v08

52R21R8v08
2
22R22@~RR92R8

2!v08

1RR8v09#v0 .

Hence, K51/2*0
1$(RR8v08)

2
1@(RR8)2

v08#8v0%dz, and this
is seento vanishafter anotherintegrationby parts.Thus,

k2
5k0

2
2

1

2
«2E

0

1

~RR8v08!2dz1O~«4! as «→0. ~59!

This elegantformulawasderivedin a differentway by Geer
andKeller ~1983!; seetheir Eq. ~102!.

B. Wavelength comparable to a

In the differential equations,Eqs. ~39! and ~43!, put k
5k/« and

u0~z !5E~z !w~z ! with E~z !5expH i

«
E

z0

z

F~ t !dtJ ,

~60!

whereF(t) andw(z) areto be determined,andz0 is a con-
stant.Supposefurther that

w~z !5w0~z !1«w1~z !1«2w2~z !1¯. ~61!

Then,we obtainthe following approximations:

u0 /E5w01«w11O~«2!, u08/E5«21iFw01O~1!,

u09/E52«22F2w01«21~2iFw081iF8w02F2w1!

1O~1!,

u0-/E52«23iF3w01O~«22!,

u0
iv/E5«24F4w01«23F2$F2w122i~3F8w012Fw08!%

1O~«22!,

as«→0.
Let us begin with the second-orderequation,Eq. ~39!.

We notethatDm
(1)

5O(1) and Em
(1)

5«22
Em

(1)(k,R)1O(1) as
«→0. Then,the termsin «22 give

@F~z !#2
5Em

~1!~k,R !. ~62!

The termsin «21 give

2Fw081$F81FDm
~1!%w050,

which is a first-orderdifferentialequationfor w0 . Rearrang-
ing gives

~w0F1/2!8

w0F1/2
5

w08

w0
1

F8

2F
52

Dm
~1!

2
52qm

~1!
R8

R
,

whereqm
(1)

5(22m2)/(m12). An integrationgives

w0
2FR2q

5constant, ~63!

where w0 , F, and R are all functions of z only, and q
[qm

(1) .
Next, considerthe fourth-orderequation,Eq. ~43!. Sub-

stituting asbefore,we find that

Bm
~2!

5O~1!, Cm
~2!

5«22
Cm~k,R !1O~1!,

Dm
~2!

5«22
Dm~k,R !1O~1! and

Em
~2!

5«24
Em

~2!~k,R !1O~«22!

as«→0. Then,we seethat the termsin «24 give

F4
2F2

Cm~k,R !1Em
~2!~k,R !50, ~64!

which shouldbe comparedwith Eq. ~22!. Thus,

@F~z !#2
5mm

2 ~k,R !, ~65!

wheremm is definedby Eq. ~23!.
The termsin «23 give

05$F4
2F2

Cm~k,R !1Em
~2!~k,R !%w1

12iFw08$Cm~k,R !22F2%1iw0$FDm~k,R !

1F8Cm~k,R !2F3Bm
~2!

26F2F8%.

The factormultiplying w1 vanishes,dueto Eq. ~64!, leaving
a first-orderdifferentialequationfor w0(z)

w08

w0
1

F2
Dm~k,R !1FF8Cm~k,R !2F4Bm

~2!
26F3F8

2F2@Cm~k,R !22F2#
50.

Rearrangingthis equationgives
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~w0F1/2!8

w0F1/2
5

4FF82Dm~k,R !1F2Bm
~2!

2@Cm~k,R !22F2#
52qm

~2!
R8

R
,

where

qm
~2!

5@4~m12!~m2
22!2m~m13!nm#/@~m14!xm#.

Here, we haveusedF2
5k2

2nm /R2, and Eqs. ~19!, ~23!,
~44!, and ~45!. Hence,an integrationgives Eq. ~63! again,
but with q[qm

(2) .
Let uscompareour results~obtainedby solvingordinary

differentialequationsasymptotically! with thoseof Ting and
Miksis ~1983! andGeerandKeller ~1983! ~obtainedby solv-
ing an elliptic boundary-valueproblem asymptotically!.
First, we obtainedapproximationsfor F, given by Eqs.~62!
and ~65!, whereasthe exactformula is

@F~z !#2
5k2

2@ jm,,8 /R~z !#2. ~66!

The errors incurredhereare exactly the sameas thosedis-
cussedin Sec.IV for a circular tube~constantcross-section!:
We cannotexpectto do anybetterfor tubesof varyingcross-
section.Second,the analysisof Ting andMiksis ~1983! and
GeerandKeller ~1983! leadsto Eq. ~63! with q51 ~for all
m!. If we take the minussign in Eq. ~24!, we find that q0

(2)

51 andq1
(2)

51.43; it is not clearwhy this lastnumberis not
closer to 1, given that the correspondingvaluesof F are
close.

VII. CONCLUDING REMARKS

The methodof Sec.V for wavesin axisymmetrictubes
leadsto eigenvalueproblemsfor ordinarydifferential equa-
tions. The simplest~first! approximationleadsto a regular
Sturm–Liouville problem.This is convenientbecauseeffi-
cient softwareis readily availablefor solving suchproblems
numerically ~Pruessand Fulton, 1993!. The next ~second!
approximationis expectedto be moreaccurate,and,indeed,
we haveshownthis in someasymptoticregimes.Thesecond
approximationleadsto an eigenvalueproblemfor a fourth-
orderdifferentialequation.However, it doesnot fall into the
classof regularfourth-orderSturm-Liouville problems;see,
for example,the review by Greenberg andMarletta ~2000!.
In fact, we can say little aboutthe theoreticalpropertiesof
the simplestequation,namelyEq. ~48!, which modelsaxi-
symmetricmotions.

Evidently, higher-order approximationscould be devel-
oped,leadingto ordinary differential equationsof order 2n

with n53,4,...; thenecessaryderivationswould beexpedited
using softwarefor symbolic manipulations.The methodof
Sec.V could alsobe extendedto othercross-sections,using
a scaling r that dependson the angle u as well as on the
longitudinalcoordinatez.

Anotherpossibility is to abandonpowerseriesin favor
of Neumannseries,which are seriesof Besselfunctionsof
various orders.This would permit better representationof
u(r,z) for fixed z, but at the expenseof additionalcompli-
cation.

Finally, the basicpower-seriesmethodcanbe extended
to variouselastodynamicproblems,generalizingthework of
Boström ~2000! on rods and of Boström, Johansson,and
Olsson~2001! on plates;for axisymmetricmotions in non-
uniform anisotropicrods,see~Martin, 2004!. Indeed,thefact
that thepower-seriesmethodis relatively insensitiveto com-
plications in the governing partial differential equations
meansthat it may be worth developingfurther.
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Hélie, T. ~2003!. ‘‘Unidimensionalmodelsof acousticpropagationin axi-
symmetricwave-guides,’’ J. Acoust.Soc.Am. 114, 2633–2647.

Kinsler, L. E., Frey, A. R., Coppens,A. B., and Sanders,J. V. ~1982!.
Fundamentals of Acoustics, 3rd ed. ~Wiley, New York!.

Kumar, B. M., andSujith,R. I. ~1997!. ‘‘Exact solutionsfor thelongitudinal
vibration of non-uniformrods,’’ J. SoundVib. 207, 721–729.

Lamb, H. ~1960!. The Dynamical Theory of Sound, 2nd ed. ~Dover, New
York!.

Martin, P. A. ~2004!. ‘‘Wavesin wood:axisymmetricwavesin slendersolids
of revolution,’’ WaveMotion ~to be published!.

Pierce,A. D. ~1989!. Acoustics ~AcousticalSocietyof America,New York!.
Pruess,S., and Fulton, C. T. ~1993!. ‘‘Mathematicalsoftwarefor Sturm-

Liouville problems,’’ ACM Trans.Math. Softw. 19, 360–376.
Rayleigh,Lord ~1916!. ‘‘On the propagationof soundin narrow tubesof

variablesection,’’ Philos. Mag., Series6 31, 89–96.
Rayleigh,Lord ~1945!. The Theory of Sound ~Dover, New York!.
Reinstra,S. W. ~2002!. ‘‘The Webster equation revisited,’’ paperAIAA

2002-2520,8th AIAA/CEAS AeroacousticsConference,Breckenridge,
Colorado,June2002.

Ting, L., and Miksis, M. J. ~1983!. ‘‘Wave propagationthrougha slender
curvedtube,’’ J. Acoust.Soc.Am. 74, 631–639.

Webster, A. G. ~1919!. ‘‘Acoustical impedance,andthe theoryof hornsand
of the phonograph,’’ Proc. Natl. Acad.Sci. U.S.A. 5, 275–282.

1388 J. Acoust. Soc. Am., Vol. 116, No. 3, September 2004 P. A. Martin: Webster’s horn equation and some generalizations


