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Why model seismic waves?

Information about the material properties and structure of
the earth
Loss estimation
Future earthquake scenarios
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FDMs were first use in the 1960’s
Equation of Motion:

ρüi − σij,j − fi = 0

ρ: material density, üi : particle acceleration, σij,j : stress
tensor, f : forcing function
Constitutive Relation: relationship between the stress and
the strain of a medium

σij = κεkkδij + 2µ(εij −
1
3
εkkδij)

κ, µ, λ: bulk, shear, and elastic moduli, (λ = κ− 2
3µ), σ:

stress, ε:strain
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Displacement:

ρüi = [(κ− 2
3
µ)uk ,k ],i + (µui,j),j + (µuj,i),j + fi

Let u, v ,w be the x , y , z components of the displacement.
For φ ∈ {u, v ,w}, let Φ ∈ {U,V ,W} be the corresponding
approximation

φ(xi , yj , zk , tm) ≈ Φm
i,j,k

with uniform spatial step h and time step ∆t ,

xi = ih, yj = jh, zk = kh, tm = m∆t
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Central difference approximations
d2φ
dx2 = φ(x−h)−2φ(x)+φ(x+h)

h2 , dφ
dx = φ(x+h)−φ(x−h)

2h

Must account for mixed and non-mixed derivatives
Define auxiliary function φ = µu,x . Then

φ,x |i,j,k =
φi+1/2,j,k + φi−1/2,j,k

h

φ,z |i,j,k =
φi,j,k+1/2 − φi,j,k−1/2

h
We need to approximate φi+1/2,j,k , φi−1/2,j,k , φi,j,k+1/2 and
φi,j,k−1/2
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Non-mixed:

φ,x |i,j,k =
φi+1/2,j,k + φi−1/2,j,k

h

φi+1/2,j,k =
1
h
µx

i+1/2,j,k (Ui+1,j,k − Ui,j,k )

φi−1/2,j,k =
1
h
µx

i−1/2,j,k (Ui,j,k − Ui−1,j,k )

Mixed:

φ,z |i,j,k =
φi,j,k+1/2 − φi,j,k−1/2

h

φi,j,k+1/2 =
1

4h
µi,j,k+1/2(Ui+1,j,k+1 − Ui−1,j,k+1+

Ui+1,j,k−1 − Ui−1,j,k−1)
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Um+1
i,j,k =

1
h2 [λ

x
i+1,j,k (U

m
i+1,j,k − Um

i,j,k )− λx
i−1,j,k (U

m
i,j,k − Um

i−1,j,k )

+ 2(µx
i+1,j,k (U

m
i+1,j,k − Um

i,j,k )− µx
i−1,j,k (U

m
i,j,k − Um

i−1,j,k ))

+ µy
i,j+1,k (U

m
i,j+1,k − Um

i,j,k )− µy
i,j−1,k (U

m
i,j,k − Um

i,j−1,k )

+ µz
i,j,k+1(U

m
i,j,k+1 − Um

i,j,k )− µz
i,j,k−1(U

m
i,j,k − Um

i,j,k−1)

+
1
4
[λy

i,j+1,k (V
m
i,j+1,k + V m

i+1,j+1,k − V m
i,j−1,k − V m

i+1,j−1,k )

− λy
i,j−1,k (V

m
i−1,j+1,k + V m

i,j+1,k − V m
i−1,j−1,k − V m

i,j−1,k )

+ λz
i,j,k+1(W

m
i,j,k+1 + W m

i+1,j,k+1 −W m
i,j,k−1 −W m

i+1,j,k−1)

− λz
i,j,k−1(W

m
i−1,j,k+1 + W m

i,j,k+1 −W m
i−1,j,k−1 −W m

i,j,k−1)

+ µy
i+1,j,k (V

m
i+1,j,k + V m

i+1,j+1,k − V m
i−1,j,k − V m

i−1,j−1,k )

− µy
i−1,j,k (V

m
i+1,j−1,k + V m

i+1,j,k − V m
i+1,j−1,k − V m

i−1,j,k )

+ µz
i+1,j,k (W

m
i+1,j,k + W m

i+1,j,k+1 −W m
i−1,j,k −W m

i−1,j,k−1)

− µz
i−1,j,k (W

m
i−1,j,k+1 + W m

i,j,k+1 −W m
i−1,j,k−1 −W m

i,j,k−1)]] + F x,m
i,j,k
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Lγ,γ(a, φ) =
1
h2 [aγ+(φm

+−φm)−aγ−(φm−φm
−)],aγ+ =

1
h

[

∫ γn+1

γn

1
a

dγ]−1

γ ∈ {x , y , z}, a ∈ {µ, λ} φ ∈ {U,V ,W}

Lγ,η(a, φ) =
1

4h2 [aη+(φm
2+ + φm

3+

− φm
2− − φm

3−)− aη−(φm
1+ + φm

2+ − φm
1− − φm

2−)]

Um+1
i,j,k = 2Um

i,j,k − Um−1
i,j,k +

∆t2

ρi,j,k
[

Lxx (λ,U) + 2Lxx (µ,U) + Lyy (µ,U) + Lzz(µ,U)

Lyx (λ,V ) + Lzx (λ,W ) + Lxy (µ,V ) + Lxz(µ,W )] + F x ,m
i,j,k
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Stability condition for a second order central difference formula
on the general equation of motion in an isotropic,
homogeneous medium:

∆t2 ≤ h2

2α2(1 + 2β2/α2)

where α =
√

λ+2µ
ρ is the P-wave velocity and β =

√
µ
ρ is the

S-wave velocity.
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Questions
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