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MATH 500: Linear Vector Spaces

Review Problems for Midterm Exam

1. Let u ∈ Rp \ {0} and v ∈ Rq \ {0} be given and define A = uvT ∈ Rp×q.

(a) Show that {v} is a basis for Col
(
AT
)
.

(b) Show that Nul (A) = Col(AT )⊥.

2. Let V be a normed space over K with norm ‖ · ‖. Show that for all u, v ∈ V ,∣∣∣∣‖u‖ − ‖v‖∣∣∣∣ ≤ ‖u− v‖.

3. Let V be a vector space over K with U,W ⊆ V subspaces. Define

M = {u− w : u ∈ U,w ∈ W}

and show that M is a subspace of V .

4. Let p, q ∈ N be given and let A be a real p× q matrix with dim(Col(A)) = q. Show that
ATA is nonsingular.

5. Find an orthonormal basis for M = span


 3

0
4

 ,

 0
2
0

 ,

 4
0
4

 .


