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ABSTRACT

The well-known three-compartment model which describes the spatially homogeneous dynamics of HIV
in-vivo is adapted to account for spatial heterogeneity by considering diffusion of populations and spatially
varying parameters. The new system of nonlinear parabolic PDEs is analyzed in detail. Specifically, local
and global existence, uniqueness and high-order regularity of solutions is proven. We also determine the
global asymptotic behavior of the model in certain biologically relevant regimes and compare our findings
with the analogous results for the spatially homogeneous model. In doing so, we discuss existence and stabil-
ity of viral extinction and viral persistence steady states in different cases. Finally, the system is simulated

using a semi-implicit finite difference method with the goal of verifying the analysis.
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CHAPTER 1
INTRODUCTION

The Human Immunodeficiency Virus (HIV) is a deadly, infectious virus which primarily utilizes
CD4" T cells, a white blood cell useful in directing the adaptive immune response in the body,
to reproduce. The course of the infection within a host is characterized by depletion of these
cells. With this decrease in the CD4" T cell population, the immune system is left dangerously
compromised and when such cells reach low enough levels in an HIV infected patient, the patient is
diagnosed with AIDS. The infection and depletion process can range from a few months to several
years. For a biological description of infection dynamics, see [6]. We summarize the very basics
here. HIV particles (called virions) attach to T cells, enter the cell and release the contents of their
genetic information. The process of reverse transcription in the cell copies the viral RNA into the
DNA of the cell. The cell then manufactures new strands viral RNA and proteins which form into
new virons and separate from the cell (a process called budding). The infection will eventually cause
the cell to die which results in a burst of virions into its immediate surroundings. The function of
C'D4™ T cells (also called helper T cells) is to “mark” infected cells and virions by secreting proteins
which activate the immune system. The components of the immune system work to kill and clear
infected cells and virions. If the T cell count remains relatively high, then the immune system
will be able to locate and flush out harmful cells. However, with the T cell population depleted,
the immune system receives less direction and the HIV virus and other debilitating pathogens are

allowed to run rampant.

There have been several efforts to mathematically model the battle between the immune system
and HIV within an infected host. Perelson and Nelson [1] provide an overview of some common
models which have been used. The most basic and ubiquitous model, discussed, for example, in
[4], is concerned with three quantities: T'(t), the density of uninfected C' D47 cells, I(t), the density
of infected C D47 cells and V (t), the density of free virions. The corresponding dynamical system

is:

dTl’

E =A— /,LTT — kTV, T(O) = TO,

dl

%:kTV—/uL 1(0) = Iy, (1.1)
dav

o = Nl =V, V(0) = V.
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Figure 1: Transfer diagram for (1.1)

Here, all parameters are taken to be positive. The value A represents the natural constant
regeneration rate of T cells while pp, ur and py are death/clearance rates which correspond to
cells naturally dying, being killed by virions or the immune response or being cleared by the
immune system. The parameter k£ is an infection rate; note that healthy T cells become infected
at a rate proportional to the product of the density of T cells and the density of free virions. This
is essentially an application of the mass-action principle. Finally, N is the bud/burst rate which
models output of virions from an infected cell. Many sources ([2], [3], [7]) group Ny  into a single
constant. When the two are kept separate, we can see the term Nuyl as representing the total

average production of virions by an infected T cell over the course of its lifespan.

More sophisticated versions of this model (those which take into account viral production, drug
therapy, drug resistant strains of the virus, etc.) can be found in [1]. However, these models assume
spatial homogeneity as do those considered in [2], [3] and [4]. Spatially homogeneous (or lumped)
models have some advantages. For example, they are simpler in some respects than spatially
heterogeneous models and capture some of the asymptotic behavior of the infection (as noted by

Brauner et al. [5]).

By contrast, there are also several shortcomings of lumped models. For example, the dynamics
of HIV can vary wildly in different compartments of the human body. Also, virions may prefer-
entially infect nearby cells. These considerations are unaccounted for in spatially homogeneous

models.

Accordingly, there have been a few efforts to construct spatially heterogeneous models, some of



which are discussed in [8]. A common approach (used for example by Funk et al. [7]) is to add
discrete spatial aspects to (1.1). Another approach is to consider virions which are bound to cells
and virions which are free as separate populations; in this case, free virions must be allowed to diffuse
[10]. Further, Stancevic et al. [9] introduce a two-dimensional spatial model with diffusion and a
chemotaxis term which accounts for chemical attractors, though their work focuses on simulation

and stability of equilibria rather than analysis and estimation of solutions.

In this document, we introduce a new spatial model with diffusion of populations and spatially
dependent parameters. Specifically, we assume that the regeneration of T cells does not occur uni-
formly throughout the body or tissue (i.e., A = A\(x)). We study the model in n spatial dimensions
and time with the goal of proving many classical results for partial differential equations (existence,

uniqueness and regularity) and determining some large time asymptotic behavior.



CHAPTER 2
WELL-POSEDNESS

We consider the system

(Or — DrA)T = XNz) — prT — KTV,  T(z,0) = Ty(z),
(9 — DAY = KTV — g, I(z,0) = Io(z), (2.1)

(0t = DyA)V = Npil — py'V, V(z,0) = Vo(z),

forx € Q C R, t € (0,t*], t* > 0 where k, N, ur, puy, pv, Dp, Dy, Dy are all real, nonnegative
constants and A is a nonnegative function of spatial variables. Here, we could have two different
cases, but the analysis remains largely the same in each case. First, we may take 2 = R" in which

case we also assume that

lim 8—(3@,1&) = lim ﬂ(JU,t) = lim a—v(:r,t) =0, te(0,t7].

In the second case, we take €2 to be a bounded, open subset of R™ with boundary 02 and in this

case, we assume that

or
1

or _or,
on"’

PR — 8V .
an  On’

(1)

= —(, =0, te(0,t7].
90 on

o0

We also note here that throughout this document, we will impose various restrictions on our initial
conditions. In a bounded domain, it is enough to take Tgy, Iy, Vp € C (ﬁ) In addition, they will
always be positive. However, for much of the analysis these assumptions are superfluous. As
necessary, we will mention the restrictions we are imposing on Ty, Iy, Vp. Similarly, we will require
A to have certain properties at different junctures so it is convenient to consider A to be a smooth

function. Accordingly, we take A € H*°(Q); this will play a key role later in this section.

A model similar to ours was considered by [5]. Those authors also introduced diffusion. However,
they neglected T cell diffusion. Their assumption was that, under normal conditions, T cells do
not move whereas the virions are still active. Accordingly, they set Dy = Dy = 0. Our model is

slightly more robust since we do not assume this.



2.1 Existence and Uniqueness of Solutions

To analyze (2.1), we consider the inhomogeneous and autonomous, vector heat equation given
by
(0 — DyA)u=f£f(u), z€Q, tel0,t],
(2.2)
u(z,0) = up(z), =€
We note that (2.1) can be written in this form by setting u = [T' I V|7 and letting f be prescribed
by the right hand side of (2.1). We will require later that that f : R — R3 be a locally Lipschitz

function; indeed, we demonstrate that our f satisfies this requirement. We see that for (2.1)

J1(u1,u2,u3) A — prur — kujus
f(u) = | fo(ur, ug,uz) | = kuiug — prus
f3(u1,u2,u3) Npjuz — pyug

The derivatives of each component are

—uT — k’U,3 ku;; 0
Vflz 0 y vaZ —HUr| > vf3: N/,L[ )
—kuy kuy %

each of which remains bounded on compact subsets of R3. Thus, each of f1, fa, f3 is locally Lipschitz

and so f is locally Lipschitz as well.

By Duhamel’s principle, we know that the solution to (2.2) is given by

u(rc,t)—/o /Qq)(x—y,t—S)f(u(y,S))dyder/<I>(w—y7t)uo(y)dy,

Q

where @ is the Green’s function for the heat operator in the domain 2 with Neumann boundary

condition; i.e., ¢ satisfies

(0 — DuA)YD =0, (z,t) € Q x (0, 7],

®(z,0) = d(z),
0P
%(‘,t) o =0.



We note, for example, that if {2 = R" then ® is the heat kernel given by

]

O(x,t) = ——5 —
(1) (4Dy7t)/2 exp{ 4Dyt

},xeﬂ,t>0, (2.3)

which is a particularly nice function. In any case, the heat operator admits only smooth Green’s

functions, so ® is smooth. As a result of this, we can ensure that

/ O(x,t)der =1,
Q

for all ¢ > 0. Lastly, in the sense of distributions, ® tends to the Dirac delta as ¢ — 0. That
is,

lim [ ®(z —y,t)F(y)dy = F(z)
t—0 Q

for any continuous F defined for x € ). We seek to prove existence and uniqueness of solutions to

(2.2).

Lemma 2.1 (Local Existence). If f : Q — R? is a locally Lipschitz function and ug :  — R3 is

continuous, then there is an a > 0 such that (2.2) has a unique solution for ¢ € [—a, a].

Proof. Let a,e > 0 and define V = {v € C(Q x [—a,a]) : |[v—ug||,, < €}. Define a linear

operator K on V by

Ku(z,t) = /0 /Q<I>(x —y,t—s)f(u(y,s))dyds + / O(x —y,t)up(y)dy

Q

for all u € V where f,ug are as in (2.2) and ® is the Green’s function for the heat operator in
Q.We are assuming that f is locally Lipschitz and has Lipschitz constant L in the e-neighborhood

of ug.

By the Banach fixed point theorem (contraction mapping principle), to prove that our system has

a unique solution, it will suffice to prove that if we take a sufficiently small, then K : V' — V and that



K is a contraction. To prove the latter, take u,v € V and consider for all (z,t) € Q x [—a,al,

Kz, t) — Kv(z, )] = /0 /Q Bz — gt — ) (E(uly, s)) — £(v(y,))) dyds

It]
< /0 /Q Do —y,t - 5)[F(uly, 5)) — E(v(y, 5))| dyds
[t]
<L [ =t =) luGs) = vl duds
Il
<L||u—v\|oo/0 /Q@(:c—y,t—s)dyds

= Lllu—=v[l [t <aLlu—=v[l.

Since this holds for all (z,t) € Q X [—a, a], we have an upper bound for |Ku(x,t) — Kv(z,t)|. The

supremum over all such (z,t) is the least upper bound so we find
[[1Ku = Kv[, < aL|lu—vl,

for all u,v € V. Thus taking a < 1/L will ensure that K is a contraction mapping.
It remains to prove that K : V' — V'; that is, we must show that for any u € V', we have Ku € V.

Since @, f, ug are continuous, we know that Ku is continuous for any u € V. Also,

Kz, 1) — ug(a)] = /0 /Q@(x—y,t—s)f(u(y,s))dyds +

+ /Q O(z — y,t)ue(y)dy — uo(x)

< +

/ot /Q Oz — y,t — s)E(u(y, 5))dyds

+

/ Bz — y, t)uo(y)dy — uo(z)
Q

[t]
< /0 /Q D(x— y,t — 5) |f(uly, s))| dyds +

+

/ Bz — y, tyuo(y)dy — uo(z)
Q

Since @ tends to the Dirac delta as t — 0, we know there is § > 0 such that

£
R

0<l|t|]<o = ‘/Q(I)(l‘ —y,t)ug(y)dy — ug(x)| <



We can ensure that |¢| < 0 by taking a < . Next,

[¢]
/0 /Q(I)(x —y,t =) [f(uly, s))| dyds
It]
< /0 [ @ =t = 5) 80ty ) = o)+ ) dus

||
< / /chx—y,t—s) (L |[u — ol + [IF]|.) dyds
0

< a(Lflu—ugll, +|lfll) < a(le+|[fll)-

i e i e
Thus we can force this term to be less than § by taking a < 2Tt

Thus far we have enforced three separate bounds on a. To satisfy all three, we may take

. 1 e . .-
a < min { 7,0, ) } Under this condition,

|Ku(z,t) —ug(z)| < §+5=¢, forall (z,t) € Q.
Again, since this holds for all (z,t), we have

|Ku—wl|, <e = Kuel.

Thus, for sufficiently small a, K is a contraction and K : V' — V so by the Banach fixed point

theorem, there is a unique solution to (2.2) for t € [—a, al. [

From here, we wish to prove that the solution guaranteed by the above lemma will exist globally
under certain assumptions. To that end, we prove a few things about the inhomogeneous scalar

heat equation which we can then apply to the equations for T, I,V given in (2.1).

We consider the equation

(0 — DyA)yu = g(x,t), (z,t) € Qx (0,t7],
(2.4)
u(x,0) = ug(z), x € Q.

Lemma 2.2 (Positivity). Assume that u satisfies (2.4) and that g(x,t) > 0 for all (z,t) € Qx][0, t*]
and ug(x) > 0 for all z € Q. Then u(z,t) > 0 for all (x,t) € Q x (0,t*]. That is, the operator



(0y — Dy, A) preserves positivity.

Proof. Here, the proof is straightforward if 2 = R™. In that case, we write

u(z,t) —/0 /Q‘I)(x —y,t —s)g(y, s)dyds +/Q<I>(w —y, t)uo(y)dy,

where ® is the heat kernel given by (2.3). We see that ®(x — y,t —s) > 0, so the product
®(x — y,t — s)g(y,s) > 0. This means that the first integral above must be nonnegative. Also
uo(y) > 0 and ®(x — y,t) > 0. Thus the product ®(x — y,t)up(y) > 0 and so the second integral
above is nonnegative and we have reduced u(z,t) to a sum of two nonnegative terms. We conclude

that u(z,t) > 0 for all (z,t) € Q x (0,¢*], and the theorem is proven.

In the case that €2 is a bounded domain, we recall the definitions of the positive and negative
parts of u:

uy(x,t) = max{0,u(x,t)} and wu_(x,t) = —min{0,u(z,t)}.

Then v = uy — u—. With this in mind, we multiply (2.4) by u_ and integrate in both time and

space. Then the left hand side is given by

LHS:/ /u_ﬁtudxdt—c/ /u_Audxdt =1+ 11,
0 JQ 0 JQ

where s € (0,t*]. Now if we define Q7 = {(x,t) € Q x (0,s] : u(z,t) < 0}, then u_ is zero outside
of Q7 so we see

I:/ u_Oru dxdt.
Q

s

However, on this set u = —u_ so

1
I= —/ u_Opu_ drdt = —/ 0y (u%) dzdt.
Q5 2 Jag

However, since u_ is zero outside of 2, integrating over (27 is the same as integrating over 2% (0, s].

Thus
== [ [ o) das =~ [ fuw9)? — u (w07
2 aJo 2 Q

Finally, up > 0 implies that u_(x,0) =0 so we find I = —% Hu_(s)Hg <0.

10



We use a similar set of steps for I1:

II = Du/ /uAud:Udt
0 Q

=D, u_Au_ dxdt
Q5

=—D, Vu_ - Vu_ dxdt + D, / u_au—_
Q5 0 871

dt.

Enforcing the homogeneous boundary condition gives

S
HE:D%/ /|vu(%wﬁdﬂﬁgo.
0o JQ

Thus we have

LHS =1+11<0.

Next, considering the right hand side under the same operations, we have

RHS:/ /g(x,t)u_(:n,t)dxdt.
0 JQ

But both g and u_ are nonnegative so RHS > 0.

To recap, LHS is non-positive and equals RHS which is non-negative. Thus both must be zero.

If LHS is zero, then both I and II are zero and we conclude

[lu—(s)ll5 = 0.

This is only possible if u_(z,s) = 0. However, s was an arbitrary element of (0,¢*] and so
u_(z,t) = 0 for all (z,t) € Q x (0,t*]. But if u_ = 0, then v = uy > 0 which completes the

proof. |

Now we would like to prove that u(z,t) remains bounded in some way by the initial data and

the forcing function. We can do this by establishing some corollaries to Lemma 2.2.

11



Corollary 2.2.1 If u(x,t) satisfies (2.4), then

t
1wl oo < [luollo +/ lg(7)[lo dr,  for all £ € [0,¢7].
0

Proof. Define a new function

t

ole.0) = (Il + [ D)l dr ) = utat
Then we notice that
(0 — DuA)v = ||g(¥)l|oc — (9 — Dul)u = [|g(t)]|oc — 9(z. 1)
But g(z,t) is always bounded by its supremum norm with respect to z, so we see
(0y — DyA)v = G(x, t)
where G(x,t) > 0 for all (z,t) € Q x [0,t*]. Also
v(,0) = [Juollo — ulz,0) = [Juollo — uo(x).

Again, up(x) is bounded by its supremum norm, so we have v(z,0) = vo(z) where vo(x) > 0. Then

by Lemma 2.2, v(z,t) > 0 for (z,t) € Q x [0,t*] so

os(|uo|oo+/0 |g<r>\|oodf)—u<ar,t> — u<x7t>suuoum+/0 lg()|o dr,

for all (z,t) €  x [0,¢*]. Taking the supremum over z gives

t
(@)l < o], +/0 g()||, dr.

for all ¢ € [0,¢*] which completes the proof. |

12



Corollary 2.2.2 Assume that u(z,t) satisfies the differential inequality

(0y — DyA)u < g(z,t), (z,t) € Q x (0,t7],

u(z,0) = up(z), x € Q.

Then u(z,t) satisfies the same inequality as in Corollary 2.2.1. That is,

t
[u(®)loo < lluollo +/ lg(7)llo dr,  for all t € [0,t"].
0

Proof. We use the same technique as was used in the proof of Corollary 2.2.1. Define v(x,t)

by
t

olet) = (1ol + [ o)) = uto

Then
(0 = DuA)v = [|lg(0)]|oo — (Or — Dubd)u = [|g(t)|[o — 9(@,t) =0

and

v(@,0) = [[uol|o — u(z,0) = [[uol|og — uo(z) = 0.
Again the result follows from Lemma 2.2. |

With these results in mind, we now consider our particular system. Throughout the remain-
der of this document C' will be a positive constant which may change from line to line. Sometimes

the constant may be accompanied by a subscript to denote which quantities it depends on; e.g. Cj=.

Theorem 2.3 (Global Existence). Suppose T, I,V satisfy (2.1) and Tp(x), Io(x), Vo(x) are pos-
itive for all x € Q. Then for any b > 0, T'(x,t),I(z,t),V(x,t) > 0 for all z €  and all ¢t € (0, d].

Further ||T()||,||1(t) |V (t)|| remain bounded for ¢ € (0, b].

||oo’

Note: What this theorem tells us in essence is that the ¢* > 0 we choose for (2.1) is arbitrary.

Proof. We first establish the property for some time interval (0,b], then extend the proof to an

arbitrary interval.

13



Consider the T equation:

(0 — DrAT = Mx) — T2, t) — KTz, )V (2, 8),  (2,1) € 2 x (0, 7], s
T(2,0) = Ty(z), €. '

Since we have assumed positivity of initial conditions, there must be some b > 0 such that

T(x,t),I(z,t),V(x,t) are positive for all x € Q and ¢t € [0, b]. On this interval,
(8t — DTA>T + purT < )\(l’)
Multiplying through by the integrating factor (r(t) = e#Tt gives
Cr(t)oT + pr¢r(t)T — Drlr(H) AT < Mz)¢r(?).
Since (p(t) is independent of space, it can slide inside the Laplacian operator. This gives
(O = DrA){Cr()T} < M) Cr(?).
Further, ¢(7(0)T(x,0) = To(x) > 0. Then by Corollary 2.2,
t
@ < 1Tll+ [ AL et
0
However, the exponential is independent of the sup-norm with respect to space. Thus we find
—,LLTt H)\HOO _ —/.LTt
IT0)oe < ITpllge™7 4 2 (1= e

In particular, there is constant bound for 7" which is uniform in time; we call this constant Ty.

Next we look at the I equation and V' equation. Consider

(O — DIA) = kT (z, )V (z,t) — prl(z,t), (z,t) € Q x (0,b], 26)
I(z,0) = Ip(z), ze€q. '

On the interval (0,b], we have (0; — D;A)I < kT(x,t)V (z,t). Using Corollary 2.2, we can say

14



that .
()]l < (o]l + k‘/o [T (r)V (7)o dT

t
< ||fo||oe+k/0 T [V (1) | dr

t
< ||Io||oo+kc/ ot [V (7)o, dr
0

t
<Ty <1 +/ |V(T)||Ood7'> . (2.7)
0
Further
(8t—DvA)V:N/L]I(JZ‘,t)—/,va(.l‘,t), (xat) € 1 x (Oat*]7 ( )
2.8
V(z,0) =Vo(z), z€9Q,
and so
(0 — Dy A)YV < Nujl(x,t)
for t € [0, b]. Corollary 2.2 gives
t
IV(Ollas < Wollao + Nos [ 1)
t
SC’(l—b—/ HI(T)HOOCZT>. (2.9)
0

To proceed, we define ¢(t) = ||I(t)||, + ||V ()|, t € [0,b]. Then by adding (2.7) and (2.9), we
see

t
o(t) < Tas (1 +/ ¢(T)d7>, t € [0,b).
0
By Gronwall’s Inequality, we can conclude that

B(t) < Tyre', t€10,b].

Thus both ||I(t)||, and ||V (¢)||,, are bounded by an exponential for ¢ € (0, b].

We have proven boundedness and positivity of solutions on the interval (0,b] for some b > 0.
We attempt to establish the property for any positive time. We note that at this b, T, 1,V are

positive and continuous so there is some ¢ > 0 such that T, I,V remain positive for ¢ € (b,b+ ¢].

15



We establish a time-shifted diffusion system given by

(O — DrA)T = XNz) — prT — KTV,  T(x,b) = Tp(x),
(8 — DIA) = kTV — prl, I(z,b) = (=), (2.10)

(at_DVA)V:NMII_IU’VV7 V(va):%(x)v

for x € Q and t € (b,b + ¢|. By slightly modifying the above proofs, we can again prove that
(2.10) has solutions and those solutions remain positive and bounded on (b, b + ¢]. Repeating this
argument indefinitely, we arrive at a maximal interval of existence for the solution. If we assume

this interval is finite, then we may say the interval is (0, s], where

s=sup{t" €R : T(x,t),I(x,t),V(x,t) >0 for all t € [0,t"]} < c0.

On the interval (0, s], the solutions will remain positive and bounded. However, by definition of
s, one of T'(x,s),I(x,s),V(x,s) must be equal to zero or else, by continuity, s would not be the
supremum of the set. Thus we see that our solutions are positive on the closed interval (0, s] and
yet one of the solution must equal zero at s. This provides a contradiction so we see that this

interval must be infinite.

Therefore, we conclude that our solutions remain positive and bounded for all positive time.
That is, for any b > 0, T'(z,t),I(x,t),V(z,t) > 0 for all z € Q and all ¢t € (0,b] and ||T'(t)||..,
1(t)|] o0, |V (t)]|o remain bounded for ¢ € (0, b]. [ ]

2.2 Regularity of Solutions

Now that we have established global existence of solutions, we note that generally, the heat
operator has a smoothing effect, so we expect some gain in regularity. That is, assuming our initial
data is in L? (), we expect that our solutions not only remain in L? (Q) but actually have deriva-

tives which are square integrable as well. Indeed, this is the case.

Lemma 2.4 (Low Order Regularity). If T, I,V satisfy (2.1) and Ty, Iy, Vo € L? (2), then T(-,t),
I(-,t), V(-,t) € L*(Q) for all t € (0,t*]. Further, VT(-,t),VI(-,t), VV(-,t) € L*(Q) for all

16



t € (0,t%].

Proof. From (2.5), we multiply through by 7" and integrate over {2 to arrive at

1d
35 ITOIE=Dr [ TAT = [ A@)T — ur |71~ [ 72V
Q Q Q

Integrating by parts on the left (the boundary term goes to zero because of our boundary condi-

tions), using the Cauchy-Schwarz inequality, and replacing V' by its supremum, we see

1d
T IT @5+ Dr[IVT O3 < M 1T @)y — pr ITE + E V() 1T
< S (IME+1IT@IE) = pr lIT@IE + kIV Ol IT@1E
where

VT2 = / VT (2, 1) da.
R3

Finally we arrive at
d 2 2 2
AT < Cor (1+IT@I13) - 2Dr VT3 (2.11)

From (2.5) again, we take the gradient of the equation and then take the inner product of the

resulting equation with V7' to arrive at
1
50 |VT)? — DrVT - VAT = VT -V — g |[VT|> = kVT - (VVT +TVV).

Integrating over spatial variables and using integration by parts on the left hand side gives

Ld

anm)|§+DT||AT<t>r|§=/VT-w—uT|VT<t>||§—k(/vVT|2+TVT-W)
Q Q

< 1 (IT@IB + IVAI3) = oz T3 + k (IV Ol VT +

+ITOl (VT + 19V @)

whence

CNvTOIR < e (14 IVTOIE + IVOIR) — 207 |AT()3. (2.12)
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We deal with equation (2.6) similarly. Multiplying through by I and integrating gives

1d
o 1 B3+ Dr VI3 = k/ TIV = ur [[1(1)]]3
Q

VOl | 77— pr 101
LIV e (IT@IB + 1TON3) = s @15

IN

IN

From this we see

ENIE < G (IT@IE + 1)) — 201 [VIE. (2.13)

Next, taking the gradient of equation (2.6) and then the inner product of the resulting equation
with VI, we see

1
50 \VI|? — D;VI-VAI = kVI - (VVT +TVV) — pr |VI)?.

Integrating over 2 yields

1d

2dt!|v1( )||§+D1|\A1(t)||§:k</ VVI-VT+/TVI-VV> — ur||VI@®)|]3

<|yv /w VT 4 |T(t) /w vv) ur IV
< O (; (IVI®IE+1I9T@)3) + 4 (1IV1@115+ va<t>|r§))

—ur (VI3
This produces the inequality
CNVIOIE < i (INT@IE + IVIWIE + IVV@IR) —2D IAI0IE.  (2.14)
Likewise, from equation (2.8), we multiply through by V' and integrate to get

1d
335 IVOIE + Dy 9V = Nus [ 1V =y V)13

< M ()3 + IVAIE) — o IV

<Oy (W(t)u2 + |yv(t)|\§) :

18



This yields
d
SAVOIE < Co (IH@IE+ IV @)IE) - 2Dv [TV

Next, from (2.8), we also see

1

50 IVV|5 = DyVV -VAV = Ny, VI-VV — uy [VV]3.
Integrating gives

1d
335 IVVOIE + Dy AV = Nus [ 919V = [I9V 03

< Nur
- 2
< G (IVI®I3 +IVVOI1)

(IFI@IE+ 19V ©I) = 9V @13

from which it follows that

d
SNVl < G (IIVIOIE+ IV ©I) —2Dv AV @3-

Finally, let D = min{Dy, Dy, Dy} and for ¢t € (0,t*], define
M(t) = ¢o(t) + Dign(t),
where

do(t) = [T )5 + IO + VD)l

o1(t) = [[VT(O)l3 +[IVIOIl; + IV V(@)I]3-
By adding equations (2.11),(2.13) and (2.15), we see
¢o(t) < Co (L + ¢o(t)) — 2D (1)
and by adding equations (2.12), (2.14) and (2.16), we see

B1(t) < Coo(1+ an(1) — 2D (AT 3+ |AT@)B + AV ()] ).

19
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Then, letting ¢s(t) = [[AT(0)|[2 + |AL()][3 + [AV()]2, we arrive at

M'(t) = 9)(t) + Dén(t) + Dt (1)
< Cie (1+ do(t)) = 2D61 (t) + D1 (£) + Dt (Cre (1+ 61 (1)) — 26(1))

< Cp (14 ¢o(t) + Dtgn(t)) — D (t) — 2Dtea(t).
Realizing that ¢; and ¢ are nonnegative, we may then say
M'(t) < Cp (1 + M(t)).
From this, an application of Gronwall’s inequality tells us that

M(t) < Cp= (1 + M(0)e")

< Cy+(1+ M(0))  fort e (0,t7].
We note here that by assumption
M(0) = ||Tollz + |l Toll5 + Vo3

is finite and thus M (¢) remains finite on the interval. In particular, this implies that ¢o(t) remains
finite, and from this we conclude that ||T(t)||3, ||I(¢)||3 and ||V (t)|]3 are finite for ¢ € (0,#*].
Thus

T(-,t), I(-,t), V(-,t) € L*(Q)

for all t € (0,¢].

The bound on M (t) also implies that
C= .
Dtp1(t) < Cp-(1+ M(0)) = ¢1(t) < E(l + M(0)), t e (0,t7].

That is, for any ¢ € (0,#*], ¢1(t) will remain finite. However, each of [|VT(t)|[5, [[VI(#)|[5,[|[VV (£)|]3

is bounded by ¢1(t). Thus these norms remain finite for ¢ € (0,¢*]. and

VT(-,t), VI(-,t), VV(-,t) € L*(Q)
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for any ¢ € (0, t*]. [ ]

Next we seek to extend the lemma to higher orders of regularity using similar methods.

Theorem 2.5 (High Order Regularity). Assume that T, 1,V satisfy (2.1) and Ty, Io, Vo € L? (Q).
Then for all m € NU {0}, T(-,t),I(-,t),V(-,t) € H™(Q) for all t € (0,t*].

Note. This theorem holds for 2 C R™ and can be proven using the methods below. However, the
proof becomes laborious when n gets larger. Accordingly, we prove the theorem in R?, point out

where the difficulty arises for larger n and suggest how the proof could be amended.

Also, many of the manipulations in this proof are rather formal. Indeed, taking arbitrary spatial
derivatives of (2.5), (2.6) and (2.8) may not seem legal but it can be made mathematically rigorous.
To do this, we would, for example, approximate 7" by a sequence {7} }jen of Schwarz class functions
which converges uniformly to T" in 2. We would prove the bounds for each member of the sequence

and then pass to the limit as j — oo.

As a final note, several times throughout this proof, we use (without pausing to mention it) the
assumption that A € H*°(Q); this assumption was heretofore unnecessary, but plays a key role in

our argument for regularity.

Proof (for 2 ¢ R?). We prove the theorem by induction on m, following a method presented by
Pankavich and Michalowski [12], [13]. First, note that the cases (m = 0,1) have been proven in
Lemma 2.4; these will constitute the base case. As an inductive hypothesis, we assume that for
some m > 2, we have T(-,t),I(-,t),V(-,t) € H (Q) for 0 < ¢ < m — 1. From this, we must prove
that T'(-,t),I(-,t),V(-,t) € H™ ().

Before we prove increased regularity, we must establish some bounds on the quantities ||T'(t)]|%e,

[T()])35e, ||V (t)||3¢ for £ € N, where ||-|| ;¢ denotes the norm in

H (Q) = {ue L*(Q): 0% € L* () for multi-indices o with |a| < £} .
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That is, ||ul|%. = Z |0%u||3 . To this end, define
|o<¢

Ge(t) = 1T 17 + IO 7e + V@[3, 0<L<m, te(0,t7].

Note that the definition for ¢, here differs slightly from the definitions of ¢1, ¢o in the proof of low
order regularity but is very similar (this definition does agree with the previous ¢g). We first seek

to prove that
d
%W(t) < Cp (14 () — DEegeya(t), 0<L<m, te(0,t7] (2.17)

where & > 1 and D = min{Dr, Dy, Dy }. Again, we note that (2.17) has been proven for m = 0,1
with £ = & = 2 (to see this, add the ¢y and ¢; from the low order regularity proof to construct
the ¢; defined above). We now seek to prove the same for m > 2. First, assume m > 5; we address
the cases that m = 2, 3,4 individually later. For the case that m > 5, we let a be an arbitrary

multi-index of order ¢/ < m and let 95 be the spatial derivative corresponding to a.

Starting from (2.5), we apply 0% to the equation and then multiply by 037" and integrate to

arrive at

337 |05 TOIE + Dr |02V = [ 9200ET(0) - r 02T (D

—kz 3 (g) /Q BOT(H)IPT(1)AIV (1), (2.18)

7=0"|8|=j
B+y=a

On the right hand side of (2.18), we handle the first two terms in predictable ways (Cauchy-Schwarz
Inequality then Cauchy’s Inequality). It remains to discuss the integrals in the sum term; that is,

we look for bounds for

/agT(t)afT(t)a;vu), Bl =0,1,....0
Q

We see that when |§| = 0, we have

[ rweerosvio < ol [ srwarve < He (lozrig + josviol)
Q

<O (HT(t)que - HV(t)quO :
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Similarly, when |5| = ¢, we have

T(t)[3: -

[voeeror < ivol. el < -

For the other terms, |3|, || < £ so we recall the Sobolev embedding theorem.

Theorem (Sobolev Embedding). Let @ C R" and s > 5. Then
H*(Q) cC’(Q).
Further, in the case the {2 = R", we have
H* (R") € G (R")

where

CY(R") = {f e COR™) : lim f(z) = o}.

|z|—o00

Note. The full version of the Sobolev embedding theorem is quite a bit more robust. It says
for example that under the correct conditions, the injection from H* — C? is compact and
makes stronger claims about W""P spaces. For a full treatment and a proof of the theorem,

one could look to Brezis’ text [14].

In particular the Sobolev embedding theorem tells us that if f € H®(Q2) with s > %, then f

remains bounded on €.

Here we have assumed that T'(-,¢), V(-,t) € H™ 1 (Q) with © C R3. We note that £ < m and
so min{|S], |v|} < [m/2]; i.e., one of the partial derivatives 82,87 has order less than or equal to
m/2. If || < m/2, we sce that 95T (-,t) € H™ 1181 (Q) where, for even m, we have m — 1 — |8| >
m—1-m/2 =m/2—1> 3, and for odd m, we get m—1—|3| > m—1-m/2—1/2 = (m—1)/2 > 3.

(Note: here we used the assumption that m > 5). Thus, in both cases, 85 T remains bounded and
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we may take its supremum and remove it from the integral, yielding

/ BOT(1)OPT (1) DIV (1) < HafT(t)H / AOT(£)D1V (1)
Q oo JQ

oo

— (HagT(t)Hg + H@;V(t)!@)

<O (HT(t)H%{e + HV(t)H?ﬂ) :

<

Likewise, when |y| < |m/2], we may say

/ T(H)IET()IV (1) < H@%VQ(t)Hoo
Q

< G [|IT ()] 7e

< oo (ITOIBye + IV OIe)

(nesrs + |

o)

Thus each term in the sum is bounded by Ci» <||T(t)||12qz + ||V(t)||12qe) and so the whole sum is
bounded by another constant multiple of the same quantity. Further, for the terms in (2.18) which
are not in the sum, we see

1
2
< Cp (14027 (®)]13)

AaﬁAaiT(t) = 1085 < SUIOFA + 10T (OI13) — pr 10T (D)1l

< G (14+ T )
Combining all of this into (2.18) and rearranging gives
D oer| < Co (L 1T (O[3 + IV (#)l[77¢ ) — 2D |05 VT (1)]13
at %= 2 =M H¢ H¢ T [|Y 2
Summing over all multi-indices of order less than or equal to ¢ gives that
ST e < O (L T e + IV ) 2D IT@ e, 0<E<m, 1€ (0,17] (219)
A detail here: in the sum, we have replaced

> l1evT()l3

o<
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with ||T()||3;¢+1 . However, the two are not the same since the former does not contain the norm

||T(t)|3. To remedy this, we can add and subtract Dy ||T(t)||3 and group the term we added into
2 2

Cox (L+ 1T (O 3ge + IV (Ol7e )-

Next, apply 0% to (2.6), multiply through by 991 and integrate to see

L o)+ Dy IR = kY Y (3) [esrmerrwavin

3=0 |B|=j
= (2.20)
— ur 1010l
We deal with the sum in (2.20) in a method nearly identical to the one used to deduce (2.19).
When |5] = 0, we have
/T(t)@g‘[( YOSV (t) < ||T(¢) /BO‘ t)ogVv
Q
< G (ll021)113 + |rasv<t>||§)
< Coe (M@ + IV e -

Again, when |3| = ¢, we have
/ V($)0ST(t)oxI(t) < ||V (¢) / ST (t)OsI(t

< G (losT @13 + Hc‘??f(t)llg)

< O (IO + 11

In all other cases, we turn again to Sobolev’s embedding theorem. When |5]| < |m/2], we see

| arwairwarve <||oro|| [ armervio
Q oo JQ

< ‘200 (s 1113 + llazv (e)3)

< oo (I + IV
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and when |y| < [m/2],

/aﬁf(t)BfT(t)@ZV(t) < HBJV(t)IIOO/é’?I(t)@ﬁT(t)
Q Q

i
< 120 (jag oz +

< Cp (HT(t)H%,e + HI(t)H?qO :

o)

Thus every member of the sum is bounded by Cy (HT(t)quz [ T(8)|[ 3 + HV(t)H%z) and so the

sum is bounded by another multiple of this term. Combining this bound with (2.20) gives
D121 < Coo (11T e+ [11(0)] e + [V (0)] 2 2D |[0SVI(t)|]5
S 102 IOl < Co (T ) [5ze + [TOe + IV ()¢ ) = 2Dr [105VIE)]]5
Summing over all |o| < ¢ yields,

d
e < Coe (T + 1O [re + 1V (Ol [77e ) =2D1 1T ges (2.21)

0<¢<m, te (0t

Finally, starting from (2.8), we apply 0% then multiply through by 0%V and integrate, yield-
ing

1d

37 192V Olly + Dv (|05 VV()ll, = NM/QC"?V(t)f??I(t) — v I3V (@)I1;

Nu o N .
< TI (Haxl(t)\@ + HQTV(t)Hg) ~ oy |l0eV ()12

< G (12T + 12V ()11, (2.22)
Rearranging (2.22) and summing over all |a| < ¢ produces,

d .
@HV(UII?WSCt*(llf(t)lliw+||V(t)|!§{é)—QDVIIV(t)HHm, 0<f<m, te(0,t7]. (2.23)

Adding (2.19),(2.21) and (2.23), yields
d
790(t) < G (1 + (1)) = 2Ddg4a (1), £ < m, t € (0,87].

Thus, for m > 5, (2.17) is proven with { = 2 for all £.
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It remains to prove (2.17) for m = 2,3,4. These are the cases in which Sobolev’s embedding
theorem cannot immediately help since we are not guaranteed that m —1 — |m/2] > % However,
we only required this condition to deduce the bounds for 7" and I. Thus we need only reconsider
those equations. In all cases, the derivations of bounds for V' are all identical as above and thus

(2.23) still holds for m = 2, 3, 4.

This is why the proof becomes more difficult in R® when n is large. For n = 3, we need
consider 3 special cases: m = 2,3,4. In general, the special cases will be those m > 2 such that
m —1—[m/2] < . It is easily checked that for odd n, there are n special cases to consider and
for even n there are n 4+ 1 special cases. These can be handled in the manner presented below.

However, even in R? it becomes quite tedious.

We begin with m = 2. Since the bound has already been proven when ¢ = 0,1, we need only

consider £ = m = 2. Let a be a multi-index of order ¢ = 2. Then, starting from (2.5), we get

1d

(0% (63 1 (0% (64 (6]
S S 12T @13 + Dr 1102V T3 <5 (102N + 15T ()113) - e 105T )13

B a N 3 (2.24)
kz_: Z. <ﬂ>/981T(t)8zT(t)8;V(t).

Again we look for bounds on the integrals in the sum. We see that when || = 0 or || = 2, we
may deal with integral in the exact same way as above. The trouble occurs when |5| = |y| = 1. In

this case, we integrate by parts to see

| arworravn - [ Twe e:rway o)
Q Q
=— ( /Q T(t)[02TPT (1)o7 V (t) + agT(t)a;;V(t)]) (2.25)

<Tu (/ TP ()OIV (¢ /aaT % ))

where T is the uniform bound for T" we found earlier. Having converted this into two integrals,

we deal with each separately. For the second, we simply note that

[ arwerve < 5 (2Tl + losvies).

We take more care with the first term. We may still use the Cauchy-Schwarz Inequality to arrive
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at

| arrmave <|
Q

X0l RICATOTS

Next we apply Young’s Inequality, with arbitrary n > 0 to see

2

n |05 T(t) Y 2

/ 8§+6T(t)3;V(t) < ’ H2 + Haxv(t)|’2
Q 2 2n

- oEvT @l | 102V @ll;

- 2 2n

We will choose 7 later. Then combining these bounds with (2.24) gives

d 50 knT’
@H@;T(t)lliéCt*(1+||T(t>||§{2+|\V(t)\|§p) —~ 2DT—TM 3y (

181=1

(67

B) loevT ()|,

where all sufficiently low order derivatives have been grouped into the H?—norms. Now to fulfill

(2.17) we need

It is sufficient to require that
2D

= kTnm Z|[3\:1 (%)

Ui

Choosing such 7, we may conclude that

d

o7 15T (DIl; < Co (L+IITOII2 + IV ()72 ) — DENOTVT)]l3. ¢ € (0,87,
for some £ > 1. Summing over all such multi-indices |a| < 2, we arrive at

d
7 1T ()12 < Cor (LT @72 + IV(Ol2 ) — D& |T ()37, ¢ € (0,87]- (2.26)

Next, we consider (2.6). From (2.20), we easily deduce

1d 2
s B0+ DrleeviE =y Y (§) [errwarrwmven
7=0 /3@7::](1 (2.27)

—ur |[93I(®)[3-
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Again, the goal is to bound the integral

/ O I(BAET (DAY V (1)
Q

in the case that || = |y| = 1. We do this with a method similar to that used above:

/ O T(H2IT(HOIV (1) = — / (102 (0°1(H LV (1))
(9] Q
. ( / T() [0 T(0)1V (1) + a;*f(t)a;*wt)])
Q

< Ty </ BTV (¢ /aa )%V )

Using the same methods as we did above (Young’s Inequality, etc) and recombining with results

from (2.20), we derive

d | o knT, o o
GNOEIO1B < Co (1T @1 + IO+ 1VOIE) — | 200 - 52 5 () | leewrcon,
18]=1

where 7 is another an arbitrary positive number we may choose. In fact, using the same choice for

7, and summing over all o gives

ENWIE < e (ITOIB + IO + V@I ) ~ D IOl t€0.7] (228

for some & > 1. Adding (2.23),(2.26) and (2.28) gives that

50a(0) < Ce (14 62(0)) — Dads(t), 1€ (0,87

Then since the analagous equations for £ = 0,1 hold, this proves (2.17) for m = 2.

For m = 3, to prove the proposition for each ¢ < m, it suffices to look at £ = 3. The instances

when ¢ =0, 1,2 follow from the above work. We proceed as usual, letting |a| = 3:

1d

(0% (63 1 (0% (63 (0%
5o T3 + Dr |02 9T ()]} <3 (Ha NG+ 1102 (0)3) - 110203

—kz 3 < ) /Q OT()IPT ()OI (1),

J=0 |B]=j
B+y=a

(2.29)
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In this situation there are two troubling cases: |B| = 1,|y| = 2 and |5| = 2, |y| = 1; the other cases
(I8] = 0,|8] = 3) can be handled as above. If | 3] = 1, we perform steps identical to (2.25) to arrive

' /8C“T ®OPT(#)OIV (t) < ||T(¢t) (/ TPV (¢ /8C“T % ))

Further, we restrict the second integral above by

[ orwavio <
Q

as before. For the first integral, we again use Young’s Inequality to see

NozT @I, + 10z V (D)]]5)

l\DM—~

o, javee

cesmin < I YOI

/Q PIHOT(1)OTV (1) < 5 *
- VTl |, 102Vl
- 2 2n

Thus in this case we may choose 7 very similarly. Using (2.29), we arrive at

d | 0 kn||T(t o
D11 < Coo (14 1T OB + VIR ) - (207 - FIT O 5 ( ) 122V @3
18]=1

So we require

< 2D
kTn 32 511 (3)
In the case that |y| = 1, we use the same technique. Again, we are only truly concerned with

bounding the term

/ ST ()OPT(£)OIV (t).
Q

But now, when we integrate by parts, we must choose to remove 97 from V:

/ AOT(£)APT(£)0V () = — / V(t)dY (agT(t)agT(t))
Q Q
< V@)l ( /Q OTHT ()BT (1) + /Q 8§‘T(t)8§‘T(t)) .
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Then, following through, we see

2 2
gz < "NE IO, [T,
0T ()0, T(t) <
| arrmoine < S+
2
2
_nlesvray 270
— 2 277 )
for yet another arbitrary n > 0. Here we require that
2D
< s
KV 21— (5)
where Viy = sup;e(os+ ||V (¢)|[o- We note that the supremum is finite since |[V(t)|[,, remains

bounded on the interval. Thus, having enforced two bounds on 7, we may take the minimum of

the two in order to satisfy both. Compiling all of this into (2.29) yields
Do) < e (14 17012 V)7 D& ||02VT (1) *
CNRT@E < oo (L ITOIs + VOl ) — DEs I0EVTOIE, € (0,87],
and summing over all |a| < 3 gives

d
ST O < Co L+ [IT@) s + [V Ollgs ) — Des[IT@)[ 50, t € (0,87]. (2.30)

Following the procedure, we see that

3
3BTl + Drloev B =y Y (%) [errwarrwmve
70 = . (2.31)

—ur ||02I(®)I[3

and we must bound the integral

/ X I(BET (DAY V (1)
Q

in the case that |5| = 1 or |5| = 2. We do this in a predictable way: if |5| = 1 we integrate by
parts to remove 9% from T and if |3] = 2 we integrate by parts to remove 97 from V. Performing

these steps, we eventually come to
L o112 < C (11T 0)| 2 I3 V)5 D& |09V I(1)]]3 0,t*
2 NOZT@)5 < Cor (NT O[5 + [TOrs + [V (D)l ) = D& [0 VI@)]];, ¢ € (0,87],
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which, after summing over «, leads to
SO < Cor (T + O3 + VOl ) — D& VIO, tE (0,67 (232)
Adding (2.23),(2.30),(2.32) yields

S00(0) < Cor (14 95(0) ~ D&sdn(), 1 € (0,87,

which proves (2.17) for m = 3.

Finally we address the case that m = 4. Here we need only consider ¢ = 4 since the derivation
for £ = 0,1, 2,3 follow directly from the above work. When ¢ = 4, we have

1d

(6% (63 1 (0% (6% (0%
5o 2T OIE + Drl|op e T3 <5 (1102A + 1957 (@)113) — per 192 (1) 13

! o (2.33)
fe% 5 Y
kYD ( > / T (H)OPT(1)IYV (t).

J=0 |Bl=j
Bty=a

Attempting to bound the integrals, we see that when |3| = 0,4, we can simply take the supremum
of the term without a derivative and bound the remaining integral as before. When || = 1,3,
we see that either m — 1 — 8] > 2 or m — 1 — |y| > 3. In either case, we may use the Sobolev
embedding theorem and proceed as before. There is only trouble when |8| = |y| = 2. In this case,

we bound the integral

/ AT ()IPT()AIV (t).
Q
To do so we integrate by parts to get
[ arworraave - [ o rwallr o).
Q Q

where 0., 927! are the first order spatial derivatives such that 85 = 8;85 ~!. Now |6 —1] =1 so
m—1—|8—1] =2 > 3 and, by the Sobolev embedding theorem, folT(t) remains bounded.
Thus

| arworraav <)
Q

o 7| [ otlerTworvie)

(/Q 3§+1T(t)3lv(t)+/Q(9§‘T(t)ag+1v(t))_

o511

o0
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We treat the two integrals separately as before. For the latter, we use
fe% v+1 1 « v+1
TV () < o (105TWIE + (|07 V(1) ]5)
Q 2

while for the former, we take n > 0 and use

nlle Tl | orviy _ llosvT®ll | o1V

RHIT(4)0IV (t) <

Combining all of this with (2.33) and rearranging terms gives
2 2 2 2
1827113 < Cor (14T W1 + IV ) — DENIOEVT D]

where

&> 2-

5 0)

18=2

Thus to force &4 > 1, we take

2D .
(t) ’ LJ k>i5=2 (3)

n<

-1

[SuPte(O,t*}

For such 7, we sum over all |a| <4 to get

d
T < Cor (LTI + IV ) = DElTO s, € O] (2:39)

We turn again to (2.6) and derive

4
3BT+ Drleev =y Y (§) [eerwarrwaven

J=0|8|=j
S (2.35)
2
— pr [0z I(8)]3-
We realize again that, in bounding the integrals, we only run into trouble with |5| = |y| = 2. In

this case, we use the same method as above (with the same 1) to arrive at

182 1)113 < Coo (1T s + 11 + IV ) — DENOEVI3,
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which leads immediately to
(D[ < Coe (HT(t)H}QLﬂ + O + HV(t)Hfgzx) = Déa[[1(t)|[5s, ¢ € (0,¢7]. (2.36)
Summing (2.23),(2.34) and (2.36) yields
d *
7;91(t) = Ce (14 04(t)) — D&ads(t), t € (0,¢7],

which proves (2.17) for m = 4.

Thus for m > 2, beginning from our assumption that T'(-,t), I(-,t),V(-,t) € H* (Q) for 0 < ¢ <

m — 1, we have proven that
d *
21 0(8) < G (14 6u(t)) = DEeden (1), 0<b<m, te(0,7].

Finally, to prove high order regularity, define

M(t)=>" (Dt)é(zﬁg(t), t e (0,t%].

¢!
(=0

Then differentiating, we see

L (t—1) A dt
mol petiye ™ DAY d
=) 7 ! Seia(t) + ) ( g,) 2 9¢(t)
=0 =0
Now we use (2.17) to find
m—1 pi1,¢0 " (D)
M0 < 322 0m@ + 32 S (Ce (14 600) = Do)
=0 =0
m Dt)? m Dt)! m—1 L m
—c. (; E RO ¢>z(t)) - (; D (g - 1)2%&1&)) D, ).
=0 =0 =0
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Next, we note that £, — 1 > 0, and so

An application of Gronwall’s Inequality yields

M(t) < Cp(1+ M(0)e")
(2.37)
< Cp (14 M(0)), te(0,t7].

However, the right hand side of (2.37) is finite and each term in M (¢) is nonnegative so we see that

(2.37) implies that

(D™

%) _ miCe(1+ M(0))

¢m(t) < Ct*(l + M(O)) = ¢m(t) — (Dt)m

, te(0,t7].

Further, each of ||T(t)||3m , |1I(t)||3m » ||V (£)||37m is bounded by ép,(t) on (0,¢*]. Thus for all t €
(0,t*], we have T'(-,t),I(-,t),V(-,t) € H™ (). This completes the induction step.

From this we may conclude that for all m € N U {0}, T'(-,t),I(-,t),V(-,t) € H™(Q) which

completes the proof. ]
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CHAPTER 3
LARGE TIME ASYMPTOTICS

In this section we present some large time asymptotic results for our system. To establish these

results, we use Corollaries 2.2.1 and 2.2.2 several times so it is helpful to recall them here.

Corollary 2.2.1 If u(x,t) satisfies the differential equation

(Or — DyA)yu = g(x,t), (z,t) € Qx(0,t%],

u(z,0) = up(z), x €.

then

t
w(t)]] oo < |luollo —I—/O [lg(T)||o dr, for all t € [0,t"].
Corollary 2.2.2 Assume that u(z,t) satisfies the differential inequality

(0y — DyA)u < g(z,t), (z,t) € Q x (0,t7],

u(x,0) = ug(z), x € Q.

Then u(z,t) satisfies the same inequality as in Corollary 2.2.1. That is,

t
[u®)loo < [luollo +/ lg(T)llo dr, for all £ € [0,¢7].
0

Using these corollaries and enforcing some conditions on our parameters, we attempt to deter-

mine some asymptotic behavior of the system.

3.1 Supremum-Norm Asymptotics

Theorem 3.1 (Asymptotic Behavior: Case 1). Let 7,1,V satisfy (2.1) and assume that

To, Lo, Vo € L*>®°(Q), uy > pr and Ry = % < 1. Then there is an r > 0 such that
: rt _ : rt _
Hm V(D) =0 and  lim & [|I(2)]|, = 0.
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Proof. Assume T,1,V satisfy (2.1), py > pr and Ry < 1. We first consider the T-equation.

Rearraging terms and dropping the negative term on the right hand side, we see
T + prT — D AT < \(z).
Use of an integrating factor gives
Oy [e"T'T] — DrA [eMT'T] < A(z)et™* = (8, — DrA) [e"T'T] < A(z)etT".
Corollary 2.2 then implies that
t
e T, < [Tl + [ I i
0

However, since the supremum norms in the previous line are taken over spatial variables and e#7? is
independent of space, we may pull those terms outside of the norms, and then evaluate the integral

on the right hand side yielding
purt H)‘Hoo pnrt —prt ”)‘Hoo —prt
T |[T(8)] | < 1Tl + D022 (ehrt — 1) = [|T(8)][ < 7% [Tl + 122 (1 — errt).
ur KT
But 0 < 1— e #1t <1 for t > 0, so we set T(t) = e *7*||Tp|| . + Pllee

HT

IT(0)]|, < F(t), t>0. (3.1)

With this in mind, we turn our attention to the I equation. Using (3.1), we immediately arrive

at

oI — DIAT < kVT(t) — prl.

Using an integrating factor again, we see
(0r — DrA) [e"'T] < KVT(t)err.
An application of Corollary 2.2 gives

t
e 1] oo < [Holloo + k/ T(r)et T [V (7)]|o dr
0
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which leads to
t
()]l < e | Tollo, + ke—“’t/ T(r)eMT ||[V(7)|| dr. (3.2)
0

Finally, we turn to the V equation. We seek a bound on V using the same methods as we
used for the T" and I equations above. Rearranging terms and introducing an integrating factor
yields

(8; — Dy A) [e"'V] = Nuglev?.

An application of Corollary 2.1 gives
¢
e V@l < Volle + N [ e 1)
which then implies

t
V)l < eV [[Vallo + N/ue“vtfo VT dr (3-3)

Our next step is to insert the bound derived in (3.2) into (3.3). Doing this yields

V)l < eV [[Volloo +

t T
Npuge vt / ( Tl + ke / T(s)e* |V (s)]|c ds) dr
0 0

which we may reduce to

t T

IV (#)|] < Are #VE+ Age It + Nmke“vt/ / T(s)elHv=HDTer1s ||V (s)||  dsdr,
0 Jo
for some constants Aj, As. Rearranging gives
t T
[V(#)]| < Are ™V 4 Age Mt 4 Npgk / / T(s)e =9t ||V (5)||  dsdr.  (3.4)
0 Jo

Now since py > pur, we see that e #v (=) < e=r1(t=7) Thyg

t T
[Vl < Are ™Vt + Age ™t + Npugk / / F(s)e (=) et || (s)||. dsdr
0 JO

t T
~ Ae V4 Age It 4 Nk / / Ts)e ) [V (s)]e.
0 JO
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We change the order of integration for the double integral:
t opt
V()| < Are ™V 4 Age Mt Npgk / / T(s)e M=) ||V (s)||, drds.
0 Js
Evaluating the inner integral and multiplying through by e#* gives
t ~
eV (O], < Are™ v 4 g+ Npgk [ (0= 9T(6) 475V (5)] ds
0
but e~ (uv—h1)t < 1 so this leads to
t ~
He‘”tV(t)Hoo <A+ A + N/L[k/ (t —s)T(s)]|e"*V(s)|], ds. (3.5)
0

Now consider T'(t) defined above. Since |[Tp||,, e ™#T* — 0, we know that for any e > 0, there is

te > 0 such that

7 < 12

< +¢, whent>t..
ur

Using this, we can modify the integral in (3.5). We see for sufficiently large ¢,

/@—$ﬂ@wwwwmww:/YPwﬁwmwwww@@+/a—ﬁﬂ@wwwwmww
0 0 te

But

A(wwﬂ@mwwwmuwzﬁézwmwwww@w—[;ﬂwwwwwwuﬁ

< A(1+t), for some A > 0.
Using this, we can rewrite (3.5) as
t ~
e VO, < €+ 1)+ Nk [ (¢ = $/T(5) |9V ()] .
te
However, in the integral above, s > t., so we can bound T yielding
A t
He’”tV(t)HOO <C(+1t)+ Nurk <||||°° + E) / (t—s) MV (s)|| ds, t>t.. (3.6)
KT te

From here, let

P(t) = |l V)|, ) =CA+1)
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Also define a constant k = Nuyk < e

[l + 5) . Then (3.6) becomes

¢
W(t) < 0(t) + w / (t — s)(s)ds. (3.7)
le
Define a linear operator B on locally integrable functions f by
t
BHO) =k [ (t= 7).
le

Then (3.7) gives
¥ < 0+ By, (3.8)

We note that B preserves inequalities (since the operator is a composition of multiplication by

nonnegative terms and then integration), thus we may say

B < BO + B%y.
But from (3.8), we have ) — § < B so

Yv—0<BO+B* = <0+ B0+ B*.
Applying B to this inequality then gives
By < B0+ B%0 + By
which, using again v — 8 < By gives
Y < 0+ BO + B*0 + B3y,

By a quick induction, it is easy to see that iterating through this process leads to
n—1
W < B™Mp + Z BY%, neN, (3.9)
£=0

where BY is the identity operator. The next step is to find a formula for B, ¢ > 2 and then we

can deal with each piece of the right hand side of (3.9). Consider, for a locally integrable function
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f

<§ﬁ@=3%lgfsv@%hw

_ ,Q/t:(t —7) <H /;(T - s)f(s)ds> dr

/: /t:(t B T)(ET —5)f(s)dsdr
_ /t:f(s)/;(t—T)(T _ s)drds

=2 /t:f(s) /Ot_s(t— s — 7)r drds

= K2 /t: f(s) /Ots((t — 8)7 — 72)drds

B t (t—s)r2 73 Tl
- [ro (- e

I€2 t

-5 5 (t — 5)3f(s)ds.

:/{2
2

This gives us a formula for the operator B2. To find a similar formula for B3, we apply B

again:

2

@00 =x [ - (5 [0 9sa) i

— ";3 E/t: /t:(t —71)(1 — 8)3f(s)dsdr
_r t: £(s) /:(t ) — 8)3drds

6
B W3t t—s ;
=5 5 f(s)/o ((t—s)—T1)r° drds

k3 [t (t—s)t 77 Tt
=— /L d
6 te f(S) < 4 5 )TZO ’

HS t

=130 5 (t —s)°f(s)ds.

From here we may infer that

P

B0 = g | (€= 9 )i

Indeed, this formula can be verified by induction. Using this formula, we consider the terms on the
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right hand side of (3.9). First, consider

Kn

Gy [ s

Since solutions to (2.1) exist globally, in particular, we know 1 (s) has a finite supremum on ¢. <

(B")(t) =

s < t; call this supremum ),,,4,. Then

(B0)(0) < gy [ (8= 2 s

((t = ta)V/R)™"

= Ymaz (2%)'

— 0, asn— oo, forallt>t,.

Then since (3.9) holds for all n € N, we may take the limit as n — oo yielding

< i(Bfa)(t). (3.10)
/=0

It remains to find a formula for B@ since we have a relatively simply function . We see

Kl

(%_1)/ (t — )7 1C(1 + s)ds

t—te
S22
(1+t—s)ds
6—1'/0
e 20-1 20
[(141)s — s%ds
26—1 '/0

_ f (t_ts)%-&-l
22—1'<(1+t o 2U+1 )

From here, we use 1 +¢ = (1 +t.) + (¢t — t). Then

Bt =" ((1 PN S NG e (t—tg)%ﬂ)

(BO)(t) =

(20 —1)! 20 20 20+ 1
B ((t—to)V/m)™ O ((t—to)y/m)* ™!
SO0+t o Y AT o

Plugging this into (3.10), we arrive at

oo t C oo t—t )2€+1
w()<01+t52 @) +(\/E>Z 2£+1
(=0 =0
C

:C(l—kt)cosh((t—t)f) —=sinh ((t_t)\f)

K
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Now cosh ((t —t.)\/k) and sinh ((t — t.)y/r) both behave like V¥ as t — oco. Thus we may
say

P(t) < CeV®  for some C > 0 and ¢ sufficiently large.

Finally, this gives that
1V (#)]] o < CelVimrnt,

Recall, Kk = Nusk (H;\JZ‘FW + 5). We need /k — pur < 0 so that ||[V(t)]|, is bounded by a decaying

exponential. But

NE (]|A
VE—pur <0 — k<p? = <H||°°+e><1.
mr ur

Now using our assumption that
[Aloe Nk

HrTpr

<1,

we know that there is some sufficiently small € > 0 such that

(W) s
wr ur

Using this €, we can achieve a decaying exponential bound on ||V (¢)||,, . Taking, for example,
T:—@>O, we see

lim ™ ||V (¢)]| = 0.

t—o00 o0

Using the decaying exponential bound for V' in (3.2), we see

t
MOl < e (ol + Kyye st [ eVar
0
_ KTy
= 7 [Tl + e (e -1)

kT
= g Hrt ||IO||Oo + 7\/%4 (e(\/gf‘”)t — e_’“t) .

Thus ||I(t)||,, is also bounded in time by a decaying exponential and
: rt _
Jim ¢ |[1(1)| |, =0,
for the same r we defined above, which completes the proof. [
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We now consider the opposite case: py < pr.

Theorem 3.2 (Asymptotic Behavior: Case 2). Let 7,1,V satisfy (2.1) and assume that

Moo Nprk
2

To, Lo, Vo € L*>(Q), py < py and Ry = | < 1. Then there is an r > 0 such that

THy

lim e ||[V(t)||l, =0 and lim ™ ||I(t)||,, = 0.

t—o00 o0 t—o00 o0

Proof. We start from (3.4):
t T _
IV (#)|l < Are ™™V + Age M+ Npsk / / T(s)e 1= e=mv =)V (s)||  dsdr.
0 Jo
In this case, we can incur the correct inequality by replacing p; with py. This gives

t T
V)l < Are 7Vt + Age !+ Npugk / / T(s)e v ==t (=) |17 (s)| | dsdr
0 JoO

t T
< Are ™™t 4 Age ™Mt 4 Nprk / / T(s)e P (=9 |V (s)|| . dsdr.
0 JO

Using the same manipulations as in Case 1, we can reduce this to an inequality which looks identical

to (3.5) except with uy replaced with py. This inequality is
t ~
e V(O] < A+ Axt Nk [ (6= 1T(5) |7V ()]
0
Using the same arguments as above, we note that for any € > 0, there is t. > 0 such that
¢ [l ' s
||erv V(t)HOO <C(1+4+t)+ Nurk T +e (t—s)||e"V*V(s)|] o ds.
T te

Define ¥ (t),0(t), k, (Bf)(t) as in the proof of Case 1 (the difference being that (¢) now has an
exponential with py rather than pr). Then we can verify that (3.9) and (3.10) hold and thus

Y(t) < CeVF, for some C > 0.

Finally, this gives that
IV(B)lloo < CelVEmmt,
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Now, for exponential decay, we need v/k — py < 0. Simplifying this gives

Nurk A
VE—py <0 <= k<pd — MQI (H H‘X’+8><1.
Hy wr

. .. Ml Nprk
Using our condition that H'ﬁ‘f‘#’”

- < 1, we know that there is some sufficiently small € > 0 such
\4

that the above condition holds. For such € and sufficiently large ¢, ||V ()|, is bounded by a

decaying exponential and so

: rt _
T e [V (D), =0,
for r = === > 0.

Again, plugging this bound for ||V (¢)||, into (3.2) we can easily derive a decaying exponential

bound for |[1(t)||,, as well and we conclude that

lim ¢ [|Z(t)]], =0,

t—o00 o0

for the same r, which completes the proof. [
Finally, for completeness, we consider the case then uy = py.

Theorem 3.3 (Asymptotic Behavior: Case 3). Let 7,1,V satisfy (2.1) and assume that

To, Lo, Vo € L*>°(Q), uy = puy and R = H/\Jlj# < 1. Then there is an r > 0 such that
lim e [|[V(#)||l, =0 and lim e |[I(2)||, = 0.

t—o00 t—o00

Note. The condition we require here is exactly what we would find in Case 1 by taking the limit
as ur — py from below or what we would find in Case 2 by taking the limit as uy — pr from

below. That is to say, R = R = Rz when puy = puj.

Proof. Starting from (3.4), we simply replace all u; with puy since the two are equal and all steps

proceed exactly as in Case 2. |
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We may also say something about the asymptotic behavior of T'. Essentially, in the case that
NI(t)|]o s IV ()]l — 0, we expect the influence of the nonlinear term in the T-equation to be

negligible for large time. We state this more precisely in the following theorem.

Theorem 3.4 (Asymptotic Behavior of T). Let 7', I, V satisfy (2.1) and assume that Tp, Io, Vp €
L>(Q) and that one of the following holds:

i Al NE

(i) “V>M1andR1:%<1’
.. N
(i) Mv<u1andR2:H|/\;T.WM<1’
U ak
(i) o = poy and R = T8 < 1.

Further, let T*(x) satisfy the equation
—DTAT* = )\(x) — [LTT*7 T € Q, (3.11)
along with the same boundary condition that T satisfies. Then there is r > 0 such that

: rt _ % —
Jim " ||T(t) = T*||, = 0.

Proof. Let U(z,t) = T*(z) — T(x,t) for all z € Q,¢ > 0. Then

(0r — DrA)U = (0 — DpA)T* — (0: — D A)T
= (0 — DrA)U = XNz) — prT* — (Mx) — purT — kKTV)

- (@ — DTA)U = —urU + KTV (3.12)
and U(x,0) = T*(x) — To(x) = Uy(x), say. From (3.12), we have

(0 — DpA) [Uekr!] = KTV ek

S CT Ve”Tt
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where Cr is some constant which depends on the uniform (in time) bound for T" we found earlier.

Using Corollary 2.2, this yields
t
Ul < 1001 +/ Cre V(7)o dr.
0

From the proofs of the above theorems, we know that in any of case (i),(ii) or (iii), ||V (¢)||, is

bounded in time by a decaying exponential, i.e.,
IV (#)||, < Ce™™  for some C,m > 0.

Then
t
et U (0)]|o < 1ol + Cr / =7 g7
0

Integrating gives

C
MU ()] o < U0l + T <€(MT—m)t B 1)
ur —m

which immediately leads to

_Or > e hrt 4 CrM_ -t

e
ur

0 < 101 < (10l - pr—

min{ur,m}
2

And so, taking r = and using the Squeeze Theorem, we see that

: rt I T rt s ok —
Jim U ()] = lim e |[T(t) ~T*(1) |, = O,
which completes the proof. |

These give us a concrete set of conditions which force I,V — 0 for large time. However, the
conditions are not exactly what we would like. We would like a condition which more closely
resemble the analogous condition for the lumped model since that condition has some biological
meaning. To derive a “better” condition, we look at the non-dimensionalized version of the system

which leads us to the next subsection.
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3.2 Non-Dimensionalization

From (2.1), we attempt to derive a dimensionless system. To do so, we first discuss the dimen-
sions of the quantities at play. We use the notation convention [A] = dimensions of A. We consider
T, I to have units “volumetric concentration of cells,” while V' has units “volumetric concentration
of virions”; we are following the lead of [9]. Accordingly, we may list the dimensions of each piece

of (2.1) as follows:

e [t] = time (time is ordinarily measured in days)

[z] = length™ if we are in R™ (i.e., each component of = has units “length”),

o 7= 1) = i

JURE

[Dr] = [Dg] = [Dy] = length?

time

_ cells
* [)\] ~ length™-time’

o [ur] = [u1] =[] = mis,

length™
* [k] = virie:)lngs-time’
‘] = s

cells virions
th™ -time length™-time

From this we see that each equation above has units z

Now we introduce new versions of each quantity. Let
t=as, x=py, T=~S5 [I=0J, V=cW.

where a, 3,7, d,& are abitrary scalings; we will specify the units of s,y,S, J, W shortly. Plugging

these into (2.1), one arrives at

D
<as - BTQQAQ S = %A(ﬁy) — praS — kasSW (3.13)
(83 - Dﬁ’fAy> J = ko‘;ESW — prad (3.14)
D N
(as - ﬂV;‘Ay> W = “;O“SJ ~ pyaW (3.15)
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along with the appropriate transformations of initial conditions which we discuss later. We now
begin to choose values for our new parameters very strategically. Considering how « appears, it
makes sense to set a = 1/p7 (in fact, @« = 1/pr or @ = 1/py seem equally sensible at first; we
will discuss exactly why we made the choice that a = 1/up shortly). From here, to eliminate the
coefficient of diffusion from (3.13), we choose § = m Next, we notice that the quantity
d/e appears in both (3.14) and (3.15) (though in (3.14) the quantity is inverted). Accordingly,
we eliminate N and p; from (3.15) and supply an extra py so that the quantity pya may be
factored out of the right hand side of (3.15). This leads us to the choice §/e = uy/(Nur). We set
v = py/(Nk) to eliminate some parameters from (3.14). Finally, we need to specify one of § and
e, and we will be done. To further simplify (3.13), we set € = uy/k. To recap, the parameters we

have introduced are now defined by

o)
Il
-
=
Il

‘b
)ﬂ
2
Il
F
[«%)
Il
25
=
<
™
Il
=[5

We plug these values into (3.13)-(3.15). This yields the new system:

(@5 — A,) S = Ro(y) — S — SW (3.16)
(as . DIAy> J = ar(SW — J) (3.17)
(85 - DVAy) W = fiv(J — W) (3.18)

where

Ro(y):quijA(yv%>, DI:%? DV:%7 /]I:%7 ﬂV:

Because of the choice that o = 1/pup, we transformed A into this new function Ry. In the coming

3F

section, we describe why this was a desirable transformation. We will find that Ry is of particular

interest.

At this point, we see that

o] = time, [8] =length, [y] = 2y (5] = ey, (o] = prions.

Thus

49



It is also easily checked that

[Ro] = [Dy] = [Dv] = [ju] = [av] = 1.

Thus (3.16)-(3.18) is a fully non-dimensionalized system. The last thing to do is to transform the

initial conditions. This happens in a completely natural way. If we set

Soly) =To (wy/22) . Jolw) = To (1/22) . Woly) = Vo (vy/22),

then our system is

(0s —Ay) S = Ro(y) — S —SW,  S(y,0) = So(y),
(05 = Diry) T = (W = ), J(y,0) = Joly), (3.19)

(05— Dy, ) W = jiv (] = W), W (y,0) = Wo(y).
Here (3.19) holds for all y € Q and all s € [0, s*] where

Q:{x g—?:xeﬂ} and s* = ppt*.

The boundary conditions also transform in a natural way. We assume

lim —(y,s) = lim a—J( s) = lim —W(y,s)zo, s € (0,s"],

ly|—o0 on Y ly|—o0 on Y ly|—o0 on
if Q =R" or
oS oJ ow
3,008 =50 ~:8—(',s) =0, s€(0,57,
n a9 n o0 n EY)

if Q is a bounded open subset of R™ with boundary <.

3.3 Non-Dimensional Supremum-Norm Asymptotics

In this section, we work with (3.19) and establish some of the asymptotic behavior of the system
in different parameter regimes. To do this, we need the help of a pair of lemmas which we state

here (proofs of these lemmas can be found in Appendix I).
Lemma 3.5. Let Q = R" or let Q be a bounded open subset of R” and let F': Q x [0, 00) — [0, 00).
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Futher, assume that for fixed ¢ > 0, F(-,t) € H*(Q) and that %—f is continuous and bounded for
(z,t) € Q x [0,00). Then

f(t) =sup F(z,t), te€]0,00)
€N

is uniformly continuous.

Lemma 3.6. Let f : [a,00) — [0,00) be a uniformly continuous function such that

/:Of(t)dt:0< 0.

Then tliglo f(t)=0.
With these lemmas, we are ready to deal with asymptotic behavior of (3.19).

Theorem 3.7 (Non-Dimensional Supremum Norm Asymptotics). Assume that S, J, W

satisfy (3.19), So, Jo, Wo € L>®(£2) and

_ NE[Ml _
Hr v

|1 Rol oo 1.

Then
lim [|J(s)||lo =0 and lim |[[W(s)||, =0.

S§—00 §—00

Note: There are several observations to consider before we begin the proof. The first is that,

when taking the supremum ||Ro||,,, we may do so with respect to either x or y and the two are

o0
equivalent. That is to say,

IMloe = sup [A(@)| = sup [A(y)]-
€} yeQ

Similarly, requiring that Sp, Jo, Wy € L*°(2) is equivalent to requiring that Tp, Ip, Vo € L*(Q).

Next, we note that ||J(s)||.,,||[W(s)||., — 0 will certainly imply that ||I(t) IV ()]l — 0.

||oo7

That is, asymptotic behavior of (2.1) and (3.19) is the same. Further, the high order regularity

which was proven for I and V' also applies to J and W. Finally, we proved a similar set of theorems

o1



for (2.1) already. However, these were proved under more stringent conditions on the parameters
and it was necessary to consider several cases. Here, we need only consider one condition and all
cases follow. There is a trade-off though. In the other proofs we were able to bound ||I(t)||., and
||V (t)|| by exponential decay. Here we can only assert that ||.J(s)||,, and ||[W(s)||,, decay like
s~ (49 for some o > 0, so the decay could be slower, though, with additional work, it may be

possible to recover the exponential decay.

Proof. For this proof, we denote A, simply by A and it is understood that the derivatives are

taken with respect to the coordinates of y. We begin by considering the S equation. We see

0sS + S5 —AS = Ry(y) — SW < Ry(y).
Then using an integrating factor gives

(0s — A)[e”S] < Ro(y)e”.
By Corollary 2.2, this implies
5

15(s)loe €* < 1[50l +/0 [|Ro | €7do

and therefore that
15(s)lloe < [150lloe €™ + || Rollo (1 = 77) < [Sol[o € + |[ Rol | - (3.20)

Set
S(s) = 11S0lloe € + || Roll

so that ||S(s)]],, < S(s),s > 0.

Next we consider the J equation. Using our bound on S, we see

dsJ + figJ — DIAJ < jifS(s)W
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which leads to
(05 — DiA)[ef15.]] < firef 155 (s)W.

Then Corollary 2.2 gives
17(8)]l o0 €* < [[Jollo + iz /Os ef175(0) || W (0)|| o do
from which we see
17(8) |0 < M1 Jollog €77#2° + fure™#1° /OS eM175(0) [|[W ()| o do (3.21)

Our next step is to integrate the inequality. This yields

[ 1@t < B vy [ yemine [7 sy o) re
0 0

fir

If we set

F(o) = /0 TS () W) d.

we may rewrite the inequality as

s J B s 5
/ 1 ()| do < ! 9”00(1—6“18)+/ fire M F(0)do.
0 22 0

Now we integrate by parts to give
j— S ~
/ || (o || OH — (1 —e M%) — (F(U)e_‘””’g;g) —|—/ e M7F (0)do.
0

But F(0) = 0 and F'(0) = M75(0) ||W(0)]|,, . Thus

Wollo (1 piasy _ s [7 o 3oy W) _do+ [ ) W (o] do
/HJ ey — oty — o /0 1 3(0) | W (0] d +/0 5(0) [IW (o), dor

After dropping the negative term and replacing 1 — e 1% by 1, this gives us the bound

; _ I olle ou
/0 1(0)]|oy dor < / §(0) W (o)l (3.22)
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We deal with the W equation in a similar fashion. We see

AW + fiyW — Dy AW = iy J
which then implies that

(85 — DvA)[eﬁVSW] S ﬂveﬁvsj

and then, by Corollary 2.1, that

W (3)]]0 €V < [[Wol . +ﬂv/0 V|17 (0)]].. do.

Rearranging yields

W ()l < [[Wollog 7V +ﬂv6_‘1vs/0 V|| (0)]] o do.

(3.23)
Again, we will integrate and this time set
Go) = [ () dr
0
This gives
/ ||W (o H Wolloe L0 (1 — e HVS) +/ fve oG (o) do.
Ay 0
Integrating by parts yields
/ [|W (o || Wolloo L (] — e hvs) (G(U)e_[‘v”‘gi3> + /S e VoG (o)do.
v = 0
We realize that G(0) = 0 and G'(0) = V7 ||J(0)|| .. So
/ W (o < [Wollag (g e—ﬂw)—e—ﬂvs/ V(o da—l—/ 10| dor,
fv 0
which leads immediately to
/ W ()| dor < . +/ 17(0)]|. dor (3.24)
0
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The next step is to insert the bound derived in (3.22) into (3.24). Doing so, we see

s ol oo ||Jo\|
|1 @llde <15 S VW)l
0 wy
In particular, this implies that
® 1 Wol| oo |J0H
[ 1w @lldo <15 s I ()]l
S1 122%

for any s; > 0. Consider, since

lim S(s) = [|Rol|

and since S (s) approaches this limit from above, we know that for any £ > 0, there is s. > 0 such

that s > s. implies that S(s) < ||Rol|,, + ¢. We rewrite the above inequality:

$ Wo Jo
[ W@ o < ke ”' /S|W M
Se 124%
_ 1Mol ||J0||

+ [ 3@ W @ldo+ [ 50 1W(o) o

Av
However, / S(o) [|W(0)||,, do is simply a constant, so we conclude
0
[ W @lldo <ot [ 8@V W@l <t [ (Rolls+2) W (@)l do
for some C. > 0. This leads us to

(1= l[Rolloo =) [ 1IW (@)l dor < C-.

Set H (s / ||[W(0)||s do. Then certainly H is nonnegative and
(1 =[lRolle —€) H(s) < Cc, 5> se.

Now if (1 —||Rp||,, —€) < 0, the above holds trivially and tells us nothing. However, we have
assumed that

1 Rolloe <1
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Thus there is an € > 0 sufficiently small so that
|| Rollo +& < 1.

We choose this € (and the corresponding s.). Then taking the limit as s — oo gives

Ce
lim H < .
B HE) S TR = <

However, H is also an increasing function of s. Thus we have an increasing function which is
bounded above and so by the Monotone Convergence Theorem, H(s) tends to a finite limit as

§ — 00.
Further, from (3.19), we see that

ow - . N

so by high-order regularity, we know that %—VX is continuous and bounded. Further, for fixed s > 0,

we have W(-,s) € H* (Q) Thus by Lemma 3.5,

sup Wiy, s) = [[W(s)l]
yeQ

is a uniformly continuous function of s.

Then by Lemma 3.6, since ||[W (s)||,, is uniformly continuous and

o0

| Il ds < o,

we may conclude that

lim |[|[W(s)l]|,, = 0.

S§—00 o0

Finally, since

/:\|W<s>|oods

is bounded, from (3.22), we can bound

| 1@l do

Se
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the same way we did for ||W(s)||,, . This will then imply that

lim |[J(s)||,, =0

S§—00 o0

which completes the proof. |

Note: A final note on the rate of decay of ||W(s)||,, and |[J(s)||,. We never derived any rate of

decay in the proof. However, by proving that

/:\|W<s>|oods

converges (and since || (s)||, is nonnegative), we know that ||[W (s)||,, must go to zero faster than
57! and the same applies for ||J(s)||,,. Thus we conclude that both ||[W(s)||, and ||J(s)||,, decay

to zero like s~(17®) for some o > 0 though they may exhibit exponential decay.

3.4 Non-Dimensional p-Norm Asymptotics

To make Theorem 3.7 more robust, we would also like to consider other norms as well. In fact,

this result generalizes nicely to p-norms in the following way.

Corollary 3.7.1 (p-norm Asymptotics). Assume that S, J, W satisfy (3.19),

So, Jo, Wo € LH(€) 1 L(€2) and || Ry |, = "ol < 1. Then

lim [|J(s)|[,=0 and lim [[W(s)|[, =0,

§—00 §—00

for all 1 < p < .

Proof. The proof is actually fairly simple in the case of a bounded domain. If we suppose that
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has finite measure, then we may say

mw¢m=(éww%@vwfm

s(@uw&mgﬁoup

= [[W(s)l|o0 ()17,

where (Q) is the measure of Q and p € [1,00). The same inequality holds for .J as well. Then

since the supremum norm of each W and J goes to zero, so must the p-norm.

The case of an unbounded domain is slightly more complicated. We would like to use p-norm

interpolation; i.e., we would like to bound the p-norm by the 1-norm and the supremum norm. In

order to do this, we need some estimates for the 1-norm.

To that end, from the J-equation, we integrate out space. We note that the integral of J (or

W) is actually the 1-norm; this follows since J (and W) are positive. Thus we have

d ~ - -
NI =Dy [ Addy = s [ St W)y = i 1),

We can bound S(y, s) by its supremum norm and then use the bound derived in (3.20) to say

SN = Dr [ Addy < jaS(s) W)y~ A 1965y
s Q

Using the divergence theorem for the integral gives

d ~ oJ >
- - D s < i W .y
35 1= Dr [ 5ods < () W)l — s 1)y

but then our boundary condition implies that the integral is zero. Thus
d B o~
75 WO+ 2l ($)]ly < frS(s) [[Ws)ll; -
Using an integrating factor and “solving” the inequality for ||.J(s)||; brings us to

17()ly < [1Jolly e~ +ﬂ16ms/0 e175(0) ||W (o)l do.
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Next, we consider the W-equation and integrate out space:

d ~ - -
SIWEL =Dy [ AWdy = v |76) s = v (W)

Using the divergence theorem and our boundary condition, we know that the integral is zero.

Thus
d . .
75 W+ av (W ()l = av (1T ()] -

Finally, using a integrating factor and solving for ||[W(s)||, yields
~ ~ s ~
(W (s)[l, = [IWoll e7* +ﬂvews/ V| J(o)ll, do
0

In particular,

W)l < [[Wolly eﬁv“rﬂve’l”/o V|| (a)]], do. (3.26)

If we compare (3.25) and (3.26) to (3.21) and (3.23), respectively, we see inequalities are exactly
the same except ||-||; is replaced with ||| .. Thus we can conclude from similar work that ||.J(s)||;

and ||W(s)||; remain bounded for all s.

With this, we are almost ready to assert that the p-norm of J and W must go to zero.First, we

recall Holder’s Inequality.

Theorem (Hé6lder’s Inequality). Let Q@ C R™. Suppose that ¢,r € [1,00] are such that
% + 1 =1 and that f € LY(Q), g € L"(Q). Then

/fgsumqmm.
Q

Now consider, for a smooth function u defined on € and for p € (1,00), we have

fally = [ Jul
P
— [ Jullu?
Q

<Jully Hup_lHoo (by Holder’s Inequality with ¢ = 1,7 = 00)

-1
= [lully [lull&5™
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which yields the inequality

1 1—1
lull,, < Il 1l 25277

Using this, we see that
1 _
W ()L, < [[W ()| 1IW ()I1557

for any p € (1,00). Thus, since the 1-norm of W remains bounded and the supremum norm of W
goes to zero, the p-norm is bounded by a quantity that goes to zero and so ||W(5)Hp — 0. The
same holds for J. ]

3.5 Comparison with the Spatially Homogeneous Model

It is no accident that our results on large time asymptotics are contingent on the quantity

[|Rollo = Nﬂzum In fact, to more clearly express the meaning of this quantity, it should perhaps
be written in the form
o Nkl
Hrpr iy

In this form, we see that ||Rpl|,, is the ratio of appearance rates to clearance rates. Indeed, Npuy
is a rate of appearance of free virions based on the death of infected cells, k is a rate at which T
cells become infected when in contact with virions and A is a regeneration rate for T cells, while

the denominator (up, pr, y) is composed of the natural death/clearance rates.

In fact, this quantity has a clear analog in the analysis of the spatially homogeneous model.

When analyzing (1.1), several authors ([3], [4] for example) consider the quantity

_ NugkA
P

This quantity is called the reproductive ratio. It is of particular interest to Jones and Roemer [11]
who analyze (1.1) in detail. They prove that there are two steady states of (1.1), termed the viral
extinction state (a state in which I(t), V(t) — 0 for large ¢) and the viral persistence state (a state
in which I(¢), V (t) do not go to zero), respectively. Further, they prove that the extinction state is

stable if and only if p < 1 and otherwise the persistence state is stable.

Our results are somewhat similar. We have proven that in the case that ||Ry||,, < 1, our system

tends to a virus free state. Our analysis thus far has been limited to this case and we can say
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little when ||Rg||,, > 1. We notice Ry(y) is precisely p if X is taken to be constant. Thus ||Rp||,,
should not be considered an exact analog of p because taking the supremum norm will not incur a
particularly sharp inequality unless A is “nearly” constant. Something like the average value of Ry
may be a better analog to p. In any case, we presented a sufficient condition to force I,V — 0; it

is unlikely that this condition is necessary (we speak more to this point in the next section).

However, if A is taken to be constant we do have the following result.

Theorem 3.8. Assume that T, I,V satisfy (2.1), take A to be constant and let

ANE
Ry = > 1.
Hr v

Then the viral persistence steady state given by

is asymptotically stable.

Proof. It is easy to see that (T, I*, V*) is indeed a steady state for the system by simply performing
the necessary algebra. Now assume that our functions are perturbed slightly from the steady state;
say

T(x,t) =T+ Ty (z,t), I(x,t)=TI"+cli(z,t), V(x,t)=V*4eVi(x,t),

where 0 < ¢ < 1. Plugging these into (2.1) and ignoring terms on the order of £2, we see that our

perturbation functions satisfy

(at — DTA)Tl = —,LLTTl — k(T*Vl + V*T1>,
(8t — D]A)Il = k(T*Vl + V*Tl) —urly,

(0 — DyA)Vi = Nurly — py Vi,

Next we take the Fourier Transform in space (with transform variable £) and rearrange to arrive
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at

Ty —(ur + kV* + Dr [€)?) 0 —kT* Ty
O || = KV —(ur + Dy €)% kT* I
Vi 0 Nug —(uv + Dy €| [V

Ty

= A(§) .fl

Vi

We wish to prove that T7,11,V7 — 0 as t — oco. To do so, it suffices to prove that all of the
eigenvalues of the matrix A(£) have negative real part regardless of choice for £. Accordingly, we
note that

det(A —vI) = —(v° + a(§)v? + b(E)v + c(€))

where

a(§) = pr +kV* + pr + pv + (Dr + Dr + D) ¢,

b(&) = (ur + kV*) (s + py)
+ ((ur + kV*)(Dy + Dv) + pr(Dr + Dv) + (D + Dp)) |€)?
+ (DpD; + DpDy + DiDy) [€]*,

o(§) = privkV* + (ur + kV*) (urDy + pv Dy) [¢[*

+ (DrDy (ur + kV*) + Di(urDy + v Dr)) [€]* + DrDrDy |€°.

It is clear to see that each of a(§),b(§),c(§) > 0 for all £ € R™ (in fact, this is where the
assumption that Ry > 1 is necessary since it guarantees that V* > 0). We recall the Routh-

Hurwitz Stability Criterion.

Routh-Hurwitz Stability Condition. Let a,b,c > 0 and ab > c¢. Then all of the roots of

the polynomial p(x) = 23 + az? + bz + ¢ have negative real part.

With this in mind, it will suffice to show that a(£)b(&) > ¢(§), V¢ € R™; this will imply that all
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eigenvalues of A(§) have negative real part. To this end, we see

a(€)b(&) = (ur + EV* + pr + pv) (ur + kV*) (i1 + pv)

+

_.|_

(D7 + Dr + Dy)(pr + EV*) (1 + pv)

+ ((pr + kV*) (D1 + Dy)pur(Dr + Dv) + py (D1 + Dv)) (pr + kV* + pr + Mv)] €[

(ur +EV* 4+ pr + py)(Dr Dy + DrDy + DrDy)

+ ((pr + kV*)(Dr + Dyv)pr(Dr 4 Dy) + py(Dr 4+ Dy)) (Dr + Dy + Dv)} [3x

+ (Dr + D; + Dy)(DrD; + DDy + DiDy) [¢]°.

For brevity, say

c(€) = co+cal€f +calé|* + c61¢l°

a(€)b(€) = do + da [€]* + da |€]* + de |€]° .

Looking at the coefficients, we can see that for each k = 0,2, 4,6, we have

Thus a(£)b(€) is term-by-term greater than ¢(§) for any ¢ € R™. Thus we can conclude that
a(€)b(§) > ¢(£),V€ € R™ and so all eigenvalues of A(§) have negative real part regardless of &.

Hence

dr = ¢ + positive terms.

Tl,Il,Vl —0

as t — oo which proves linear stability around the viral persistence steady state (7, I*,V*).

Theorem 3.8 gives a clear analog to the results for the spatially homogeneous model. In the
case that A is constant, the asymptotic behavior of (2.1) and (1.1) is very similar. If Ry < 1 there
there is a viral extinction steady state and if Ry > 1 then then there is a viral persistence state.

Stancevic et al. [9] perform the same analysis (though they consider a slightly different system)

and the results are very similar.
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The case of non-constant A is more difficult. In that case, any viral persistence state will need
to satisfy a system of three nonlinear elliptic PDEs and the method for establishing steady states

is not so straightforward.
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CHAPTER 4
SIMULATIONS

The purpose of the simulations is largely to verify the analysis so we break the simulations up

into several different parameter regimes which are discussed below.

For our simulations we use a semi-implicit finite difference scheme in MATLAB. The difficulty
with this is the nonlinear term so we lag that term by one time step. We describe the scheme in
one spatial dimension with time domain [0, t*] and spatial domain [a, b] (the corresponding scheme
for two spatial dimensions can be abstracted fiarly easily). Let At =t*/N,h = (b — a)/J for some

N,J € N. Then our grid is given by ¢, = nAt, x; = a + hj and our scheme is

T — 1 T, — 2T + T
J At] — Dr Jj+1 h2] j=1 _ )\j _Mijjn N kz}n—l‘/jn—17
-1t Iy, =200 + 1
J At] _ DI I+ h; J — k]}n_l‘/;-n_l _ ,LLII;'L7
yn —yr-t no—2Vn Ve,
J At] _ -DV J+ h; J — NNII? . NV‘/}'na

forn=1,2,...,Nand j =1,2,...J — 1, where T}" = T(xj,ty), etc. We also have initial condi-
tions

T} =Tole;), Ij=hx;), V)=Vlz) j=01...J

Finally, for ease of implementation, we take homogeneous Dirichlet boundary conditions:

T =TP =" =11=V'=VP=0, n=0,1,...,N.

)

In fact this choice does not affect the analysis at any point except for finding a bound on the

1-norms of J and W in Section 3.4.

We can rewrite the system in matrix-vector form as

ApTm = Tr=1 4 A (X . kﬂ/“‘l) :
AT = Y ATV (4.1)

Ay V" =V 4 AtNp I,
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where

[ ] [ Trvp ]
9 3y
" = . TV =
_T‘?fl_ _T}Ll‘/}il_

and Ar is a matrix with

At

At
(AT)n,n =1+ At,UT + DT727 (AT)n,n—l = (AT)n—l,n = _DTﬁv

h

for suitable n values and (A7) m = 0 off of the three principal diagonals (the vectors I " V" and

matrices Ay, Ay are constructed identically except with T replaced by I or V).

We note that in the discretized version of the V' equation, we keep I™ on the right hand side.
In order to do this, it is necessary to solve the equations in the order in which they are listed.
Having done this, I™ has been calculated just before we use it in the next equation. It is easily seen
that the matrices Ap, A7, Ay are symmetric and positive definite (since they are all strictly diag-
onally dominant) so T™,I", V™ can be computed very efficiently from (4.1) by using the Cholesky

factorization of each matrix.
We use the parameter values suggested by [9]. These values are:

1 1

pr = 0.03 day ™ pr = 0.5 day ™~ py =3 day~
2 2 9
D7 = 0.0905 n(;;ny Dy = 0.0905 n&g; Dy = 7.603 - 1074132;
NS OG0UE k3430100t A(e) ~ 10 sl

Note that A and k£ depend on the dimension of the space we are working in. The only value that
will consistently change between simulations (besides the changes based on dimension) is A; any
other changes in parameter values will be noted when necessary. We will choose several different
functional forms for A\ in each dimension in attempt to demonstrate the different ways that the

system can behave.
The different cases which are simulated are the same in 1D and 2D:

Case 1. ||Ro||,, <1, viral extinction. This case simply verifies that our conditions from section 3 are

indeed sufficient to force ||I(t) V()| — 0.

”oo7
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Case 2.

condition for viral extinction is not a necessary condition.

Case 3. Ryo(z) = 1 + e(x), viral persistence. This case demonstrates that the condition for viral

extinction (||Rp||,, < 1) can be a sharp condition.

Case 4.

persistence steady state.

4.1 Simulation in 1-D

||Rol|lo, > 1, viral extinction. This case gives solid computational evidence that our sufficient

||Rol|o, > 1, viral persistence. This case demonstrates more clearly the existence of the viral

All of the simulations in 1-D take 2 = (—10,10) and 0 < ¢ < 100.

t ] T®s [HOI™ V)l | ITC#) —T*#)lloo
2.0000e+03 | 3.0000e+02 | 8.0000e+02 0
20 | 2.2089e+02 | 2.7952¢+00 | 5.1177e+02 |  9.6788e+02
40 | 2.1070e+02 | 1.1195¢-03 | 2.0696e-01 4.8895¢+02
60 | 1.9088¢+02 | 2.9044e-07 | 5.4054e-05 2.4494e+02
80 | 1.7802e+02 | 5.8124e-11 | 1.0858¢-08 1.2372e+02
100 | 1.7064e+02 | 1.0129¢-14 | 1.8959¢-12 6.3073e+01
200 | 1.6229e+02 | 8.8918¢-34 | 1.6677e-31 2.3555e+00
300 | 1.6195¢+02 | 6.6707e-53 | 1.2513e-50 9.2018¢-02

Figure 2: 1D Case 1. A(x) = 255, || Ry, = 0.9147

The first case we consider is one in which ||Rp||,, < 1. In this case, Theorem 3.7 tells us that
we should have I,V — 0 for large time. Indeed, this can be observed. In addition, we should
have

[e.9]

Jim [[T(t) ~ T*(1)| |, = 0,

where T satisfies the same equation as 7' but with the nonlinear term ignored. This can be
observed as well, though it is more subtle. The convergence of this quantity to zero is perhaps very

slow. For each 20 day increase in time, the value of ||T'(t) — T%(¢)||, is roughly halved.

It is clear from Figures 2 - 5 that for large time, I,V are approximately zero while T tends to

a nonzero steady state.

Our second case demonstrates that the condition ||Rp||,, < 1 is not necessary for the infection
to die off. In fact, it may be possible to make ||Rg||,, arbitrarily large while the system still tends

to an infection free state.
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Figure 4:

1D Case 1. Evolution of I-Cells
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Figure 5: 1D Case 1. Evolution of Virions

t | Tl Ol | IVOIlo | 1T =T*(#)]l
0 | 2.0000e+-03 | 3.0000e+02 | 8.0000e+02 0

20 | 4.8462e+02 | 6.1607e+00 | 1.0959¢e+03 |  1.0348e+03
40 | 5.7655e+02 | 2.1015e-02 | 3.6979e+00 |  5.1308e-+02
60 | 5.9895¢+02 | 1.0081e-04 | 1.7679¢-02 |  2.5538¢-+02
80 | 6.0481e+02 | 5.3757¢-07 | 9.4174e-05 1.2861e+02
100 | 6.0629¢+02 | 2.9506e-09 | 5.1677e-07 |  6.5452e+01
200 | 6.0641e+02 | 1.5158¢-20 | 2.6547e-18 |  2.4372e+00
300 | 6.0637e+02 | 7.7287e-32 | 1.3536e-29 9.5166e-02

From Figures 6 - 9, we see that even though ||Rp||, is substantially larger than 1, the system
tends towards a viral extinction steady state. Again, it does appear that ||T(t) —T™(t)||,, is
decreasing, but it still decreases very slowly. Here, the average R value is still relatively small (Rg =

0.1237); keeping this value sufficiently small seems to affect the long time asymptotic behavior. This

Figure 6: 1D Case 2. A(z) = 270e~50%" || Ry||,, = 9.8784

would confirm that the stability of the steady states is spatially dependent.

Indeed, the condition ||Ro||,, < 1 does seem somewhat sharp in the case that ||Ro||,, ~ Ro. To

demonstrate this, we consider a third case. The results are summarized in Figures 10 - 13.

In this case, A\ was chosen so that

Ro(z) =1+ ¢(x)

where

69

0<e(x) <0.1 forallze[-10,10].
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Figure 8: 1D Case 2. Evolution of I-Cells
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Figure 9: 1D Case 2. Evolution of Virions

t | Tl Ol | IVOIlo | 1T =T*(#)]l
0 | 2.0000e+-03 | 3.0000e+02 | 8.0000e+02 0

20 | 5.0265e+02 | 1.2404e+02 | 1.0419e+04 |  1.1408e+03
40 | 6.3302e+02 | 1.2007e+01 | 9.8991e+02 |  6.5534e-+02
60 | 7.4864e+02 | 3.2889e+00 | 2.6720e+02 |  3.4731e-+02
80 | 8.3260e+02 | 1.7194e+00 | 1.3858¢+02 |  1.8394e+02
100 | 8.8457e+02 | 1.2639e+00 | 1.0145e+02 |  9.9220e+01
200 | 9.4225e+02 | 1.0791e+00 | 8.6288¢+01 |  1.1236e+01
300 | 9.4364e+02 | 1.2448¢+00 | 9.9539¢+01 |  8.8212¢+00

Figure 10: 1D Case 3. A(z) = 27.33 4 2.7 cos(x)?, || Rol|, = 1.0988

Also, ||Ro||,, = 1.0988 and Ry = 1.0517 and p; = 0.25 days~ ' which accentuates the viral persis-
tence steady state. In this case, Figures 10 - 13 seem to indicate that the virus is persisting; indeed,
the values of ||I(t)||,, and ||V (t)||,, are no longer strictly decreasing. When the virus persists, we

cannot be sure that ||T(¢t) — T™*(t)

oo

though it is significantly greater than in Figure 2 or Figure 6.

As a final case, we would like to observe a clear tendency towards a viral persistence state. This

can be accomplished by simply increasing A enough.

Here Figures 14 - 17 clearly show that the virions and the infected cells are not tending towards

— 0. We notice that the error is decreasing in Figure 10,

zero and the error in 7™ as an approximation to 1" is not small anymore.
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Figure 11: 1D Case 3. Evolution of T-Cells
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Figure 12: 1D Case 3. Evolution of I-Cells
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Figure 13: 1D Case 3. Evolution of Virions

t ] 70l | HOle | VOl [170 - T 0l
0 | 2.0000e+03 | 3.0000e+-02 | 8.0000e+02 0

20 | 7.4349e+02 | 1.8929e+01 | 3.1925e+03 1.2650e+03
40 | 1.0635e+03 | 1.0528e+01 | 1.6541e+03 7.1700e+-02
60 | 1.0963e+03 | 6.5955e+01 | 1.0301e+04 6.5262e+02
80 | 9.0395e+02 | 6.0029e+01 | 9.7501e+03 8.9220e+-02
100 | 9.3799e+02 | 3.8916e+401 | 6.2164e+03 7.7965e4-02
200 | 9.4315e+02 | 5.1316e+01 | 8.2133e+03 7.9551e+4-02
300 | 9.4272e+02 | 5.0626e+01 | 8.0998e+03 7.9325e+-02

Figure 14: 1D Case 4. A(z) = 50 + 10e~5%", [|Rol|o, = 2.1952
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1D Case 4. Evolution of I-Cells
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Figure 17: 1D Case 4. Evolution of Virions
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4.2 Simulation in 2-D

In two spatial dimensions, we take = (—10,10)? and again let 0 < ¢ < 100.

t ] 7O | HOe | VOl [ 170~ T 0l
5.0000e+02 | 1.0000e+02 | 3.0000e+02 0

20 | 6.8709e+02 | 8.9954e-03 | 1.7152e+00 3.1301e+00

40 | 5.8452e+02 | 5.3796e-07 1.0319e-04 1.3586e+00

60 | 5.3118e+02 | 2.7447e-11 5.2730e-09 5.9763e-01

80 | 5.0675e+02 | 1.3456e-15 2.5860e-13 2.7140e-01

100 | 4.9553e+02 | 6.5540e-20 1.2596e-17 1.2659e-01

Our cases here will be the same as in Section 4.1. In particular, these simulations shold help to
establish the dimensionally independent nature of your dynamical results. First, we take || Rol|,, < 1
and show that I,V — 0 and ||T'(t) — T%(¢)
than it was in the case of one spatial dimension. In Figures 18 - 21, by the time we reach t = 100,

I and V are within machine error of zero and the relative error in 7™ as an approximation to T is

roughly 0.025%.

Secondly, we can easily demonstrate that ||Rg||,, < 1 is not a necessary condition for ||1(t)||

V(oo = 0.

T time=0

oo

T, time =2

40 -0

Figure 18: 2D Case 1. A(Z) = 250e 5% || Ro|| _ = 0.9147

— 0. In fact, here the behavior is even more apparent

T.time =4

<10 -10

T, time =100

4010

Figure 19: 2D Case 1. Evolution of T-Cells
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I, time =0 I, time =2 I, time = 4

-0 10 -0 10 -0 10

I, time =30 1, time = 70 I, tirme = 100

0 10 10

-0 10 -0 -10 -0 10

Figure 20: 2D Case 1. Evolution of I-Cells

¥, time =0 W time =2 V,time = 4

-0 -10 -0 -10

¥, time = 30 Y, time =70 V, time = 100

-0 10

Figure 21: 2D Case 1. Evolution of Virions
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t | Tl | Ol | VOl | [1TC) =T @)l
0 | 5.0000e+02 | 1.0000e-+02 | 3.0000e+02 0

20 | 5.3755e+03 | 4.7950e-02 | 8.7927e+00 |  5.0135e+00
40 | 5.6961e+03 | 2.3715e-05 | 4.3467e-03 |  1.8207e+00
60 | 5.7775e+03 | 1.2339e-08 | 2.2592¢-06 7.6187e-01
80 | 5.8055¢4+03 | 6.6724e-12 | 1.2211e-09 3.3813¢-01
100 | 5.8165e+03 | 3.6736e-15 | 6.7213e-13 1.5568e-01

Figure 22: 2D Case 2. A(Z) = 3000e 517" || Ro|| _ = 10.9670

T,time =0 T,time = 2 T,time =4

-0 10 -0 10

T time =30 T, time =100

4010 A0 10 010

Figure 23: 2D Case 2. Evolution of T-Cells

Figures 22 - 25 show that I,V still tend towards zero for large time even though ||Ro||,, ~ 11.

Since I,V — 0, we also see that ||T'(t) — T%(t)||,, becomes very small relative to the size of T'.

[l

The third case is more difficult to demonstrate in two spatial dimensions. We wish to show that
||[Ro||o, <1 can be a fairly sharp bound in the case that ||Ro||., = Ro. To do this, we construct a

A such that Ro(z,y) = 1+ e(z,y) where £(z,y) is somewhat small.

Our A here is defined by

4

2
Az, y) = 273.3 + 5 cos <WM) , T,y €[-2,2]

and

Mz +4,y) = Az,y), MNzx,y+4)=X\zx,y).
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Figure 24: 2D Case 2. Evolution of I-Cells
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Figure 25: 2D Case 2. Evolution of Virions
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t | Tl | Ol | VOl | [1TC) =T @)l
0 | 5.0000e+02 | 1.0000e-+02 | 3.0000e+02 0

20 | 4.3652e+03 | 2.3492e+01 | 7.6658¢+02 |  1.7711e+01
40 | 6.4873e+03 | 9.0954e-+00 | 2.9482e+02 |  1.9692e+01
60 | 7.6617e+03 | 4.8965¢-+00 | 1.5801e+02 |  1.5768e-+01
80 | 8.3016e+03 | 3.2308¢-+00 | 1.0399e+02 |  1.1938e+01
100 | 8.6436e-+03 | 2.3830e+00 | 7.6601e+01 |  9.0823e+00

S\ 2
Figure 26: 2D Case 3. \(Z) = 273.3 + 5 cos (%) I Rollo = 1.0183

T time =0

T, time =2

T time = 4

1500

1000

£00

10

A0 0 -0 10 -0 .10

T, time =70 T, time = 100

10000

A0 -0 -0 10 -0 -10

Figure 27: 2D Case 3. Evolution of T-Cell

The graph of this looks like smooth periodic humps on each 4 x 4 square in both directions.

This choice of )\ forces

Ro(z,y) =1+¢e(x,y), 0<e(z,y) <0.02, (z,y)e€ Q.

Also, in this case we take pu; = 0.1 days~!.

Recall that changing py changes nothing about Rj.
This change was made simply to accentuate the non-zero steady state which the system is tending
toward. Figures 26 - 29 show that I,V each seem to settle near some non-zero value. The value
1T(t) — (1)

||, is significantly bigger than the previous simulations as well which suggests that

the system is approaching an equilibrium with non-zero I and V.
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1010 -0 10

Figure 28: 2D Case 3. Evolution of I-Cells
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10 10 -0 .10
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Figure 29: 2D Case 3. Evolution of Virions

81



For our last simulation, we increase A enough to make ||Ro||,, and Ry larger than 1. We clearly

see that there is a steady state with non-zero I and V.

F ] 7O | MOl [ VOl [ 170 - Tl
5.0000e+02 | 1.0000e+02 | 3.0000e+02 0

20 | 6.7741e+03 | 4.3135e-01 | 7.2409e+01 1.3978e+01

40 | 9.9845e+03 | 1.4235e-01 | 2.2714e+01 7.3235e+00

60 | 1.1739e+04 | 4.0544e-01 | 6.3067e+01 5.0114e+00

80 | 1.2677e+04 | 3.5534e+00 | 5.4574e+02 1.4978e+01

100 | 1.3011e+04 | 5.2963e+01 | 8.0983e+03 1.8364e+4-02

Figure 30: 2D Case 4. A(Z) = 400 + 300e 217" || Ro|| .. = 2.5611
o

T, time =0 T, time =2

T, time = 4

-0 -0 -0 -0 -0 -0

T, time =30 T time =70 T, time =100

10000
5000

Figure 31: 2D Case 4. Evolution of T-Cells

In this case, ||Ro||,, = 2.5611 and Ry = 1.4652. It is clearly seen from Figures 30 - 33 that I,V
are not tending towards zero; they are not even decreasing after long enough time. Also the error

in T as an approximation to 1" is more substantial in this case.
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40 .10

Figure 32: 2D Case 4. Evolution of I-Cells

V. time=0 W, time = 2 W, time = 4

W, time =30 W, time = 70 W, time = 100

-10 -10 -10 10

Figure 33: 2D Case 4. Evolution of Virions
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CHAPTER 5
CONCLUSION

This thesis presents a new in-host spatial model for thefor the dynamics of HIV in an infected

host by introducing diffusion. The new system of parabolic PDEs is analyzed in detail.

First, Duhamel’s principle was used to invert the diffusion operator and then a local existence
theorem was established using the Banach fixed point theorem on a sufficiently small time interval.
Global existence and uniqueness was then shown by proving that solutions are positive and thus

bounded as long as they exist.

Next, the gain in regularity that is typical of solutions to diffusion equations was establshed.
We first proved that solutions exhibit low order regularity following the lead of Pankavich and
Michalowski [12], [13], and using the low order regularity as a base case, high order regularity was
proven by induction. In particular, solutions were shown to be as smooth as one desires so long as

the influx of healthy T cells is similarly smooth.

With existence, uniqueness and high order regularity established, we turned our attention to
the large time asymptotics of the system. By establishing bounds on the supremum norms of the
quantities involved, several different sufficient conditions were presented under which our system
tends to a viral extinction steady state for large time. These conditions were compared with the
analagous results of the spatially homogeneous model. In the constant A case, the large time
asymptotics of the spatially heterogeneous model and the spatially homogeneous model are nearly
identical. Further analytical study is needed to determine conditions for the global asymptotic
stability of the infection-free steady state and to determine the behavior of the infection as it tends

to a viral persistence state in the case that X is spatially dependent.

Finally, the behavior of the model was simulated in MATLAB using a finite difference method in
order to verify the analysis (especially the large time asymptotics). The simulations were consistent
our analysis and verified that our sufficient conditions for viral extinction were correct. Using these
simulations, we also presented convincing computational evidence that our sufficient conditions for

viral extinction are not necessary.

The methods used in this thesis could be applied to a very wide range of problems. Indeed, they

could be easily adapted to other nonlinear systems of parabolic PDEs such as those with directed
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diffusion or HIV models with additional populations to account for mutated strains of the virus or

latently infected cells.
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APPENDIX I: LEMMAS 3.5 AND 3.6

Following are the proofs of two key lemmas used in Section 3.3.

Lemma 3.5. Let Q = R" or let Q be a bounded open subset of R” and let F': © x [0, 00) — [0, 00).
Futher, assume that for fixed ¢ > 0, F(-,t) € H*(Q) and that %—If is continuous and bounded for
(x,t) € 2 x [0,00). Then

f(t) = sup F(z, ), t€[0,00)
€

is uniformly continuous.

Proof. The proof proceeds slightly differently for {2 = R™ and for €2 a bounded open subset of R".

First assume that {2 = R™. For fixed t > 0, we have that F'(z,t) € H>(2). Thus by the Sobolev
embedding theorem, F'(z,t) € C§°(2). Hence, since F' is positive and goes to zero at infinity,
we know that F' attains its maximum on = R". To see this, for sufficiently large k, we could
restrict ' to [—k, k|™ in space. Then since F' goes to zero as |z| — oo, we can bound F outside of
[—k, k]"™ and, inside [—k, k]", F must attain its maximum since the set is compact. Thus, for any
t >0,

sup F(z,t) = F(z*,t) for some z* € Q.
e

If Q is an open, bounded subset of R then the Sobolev embedding theorem implies that for

fixed t > 0, F(x,t) € C™ (ﬁ) . Further, Q is closed and bounded so F' must meet its supremum

somewhere in the set. Hence, in this case, we can also claim that for any ¢ > 0,

sup F(x,t) = sup F(x,t) = F(x*,t) for some z* € Q.
z€e) zeQ

In either case, it is the case that F is uniformly continuous in z for all z € Q or Q. F is also

uniformly continuous in ¢ since it has a bounded first derivative in t. Thus if f is defined as in the
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statement of the lemma, we see for ¢, 7 > 0,

[f(t) = f(7)| = |sup F(z,t) — sup F(z, )
€S €N

= |F(x1,t) — F(x2,7)|, for some x1,z2 € Q or Q
= ‘F(wl,t) — F(l’g,t) +F(:L’2,t) - F(CEQ,T)|

< \F(a:l,t) —F(Ig,t)| + |F($2,t) — F(IQ,T)‘ .

Then since F' is uniformly continuous in time and space (this follows since F' has a bounded

derivative in time and is smooth in space), we know that f must be uniformly continuous in time.

Lemma 3.6. Let f : [a,00) — [0,00) be a uniformly continuous function such that

/Oof(t)dt:C < o0.

Then tlgrolo f(t)=0.

Proof. Assuming that f is uniformly continuous, we prove the statement by contrapositive. That

is, we actually prove that if

lim f(t) % 0

t—o00

then the integral doesn’t converge, which is equivalent to the statement of the lemma. Assuming
the limit is not zero, we know that there is € > 0 such that for any K > 0, there is 7 > K such
that f(7) > €; i.e., no matter how large we force ¢, we cannot ensure that f(¢) remains less than

this e.

Then by uniform continuity, for such e, there is § > 0 such that for any ¢ € (7 — §, 7+ 9),

[f(r) = F) <5

An important note (and the reason that we require uniform continuity) is that this 6 does not
depend on ¢ or 7; it depends only on €. Now f(7) > ¢ and |f(7) — f(t)| < § imply that f(t) > §
forallt e (r—6,7+90).
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To recap, for some fixed € > 0, there exists § > 0 (which, once chosen, is fixed as well), such

that for any K > 0, there is a 7 > K such that f(t) > § for all t € (1 —§,7 +6).

First, take Ko = a + J and find the corresponding 71 > Ky such that f(t) > 5 for all t €
(11 — 9,71 +9). Next, take K1 = 71 + 26 and find the corresponding 72 > K7 such that f(t) > § for
all t € (79 — 0,72 + §). Next, take K9 = 19 + 2 and repeat ad infinitum.

This process constructs a sequence of disjoint intervals, I, = (1, — 6,7, + ), n € N such that

f(t) > § for all t € I,, for each n. Then for any N € N, we have

/ ft)dt > Z/ ft)dt > Z/ Sdt = 6 = Ned.
a n=1T —0

n n=17mm=0 1

This implies that the integral is infinite and concludes the proof. |

Note. The assumption that f is a nonnegative function is actually superfluous; it was only as-
sumed here since it simplifies the proof a bit and since it is sufficient for what follows. However, it
can be relaxed by realizing that f is uniformly continuous if and only if f is continuous and |f| is
uniformly continuous. Thus proving the lemma for nonnegative functions actually implies that the

same property holds for other functions.
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APPENDIX II: MATLAB CODE

The following MATLAB code was used for the simulations in Section 4.

OneDmodel _implicit.m

1 clear; close all;

2 tic;
3 %Set Grids
4+ dx = 0.02; x_min = —10; x_max=10;

5 dt = 0.01; t_.min = 0 ; t_max=100;

6 X = x_min:dx:x_max;
7 t = t_min:dt:t_max;
s mut = 0.03; mu.i = 0.5; muv = 3;

o Dt = .09504; D.i = .09504; D.v = 0.00076032;
10 a-t = D_txdt/(dx"2); a_-i = D_ixdt/(dx"2); a.v = D_vxdt/(dx"2);
1 k=0.00000343; N=960;

12

13 %Initialize T,1,V

1 T = zeros(length(x),length(t));
15 T2 = zeros(length(x),length(t));
16 I = zeros(length(x),length(t));
17 V. = zeros(length(x),length(t));
15 lamvec = zeros(length(x),1);

19 %Initial Conditions and lambda

20 for m=1:length (x)

21 if abs(x(m)) < 5

2 T(m,1) = 2000;

23 T2(m,1) = 2000;

” I(m,1) = 300;

25 V(m,1) = 800;

26 end

27 lamvec(m,1) = lambda_1d (x(m));
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28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

58

end

%Boundary Conditions (Zero Here)
T(1,:) = 0; T(length(x),:) = 0;
T2(1,:) = 0; T(length(x),:) = 0;
I(1,:) = 0; I(length(x),:) = 0;
V(1,:) = 0; V(length(x) ,:) = 0;
%initialize the matrices I will need (using sparse matrices)

B = spdiags([—ones(length(x)—2,1),2%ones(length(x)—2,1),—ones(length (x)
21)],
[—1,0,1], length(x)—2, length(x)—2);
Id = speye(length(x) — 2);
Tmat = (1+mu_txdt)*Id + a_t«*B;
Imat = (1+mu_ixdt)*Id + a_i*B;
)

Vmat = (I+mu_vxdt)*Id + a_vxB;

%Use Cholesky factorization for efficiency
R.T = chol (Tmat) ;
R_I = chol(Imat);
RV = chol (Vmat) ;

9%We’ 11 also want to track the maxima at each time step
Tsup = zeros(length(t),1); Tsup(1l,1) = max(abs(T(:,1)));

T2sup = zeros(length(t),1); T2sup (1,1) = max(abs(T2(:,1)));

E_max = zeros(length(t),1); Emax(1,1) = max(abs(T(:,1) — T2(:,1)));
Isup = zeros(length(t),1); Isup(1,1) = max( ( )

Vsup = zeros (length(t),1); Vsup(1,1) = max( ( )

%we’ 11 only solve at these points (leave boundary alone

xs = 2:length (x)—
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62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

T

78

79

80

81

82

83

84

85

86

87

88

89

%Backward Euler Scheme (Solve for
% by solving matrix equations

for 1=2:length (t)

T(xs,l) = RT’\(T(xs,l-1)+dt*(lamvec(xs,1)— k«T(xs,1—-1).%xV(xs,1—1)

)) s

T(xs,1) = RT\T(xs,1);
T2(xs,1
T2(xs,1) = RT\T2(xs,1);

)
I(xs,1) = R.I\I(xs,1);
V(xs,1)
V(xs,l) = R.V\V(xs,l);

%Set maxima
Tsup(l,1) = max
T2sup(l,1) = max

Isup(1,1) = max

(abs (T(
(abs (T2
Emax(1,1) = max(abs(T(xs,1) — T2(xs,]
(abs (I(
(abs (V(

Vsup(1l,1) = max

end

E.msq = (1/length (x))*(sum((T2(:

%Plot results for T (t=0 to t=10)
figure (1); clf;

subplot (2,3,1);

plot (x,T(:,1) *)

title ("T(x,0)");

xlabel ('x7);

ylabel ("T7);

axis ([—10 10 0 max(T(:,1))*1.2]);
subplot (2,3,2);

,end)—T(:

T(:,n) in terms of T(:,n—1))
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,end) ).

) = RT’\(T2(xs,1—-1)+dt*(lamvec(xs,1)));

(
= RV’'\(V(xs,l—1)+dt*«mu_isxNxI(xs,1));
(

"2))

= RI’\(I(xs,l—=1)+dt*(k«T(xs,1—1).%xV(xs,1-1)));

“(1/2);



90 plot(x,T(:,200)");

o1 title ('T(x,2)7);

92 xlabel ('x7);

o3 ylabel ("T7);

os axis([—10 10 0 max(T(:,200))*1.2]);
95 subplot (2,3,3);

96 plot (x,T(:,400) );

or title ("T(x,4));

o8 xlabel(’'x");

99 ylabel ("T7);

o axis([—10 10 0 max(T(:,400))*1.2]);
101 subplot (2,3,4);

w2 plot (x,T(:,3000));

s title ("T(x.30)7);

w4 xlabel('x");

s ylabel ("T7);

s axis([—10 10 0 max(T(:,3000))x1.2]);
17 subplot (2,3,5);

s plot (x,T(:,7000) ) ;

0o title ("T(x,70)7);

1o xlabel('x7);

m ylabel ("T7);

2 axis([—10 10 0 max(T(:,7000))*1.2]);
s subplot (2,3,6);

na plot (x, T(:,length(t))’);

s title ("T(x,100) ) ;

ne xlabel ("x7);

ur ylabel ("T7);

ns axis([—10 10 0 max(T(:,length(t)))=1.2]);
119

120 %Results for I (t=0 to t=10)

121 figure (2); clf;
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122

123

124

125

126

127

128

129

130

131

132

133

134

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

subplot (2,3,1);
plot (x,I(:,1)"
title ("I(x.,0)"
xlabel ('x7);
ylabel ("17);
axis ([—10 10 0 max(I(:,1))*1.2]);
subplot (2,3,2);

plot (x,I(:,200)"7);

title ("I(x.,2)"7);

xlabel ('x7);

ylabel ("17);

axis([—10 10 0 max(I(:,200))%1.2]);
subplot (2,3,3);

plot (x,I(:,400)"7);

title ("I (x,4)");

xlabel ("x7);

ylabel ("17);

axis([—10 10 0 max(I(:,400))%1.2]);
subplot (2,3,4);

plot (x,I(:,3000)");

title ("I(x.,30)7);

xlabel ("x7);

ylabel ("17);

axis([—10 10 0 max(I(:,3000))=1.2])
subplot (2,3,5);

plot (x,I(:,7000)"7);

title ("I(x,70)7);

xlabel ("x7);

ylabel ("17);

axis([—10 10 0 max(I(:,7000))=1.2])
subplot (2,3,6);

plot (x, I(:,length(t))’);

9

)

)
)

?

I
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se title (71(x,100));

155 xlabel ('x7);

e ylabel ('17);

157 axis([—10 10 0 max(I(:,length(t)))=*1.2]);

159 %Results for V (t=0 to t=10)

o figure (3); clf;

161 subplot (2,3,1);

12 plot (x,V(:,1)7);

w3 title ("V(x,0)7);

164 xlabel('x);

165 ylabel ('V7);

s axis([—10 10 0 max(V(:,1))*1.2]);
167 subplot (2,3,2);

s plot (x,V(:,200) ) ;

6o title ("V(x,2)7);

1o xlabel ('x7);

i ylabel ('V7);

12 axis ([—10 10 0 max(V(:,200))*1.2]);
173 subplot (2,3,3);

12 plot (x,V(:,400) ) ;

s title ("V(x,4)7);

176 xlabel ('x7);

177 ylabel (V') ;

s axis ([—10 10 0 max(V(:,400))*1.2]);
179 subplot (2,3,4);

1o plot (x,V(:,3000) ") ;

s title ('V(x,30)7);

182 xlabel ('x7);

183 ylabel ('V');

151 axis ([—10 10 0 max(V(:,3000))*1.2]);
185 subplot (2,3,5);
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186 plot (x,V(:,7000) ) ;

187 title ('V(x,70)7);

188 xlabel ('x7);

189 ylabel ("V');

1o axis([—10 10 0 max(V(:,7000))x*1.2]);
191 subplot (2,3,6);

12 plot(x, V(:,length(t))’);

193 title ("V(x,100)7);

1 xlabel ('x7);

15 ylabel ("V');

w6 axis([—10 10 0 max(V(:,length(t)))*1.2]);
197

18 %Plot maxima values

w9 figure (4); clf;

200 subplot (4,1,1)

200 plot (t,Tsup(:,1) 7, k");

202 title (’sup(T) as a function of time’);
203 xlabel("time’);

204 ylabel(’sup(T)’);

205 axis([—5 100 0 max(Tsup)=*1.2]);

206 subplot (4,1,2)

200 plot (t,Isup(:,1)7, k");

200 title(’sup(I) as a function of time’);
200 xlabel (’time’);

210 ylabel(’sup(l)’);

211 axis([—5 100 0 max(Isup)=*1.2]);

212 subplot (4,1,3)

213 plot (t,Vsup(:,1) 7, k");

214 title (’sup(V) as a function of time’);
215 xlabel ('time’);

216 ylabel ('sup(V)’);

217 axis([—5 100 0 max(Vsup)=*1.2]);
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218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

subplot (4,1 ,4)

plot (t,T2sup(:,1) 7, k’);

title (’sup(T2) as a function of time’);
xlabel ("time ) ;

ylabel ("sup (T2)7);

axis([—5 100 0 max(T2sup)=*1.2]);

%Plot Lambda

Imax=max (lamvec (:,1));
figure (5); clf;

plot (x,lamvec(:,1) 7, k");
title ('Lambda’);

xlabel ('x7);

ylabel ( "lambda’);
axis([—10 10 0 lmax=1.2]);

R_0_sup = max(lamvec)*Nxk/(mu_t*xmu_v);

R_0_avg = mean(lamvec)*Nxk/(mu_t*xmu_v) ;

Tsup-table = [Tsup(1l); Tsup(2001); Tsup(4001); Tsup(6001); Tsup(8001);
Tsup(10001) |;

Isup_-table = [Isup(1); Isup(2001); Isup(4001); Isup(6001); Isup(8001);
Isup (10001) ];

E_max_table = [E.max(1l); E.max(2001); E.max(4001); E.max(6001); E_max
(8001); E_max(10001) |;

Vsup_table = [Vsup(1l); Vsup(2001); Vsup(4001); Vsup(6001); Vsup(8001);
Vsup (10001) |;

TABLE = [Tsup_-table Isup_table Vsup_table E_max_table];

toc;
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10

11

12

13

14

15

16

10

11

12

lambda_1d.m

function [ L ] = lambda_1d( x)
% For 1D CASE 1:

% x_0=0;

% L = 25xexp((—5*(x—x.0)"2));

% For 1D CASE 2:
%  x_.0=0;
% L = 270xexp((—50*(x—x_-0)"2));

% For 1D CASE 3:
% L = 27.3324 + 2.7*cos(x) " 2;

% For 1D CASE 4:
L = 50 + 10%exp((—5*(x—x-0)"2));

end

TwoDmodel implicit.m

%I'wo Dimensional Model for in host HIV dynamics with spatial
% Computations done using implicit Euler method with
% time—lagging of nonlinear terms

clear; close all;

tic;

%Set Grids

dx = 0.2; x_min = —10; x_max=10;
dy = 0.2; y_min = —10; y_-max=10;
dt = 0.05; t_min = 0; t_-max=100;
x = X_min:dx:x_max;

y = y_min:dy:y_max;
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13 t = t_min:dt:t_max;

14

15 %Set all parameters (except lambda) including some which are used in
16 % the finite difference scheme

17 mut = 0.03; mu.i = 0.1; muwv = 3;

18 Dt = .09504; D.i = .09504; D.v = 0.00076032;

v a-t = D_txdt/(dx"2); a_-i = D_ixdt/(dx"2); a_.v = D_vxdt/(dx"2);
20 k=0.000000343; N=960;

21

22 %lInitialize T,1,V

23 % T2 will satisfy the same equation as T

24 % but with the nonlinear term ignored

25 T = zeros(length(x),length (

26 12 = zeros(length(x),length

27 I = zeros

~—~ o~ —~

y)
(x) (v)
length (x),length (y)
2s V. = zeros(length(x),length(y)
29

30 %lnitial Conditions/ also set lambda
s1 lambda = zeros(length(x),length(y));

32 for m=1:length (x)

33 for n=1:length(y)

34 r =x(m)"2 + y(n)"2;
35 if r <25

36 T(m,n,1) = 500;
37 T2(m,n,1) = 500;
38 I(m,n,1) = 100;
39 V(m,n,1) = 300;
40 end

1 lambda(m,n) = lambda_2d(x(m),y(n));
42 end

a3 end

44
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45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

avg_lambda = sum(sum(lambda)) /(length (x)*length(y));

%Dirichlet Boundary Conditions (Zero Here)
T(1,:,:) = 0; T(length(x) ,:,:) = 0;
T2(1,:,:) = 0; T2(length(x) ,:,:) = 0;
I(1,:,:) = 0; I(length(x),:,:) = 0;
V(1,:,:) = 0; V(length(x) ,:,:) = 0;
T(:,1,:) = 0; T(:,length(y),:) = 0;
T2(:,1,:) = 0; T2(:,length(y) ,:) = 0;
[(:,1,:) =05 1(:,length(y) ,5) = 0;
V(:,1,5) = 05 V(:,length(y) ;) = 0;
%Initialize vectors which will be used in the implicit scheme
Tvec = zeros((length(x)—2)x(length(y)—2),1);
T2vec = zeros((length(x)—2)*(length(y)—-2),1);
Ivec = zeros((length(x)—2)*(length(y)-2),1);
Vvec = zeros((length(x)—2)*(length(y)-2),1);

T _ Vvec = zeros ((length(x)—2)*(length(y)—-2),1);

lamvec = reshape(lambda(2:length(x) —1,2:length(y)—1),[(length (x)—2)x(

le
%Init
B =35

ngth(y)-2),1]);

ialize matrices which will be used in the scheme

pdiags([—ones(length(x)—2,1),2%«ones(length(x)—2,1),—ones(length (x)

_271)] )

I1 =
12 =

Tmat

Imat

Vmat

%Use

[-1,0,1], length(x)—2, length(x)—2);
speye (length (x) — 2);
speye ((length(x) — 2)72);

= (14mu_txdt)*12 + a_t*(kron(I1,B) + kron(B,I1));
= (14mu_ixdt)*I2 + a_i*x(kron(I1,B) + kron(B,I1));

= (I4+mu_vxdt)*I2 + a_vx(kron(I1,B) + kron(B,I1));

Cholesky factorization for efficiency
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75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

R.T
R_1
RV

%oWe’
%

= chol (Tmat) ;
= chol (Imat) ;
= chol (Vmat) ;

11 only solve the system on these grid point

(leave the boundaries alone)

xs = 2:length(x)—

ys = 2:length (y)—

%Get

Tvec

T2vec = reshape(T2(xs,ys,1),

Ivec

Vvec = reshape(V(xs,ys,1), [(length(x)—2)*(length(y)—2

Y% We

everything in terms of long column vectors
T(xs,ys,1), [(length(x)—2)«(length(y)—2) 1]
(length (x)—2)*(length(y)-2),1

= reshape(
( [

= reshape(I(xs,ys,1), [(length(x)—2)x(length(y)—2
( (

would like to store the maximum values at each time step

Tsup = zeros(length(t),1); Tsup(l,1) = max(abs(Tvec));

T2sup = zeros(length(t),1); T2sup(1l,1) = max(abs(T2vec));
E_max = zeros(length(t),1); E.max(1,1) = max(abs(T2vec—Tvec));
Isup = zeros(length(t),1); Isup(l,1) = max(abs(Ivec));
Vsup = zeros(length(t),1); Vsup(l,1) = max(abs(Vvec));
for 1=2:length(t)

%create T_Vvec by entry—wise multiplication of T and V

T_Vvec = Tvec.*x Vvec;

%solve for T,I,V at the current time step

% NOTE: the nonlinear term is lagged because

% the Tvec.xVvec multiplication is wusing info

% from the previous time step

Tvec = R.T’\(Tvec + dt*(lamvec — kxT_Vvec));
Tvec = R.T\Tvec;
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107 T2vec = R.T’\(T2vec + dtxlamvec);

108 T2vec = R.T\T2vec;

109 Ivec = R.I’\(Ivec + dtxkxT_Vvec);

110 Ivec = R_I\Ivec;

111 Vvec = R.V’\(Vvec + dt*Nsxmu_ixIvec);

112 Vvec = R_V\Vvec;

113

114 %Store the maxima

115 Tsup(l,1) = max(abs(Tvec));

116 T2sup(1,1) = max(abs(T2vec));

117 Emax(1,1) = max(abs(T2vec—Tvec));

118 Isup(1,1) = max(abs(Ivec));

119 Vsup(l,1) = max(abs(Vvec));

120

121 %store the results in the appropriate places

122 T(xs,ys,l) = reshape(Tvec,[(length(x)—2),(length(y)—2)]);
123 T2(xs,ys,l) = reshape(T2vec,[(length(x)—2),(length(y)—-2)]);
124 I(xs,ys,l) = reshape(Ivec,[(length(x)—2),(length(y)—2)]);
125 V(xs,ys,l) = reshape(Vvec,[(length(x)—2),(length(y)—2)]);
126

127 end

128

120 Eomsq = (1/(length(x)=*length(y)))*sum(sum((T(:,:,end) — T2(:,:,end))

22))7(1/2)
130
131 %plot T results
12 figure(1); clf;
133 subplot (2,3,1)
e surf(x,y,T(:,:,1)’, "edgecolor’, ’none’)
s title ('T, time = 07);
16 axis([—10 10 —10 10 0 max(max(T(:,:,1)))=*1.2])
17 subplot (2,3,2)
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ws surf(x,y,T(:,:,40)’, ’“edgecolor’, ’none’)

o title ('T, time = 27);

uo axis([—10 10 —10 10 0 max(max(T(:,:,40)))*1.2])
11 subplot (2,3,3)

2 surf(x,y,T(:,:,80)’, "edgecolor’, ’"none’)

s title ('T, time = 47);

s axis([—10 10 —10 10 0 max(max(T(:,:,80)))=*1.2])
s subplot (2,3 ,4)

ue surf(x,y,T(:,:,600)’, "edgecolor’, ’'none’)

ur title ('T, time = 307);

us axis([—10 10 —10 10 0 max(max(T(:,:,600)))=*1.2])
us subplot (2,3,5)

o surf(x,y,T(:,:,1400)’, 'edgecolor’, ’'none’)

1 title ('T, time = 707);

152 axis([—10 10 —10 10 0 max(max(T(:,:,1400)))=1.2])
153 subplot (2,3,6)

e surf(x,y,T(:,:,length(t))’, ’edgecolor’, ’'none’)
s title ('T, time = 1007);

e axis([—10 10 —10 10 0 max(max(T(:,:,length(t))))=*1.2])
157

158 %oplot I results

1o figure (2); clf;

1o subplot(2,3,1)

w1 surf(x,y,I(:,:,1)’, “edgecolor’, ’"none’)

w2 title (I, time = 07);

163 axis([—10 10 —10 10 0 max(max(I(:,:,1)))=*1.2])
164 subplot (2,3,2)

s surf(x,y,I(:,:,40)’, “edgecolor’, ’"none’)

we title (I, time = 27);

167 axis([—10 10 —10 10 0 max(max(I(:,:,40)))=1.2])
16s subplot (2,3,3)

wo surf(x,y,I(:,:,80)’, "edgecolor’, ’none’)
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title ("I, time = 47);

axis([—10 10 —10 10 0 max(max(I(:,:,80)))*1.2])
subplot (2,3 ,4)

surf(x,y,I(:,:,600)’, ’edgecolor’, ’'none’)

title (I, time = 307);

axis ([—10 10 —10 10 0 max(max(I(:,:,600)))*1.2])
subplot (2,3,5)

surf(x,y,I(:,:,1400) ", 'edgecolor’, ’none’)
title ("I, time = 707);

axis([—10 10 —10 10 0 max(max(I(:,:,1400)))=1.2])
subplot (2,3,6)

surf(x,y,I(:,:,length(t))’, "edgecolor’, ’'none’)
title (I, time = 1007);

axis([—10 10 —10 10 0 max(max(I(:,:,length(t))))=1.2])

184

185

186

187

188

189

190

191

192

193

194

195

%plot V results
figure (3);
subplot (2,3,1)

surf(x,y,V(:,:,1)7,
title (V.

"edgecolor’
time = 07);

axis([—10 10 —10 10 0 max(max(V(:
subplot (2,3,2)

"none )

surf(x,y,V(:,:,40)’, ’edgecolor’
title ('V, time = 27);
axis ([—10 10 —10 10 0 max(max(V(:,:,40)))*1.2])

:,1)))x1.2])

subplot (2,3,3)

surf(x,y,V(:,:,80)’, "edgecolor’, ’"none’)

title ('V, time = 47);

axis([—10 10 —10 10 0 max(max(V(:,:,80)))=1.2])
subplot (2,3 ,4)

surf(x,y,V(:,:,600) ", "edgecolor’, ’'none’)
title ('V, time = 307);
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202 axis([—10 10 —10 10 0 max(max(V(:,:,600)))=*1.2])
203 subplot (2,3,5)

200 surf(x,y,V(:,:,1400)’, 'edgecolor’, ’'none’)

205 title ('V, time = 707);

200 axis([—10 10 —10 10 0 max(max(V(:,:,1400)))*1.2])
207 subplot (2,3 ,6)

208 surf(x,y,V(:,:,length(t))’, ’“edgecolor’, ’none’)
200 title ('V, time = 100");

210 axis([—10 10 —10 10 0 max(max(V(:,:,length(t))))*1.2])
211

212 %plot lambda

213 figure(4); clf;

214 surf(x,y,lambda(:,:)’, ‘edgecolor’, ’'none’)

215 title ('lambda’);

216 axis([—10 10 —10 10 0 max(max(lambda))=1.2])

217

218 %Plot maxima values

219 figure (5); clf;

220 subplot (4,1,1)

221 plot (t,Tsup(:,1) 7, k");

222 title (’sup(T) as a function of time’);

223 xlabel("time’);

224 ylabel ("sup(T)’");

225 axis([—5 100 0 max(Tsup)=*1.2]);

226 subplot (4,1,2)

227 plot (t,Isup (:,1) 7, k");

228 title (’sup(I) as a function of time’);

220 xlabel("time’);

230 ylabel ('sup(1)7);

231 axis([—5 100 0 max(Isup)=*1.2]);

232 subplot (4,1,3)

233 plot (t,Vsup(:,1) 7, k");
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234

235

236

237

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

title ('sup (V) as a function of time’);
xlabel ("time ) ;

ylabel ("sup (V) ’);

axis([—5 100 0 max(Vsup)=1.2]);

subplot (4,1 ,4)

plot (t,T2sup(:,1) ", k");

title ('sup(T2) as a function of time’);
xlabel ("time ) ;

ylabel ("sup(T2)");

axis([—5 100 0 max(T2sup)*1.2]);

toc;

Tsup_-table = [Tsup(1l); Tsup(401); Tsup(801); Tsup(1201); Tsup(1601);
Tsup(2001) |;

Isup_table = [Isup(1l); Isup(401); Isup(801); Isup(1201); Isup(1601);
Isup (2001) ];

E_max_table = [E.max(1l); E.max(401); E.max(801); Emax(1201); E_max
(1601); E_max(2001)];

Vsup_table = [Vsup(1l); Vsup(401); Vsup(801); Vsup(1201); Vsup(1601);
Vsup (2001) ;

TABLE = [Tsup_table Isup_table Vsup_table E_max_table];

R_0_sup = max(lamvec)*Nxk/(mu_t+mu_v);

R_0_avg = mean(lamvec)*Nxk /(mu_t*mu.v) ;

lambda_2d.m

function [ L | = lambda_2d( x,y )
% For 2D CASE 1:

% x_0=0;

% y-0=0;
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

%

L = 250%exp(—((x—x-0)."24(y—y-0).72));

%For 2D CASE 2:

% x_0=0;

% y_0=0;

% L = 3000%exp(—5%((x=x_0). 24 (y—y.0)."2));
% For 2D CASE3 :

% ¢ = 273.3236151603498;

% x = mod(x,4); y = mod(y,4);

% x = x—2; y=y—2;

% r = sqrt(x"2 + y"2);

% R=2;

% if r <=R

% L = c¢ + 5xcos((pi/(2%R))x1) " 2;

% elseif r>R

% L = c;

% end

% For 2D CASE 4:

x_0=0;

y-0=0;

L = 400 + 300%exp(—5%((x—x_0). 24 (y—y_0)."2));
end
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