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I. INTRODUCTION

Multiple scatteringby randomarrangementsof scatter-
ers is a topic with an extensiveliterature.See,for example,
therecentbook byTsanget al. ~2001!. Themoderneradates
from thework of Foldy ~1945!, Lax ~1951,1952!, Waterman
and Truell ~1961!, and Twersky ~1962!. Major applications
include wave propagationthroughsuspensions@see,for ex-
ampleMcClementset al. ~1990!, Povey~1997!, Dukhin and
Goetz ~2001!, and Spelt et al. ~2001!# and through elastic
composites@seeMal andKnopoff ~1967!, Kim et al. ~1995!,
andKanaun~2000!#. In this paper, we aremainly interested
in two-dimensionalproblems,motivatedby the calculation
of sound propagationthrough forests @Embleton ~1966!;
Priceet al. ~1988!#. An importantpaperon acousticscatter-
ing by arraysof circular cylinders is that of Boseand Mal
~1973!; seeSec.IV below. For subsequentwork, seeVaradan
et al. ~1978!, Yang andMal ~1994!, Bose ~1996!, Kanaun
and Levin ~2003!, and Kim ~2003!. For analogousplane-
strain elastodynamics,seeVaradanet al. ~1986!, Yang and
Mal ~1994!, Bussinket al. ~1995!, andVerbiset al. ~2001!.

A typical problemis the following. The region x,0 is
filled with a homogeneouscompressiblefluid of density r
andsound-speedc. The regionx.0 containsthe samefluid
and many scatterers;to fix ideas,we supposethat the scat-
terersareidenticalcircles~parallelcircular cylinders!. Then,
a time-harmonicplanewavewith wavenumberk5v/c ~v is
the angularfrequency! is incident on the scatterers:what is
thereflectedwavefield?This fieldmaybecomputedexactly
for any given configuration~ensemble! of N circles,but the
costincreasesasN increases.If thecomputationcanbedone,
it may be repeatedfor other configurations,and then the
averagereflectedfield could be computed~this is the Monte
Carlo approach!. Insteadof doing this, one can try to do
someensembleaveragingin order to calculatethe average
~coherent! field. Oneresultof this is a formula for the effec-
tive wavenumber K. This can then be used to replacethe
‘‘random medium’’ occupyingx.0 by a homogeneousef-
fective medium.

Foldy ~1945! beganby consideringisotropicpoint scat-

terers;this is anappropriatemodelfor smallsound-softscat-
terers.He obtainedthe formula

K2
5k2

24ign0 , ~1!

wheren0 is the numberof circlesper unit areaandg is the
scatteringcoefficient for an individual scatterer. @In fact,
Foldy consideredscatteringin three dimensions;the two-
dimensionalformula, Eq. ~1!, canbe found asEq. ~3.20! in
Twersky~1962! andEq. ~26! in Aristégui andAngel ~2002!,
for example.# Theformula ~1! assumesthat thescatterersare
independentandthat n0 is small.We areinterestedin calcu-
lating the correctionto Eq. ~1! ~a term proportionalto n0

2),
andthis will requiresayingmoreaboutthedistributionof the
scatterers;specifically, we shall usepair correlations.Thus,
our goal is a formula of the form

K2
5k2

1d1n01d2n0
2, ~2!

with computableexpressionsfor d1 and d2 . Moreover, we
do not only want to restrict our formula to sound-softscat-
terers.

Thereis somecontroversyover thepropervaluefor d2 .
In orderto stateonesuchformula,we introducethe far-field
pattern f for scatteringby one circular cylinder. Thus, we
haveu in5exp@ikr cos(u2uin)# for the incident planewave,
where (r,u) are plane polar coordinates(x5r cosu, y
5r sinu) and u in is the angle of incidence.The scattered
wavessatisfy

usc;A2/~pkr ! f ~u2u in!exp~ ikr2 ip/4! as r→`.
~3!

Then,Twersky ~1962! hasgiven the following formula:

K2
5k2

24in0f ~0!1~2n0 /k !2 sec2 u in$@ f ~p22u in!#2

2@ f ~0!#2%. ~4!

This formula involvesu in , so that it givesa differenteffec-
tive wavenumberfor different incidentfields.

The three-dimensionalversionof Eq. ~4! is older. For a
randomcollectionof identicalspheres,it is
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K2
5k2

24p i~ n̂0 /k ! f ~0!1d2n̂0
2

with @seeTwersky ~1962!#

d25~4p2/k4!sec2 u in$@ f ~p22u in!#2
2@ f ~0!#2%, ~5!

where the far-field pattern is now defined by usc

;(ikr)21eikr f (q), r and q are sphericalpolar coordinates,
and n̂0 is the numberof spheresper unit volume.The same
formula but with u in50 ~normal incidence! was given by
Watermanand Truell ~1961!. However, it was shown by
Lloyd and Berry ~1967! that Eq. ~5! is incorrect; they ob-
tained

d25

4p2

k4 H 2@ f ~p !#2
1@ f ~0!#2

1E
0

p 1

sin~q/2!

d

dq
@ f ~q !#2dqJ ~6!

~with no dependenceon u in). Lloyd and Berry ~1967! used
methods~andlanguage! comingfrom nuclearphysics.Thus,
in their approach, which they ‘‘call the ‘resummation
method,’a point sourceof wavesis consideredto besituated
in an infinite medium.The scatteringseriesis then written
out completely, giving what Lax hascalled the ‘expanded’
representation.In this expandedrepresentationthe ensemble
averagemay be takenexactly @but then# the coherentwave
doesnot exist; the seriesmustbe resummedin order to ob-
tain anyresultat all.’’ Onepurposeof thepresentpaperis to
demonstratethat a properanalysisof the semi-infinitetwo-
dimensionalmodel problem ~with arbitrary angle of inci-
dence! leadsto a formula that is reminiscentof the ~three-
dimensional! Lloyd–Berry formula; specifically, insteadof
Eq. ~4!, we obtain

K2
5k2

24in0f ~0!1

8n0
2

pk2 E0

p

cot~u/2!
d

du
@ f ~u !#2du.

~7!

Our analysisdoesnot involve ‘‘resumming’’ seriesor diver-
gent integrals.It builds on a conventionalapproach,in the
spirit of the papersby Fikioris andWaterman~1964! andby
BoseandMal ~1973!.

The paper is organized,as follows. Some elementary
probability theory is recalled in Sec. II. In particular, the
pair-correlationfunction is introduced;this leadsto the no-
tion of ‘‘hole correction’’—individual cylindersmustnot be
allowedto overlapduring the averagingprocess.In Sec.III,
we derive the integral equationsof Foldy ~isotropic scatter-
ers,no holecorrection! andof Lax ~isotropicscatterers,hole
correctionincluded!. Foldy’s integralequationcanbesolved
exactlywhereaswe have beenunableto solveLax’s integral
equation. Nevertheless,we have developed a rigorous
methodfor extractinganexpressionfor K from theseintegral
equationswithout actually solving the integral equations
themselves.Then, we use the samemethodin Sec.IV but
without the restriction to isotropic scatterers.We start by
following BoseandMal ~1973!, anduseanexact~determin-
istic! theoryfor scatteringby N circlesfollowed by ensemble
averaging.We give a clear derivationof a certainhomoge-
neousinfinite linear systemof algebraicequations,obtained

previouslyby Boseand Mal ~1973! for the caseof normal
incidence;the systemdoesnot dependon u in and the exis-
tenceof a nontrivial solution determinesK. We solve the
systemfor small n0 , andobtainEq. ~7!. We alsoshowthat
Eq. ~4! is obtainedif the hole correctionis not done cor-
rectly. Concludingremarksaregiven in Sec.V.

II. SOME PROBABILITY THEORY

In this section,we give a very brief summaryof the
probability theory needed.For more information,seeFoldy
~1945!, Lax ~1951!, Aristégui andAngel ~2002! or Chap.14
of Ishimaru~1978!.

Supposewe haveN scattererslocatedat the points r1 ,
r2 ,...,rN ; denote the configuration of points by LN

5$r1 ,r2 ,...,rN%. Then,theensemble~or configurational! av-
erageof any quantityF(ruLN) is definedby

^F~r!&5E ¯E p~r1 ,r2 ,...,rN!F~ruLN!dV1¯dVN ,

~8!

where the integration is over N copiesof the volume BN

containingN scatterers.Here, p(r1 ,...,rN)dV1dV2¯dVN is
the probability of finding the scatterersin a configurationin
which the first scattereris in the volumeelementdV1 about
r1 , the secondscattereris in the volumeelementdV2 about
r2 , and so on, up to rN . The joint probability distribution
p(r1 ,...,rN) is normalizedso that ^1&51. Similarly, the av-
erageof F(ruLN) over all configurationsfor which the first
scattereris fixed at r1 is given by

^F~r!&15E ¯E p~r2 ,...,rNur1!F~ruLN!dV2¯dVN ,

~9!

where p(r1 ,r2 ,...,rN)5p(r1)p(r2 ,...,rNur1) defines the
conditionalprobability p(r2 ,...,rNur1). If two scatterersare
fixed, saythe first andthe second,we candefine

^F~r!&125E ¯E p~r3 ,...,rNur1 ,r2!F~ruLN!dV3¯dVN ,

~10!

wherep(r2 ,...,rNur1)5p(r2ur1)p(r3 ,...,rNur1 ,r2).
Now, as each of the N scatterersis equally likely to

occupydV1 , the densityof scatterersat r1 is Np(r1)5n0 ,
the ~constant! numberof scatterersper unit volume.Thus

p~r!5n0 /N5uBNu21, ~11!

where uBNu is the volume of BN . Also, as p(r1 ,r2)
5p(r1)p(r2ur1), we obtain

E E p~r2ur1!dV1dV25

N

n0
5uBNu. ~12!

We haveto specifyp(r2ur1), consistentwith Eq. ~12!. Also,
we want to ensurethatscatterersdo not overlap.For circular
cylinders of radius a, a simple choice is p(r2ur1)
5p0H(R122b) with b>2a, where H(x) is the Heaviside
unit function,R125ur12r2u andp0 is a constantdetermined
by Eq. ~12!. Thus,

p05$uBNu2pb2%21.n0 /N, ~13!
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assumingthatb2n0 /N!1. @Theequalityin Eq. ~13! assumes
that the‘‘hole’’ at r1 of radiusb doesnot cut theboundaryof
BN . Evidently, takingthis possibility into accountwould not
changethe approximationp0.n0 /N.] Hence,the simplest
sensiblechoicefor the pair-correlationfunction is

p~r2ur1!5H 0, R12,b,

n0 /N, R12.b.
~14!

This simple choice will be usedfor most of our analysis.
More generally, we could use

p~r2ur1!5H 0, R12,b,

~n0 /N !@11x~R12;n0!#, R12.b,
~15!

wherethe function x is to be chosen,subjectto somecon-
straints.The effect of using Eq. ~15! insteadof Eq. ~14! is
calculatedin Sec.IV D. Onecouldalsoconsiderfunctionsx
that dependon r12r2 ~insteadof just ur12r2u); suchpossi-
bilities are discussedin Twersky ~1978! and Siqueiraet al.
~1995!.

III. FOLDY–LAX THEORY: ISOTROPIC SCATTERERS

Foldy’s theory begins with a simplified deterministic
modelfor scatteringby N identicalscatterers,eachof which
is supposedto scatterisotropically. Thus, the total field is
assumedto begivenby the incidentfield plusa point source
at eachscatteringcenter, rj :

u~ruLN!5u in~r!1g(
j51

N

uex~rj ;rjuLN!H0~kur2rju!.

~16!

Here, Hn(w)[Hn
(1)(w) is a Hankel function, g is the ~as-

sumedknown! scatteringcoefficient,and the exciting field
uex is given by

uex~r;rnuLN!5u in~r!1g(
j51
jÞn

N

uex~rj ;rjuLN!H0~kur2rju!.

~17!

The secondterm in Eq. ~17! is the field nearthe cylinder at
rn dueto scatteringby all theothercylinders.TheN numbers
uex(rj ;rjuLN) ( j51,2,...,N) required in Eq. ~16! are to be
determinedby solving the linear systemobtainedby evalu-
ating Eq. ~17! at r5rn ; direct numericalsolutionsof this
systemhave beengiven by Fikioris ~1966! andby Groenen-
boomandSnieder~1995!.

Let us try to computethe ensembleaverageof u, using
Eqs.~16! and ~8!. The result is

^u~r!&5u in~r!1gn0E
BN

^uex~r1!&1H0~kur2r1u!dV1 ,

~18!

wherewe haveusedEqs.~9! and~11!, andthe indistinguish-
ability of the scatterers.For ^uex(r1)&1 @which is given ex-
plicitly by Eq. ~9! in which uex(r1 ;r1uLN) is substitutedfor
F(ruLN)] , we obtain

^uex~r!&15u in~r!1g~N21!E
BN

p~r2ur1!

3^uex~r2!&12H0~kur2r2u!dV2 , ~19!

wherewe haveusedEqs.~10! and ~17!. Equations~18! and
~19! arethefirst two in a hierarchy, involving moreandmore
complicatedinformationon thestatisticsof thescattererdis-
tribution. In practice,the hierarchyis brokenusingan addi-
tional assumption.At the lowest level, we haveFoldy’s as-
sumption,

^uex~r!&1.^u~r!&, ~20!

at leastin the neighborhoodof r1 . Whenthis is usedin Eq.
~18!, we obtain

^u~r!&5u in~r!1gn0E
BN

^u~r1!&H0~kur2r1u!dV1 ,

rPBN . ~21!

We call this Foldy’s integral equation for ^u&. The integral
on the right-hand side is an acoustic volume potential.
Hence,anapplicationof (¹2

1k2) to Eq. ~21! eliminatesthe
incidentfield andshowsthat (¹2

1K2)^u&50 in BN , where
K2 is given by Foldy’s formula,Eq. ~1!.

At the next level, we havethe Lax ~1952! quasicrystal-
line assumption~QCA!,

^uex~r!&12.^uex~r!&2 . ~22!

Whenthis is usedin Eq. ~19! evaluatedat r5r1 , we obtain

v~r!5u in~r!1g~N21!E
BN

p~r1ur!v~r1!H0~kur2r1u!dV1 ,

rPBN , ~23!

wherev(r)5^uex(r)&1 . We call this Lax’s integral equation.
In what follows, we let N→` so thatBN→B` , a semi-

infinite region,x.0.

A. Foldy’s integral equation: Exact treatment

Considera planewaveat obliqueincidence,so that

u in5ei~ax1by ! with a5k cosu in and b5k sinu in .
~24!

For a semi-infinite domain B` , Foldy’s integral equation,
Eq. ~21!, becomes

^u~x,y !&5ei~ax1by !
1gn0E

0

`E
2`

`

^u~x1 ,y1Y !&

3H0~kr1!dYdx1 ,
x.0,

2`,y,`,

wherer15A(x2x1)2
1Y 2. This equationcanbe solvedex-

actly. Thus,writing

^u~x,y !&5U~x !eimy, x.0, 2`,y,`, ~25!

we obtain
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U~x !5eiaxei~b2m !y
1gn0E

0

`E
2`

`

U~x1!

3H0~kr1!eimYdYdx1 ,
x.0,

2`,y,`. ~26!

Hence,for a solution in the form Eq. ~25!, we musthavem
5b5k sinuin .

Now,

E
2`

`

H0~kr1!eibYdY5

2

a
eiaux2x1u, ~27!

wherea5Ak2
2b2

5k cosuin . Thus,we seethat U solves

U~x !5eiax
1

2gn0

a
E

0

`

U~x1!eiaux2x1udx1 , x.0. ~28!

Now, put U(x)5U0eilx, so that Eq. ~25! gives

^u~x,y !&5U0ei~lx1by !, x.0, 2`,y,`, ~29!

andEq. ~28! gives

U0eilx
2eiax

5

2gn0U0

ia S 2aeilx

l2
2a2

2

eiax

l2a D ,

where we have assumedthat Im l.0. If we comparethe
coefficientsof eilx, we seethat U0 cancels,leaving

l2
2a2

524ign0 , ~30!

which determinesl. Then, the coefficientsof eiax give U0

52a/(l1a). A similar method can be used to find ^u&
when B` is a slab of finite thickness,0,x,h, say; see
Aristégui andAngel ~2002!.

From Eq. ~29!, it i s naturalto write

l5K cosw and b5K sinw5k sinu in . ~31!

Thesedefinethe effective wavenumberK; the last equality
is recognizedasSnell’s law, eventhoughK andw arecom-
plex, with Im K.0. Hence,we seethat

l2
2a2

5K2
2k2, ~32!

andso Eq. ~30! reducesto Foldy’s formula,Eq. ~1!.

B. Foldy’s integral equation: Approximate treatment

We have seen that Foldy’s integral equation can be
solvedexactly, and that the solution processhastwo parts:
first find l ~and hencethe effective wavenumber! and then
find U0 . In fact,l canbefoundwithout finding thecomplete
solution; the reasonfor pursuingthis is that we cannotusu-
ally find exactsolutions.Thus, considerEq. ~28!, and sup-
posethat

U~x !5U0eilx for x.,,

whereU0 , l, and, areunknown.To proceed,we needsay
nothingaboutthe solution U in the ‘‘boundarylayer’’ 0,x
,,. Now, evaluatethe integral equationfor x.,; we find
that

U0eilx
2eiax

5

2gn0

a
eiaxE

0

,

U~ t !e2 iatdt1
2gn0

a

3E
,

`

U~ t !eiaux2tudt5Aeilx
1Beiax for x.,,

whereA524ign0U0 /(l2
2a2) and

B5

2gn0

a
E

0

,

U~ t !e2 iatdt1
2ign0U0

a~l2a !
ei~l2a !,.

Then,settingU05A givesEq. ~30! again,without knowing
the solution U everywhere.This basicmethodwill be used
againbelow.

C. Lax’s integral equation

Using the approximationp(r1ur)5(n0 /N)H(R12b) in
Lax’s integralequation,Eq. ~23! gives

v~r!5u in~r!1gn0

N21

N E
BN

b
~r!

v~r1!H0~kR1!dr1 ,

rPBN , ~33!

whereBN
b (r)5$r1PBN :R15ur2r1u.b%, which is BN with

a ~possiblyincomplete! disk excluded.
Let N→` and take an incident plane wave, Eq. ~24!,

giving

v~x,y !5ei~ax1by !
1gn0E

x1.0,r1.b
v~x1 ,y1Y !

3H0~kr1!dYdx1 ,
x.0,

2`,y,`.

As in Sec.III A, we write

v~x,y !5V~x !eiby, x.0, 2`,y,`, ~34!

giving

V~x !5eiax
1gn0E

x1.0,r1.b
V~x1!H0~kr1!

3eibYdYdx1 , x.0. ~35!

Then,usingEq. ~27!, we seethat V solves

V~x !5eiax
1gn0E

0

`

V~x1!L~x2x1!dx1 , x.0, ~36!

wherethe kernel,L(x2x1), is given by

L~X !5

2

a
eiauXu

22E
0

c~X !

H0~kAX2
1Y 2!eibYdY ~37!

with c(X)5Ab2
2X2H(b2uXu); here,we havewritten the

integraloverY in Eq. ~35! asan integraloverall Y minusan
integral throughthe disk, if necessary.

We have beenunableto solve Eq. ~36! exactly ~even
though it is an integral equation of Wiener–Hopf-type!.
However, the approximatemethod describedin Sec. III B
canbe used.Thus,let us supposethat
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V~x !5V0eilx for x.,, ~38!

whereV0 , l, and, areunknown.Then,considerEq. ~36! for
x.,1b, so that the interval ux2x1u,b is entirely within
the rangex1.,. Making useof Eq. ~37!, Eq. ~36! gives

V0eilx
2eiax

gn0

5

2

a
eiaxE

0

,

V~ t !e2 iatdt1
2

a
E

,

`

V~ t !eiaux2tudt

22E
x2b

x1b

V~ t !E
0

c~x2t !
H0~kA~x2t !2

1Y 2!eibYdYdt

~39!

for x.,1b. Equation~38! can be usedin the secondand
third integrals.Thesecondintegralis elementary, andhasthe
value

2iV0

a~l2a !
ei~l2a !,eiax

2

4iV0

l2
2a2

eilx.

The third integralbecomes

22V0E
2b

b

eil~x1j !E
0

Ab2
2j2

H0~kAj2
1Y 2!eibYdYdj

52V0eilxE
0

2pE
0

b

eiKr cos~u2w !H0~kr !rdrdu

522pV0eilxE
0

b

J0~Kr !H0~kr !rdr

5V0eilxH 4i

K2
2k2

2

2pN0~Kb !

K2
2k2 J ,

where N0(Kb)5KbH0(kb)J1(Kb)2kbH1(kb)J0(Kb).
Using theseresultsin Eq. ~39!, noting Eq. ~32!, we obtain

V0eilx
2eiax

5Aeilx
1Beiax for x.,1b,

where

A5

2pgn0V0

k2
2K2

N0~Kb !,

B5

2gn0

a
E

0

,

V~ t !e2 iatdt1
2ign0V0

a~l2a !
ei~l2a !,.

For a solution,we musthaveA5V0 , andso

K2
5k2

22pgn0N0~Kb !, ~40!

which is a nonlinearequationfor K. Noticethatthis equation
doesnot dependon the angleof incidence,u in .

We haveN0(Kb)→2i/p asb→0 so that, in this limit,
we recoverFoldy’s formula for the effective wavenumber,
Eq. ~1!.

Let us solve Eq. ~40! for small n0 . ~Alternatively, we
couldusethedimensionlessareafractionpa2n0 .) Beginby
writing

K2
5k2

1d1n01d2n0
2
1¯, ~41!

whered1 andd2 areto befound; for d1 , we expectto obtain
the result given by Eq. ~1!. It follows from Eq. ~41! that K
5k1

1
2d1n0 /k1O(n0

2) andthen

N0~Kb !5N0~kb !1~Kb2kb !N 08~kb !1¯

52i/p1
1
2b2d1d0~kb !n01O~n0

2!,

where d0(x)5J0(x)H0(x)1J1(x)H1(x). When this ap-
proximationfor N0(Kb) is usedin Eq. ~40!, we obtain

K2
5k2

24ign02pb2gd1d0~kb !n0
2.

Comparisonof this formula with Eq. ~41! gives d1524ig
~as expected! and d254p i( gb)2d0(kb), so that we obtain
the approximation

K2
5k2

24ign014p i~gbn0!2d0~kb !. ~42!

Note that the second-orderterm in Eq. ~42! vanishesin the
limit kb→0.

IV. FINITE-SIZE EFFECTS

The theorydescribedaboverelieson the assumptionof
isotropy. Here,we usea morecompletetheory. We startwith
anexacttheory~dueto Záviška! for acousticscatteringby N
identicalcircular cylindersof radiusa; for detailsandrefer-
ences,seep. 173of Linton andMcIver ~2001!. Thecylinders
canbesoft, hardor penetrable.Then~in Sec.IV B!, we form
averagedequations,and we invoke the QCA. This leadsto
aninfinite homogeneoussystemof linearalgebraicequations
from which the effective wave number, K, is to be deter-
mined; the equationsare independentof the angleof inci-
dence.An approximatesolutionfor K is found in Sec.IV C,
correctto O(n0

2). In Sec.IV D, it is shownthat this approxi-
mation does not depend on the choice of the function
x(r;n0), appearingin thepair-correlationfunction,Eq. ~15!.
In Sec.IV E, it is shownhowTwersky’s formulafor K canbe
derived,usinganunreasonablechoicefor thepair-correlation
function.

A. A finite array of identical circular cylinders: Exact
theory

We use polar coordinates(r,u) centeredat the origin
and (r j ,u j), centeredat rj5(x j ,y j), the centerof the jth
cylinder. The variousparametersrelating to the relativepo-
sitionsof the cylindersareshownin Fig. 1.

Exterior to the cylindersthe pressurefield is u, where

FIG. 1. A view of two typical cylinders.
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¹2u1k2u50. ~43!

In the interior of cylinder j, the field is u j , where

¹2u j1k2u j50. ~44!

A planewave,givenby Eq. ~24!, is incidenton thecylinders.
A phasefactor for eachcylinder, I j , is definedby

I j5ei~ax j1by j ! ~45!

andthenwe canwrite

u in5I je
ikr j cos~u j2u in!

5I j (
n52`

`

ein~p/22u j1u in!Jn~kr j!.

~46!

We seeka solutionto Eqs.~43! and ~44! in the form

u5u in1(
j51

N

(
n52`

`

An
j ZnHn~kr j!e

inu j, ~47!

u j5 (
n52`

`

Bn
j Jn~kr j!e

inu j, ~48!

for someset of unknowncomplexcoefficientsAn
j and Bn

j .
The factor

Zn5

qJn8~ka !Jn~ka !2Jn~ka !Jn8~ka !

qHn8~ka !Jn~ka !2Hn~ka !Jn8~ka !
5Z2n ~49!

hasbeenintroducedfor laterconvenience.Herek5v/ c̃ and
q5 r̃ c̃/(rc), wherer̃ andc̃ arethedensityandsoundspeed,
respectively, inside the cylinders.Note that we recoverthe
sound-softresults in the limit q→0, whereasthe limit q
→` gives the sound-hardresults.The boundaryconditions
on the cylindersare

u5us ,
1

r

]u

]rs
5

1

r̃

]us

]rs
on rs5a, s51,...,N. ~50!

Using Graf’s addition theoremfor Besselfunctions, it
canbeshownthatprovidedrs,R js for all j, we canwrite the
field exterior to cylinder s as

u~rs ,us!

5 (
n52`

`

~IsJn~krs!e
in~p/22us1u in!

1An
s ZnHn~krs!e

inus!

1(
j51
jÞs

N

(
n52`

`

An
j Zn (

m52`

`

Jm~krs!Hn2m~kR js!

3eimusei~n2m !a js. ~51!

The geometricalrestriction implies that this expressionis
only valid if the point (rs ,us) is closerto the centerof cyl-
inder s thanthecentersof anyof theothercylinders.This is
certainlytrueon thesurfaceof cylinders andsoEq. ~51! can
be usedto apply the body boundaryconditions whichleads,
after using the orthogonalityof the functionsexp(imus), m
PZ, and eliminating the coefficientsBn

j , to the systemof
equations

Am
s

1(
j51
jÞs

N

(
n52`

`

An
j Znei~n2m !a jsHn2m~kR js!

52Ise
im~p/22u in!,

s51,2,...,N,
mPZ. ~52!

Note that the quantitiesq, k, anda only enterthe equations
throughthe termsZn .

For a single cylinder the solution is immediate: Am
1

52 imI1 exp(2imu in) and then the far-field pattern,defined
by Eq. ~3!, is given by

f ~u !52 (
n52`

`

Zneinu. ~53!

B. Arrays of circular cylinders: Averaged equations

Theaboveanalysisappliesto a specificconfigurationof
scatterers.Now we follow Bose and Mal ~1973! and take
ensembleaverages.Specifically, settings51 in Eq. ~52! and
thentaking the conditionalaverage,usingEq. ~14!, we get

^Am
1 &11n0

N21

N (
n52`

`

ZnE
BN :R12.b

Hn2m~kR21!

3ei~n2m !a21̂ An
2&12dV2

52I1eim~p/22u in!, mPZ. ~54!

Now we let N→` so that BN becomesthe half-space
x.0, andinvoke Lax’s QCA, Eq. ~22!. This implies that

^Am
2 &125^Am

2 &2 . ~55!

We seeka solutionto Eq. ~54! in the form

^Am
s &s5 imeibysFm~xs! ~56!

so that

Fm~x1!1n0 (
n52`

`

Zn~2 i!n2mE
x2.0,R12.b

cn2m~x21,y21!

3eiby21Fn~x2!dx2dy2

52e2 imu ineiax1, mPZ, ~57!

wherewe havewritten x215x22x1 and y215y22y1 , used
a215a122p, and defined cn(X,Y )5Hn(kR)einQ with X
5R cosQ andY5R sinQ.

Proceedingasbefore,supposethat for sufficiently large
x ~sayx.,) we canwrite

Fm~x !5Fme2 imweilx, ~58!

wherel andw aredefinedby Eq. ~31!. We assumethat Im
l.0 so that Fm→0 as x→`. Then if x1.,1b, Eq. ~57!
becomes

Fme2 imweilx11n0 (
n52`

`

Zn~2 i!n2m

3H E
0

,

Fn~x2!Ln2m~x21!dx21Fne2 inweilx1M n2mJ
52e2 imu ineiax1, mPZ, ~59!
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where

Ln~X !5E
2`

`

cn~X,Y !eibYdY , ~60!

M n5E
x2.,,R12.b

cn~x21,y21!C~x21,y21!dx2dy2 , ~61!

C~X,Y !5ei~lX1bY !
5eiKR cos~Q2w !, ~62!

andwe haveusedEq. ~31!. Next, we shall evaluateLn and
M n ; note that we have x2,,,x1 in Eq. ~59! so that x21

,0.
Considerthe integral Ln(X) for X,0. From Eq. ~27!,

we have

L0~X !5~2/a !e2 iaX and L0852 iaL0 . ~63!

For Ln with n.0, we usethe fact that

Ln~X !5E
2`

`

2

1

k
eibY S ]

]X
1 i

]

]Y Dcn21~X,Y !dY . ~64!

Then,as the ]/]X canbe takenoutsidethe integraland the
]/]Y canberemovedusingan integrationby parts,we have
kLn52Ln218 2bLn21 , which expressesLn in termsof Ln21

andLn218 . It follows from Eq. ~63! that

Ln5

2~ ia2b !n

akn
e2 iaX

5

2in

a
einu ine2 iaX. ~65!

This formula alsoholdsfor n,0. Hence,for x1.x2 ,

Ln~x22x1!5~2/a !ineinu ineia~x12x2!. ~66!

The doubleintegralM n canbe evaluatedusingGreen’s
theorem as follows. We have cn¹2C2C¹2cn5(k2

2K2)cnC. It follows that

M m5

1

k2
2K2 E]B

Fcm

]C

]n
2C

]cm

]n Gds2 ,

where]B consistsof two parts,the line x25, andthecircle
R125b. Now, on x25,, ]/]n52]/]x2 andso we have

2E
x25,

Fcn

]C

]x2
2C

]cn

]x2
Gdy2

5eil~,2x1!E
2`

`

eiby21F2 ilcn1cosa12

]cn

]R12

2

sina12

R12

]cn

]a12
G

x25,

dy2

5eil~,2x1!E
2`

`

eiby21

3F2 ilcn1

k

2
~cn212cn11!G

x25,

dy2

5

2

a
ei~a2l !~x12, !in21einu in~l1a !, ~67!

using 2Hn8(x)5Hn21(x)2Hn11(x), (2n/x)Hn(x)
5Hn21(x)1Hn11(x), andEq. ~66! thrice.

The contributionfrom the circle R125b is

2E
0

2pFcn

]

]R
~eiKR cos~Q2w !!2eiKR cos~Q2w !

]cn

]R G
R5b

bdQ

52bE
0

2p

eiKb cos~Q2w !einQ

3@ iKHn~kb !cos~Q2w !2kHn8~kb !#dQ

52beinwE
0

2p

einu (
q52`

`

iqJq~Kb !e2 iqu

3F iK

2
Hn~kb !~eiu

1e2 iu!2kHn8~kb !Gdu

522pb ineinw@KHn~kb !Jn8~Kb !2kHn8~kb !Jn~Kb !#.

~68!

Thus,the system~59! canbe written as

Ame2 imweilx
1Be2 imu ineiax

52e2 imu ineiax, x.,1b, mPZ, ~69!

where

Am5Fm1

2n0p

k2
2K2 (

n52`

`

FnZnNn2m~Kb !,

B5

2n0

a (
n52`

`

Zneinu in

3H E
0

,

Fn~ t !e2 iatdt1
iFne2 inw

l2a
ei~l2a !,J ,

and

Nn~Kb !5kbHn8~kb !Jn~Kb !2KbHn~kb !Jn8~Kb !. ~70!

In particular, note that N0 appearedin Sec.III C during our
analysisof Lax’s integralequation.

From Eq. ~69!, we immediatelyobtain B521 and Am

50 for all m; the secondof these,namely

Fm1

2n0p

k2
2K2 (

n52`

`

FnZnNn2m~Kb !50, mPZ, ~71!

is of mostinterestto us.It is aninfinite homogeneoussystem
of linearalgebraicequationsfor Fm , mPZ. Theexistenceof
a nontrivial solution to Eq. ~71! determinesK. Notice that
Eq. ~71! doesnot dependon u in , so that the effective wave-
numbercannotdependon u in .

Equation~71! is the sameasEq. ~33! in BoseandMal
~1973! @with the choice Eq. ~14!#; theseauthorsbeganby
consideringnormal incidence,u in50. However, the deriva-
tion of Eq. ~71! given herehassomeadvantagesover that
givenby BoseandMal ~1973!. First, we do not invoke ‘‘the
so-called‘extinction theorem’’’ of Lax; this is describedin
Sec.VI of Lax ~1952!. Roughly speaking,this ‘‘theorem’’
assertsthat one may simply deletethe incident field when
calculating the effective wavenumber, in the limit N→`.
Along with this comesomedivergentintegrals;for example,
the integralsin the unnumberedequationbetweenEqs.~32!
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and~33! of BoseandMal ~1973! aredivergent,becauseeiKx

is exponentiallylargeasx→2`. In fact,we cansaythatour
analysisproves Lax’s theoremin our particularcase.

Second,whendealingwith a half-spacecontainingscat-
terers,we know from the work of Lloyd and Berry ~1967!
that the boundaryof the half-spacecan causedifficulties.
Here, we give a proper treatmentof this boundary. In par-
ticular, we do not assumethat all fields are proportionalto
eilx everywhere inside the half-space,x.0, but only in x
.,, away from the boundary:the width of the boundary
layer, ,, is not specified,and neednot be specifiedif one
only wantsto calculateK.

A morerecentanalysiswasgivenby SiqueiraandSara-
bandi ~1996!. They allow noncircularand nonidenticalcyl-
inders ~using a T-matrix formulation! but they do assume
that the effective field is proportionalto eilx for all x.0.

C. Approximate determination of K for small n0

The only approximationmadein the derivationof Eq.
~71! is the QCA, which is expectedto be valid for small
valuesof thescattererconcentration(n0a2

!1). We now as-
sume ~as in Sec. III C! that n0 /k2 is also small and write
K2

5k2
1d1n01d2n0

2
1¯. We thenhave

Nn~Kb !52i/p1
1
2b2d1dn~kb !n01O~n0

2!, ~72!

where

dn~x !5Jn8~x !Hn8~x !1@12~n/x !2#Jn~x !Hn~x ! ~73!

andso

Nn~Kb !

k2
2K2

52

2i

pd1n0
2

b2dn~kb !

2
1

2id2

pd1
2

1O~n0!. ~74!

If Eq. ~74! is substitutedin Eq. ~71! and O(n0
2) terms

neglectedwe get

Fm5

4i

d1
(

n52`

`

ZnFn1n0 (
n52`

`

ZnFn

3S pb2dn2m~kb !2

4id2

d1
2 D , mPZ. ~75!

At leadingorder this gives

Fm5

4i

d1
(

n52`

`

ZnFn , mPZ, ~76!

which implies that all the Fm are equal. If we write Fm

5F, Eq. ~76! becomes

d154i (
s52`

`

Zs524if ~0!, ~77!

wheref is the far-field pattern,given by Eq. ~53!.
Returningto Eq. ~75!, we now put Fm5F1n0qm , and

thenthe O(n0) termsgive

qm52

1

f ~0! (
n52`

`

Znqn1pb2F (
n52`

`

Zndn2m~kb !

2

iFd2

4 f ~0!
, mPZ. ~78!

It follows that qm2pb2F(n52`
` Zndn2m must be indepen-

dentof m, call it Q:

Q52

1

f ~0! (
n52`

`

Znqn2

iFd2

4 f ~0!

52

1

f ~0! (
n52`

`

ZnS Q1Fpb2 (
s52`

`

Zsds2n~kb !D
2

iFd2

4 f ~0!
. ~79!

Hence

d254p ib2 (
n52`

`

(
s52`

`

ZnZsds2n~kb ! ~80!

andso we obtainthe approximation

K2
5k2

24in0f ~0!

14p ib2n0
2 (

n52`

`

(
s52`

`

ZnZsds2n~kb !1¯. ~81!

For isotropicpoint scatterers,we haveuZ0u@uZnu for all
nÞ0 and g52Z0 , so that Eq. ~81! reducesto Eq. ~42! in
this limit.

Sofar we havenot madeanyassumptionsaboutthesize
of ka or kb ~thoughclearlykb>2ka). Now we will assume
that kb is small. In the limit x→0, we have x2dn(x)
;2iunu/p. Henceaskb→0,

d2;2

8

k2 (
n52`

`

(
s52`

`

us2nuZnZs . ~82!

Now

@ f ~u !#2
5 (

n52`

`

(
s52`

`

ZnZse
i~n1s !u

5 (
n52`

`

(
s52`

`

ZnZs cos~n2s !u ~83!

sinceZn5Z2n . Thus

d

du
@ f ~u !#2

52 (
n52`

`

(
s52`

`

~n2s !ZnZs sin~n2s !u.

~84!

Also

E
0

p

cot 1
2u sinmudu5p sgn~m !, ~85!

seeEq. 3.612~7! in Gradshteynand Ryzhik ~2000!. Thus,
settingkb50 gives
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K2
5k2

24in0f ~0!1

8n0
2

pk2 E0

p

cot~u/2!
d

du
@ f ~u !#2du.

~86!

The integral appearinghere is convergent becausef 8(0)
50.

D. Effect of pair-correlation function choice

Here, we considerthe effect of using a more compli-
catedpair-correlationfunction, definedby Eq. ~15! in terms
of the functionx(r;n0). This functionmustdecayrapidly to
zeroasr→` and,in addition,x(r;n0)→0 as n0→0 for any
fixed r. For example,Bose and Mal ~1973! suggestusing
x(r;n0)5e2r/L(n0), where the correlationlength L(n0)→0
asn0→0. Otherauthorshavesupposedthat x(r;n0)50 for
r.b8.b, wherethe radiusb8 may be takenas2b; see,for
example,p. 1072 of Bose ~1996! or Eq. ~27! in Twersky
~1978!.

Proceedingas in Sec.IV B, we obtainEq. ~57! with an
additionalfactorof @11x(R12;n0)# in the integrand.Evalu-
ating this equationfor x1.,1b8, assumingthat x(r;n0)
50 for r.b8, we obtain Eq. ~59! with M n2m replacedby
M n2m8 , where

M n85M n1E
b,R12,b8

cn~x21,y21!

3C~x21,y21!x~R12;n0!dx2dy2

5M n12p ineinwWn ,

Wn5E
b

b8
Hn~kR !Jn~KR !x~R;n0!RdR,

andM n is definedby Eq. ~61!. Hence,we obtaina modified
form of Eq. ~71!, namely

Fm12n0p (
n52`

`

FnZnH Nn2m~Kb !

k2
2K2

1Wn2mJ 50, mPZ,

~87!

from which K is to bedetermined.This homogeneoussystem
for Fn is Eq. ~33! in BoseandMal ~1973! andit is a special
caseof Eq. ~24! in SiqueiraandSarabandi~1996!. Moreover,
the fact that Wn5o(1) as n0→0 meansthat the approxima-
tionsfor K obtainedin Sec.IV C, namelyEqs.~81! and~86!,
areunchangedby the presenceof x.

E. Reproducing Twersky’s formula

It is implicit in thework of Twersky~1962! ~andothers!
that the complicationsarising when a scatterercenter is
closer to the boundaryx50 than its radiusare ignored. It
was pointedout by Lloyd and Berry ~1967! that, since all
scatterersaretreatedequally, ignoringtheboundary-layeref-
fects is equivalentto using a pair-correlationfunction with
thefollowing property:if onescattereris at (x1 ,y1), thenno
otherscatterer@with center(x2 ,y2)] canoccupythe infinite
strip x12a,x2,x11a. Thus, instead of Eq. ~14!, the
choice

Np~r2ur1!5H 0, ux21u,a,

n0 , ux21u.a,
~88!

wasmade.We shall showthat useof Eq. ~88! leadsto Tw-
ersky’s formula,Eq. ~4!.

Settings51 and taking the conditionalaverageof Eq.
~52! in the usualway, andlooking for a solutionin the form
of Eq. ~56! now leadsto

Fm~x1!1n0 (
n52`

`

Zn~2 i!n2mS E
0

x12a

1E
x11a

` D
3Ln2m~x21!Fn~x2!dx252e2 imu ineiax1, mPZ, ~89!

whereLn(X) is definedby Eq. ~60!.
Supposethat for x., we canwrite @cf. Eq. ~58!#

Fm~x !5Fme2 imu ineilx, ~90!

whereIm l.0. Thenif x1.,1a, Eq. ~89! becomes

Fmeilx11n0 (
n52`

`

Zn~2 i!n2meimu inE
0

,

Fn~x2!Ln2m~x21!

3dx21n0eilx1 (
n52`

`

FnZne2 i~n2m !~p/21u in!

3S E
,

x12a

1E
x11a

` D Ln2m~x21!e
ilx21dx252eiax1,

mPZ. ~91!

We havealreadyevaluatedLn(x) for x,0, seeEq. ~66!.
Now, we alsoneedits valuefor x.0; we have

aLn~x !5H 2~2 i!ne2 inu ineiax x.0

2ineinu ine2 iax x,0.
~92!

Using thesein Eq. ~91! gives

Ãmeilx
1B̃eiax

52eiax, x.,1a, mPZ,

where

Ãm5Fm2

2in0

a (
n52`

`

FnZn

3H e2 i~l2a !a

l2a
2

ei~l1a !a

l1a
ei~n2m !uTJ ,

B̃5

2n0

a (
n52`

`

ZnH einu inE
0

,

Fn~ t !e2 iatdt1
iFnei~l2a !,

l2a J
anduT5p22u in . Thus,l is to befoundfrom Ãm50 for all
mPZ.

As before, we write K2
2k2

5l2
2a2

5d1n01d2n0
2

1¯. Hence,

e2 i~l2a !a

l2a
2

ei~l1a !a

l1a
ei~n2m !uT

5

2a

d1n0
1

1

2a
$122iaa2e2iaaei~n2m !uT%2

2ad2

d1
2

1O~n0!.
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Substitutingin Ãm50 andneglectingtermsthat areO(n0
2),

we obtain

Fm2 (
n52`

`

FnZnH 4i

d1
1

in0

a2
$122iaa2e2iaaei~n2m !uT%

2

4in0d2

d1
2 J 50

for mPZ. Proceedingasin Sec.IV C, we obtainEq. ~77!, as
before.Then,the O(n0) termsgive

d25

d1
2

4a2
~122iaa !

1

4

a2
e2iaa (

n52`

`

(
s52`

`

ZnZse
i~s2n !uT

5

4

a2
$e2iaa@ f ~uT!#2

2~122iaa !@ f ~0!#2%.

Hence,if we let aa→0 in this formula, we recoverTwer-
sky’s ~erroneous! formula,Eq. ~4!.

V. CONCLUDING REMARKS

We havederiveda two-dimensionalversionof thethree-
dimensionalLloyd–Berry formula for the effective wave
numberin a dilute randomconfigurationof scatterers,using
methodsthat differ from those used by Lloyd and Berry
~1967!. Much remainsto bedonein orderto validatethenew
formula. Specifically, it should be possibleto compareits
predictionswith thoseobtainedfrom full numericalsimula-
tions ~using Monte Carlo methods! and from experiments.
SomecomparisonsbetweenMonte Carlo resultsand solu-
tions of the infinite system~87!, for various choicesof x,
have beenreportedby SiqueiraandSarabandi~1996!. They
usedlossycylinders,andfoundgoodagreementfor low area
fractions,with little dependenceon x.

Priceet al. ~1988! havecomparedthepredictionsof Tw-
ersky’s formula, Eq. ~4!, with experimentalresultsobtained
from sound propagationthrough three forests; they found
‘‘poor’’ agreement,but perhapsthis could be attributedto
errorsin the formula andthe crudeapproximationof an ac-
tual forest by a randomarray of sound-hardcircular cylin-
ders.For a recentreview of the quantificationof attenuation
effectsdueto trees,see~Attenborough,2002!. Severalother
experimentalstudies,in thecontextof fiber-reinforcedmate-
rials, arecited in the paperby Verbiset al. ~2001!.

In threedimensions,there is an extensiveliteratureon
comparisonsbetweenexperiments,direct numericalsimula-
tions, and various theories,including the Lloyd–Berry for-
mula; see,for example,Sec.4.3.12of Povey ~1997!, Hipp
et al. ~1999!, and referencestherein.For low volume frac-
tions and properly modelledspheres,the agreementis gen-
erally good: accordingto Povey~1997!, p. 133, thereis ‘‘ a
sizablebody of evidencein supportof the acousticmultiple
scatteringtheory.’’
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