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1. (10 points) Recall that for A ∈ Rp×p, the trace of A is defined by

tr(A) =

p∑
k=1

Akk.

Prove that if A ∈ Rp×q and B ∈ Rq×p, then

tr(AB) = tr(BA).

2. (10 points) A square matrix A is called skew-symmetric if AT = −A.

(a) Show that if A is any square matrix, then A + AT is symmetric and A − AT is skew-
symmetric.

(b) Let A be a square matrix satisfying A = A1 + A2 where A1 is symmetric and A2 is
skew-symmetric. Find representations for both A1 and A2 in terms of A and AT .

3. (10 points) Let A,B ∈ Cp×p be Hermitian matrices. Prove that AB is Hermitian if and
only if A and B commute (i.e. AB = BA).

4. (10 points) Let A,B, and A + B be nonsingular matrices. Show that A−1 + B−1 is
nonsingular.
Hint: Compute a formula for (A−1 + B−1)−1 first.

5. (10 points) Let A ∈ Rp×q and B ∈ Rq×r be given. Prove

rank(AB) ≤ rank(A).

Hint: Show Col(AB) is a subspace of Col(A).

6. (10 points) Assume A ∈ Cp×q satisfies rank(A) = q. Show that AHA is nonsingular.


