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I. INTRODUCTION

Multiple scatteringby randomarrangementsf scatter
ersis a topic with an extensiveliterature.See,for example,
therecentbook byTsanget al. (2001). The moderneradates
from thework of Foldy (1945, Lax (1951,1952, Waterman
and Truell (1961), and Twersky (1962. Major applications
include wave propagationthroughsuspensiongsee,for ex-
ampleMcClementset al. (1990, Povey(1997, Dukhin and
Goetz (2001, and Spelt et al. (2001)] and through elastic
compositegseeMal andKnopoff (1967, Kim et al. (1995,
and Kanaun(2000]. In this paper we are mainly interested
in two-dimensionalproblems,motivatedby the calculation
of sound propagationthrough forests [Embleton (1966);
Priceet al. (1988]. An importantpaperon acousticscatter
ing by arraysof circular cylindersis that of Boseand Mal
(1973; seeSec.lV below For subsequentvork, seeVaradan
et al. (1978, Yang andMal (1994, Bose (1996, Kanaun
and Levin (2003, and Kim (2003. For analogousplane-
strain elastodynamicssee Varadanet al. (1986, Yang and
Mal (1994, Bussinket al. (1995, andVerbiset al. (2001).

A typical problemis the following. The regionx<<0 is
filled with a homogeneougompressiblefluid of density p
andsound-speed. Theregionx>0 containsthe samefluid
and many scatterersto fix ideas,we supposehat the scat-
terersareidenticalcircles (parallelcircular cylinders. Then,
atime-harmoniglanewavewith wavenumbek= w/c (w is
the angularfrequency is incidenton the scattererswhat is
thereflectedwavefield? This field may be computedexactly
for any given configuration(ensemblg of N circles, but the
costincreasessN increaseslf thecomputatiorcanbedone,
it may be repeatedfor other configurations,and then the
averageeflectedfield could be computed(this is the Monte
Carlo approach Insteadof doing this, one can try to do
someensembleaveragingin orderto calculatethe average
(coherenk field. Oneresultof this is a formulafor the effec-
tive wavenumber K. This can then be usedto replacethe
“random medium’ occupyingx>0 by a homogeneougf-
fective medium.

Foldy (1945 beganby consideringisotropic point scat-
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terers;this is anappropriateanodelfor smallsound-sofiscat-
terers.He obtainedthe formula

K2=k2?—4ign,, (1)

wheren is the numberof circles per unit areaandg is the
scattering coefficient for an individual scatterer [In fact,
Foldy consideredscatteringin three dimensions;the two-
dimensionalformula, Eq. (1), canbe found asEqg. (3.20 in
Twersky (1962 andEq. (26) in Aristegui andAngel (2002,
for example] The formula (1) assumeshatthe scatterersre
independenandthatng is small. We areinterestedn calcu-
lating the correctionto Eq. (1) (a term proportionalto n(z)),
andthiswill requiresayingmoreaboutthe distributionof the
scatterersspecifically we shall use pair correlations.Thus,
our goalis a formula of the form

K2=k2+ 51n0+ 52”3, (2)

with computableexpressiondor §; and 6,. Moreover we
do not only want to restrict our formula to sound-softscat-
terers.

Thereis somecontroversyoverthe propervaluefor &, .
In orderto stateonesuchformula, we introducethe far-field
pattern f for scatteringby one circular cylinder. Thus, we
have u;,=exgikr cos@—6,)] for the incident plane wave,
where (r,0) are plane polar coordinates(x=r cos6, y
=r sinég) and 6, is the angle of incidence.The scattered
wavessatisfy

U~ V2/(kr) (60— 6;,) explikr —i/4)

as r—o,

)
Then, Twersky (1962 hasgiven the following formula:
K2=k2—4inyf(0)+(2ng/k)% sed 6, {[ f(7—26)]?
—[f(0)1%}. (4)

This formulainvolves 6;,, so thatit givesa differenteffec-
tive wavenumbefor differentincidentfields.

The three-dimensionalersionof Eq. (4) is older. For a
randomcollection of identical spheresit is

© 2005 Acoustical Society of America 3413



K2=k?—47i(Ry/k)f(0)+ 8,03
with [seeTwersky (1962 ]
8= (4m?Ik")sed O, {[f(7—26,)1°~[f(0)]?}, (B

where the farfield pattern is now defined by ug.
~ (ikr) "X f(9), r and 9 are sphericalpolar coordinates,
andn, is the numberof sphereger unit volume. The same
formula but with 6,,=0 (normal incidence was given by
Watermanand Truell (1961). However it was shown by
Lloyd and Berry (1967 that Eq. (5) is incorrect; they ob-
tained

4172
52=F{—[f(77)]2+[f(0)]2
+J”—1 4 topdo 6

(with no dependencen 6,,). Lloyd and Berry (1967 used
methods(andlanguagé comingfrom nuclearphysics.Thus,
in their approach, which they ‘“call the ‘resummation
method,’a point sourceof wavesis consideredo be situated
in an infinite medium. The scatteringseriesis then written
out completely giving what Lax has called the ‘expanded’
representationn this expandedepresentatiothe ensemble
averagemay be takenexactly [but then| the coherentwave
doesnot exist; the seriesmustbe resummedn orderto ob-
tainanyresultatall.” Onepurposeof the presentpaperis to
demonstrateghat a properanalysisof the semi-infinite two-
dimensionalmodel problem (with arbitrary angle of inci-
dence leadsto a formula that is reminiscentof the (three-
dimensional Lloyd—Berry formula; specifically insteadof
Eq. (4), we obtain
, _ 8n3 (= d
K2=k?—4inyf(0)+ —f cot( 0/2) —[f(6)]%de.

ak?Jo de

(7
Our analysisdoesnot involve ‘‘resumming’ seriesor diver
gentintegrals.It builds on a conventionalapproach,in the
spirit of the papersby Fikioris andWaterman(1964 andby
BoseandMal (1973.

The paperis organized,as follows. Some elementary
probability theory is recalledin Sec.Il. In particular the
pair-correlationfunction is introduced;this leadsto the no-
tion of “‘hole correction'—individual cylindersmustnot be
allowedto overlapduring the averagingprocessin Sec.lll,
we derive the integral equationsof Foldy (isotropic scatter
ers,no hole correction andof Lax (isotropicscatterershole
correctionincluded. Foldy’s integralequationcanbe solved
exactlywhereasve have beemnableto solveLax’s integral
equation. Nevertheless,we have developed a rigorous
methodfor extractinganexpressiorfor K from theseintegral
equationswithout actually solving the integral equations
themselvesThen, we usethe samemethodin Sec.IV but
without the restriction to isotropic scatterersWe start by
following BoseandMal (1973, andusean exact(determin-
istic) theoryfor scatteringoy N circlesfollowed by ensemble
averaging.We give a clear derivationof a certainhomoge-
neousinfinite linear systemof algebraicequationspbtained
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previously by Boseand Mal (1973 for the caseof normal
incidence;the systemdoesnot dependon 6;, and the exis-
tenceof a nontrivial solution determinesk. We solve the
systemfor small ny, andobtainEq. (7). We also showthat
Eq. (4) is obtainedif the hole correctionis not done cor
rectly. Concludingremarksare givenin Sec.V.

I. SOME PROBABILITY THEORY

In this section,we give a very brief summaryof the
probability theory needed For more information, seeFoldy
(1945, Lax (1951), Aristegui andAngel (2002 or Chap.14
of Ishimaru(1978.

Supposewe haveN scattererdocatedat the pointsr,
ro,...,rn; denote the configuration of points by Ay
={rq,r,,...,ry}. Then,theensemblgor configurationgl av-
erageof any quantity F(r|Ay) is definedby

<F(r)>:f f P(ry,ro,...rn)F(r[Ay)dVy---dVy,

)
where the integrationis over N copiesof the volume By
containingN scatterersHere, p(rq,...,ry)dVvV,dVy --dVy is
the probability of finding the scatterersn a configurationin
which the first scattereiis in the volume elementdV, about
ri, the secondscattereiis in the volume elementdV, about
r,, andso on, up to ry. The joint probability distribution
p(rq,...,ry) is normalizedso that (1)=1. Similarly, the av-
erageof F(r|Ay) overall configurationsfor which the first
scattereiis fixed at r, is given by

(F(r)>1=j J P(ra,...INIr)F(r[Ay)dVy --dVy,
9

where p(rqy,ro,...,rn)=p(r)p(ro,...,rylr1) defines the
conditionalprobability p(r,,...,ry|r1). If two scatterersare
fixed, saythe first and the secondwe candefine

<F(r)>12:f f P(ra,...Inr1,r2)F(r[Ay)dVy --dVy,
(10)

wherep(ry,...ry|r)=p(ralr)p(ra, ... nlr,ro).

Now, as eachof the N scatterersis equally likely to
occupydV,, the densityof scatterersatr, is Np(rq)=ng,
the (constant numberof scatterergper unit volume. Thus

p(r)=ng/N=|By| %, (11

where |By| is the volume of By. Also, as p(ry,rp)
=p(ry)p(ry|ry), we obtain

N

f f p(r2|r1)dV1dV2=n—o=|BN|. (12
We haveto specifyp(r,|ry), consistenwith Eq. (12). Also,
we wantto ensurethatscattererglo not overlap.For circular
cylinders of radius a, a simple choice is p(ra|ry)
=poH(R,—b) with b=2a, whereH(x) is the Heaviside
unit function, Ry,=|r,—r,| andpy is a constantdetermined
by Eq. (12). Thus,

po={|Bn|— mb?} " t=ng/N, (13)
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assuminghatb?n,/N<1.[Theequalityin Eq.(13) assumes
thatthe*hole” at r, of radiusb doesnot cut theboundaryof
By . Evidently, takingthis possibility into accountwould not
changethe approximationpy=nqy/N.] Hence,the simplest
sensiblechoicefor the pair-correlationfunction is

0, Rp,<hb,

nolN, R12> b (14)

p(r2|r1)={
This simple choice will be usedfor most of our analysis.
More generally we could use

0, R12<b,
(Ng/N)[1+ x(Ry2:Nng) 1,

wherethe function y is to be chosen subjectto somecon-
straints.The effect of using Eq. (15) insteadof Eq. (14) is
calculatedn Sec.lV D. Onecould alsoconsiderfunctionsy
thatdependon r,—r, (insteadof just |r;—r5,|); suchpossi-
bilities are discussedn Twersky (1978 and Siqueiraet al.
(1995.

p(rzlrl)={ (15)

R12> b,

Ill. FOLDY—-LAX THEORY: ISOTROPIC SCATTERERS

Foldy’s theory begins with a simplified deterministic
modelfor scatteringoy N identicalscattererseachof which
is supposedo scatterisotropically Thus, the total field is
assumedo be given by theincidentfield plusa point source
at eachscatteringcenter r; :

N
U(r|AN):uin(r)+gj§=:1 U1 1| A Ho(Kr —1)).
(16)

Here, H,(w)=H{"(w) is a Hankel function, g is the (as-
sumedknown) scatteringcoefficient,and the exciting field
Uex IS given by

N
Uex(Tfal Aw)=Uin(1)+ 9 25 U315 [ An) Ho(KIr ).

J#n
17

The secondtermin Eq. (17) is the field nearthe cylinder at
r, dueto scatteringoy all the othercylinders.The N numbers
Uex(rjstjlAn) (J=1,2,...N) requiredin Eq. (16) are to be
determinedby solving the linear systemobtainedby evalu-
ating Eqg. (17) at r=r,; direct numericalsolutionsof this
systemhave beergiven by Fikioris (1966 andby Groenen-
boomand Snieder(1995.

Let ustry to computethe ensembleaverageof u, using
Eqgs.(16) and(8). Theresultis

<U(r)>:Uin(r)+gn0fB (Uex(r1))1Ho(K[r—rq|)dVy,
" (19

wherewe haveusedEqgs.(9) and(11), andtheindistinguish-
ability of the scatterersFor (Ug(ry))1 [which is given ex-
plicitly by Eg. (9) in which ug,(rq;r;|Ay) is substitutedor
F(r|An)], we obtain
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(Uex(N))1=Uin(r) +g(N— 1)fB p(rory)

X(Ued(r2))12Ho(K|r —r5])dV5,

wherewe haveusedEqgs.(10) and (17). Equations(18) and
(19) arethefirst two in a hierarchyinvolving moreandmore
complicatednformationon the statisticsof the scattereidis-
tribution. In practice,the hierarchyis brokenusingan addi-
tional assumptionAt the lowestlevel, we haveFoldy’s as-
sumption,

(Uex(1))1=(u(r)),

at leastin the neighborhoodf r,. Whenthis is usedin Eq.
(18), we obtain

19

(20

(U(r)>=uin(f)+gnoﬁ3 (u(r))Ho(Klr=ra)dvy,
N

reBy. (22)

We call this Foldy's integral equation for (u). The integral
on the right-hand side is an acoustic volume potential.
Hence,an applicationof (V2+k?) to Eq. (21) eliminatesthe
incidentfield andshowsthat (V24 K2)(u)=0 in By, where
K? is given by Foldy’s formula, Eq. (1).

At the nextlevel, we havethe Lax (1952 quasicrystal-
line assumptionQCA),

(Uex(1))10=(Ue\(T))2-

Whenthis is usedin Eqg. (19) evaluatedatr=r,, we obtain

(22

v(r)=um(r)+g(N—1)fB p(ryNuv(ryHe(klr—rq))dvy,

re BN y (23)

wherev (r) =(Ue(r)):. We call this Lax’s integral equation.
In whatfollows, we let N—« sothatBy— B.,, a semi-
infinite region,x>0.

A. Foldy’s integral equation: Exact treatment
Considera planewave at obliqueincidence,so that

Up=e€(@*A)  with a=kcosf, and B=ksin6,,.

(24)

For a semi-infinite domain B.., Foldy’s integral equation,
Eqg. (21), becomes

<U(x,y>>=é<“”ﬁy)+gnoJ: f:w(xl,w Y))

x>0,

X Ho(kpp)dYdxy, —o<y<om

wherep; = \(x—x;)?+ Y2. This equationcanbe solvedex-
actly. Thus,writing

(U(x,y))=U(x) g™, x>0, —oo<y<w, (25)
we obtain
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U(X)=e“”‘e‘(ﬁ“”y+gnof:J_oo U(xy)

Ly x>0,
XHo(kpq)e€*'dYdx,, Ce<y<on, (26)
Hence,for a solutionin the form Eq. (25), we musthave i
=pB=ksinéb,,.
Now,

© ) 2 .
f Ho(kp,)€#¥dY = — g, (27)

wherea = Jk?— B%2=k cosé,,. Thus,we seethat U solves
‘ 2gng (= o
U(x)=é“+7f U(xy) e xddx,, x>0. (28
0

Now, put U(x)=Uye™, so thatEq. (25) gives

(U(X,Y))=UgdMBY) x>0, —w<y<m, (29)
andEq. (28) gives
U e”\x_eiax:29n0U0 2ae™ _ g
0 ia )\2_ a2 )\— o ’

where we have assumedhat ImA>0. If we comparethe
coefficientsof €"*, we seethat U, cancels)eaving

A2—a?=—4ign,, (30)

which determines\. Then, the coefficientsof €% give U,
=2al(N+a). A similar method can be usedto find (u)
when B, is a slab of finite thickness,0<x<h, say; see
Aristegui andAngel (2002.

From Eq. (29), it is naturalto write

N=Kcose and B=Ksing=Kksin6,. (31

Thesedefinethe effective wave numberK; the last equality
is recognizedas Snell’s law, eventhoughK and ¢ arecom-
plex, with Im K>0. Hence,we seethat

N —a?=K2-K?, (32

andso Eq. (30) reduceso Foldy’s formula, Eq. (1).

B. Foldy’s integral equation: Approximate treatment

We have seenthat Foldy’s integral equationcan be
solved exactly and that the solution processhastwo parts:
first find A (and hencethe effective wavenumber and then
find Ugy. Infact, A canbefoundwithout finding the complete
solution;the reasonfor pursuingthis is that we cannotusu-
ally find exactsolutions.Thus, considerEq. (28), and sup-
posethat

U(x)=U e for x>¢,

whereUg, \, and ¢ areunknown.To proceedwe needsay
nothing aboutthe solution U in the “‘boundarylayer’ 0<x
<. Now, evaluatethe integral equationfor x>¢; we find
that
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erixx_ eiozx

2gng

2gng . 4 )
- OéaXf U(t)e gt + ——
o 0 63

xf U(t)ee*tdt= Ae™+ Be** for x>¢,
4

where A= —4igny,Uy /(A2 — a?) and

2gng (¢ . 2igngU, .
-2 OJ U(t)e -+ — 00 gn-ar
a Jo a(A—a)

B

Then,settingU,= .4 givesEg. (30) again,without knowing
the solution U everywhere This basicmethodwill be used
againbelow

C. Lax’s integral equation

Using the approximationp(r|r)=(ny/N)H(R;—b) in
Lax’s integral equation,Eq. (23) gives

N—1
v(r)=Uin(r)+gno—y fsb(

N

)U(rl)HO(le)drlv
r

rEBN, (33)

whereBg(r)={r, e By:R;=|r—r4|>b}, which is By with
a (possiblyincomplete disk excluded.

Let N—< and take an incident plane wave, Eq. (24),
giving

v(X,y)=é<“x+By)+gn0f v(Xy,y+Y)
Xx1>0,01>b
x>0,
XHo(kpl)deXl, —OO<y<OO
As in Sec.lll A, we write
v(x,y)=V(x)eF, x>0, —w<y<ox, (34)
giving
V(x) =€+ gnof V(x1)Ho(kpq)
x1>0,1>b
x&f¥dydx,, x>0. (35)

Then,using Eqg. (27), we seethatV solves
V(x)=€e®+ gnof V(x7)L(x—=xp)dx;, x>0, (36)
0
wherethe kernel,L(x—X,), is given by

2 . (X) )
L(X)=;e‘“|x|—2foc Ho(kyXZ+Y2)EBYdY  (37)

with ¢(X)=ybZ—X?H(b—|X|); here,we havewritten the
integraloverY in Eq. (35 asanintegraloverall Y minusan
integralthroughthe disk, if necessary

We have beerunableto solve Eq. (36) exactly (even
though it is an integral equation of WienerHopf-type.
However the approximatemethod describedin Sec. Il B
canbe used.Thus,let us supposehat

. Linton and P. Martin: Scattering by random arrangements of cylinders



V(x)=Ve™ for x>¢, (38

whereVy, \, and¢ areunknown.Then,considerEqg. (36) for
x>{+b, so that the interval |x—x4|<b is entirely within
therangex;>¢. Making useof Eq. (37), Eq. (36) gives
Voeixx_eiax

gno

2 . 4 : 2 (= :
=;e'“xf V(t)e"“tdt+—f V(t)eetdt
€

0 o

Xx+b (x—t) .
—2f V(t)fC Ho(kyV(x—1t)2+Y?)e#YdYdt
0

x—b

(39

for x>{+b. Equation(38) canbe usedin the secondand

third integrals.The secondntegralis elementaryandhasthe
value

21V,

4iV,
a(A—a)

i(N—a)l jax_
e e N

g,
The third integralbecomes

® ot [BT-E T2 Y
_ZVOJfbé JO Ho(kE2+ Y2)dPYdYdé

. 27 (b |
=—V0e”‘xJO foe'Krw”*“’)Ho(kr)rdrda

(b
=—277V0é"XJ Jo(Kr)Ho(kr)rdr
0

) 4i 27Ny(Kb
mypre 27N )],
K2_k2 KZ_kZ
where  Ny(Kb)=KbH(kb)J;(Kb)—kbH,(kb)Jo(Kb).

Using theseresultsin Eqg. (39), noting Eq. (32), we obtain
Ve — = A"+ B for x>€+b,

where
27Tgn0V0
A= WNO(Kb)y
2gny (¢ . 2igngVy .
B="2 Of V(e iatgt+ — 91070 - aye,
a Jo a(A—a)

For a solution,we musthave A=V, andso
K2=k?—2mgnoNy(Kb), (40

whichis a nonlinearequationfor K. Notice thatthis equation
doesnot dependon the angleof incidence,8;, .

We have Ny (Kb)—2i/7 asb—0 so that, in this limit,
we recoverFoldy’s formula for the effective wavenumber
Eqg. (1).

Let us solve Eq. (40) for small ny. (Alternatively, we
could usethe dimensionlessreafraction ran,.) Beginby
writing

K2=k2+ 81no+ Song+- -+, (41)
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FIG. 1. A view of two typical cylinders.

where§; and , areto befound;for &;, we expectto obtain
the resultgiven by Eq. (1). It follows from Eq. (41) thatK
=k+36,ny/k+0(n3) andthen

No(Kb)=Ny(kb)+ (Kb—kb)Aj(kb)+ -
=2i/ 7+ 3b28,dg(kb)ny+O(n3),

where dg(X)=Jg(X)Hp(X) +J1(X)H1(X). When this ap-
proximationfor Ny(Kb) is usedin Eqg. (40), we obtain

K2=k2—4ign,— mb?g8,do(kb)n3.

Comparisonof this formula with Eq. (41) gives ;= —4ig
(as expectedl and 5,=4i(gb)2dy(kb), so that we obtain
the approximation

K2=k?—4igng+4mi(gbng)?dy(kb). (42

Note that the second-ordetermin Eq. (42) vanishesin the
limit kb— 0.

IV. FINITE-SIZE EFFECTS

The theory describedaboverelies on the assumptiorof
isotropy Here,we usea morecompletetheory We startwith
anexacttheory (dueto Zaviska) for acousticscatteringoy N
identicalcircular cylindersof radiusa; for detailsandrefer
encesseep. 173of Linton andMclver (2001). Thecylinders
canbesoft, hardor penetrableThen(in Sec.lV B), we form
averagecdequations and we invoke the QCA. This leadsto
aninfinite homogeneousystemof linearalgebraicequations
from which the effective wave number K, is to be deter
mined; the equationsare independenbf the angle of inci-
dence An approximatesolutionfor K is foundin Sec.IV C,
correctto O(ng). In Sec.IV D, it is shownthatthis approxi-
mation does not dependon the choice of the function
x(r;ng), appearingn the pair-correlationfunction, Eq. (15).
In Sec.lV E, it is shownhow Twersky’s formulafor K canbe
derived,usinganunreasonablehoicefor the pair-correlation
function.

A. A finite array of identical circular cylinders: Exact
theory

We use polar coordinates(r, 8) centeredat the origin
and (rj,0;), centeredat ry=(x;,y;), the centerof the jth
cylinder The variousparameterselatingto the relative po-
sitions of the cylindersare shownin Fig. 1.

Exterior to the cylindersthe pressurdield is u, where
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V2u+k?u=0. (43
In the interior of cylinderj, the field is u;, where
V2u;+ «k?u;=0. (44)

A planewave,givenby Eg. (24), isincidenton thecylinders.

A phasefactor foreachcylinder, 1, is definedby
|].: dlaxj+Byj) (45)

andthenwe canwrite

oo

uinzljeikrjcos{é’j—z?in)zlj 2 ein(w/2—0j+0in)Jn(krj)_

n=-—o
(46)
We seeka solutionto Egs.(43) and (44) in the form
N [
u= um+2 > ALZ H,(krj€m, (47)
j=1n=-=
=n:2_ Bl Jn(kr;)eM, (48)

for somesetof unknowncomplexcoefficientsAl, and B!, .
The factor

_ qJp(ka)Jn(ka)—
B qH;(ka)J,(ka)—H

Jn(ka)J)(xa)
n(ka)Jy(xa)

=Z (49

hasbeenintroducedfor later convenienceHere k= w/c and
q=pCc/(pc), wherep andc arethe densityandsoundspeed,
respectively inside the cylinders. Note that we recoverthe
sound-softresultsin the limit g—0, whereasthe limit g
—o givesthe sound-hardesults.The boundaryconditions
on the cylindersare

1ou
pz?l’s_

1 dug

=5 s=1,..N. (50

u=us, on rg=a,
Using Graf's addition theoremfor Besselfunctions, it
canbeshownthatprovidedr ;< R; for all j, we canwrite the

field exteriorto cylinders as

u(rs, )

= 2 (|SJn(krS)ein(”/z_05+9in)+AﬁZan(krS)ei”05)

n=—oo

+EEAJZEJ|«

=ln=-x
JiS

X émesei(n—m)ajs_

n m(kst)

(51)

The geometricalrestriction implies that this expressionis

only valid if the point (rg, 6s) is closerto the centerof cyl-

inder s thanthe centersof any of the othercylinders.This is

certainlytrue on the surfaceof cylinders andsoEq. (51) can
be usedto apply the body boundaryconditions whichleads,
after using the orthogonalityof the functionsexp(imés), m

e 7, and eliminating the coefficientsB!,, to the systemof

equations
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N [
AS+2 . 2 ARZo€ " KRy
J¢S
A s=1,2,..N
— | dAm(w/2—6;) 14 !
€ " me 7. (52)

Note that the quantitiesq, «, anda only enterthe equations
throughthe termsZ,, .

For a single cylinder the solution is immediate:A#
=—i",exp(~imé;,) andthenthe far-field pattern,defined
by Eq. (3), is given by

f(6)= 2 Z. e

n=—o

(53

B. Arrays of circular cylinders: Averaged equations

The aboveanalysisappliesto a specificconfigurationof
scatterersNow we follow Bose and Mal (1973 and take
ensembleveragesSpecifically settings=1 in Eq. (52) and
thentaking the conditionalaverageusing Eq. (14), we get

(A1t n0 N

=—

ls Jo o HkRa
n= By :R12>Db

x g maz AZY AV,

=—1,eM 2700 me7Z, (54)

Now we let N—oo so that By, becomeshe half-space
x>0, andinvoke Lax’s QCA, Eqg. (22). This implies that

(Am12=(AR)2. (55
We seeka solutionto Eq. (54) in the form
(AR)s= MRS (xs) (56)

sothat

‘I>m(X1)+non:2_w Zn(_i)nimJ‘ ‘//n—m(x211y21)

Xo>0,R12>b
X @YD (x,) dx,dy,
=—g Mind®1  me7, (57)
wherewe havewritten X,;=X,—X; andy,;=y,—Yy;, used

ay=aq,— 7, and defined ¢,(X,Y)=H,(kR)&"® with X
=Rcos® andY=Rsin®.

Proceedingas before,supposehat for sufficiently large
X (sayx>{) we canwrite

D(x)= Fmeiim‘pei)\xa (58

where\ and ¢ aredefinedby Eq. (31). We assumehat Im
A>0 so that ®,,—0 as x—. Thenif x;>€+b, Eq. (57)
becomes

o

e medMatng > Z, (=)
n=-—ow

¢ o
X{J' D (X2) Lo m(Xon) dXo+Fre” MMM,y
0

—e MndX1  me7, (59
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where

Lo(X)= f (X V)ETay, 60)

M= | UKo Yo W X1,y 20 BXaclys, (61
Xo>4¢,R15>b

\P(X,Y):ei()\XJr,BY):éKRCOS(7go), (62)

andwe haveusedEqg. (31). Next, we shall evaluateL,, and
M, ; note that we have x,<{<x; in Eq. (59 so that xy;
<0.

Considerthe integral L,(X) for X<0. From Eg. (27),
we have

Lo(X)=(2la)e '™ and L{=—ial,. (63)

For L, with n>0, we usethe fact that

Ln(X)= fi— ey

Then,asthe d/dX canbe takenoutsidethe integralandthe
dldY canberemovedusingan integrationby parts,we have
kL,=—L/,_;—BL,_1, whichexpresses,, in termsof L,,_,
andL,_,. It follows from Eq. (63) that

a
Ty

% Figy | - (XY)dY. (64

2(la—p)" 2i"
n= ( B) e—IaX elr'leme—lax (65)
ak"” a
This formula alsoholdsfor n<<0. Hence,for x;>x,,
Ly(Xp—X1) = (2/ar)i"e"ling @17 X2), (66)

The doubleintegral M , canbe evaluatedusing Greens
theorem as follows. We have ,V2W—W¥V2y,=(k?
—K?) ¢, . It follows that

R— f
™ K2—K2Jm

wheredB consistsof two parts,theline x,= ¢ andthecircle
Ri>=b. Now, onx,= ¢, d/dn= —dl Ix, and sowe have

ov ﬁ(//n
- e
fxze[ ¥n 29

. * : &
:é}\(é’*xl)J' @By — Nyt COSalz_n
e IRz

dY2

Sin [22%) awn
Rip dags

dy,
Xp=1{

- éxwxﬁjw dBY2

dy,

Xy=4

k
E('pn—l_ ‘/’n-%—l)

—iNyg,+

:Eei(af}\)(xlff)infleinﬁin()\+a), (67)
a

using ZHA(X):anl(X)_Hn+1(X)r
=H,_1(xX)+Hp;1(x), andEqg. (66) thrice.

(2n/xX)H,(X)
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The contributionfrom the circle Ri,=b is

- fzﬂr |t

KR cog® —¢) KRcog®—¢) "1
(el )= ¢ JR
27 .
:_bf elecos(ﬂp)em
0

bd®
=b

wnaR

X [iIKH(kb)cog © — @) — kH/ (kb)]d®

~—pen [ Tem 3
0

i93,(Kb)e ™'

H,(kb)(€+e %) —kH/(kb)|d@

= —27bi"é"*[KH,(kb)J/(Kb)—kH/(kb)J,(Kb)].
(68)
Thus, the system(59) canbe written as
Ape™ MeehX 4 B iMlingaX
— e—imeineiax’

x>{+b, meZ, (69

where

2n0’7T
KK

ﬂ 2 Zneinﬁin

& n=—-o

An=Fn+ 2 FnZNa_m(Kb),

¢ . iF,e ne
><U ®(t)e it + )\”—e'(”*“)( ,
o =

and
Np(Kb)=kbH/ (kb)J,(Kb) —KbH,(kb)J/(Kb). (70)

In particular notethat Ny appearedn Sec.lll C during our
analysisof Lax’s integral equation.

From Eq. (69), we immediatelyobtain B=—1 and A,
=0 for all m; the secondof these,namely

2”07T
k?—

is of mostinterestto us. It is aninfinite homogeneousystem
of linearalgebraicequationgor F,,,, me Z. Theexistenceof
a nontrivial solutionto Eq. (71) determinesK. Notice that
Eq. (71) doesnot dependon 6;,, so thatthe effective wave-
numbercannotdependon 6;, .

Equation(71) is the sameasEq. (33) in Boseand Mal
(1973 [with the choice Eq. (14)]; theseauthorsbeganby
consideringnormal incidence,6;,= 0. However the deriva-
tion of Eq. (71) given here hassomeadvantage®ver that
givenby BoseandMal (1973. First, we do not invoke ‘‘the
so-called‘extinction theorem” of Lax; this is describedin
Sec.VI of Lax (1952. Roughly speaking,this “theorem’
assertsthat one may simply deletethe incident field when
calculating the effective wavenumberin the limit N— .
Along with this comesomedivergentintegrals;for example,
the integralsin the unnumberedequationbetweenEgs. (32)

Fot > 2 FoZoN_m(Kb)=0, meZ, (71)
n=—ow
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and(33) of BoseandMal (1973 aredivemyent,becausa**
is exponentialllargeasx— — . In fact, we cansaythatour
analysisproves Lax’s theoremin our particularcase.

Secondwhendealingwith a half-spacecontainingscat-
terers,we know from the work of Lloyd and Berry (1967
that the boundaryof the half-spacecan causedifficulties.
Here, we give a propertreatmentof this boundary In par
ticular, we do not assumethat all fields are proportionalto
&M everywhere inside the half-space x>0, but only in x
>¢, away from the boundary:the width of the boundary
layer, €, is not specified,and neednot be specifiedif one
only wantsto calculateK.

A morerecentanalysiswasgivenby Siqueiraand Sara-
bandi (1996. They allow noncircularand nonidenticalcyl-
inders (using a T-matrix formulation but they do assume
that the effective field is proportionalto € for all x>0.

C. Approximate determination of K for small n,

The only approximationmadein the derivationof Eq.
(71) is the QCA, which is expectedto be valid for small
valuesof the scattereconcentratior(npa®<1). We now as-
sume(asin Sec.lll C) that ny/k? is also small and write
K2=k2+ 6o+ 8,n3+ . We thenhave

Ny(Kb)=2il 7+ 3b?8,d,(kb)ng+ O(n3), (72
where

dn(X) =300 HA(X) +[ 1= (n/%)?]In(X)Hn(X) (73
andso

Na(Kb) 2i  b?d,(kb) 2|52

k2_K2 - 7751”0_ 2 - l O(nO) (74)

If Eq. (74) is substitutedin Eq. (71) and O(n3) terms
neglectedwve get

2 ZF+n02 Z.F,

m 5]_ n=-—wx
4i5,
7-rb2dn_m(kb)——2 , meZ. (75)
51
At leadingorderthis gives
E Z.Fn, meZ, (76)

m
5]_ n=-—w

which implies that all the F, are equal. If we write F,
=F, Eq. (76) becomes

©

S,=4i >, Z=—4if(0),

S=—0

(77

wheref is the far-field pattern,given by Eg. (53).
Returningto Eq. (75), we now put F,=F +nyq,,, and
thenthe O(ng) termsgive
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Om=— E ann+77b2|: 2 Z,dn—m(kb)
f(o)n

=—

iF &,

—m, me 7.

(78

It follows that q,— 7b?F=;__.Z.d,_ mustbe indepen-
dentof m, call it Q:

©

iFs,
Q=" %0 n;w ZnAn ™ 77(0)
1
= 2 Z, Q+wa2 2 Zds_,(kb)
~f(0) n <
iF&, 79
~ 4f(0) (79
Hence
8,=4mib? Z Z Z.Zds_(kb) (80)
n=-—o s=—w
and so we obtainthe approximation
K2=k?—4in,f(0)
+4mib?nZ D, D ZZds_n(kb)+e--. (81

n=—o s=—x

For isotropicpoint scatterersywe have|Z,|>|Z,| for all
n+0 andg=—Z2,, so that Eq. (81) reducesto Eq. (42) in
this limit.

Sofar we havenot madeany assumptionsboutthe size
of ka or kb (thoughclearlykb=2ka). Now we will assume
that kb is small. In the limit x—0, we have x?d,(X)
~2i[n|/7. Henceaskb—0,

o~ Enzw S_Zx |s—n|Z,Zs. (82)
Now
o= 3 2 ZyZ "
n
n_}; S_}; Z,Z;cogn—s)0 (83)
sinceZ,=Z_,,. Thus
d 2 oo o] .
ﬁ[f(a)] :—n;w S;m (n—s)Z,Zssin(n—s) 6.
(84)
Also
fow cot30 sinm@dé= 7 sgr(m), (85)

seeEqg. 3.6127) in Gradshteynand Ryzhik (2000. Thus,
settingkb=0 gives
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K2=k2—4in,f(0 +—gf cot( 6/2) —[f(6)]°de
ingf(0) 2 Jo )d9[()] :
(86)

The integral appearinghere is convegent becausef’(0)
=0.

D. Effect of pair-correlation function choice

Here, we considerthe effect of using a more compli-
catedpair-correlationfunction, definedby Eg. (15) in terms
of thefunction x(r;ng). This functionmustdecayrapidly to
zeroasr —o0 and,in addition, x(r;ng) — 0 as ny—0 for any
fixed r. For example,Bose and Mal (1973 suggestusing
x(r:ng)=e" ") wherethe correlationlength L(ng) — 0
asny— 0. Otherauthorshavesupposedhat y(r;ngy) =0 for
r>b’'>b, wherethe radiush’ may be takenas2b; see,for
example,p. 1072 of Bose (1996 or Eq. (27) in Twersky
(1978.

Proceedingasin Sec.lV B, we obtainEq. (57) with an
additionalfactorof [ 1+ y(R15;ng)] in theintegrand Evalu-
ating this equationfor x;>¢€+b’, assumingthat x(r;ng)
=0 for r>b’, we obtain Eq. (59) with M,,_,,, replacedby
M/ _.,, where

Mrllen'i'f  Un(X21,Y21)
b<R;p<b

X W (X21,Y21) X(Ri2:Ng) dXody,
=M+ 2mi"e"*W,,

Wh= fb Hn(kR)Jn(KR) x(R;ng)RaR,
b

andM,, is definedby Eq. (61). Hence,we obtaina modified
form of Eq. (71), namely

[Nn_m(Km

Fmt2nom > FnZy R

n=-—o

+wnm] =0, meZ,
(87

from which K is to bedeterminedThis homogeneousystem
for F,, is Eq. (33) in BoseandMal (1973 andit is a special
caseof EQ.(24) in SiqueiraandSaraband{1996. Moreover
the fact that W,=0(1) as n,— 0 meanshatthe approxima-
tionsfor K obtainedin Sec.lV C, namelyEgs.(81) and(86),

areunchangedy the presencef y.

E. Reproducing Twersky’s formula

It is implicit in the work of Twersky (1962 (andothers
that the complicationsarising when a scatterercenter is
closerto the boundaryx=0 thanits radiusare ignored. It
was pointed out by Lloyd and Berry (1967 that, sinceall
scattereraretreatedequally ignoring the boundary-layeef-
fectsis equivalentto using a pair-correlationfunction with
thefollowing property:if onescattereis at (x1,y;), thenno
otherscatterefwith center(x,,y,)] canoccupythe infinite
strip x;—a<x,<x;+a. Thus, instead of Eq. (14), the
choice
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0, [|xzl<a,

Np(r2|r1)=[ (89)

No, [Xa1/>a,
was made.We shall showthat useof Eq. (88) leadsto Tw-
erskys formula, Eq. (4).

Settings=1 and taking the conditionalaverageof Eq.
(52) in the usualway, andlooking for a solutionin the form
of Eqg. (56) now leadsto

CDm(X1)+non§:m Zn(_i)nm( J:raJr J:;a)

X Lyom(Xo) P p(Xp)dxy=—e Mind®X1  meZ, (89)
whereL ,(X) is definedby Eg. (60).

Supposehat for x> ¢ we canwrite [cf. Eq. (58)]

D (X)=F e Mlinghx, (90)

wherelm A>0. Thenif x;>¢+a, Eq. (89 becomes

Fme"‘xl+no E Zn(_i)n_melmginjo D (X)L m(X21)

n=-—o

o

de2+ noei)\xl z Fnzne*i(n*m)(ﬂ'/ZJrHin)
n=—w

X

xa=a - ei)\x21d — _eiaxl
+ Ln—m(X21) X2= '
4 Xita

me7Z. (92

We havealreadyevaluated.,(x) for x<0, seeEq. (66).
Now, we alsoneedits valuefor x>0; we have

2(—i)"e Mlindex x>0
ALa(X)=) pingntingiax  y<g, 2
Using thesein Eq. (91) gives
A @+ Be™X=—doX x>¢+a, meZ,
where
~ 2|n
Ap=Fp— — E FoZn
n=-—ow
—i(A—a)a i(AN+a)a
X N e é(n—m)aT]
N—a N a '

& pn=—-ox

~ 2Ny < iF,etof
B= =0 2 Z [e‘noan ) (t)e"“tdt+ )\_—a]

and 6= 7 — 26;,. Thus,\ is to befoundfrom Am= 0 for all
me 7.

As before, we write K2—k?=\?—a?=§;ny+ 6,n3
+---. Hence,

e il-awa dtaa
— ei(nfm)aT
A—«a ANt a
2a 2ad
+—{1 2ica—e?aagn-mon _ =2
51”0 52
+0(ng).
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Substitutingin ;1m= 0 andneglectingtermsthatare O(n3),
we obtain

- 4i in o
Fn— 2 FoZo| 5 + — (1-2iaa—e?egln-min
n=—e 1 o«

4iny S,
8

for me Z. Proceedingsin Sec.lV C, we obtainEqg. (77), as
before.Then,the O(ny) termsgive

2
1 .
S,=——=(1-2iaa)
z 40°

oo

4 - .
+?e2Iaa E 2 ansé(S*nWT

n=—o s=—®

4 .
= ?{ez'“a[f(ﬁr)]z—(1—2iaa)[f(0)]2}-

Hence,if we let aa— 0 in this formula, we recoverTwer-
sky’s (erroneous formula, Eq. (4).

V. CONCLUDING REMARKS

We havederiveda two-dimensionalersionof thethree-
dimensionalLloyd—Berry formula for the effective wave
numberin a dilute randomconfigurationof scatterersusing
methodsthat differ from those usedby Lloyd and Berry
(1967. Muchremainsto bedonein orderto validatethe new
formula. Specifically it should be possibleto compareits
predictionswith thoseobtainedfrom full numericalsimula-
tions (using Monte Carlo method$ and from experiments.
Some comparisonshetweenMonte Carlo resultsand solu-
tions of the infinite system(87), for various choicesof y,
have beerreportedby Siqueiraand Saraband{1996. They
usedlossycylinders,andfound goodagreementor low area
fractions,with little dependencen y.

Priceet al. (1988 havecomparedhe predictionsof Tw-
erskys formula, Eq. (4), with experimentakesultsobtained
from sound propagationthrough three forests; they found
“poor” agreementput perhapsthis could be attributedto
errorsin the formula andthe crudeapproximationof an ac-
tual forestby a randomarray of sound-hardcircular cylin-
ders.For arecentreview of the quantificationof attenuation
effectsdueto trees,see(Attenborough2002. Severalother
experimentaktudies,in the contextof fiberreinforcedmate-
rials, arecited in the paperby Verbiset al. (200J).

In threedimensionsthereis an extensiveliterature on
comparisondetweenexperimentsdirect numericalsimula-
tions, and varioustheories,including the Lloyd—Berry for-
mula; see,for example,Sec.4.3.12of Povey (1997, Hipp
et al. (1999, and referencegherein.For low volume frac-
tions and properly modelledspheresthe agreements gen-
erally good: accordingto Povey (1997, p. 133, thereis “a
sizablebody of evidencein supportof the acousticmultiple
scatteringtheory”
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