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a b s t r a c t

We formulate resolution enhancement as a modified Backus–Gilbert inverse problem
and determine the optimal complex weights that improve focusing of waves in space and
time. The optimization corrects for receiver geometry. If we accurately know the location
of a control point in the subsurface we can use the corresponding optimal weights to
achieve enhanced focusing in a prescribed target zone surrounding the control point.
Errors in the back propagation velocity and noisy data degrade the quality of focusing.
The optimal wave field shows a blow-up behavior outside the optimization area. We
show different measures of resolution to estimate the compression of the focal spot.
The optimized weights amplify the high frequencies, but the algorithm also improves
the focusing for monochromatic waves. At all frequencies our algorithm improves the
resolution of the focal spot. We also show that for a uniformly sampled line array
and a homogeneous medium, the weights used to enhance resolution have a negligible
imaginary part and that they are oscillatory across the array used. To fully test the
robustness of our algorithm, we also consider focusing in a heterogeneous medium with
embedded scatterers and an irregular receiver line, and show that in this scenario we
are also able to attain focusing improvement.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Locating and imaging seismic sources has long been of interest in quantitative seismology and acoustics. Typically
ne uses the information contained in the wave motions caused by an earthquake to image that earthquake. Methods
idely used to achieve source focusing include inverse scattering [1], phase conjugation [2], the inverse filter [3,4], time-
eversal [5,6], and beam forming [7,8]. The latter two methods can be thought of as related processes [9–11]. In this
aper we will mostly refer to time-reversal techniques but relevant analogies can be made to beam forming techniques.
urther, we note that many other techniques in fields such as optics and wireless communications have been developed to
nhance focusing. One technique that is useful as an analogy to the method we propose is spatial light modulation where
ne modifies the amplitude and phase of incident mono-chromatic waves to achieve spatial focusing upon propagation
hrough an imaging system [12].

Seismologists often use time-reversal (TR) techniques for source focusing. Applications in seismology include analysis
f earthquake source mechanisms and location estimation [13], monitoring of nuclear explosions and environmental
pplications [14], microseismic event location [15], reservoir monitoring [16], and reversed time migration [17]. Other
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pplications of TR techniques include underwater acoustics communication [18], three-dimensional elastic media com-
unication [19], subsurface detection [20], study of electromagnetic waves [21], ultrasonic nondestructive testing [22],
nd real time tracking of gallstones during lithotripsy treatments [23].
TR techniques, as first developed by Parvulescu and Clay [5] and then expanded by Fink [6], rely on the even order of the

ime differential operator in the wave equation and on spatial reciprocity [24,25], and are valid both in homogeneous and
nhomogeneous media [26,27]. As a result, it is possible to reverse the direction of time without altering the governing
ave equation in non-dissipative environments [24]. This reversibility allows one to time-reverse data recorded at an
rray to estimate the location of sources. The time-reversal process consists of recording the physical signal at discrete
eceivers, time-reversing it, and sending back the time-reversed signal into the medium as a new source.

Optimally, the wave that one sends back to the medium should focus at the location where the event originated at
ime t = 0 provided one has an accurate knowledge of the velocity of the medium in which propagation takes place.
owever, even under ideal conditions, the focusing is spatially limited by the dominant wavelength of the wave field.
his limit is the wave diffraction limit, which states that focusing cannot be achieved with a resolution better than half a
avelength (λ/2) [28].
Francia [29] proposed the idea of imaging beyond the diffraction limit using optimal circular array apertures. However,

his concept was not applicable at the time due to practical limitations regarding the large power required for the focusing.
ecent tests in the optics community have shown that it is possible in practice to go beyond the diffraction limit to achieve
uper-resolution, which is of importance in the inverse source problem as well as conventional seismic imaging. Several
eismological and non-seismological applications can benefit from the development of super-resolution techniques. These
nclude the applications mentioned above but also other applications in which improving the resolution of the focusing
t the source is desirable, such as focusing through human tissue [30], acoustic source reconstruction [31], localization of
oving sound sources in shallow water [32], and focusing in turbid media [33]. New optical super-resolution technologies

nclude Near-Field Scanning Optical Microscopy (SNOM) where a scanning array collects information of propagating and
vanescent waves near the source, negative index super-lenses which allow transferring evanescent waves from the source
o the image plane, and super-oscillatory imaging lenses which allow for imaging beyond the diffraction limit but often
roduce adjacent side-bands [34]. Several researchers in the field of acoustics have also developed novel super-resolution
echniques. de Rosny and Fink [35] overcome the diffraction limit by combining a time reversal mirror with and an
coustic sink; Lerosey et al. [36] achieve super-resolution with far field time-reversal by placing random scatterers near the
ource location; Conti et al. [37] propose a near-field time-reversal approach which combines an acoustic sink with near
ield acoustic holography (NAH); Lemoult et al. [38] use acoustic resonators in the far field to achieve sub-wavelength
esolution of sound; Mimani et al. [39] propose a sponge-layer time-reversal technique to improve aeroacoustic time-
eversal imaging; and Mimani [40] propose an iterative version of the work by Mimani et al. [39]. In the seismological
ommunity Schuster et al. [41] introduce the idea of a seismic scanning tunneling macroscope, analogous to SNOM, which
equires scatterers in the vicinity of the seismic source, a near-field technique. To overcome the near-field limitation, Guo
t al. [42] show that in the far field it suffices to use resonant multiples in data migration to achieve sub-wavelength
esolution. These developments, though insightful, depend on the presence of evanescent waves for near-field [41] or
trongly scattered multiples for far-field [42].
To understand how we can attain enhanced resolution without evanescent waves or a strongly heterogeneous medium

e pose the following question: Can we find frequency-dependent complex weights for each of the discrete receivers
uch that after time reversal, the focal spot at the source location resembles a delta function as closely as possible? We
ormulate this question as a modified Backus–Gilbert (BG) problem [43], in the sense that we search optimal weights that
llow for reconstruction of a band-limited delta function in space and time, robust to errors in the velocity model and
stimated source location. This is similar to weight optimization in beam forming where several authors have made use
f BG techniques with the goal of focusing at a desired location [44–46]. Van Veen and Buckley [47] give an extensive
iscussion on widely used beam forming techniques. Note that in conventional beam forming one typically addresses
patial focusing (monochromatic pulses or narrow band data) whereas this paper addresses spatio-temporal focusing
polychromatic pulses or wide band data). Some research has been developed in the area of wide band beam forming [48–
1] but more work remains to be done to attain an understanding of spatio-temporal focusing via beam forming [52]. Our
pproach is also linked to earlier work in the seismological community. Anderson et al. [53] achieve temporal focusing via
econvolution which is implemented as an inverse filter in the frequency domain. Bazargani and Snieder [54] minimize
he difference between the backpropagated wave field and the time-reversed displacement field in the near source region
y searching for optimal signals to send into the medium.
This paper is structured as follows: In Section 2 we formulate the optimal weights needed to achieve improved focusing.

ext, in Section 3 we show the improvement of focusing in a standard seismic geometry when we use the optimal
eights and estimate whether we obtain local or global focusing. We present a sensitivity analysis in Section 4 where we
onsider errors in source location and medium velocity, as well as noisy data. We illustrate different metrics of resolution
n Section 5. Our results show not only the boosting of high frequencies but also the modulation of the source signal
t all frequencies, which results in resolution improvement even for monochromatic waves. In Section 6 we show the
requency variation of the spectrum of the weights for four receiver locations along with the variation of the weights
cross the receiver array for different frequencies. We relate the spatial dependence of the weights along the receiver
ine to Tchebyscheff polynomials used in beam forming, and discuss how our algorithm is advantageous in the case of
rregular arrays. In 7 we apply our method to focusing in a heterogeneous medium, and show how focusing is improved.
e discuss the effectiveness of the optimal weights in time-reverse imaging in Section 8.
2



M.A. Jaimes and R. Snieder Wave Motion 106 (2021) 102803

2

d
b

t
f
r

g
m

o

Fig. 1. Illustration of the TR experiment geometry for n receivers. We optimize focusing in a small area (FOV) around the source within the
propagation medium. σi is the frequency dependent complex weight assigned to the ith receiver to optimize focusing.

. Theory

Consider a source located at x0 which emits a pulse S(t) at t0 = 0. The time-reversal imaging operation in the time
omain where the signal recorded by each receiver, G(xi, t, x0) ∗ S(t), is time reversed (i.e., G(xi, x0, −t) ∗ S(−t)) and sent
ack into the medium from receiver i reads [55]

fi(x, xi, t) = G(x, xi, t) ∗ (G(xi, x0, −t) ∗ S(−t)). (1)

The index i specifies a particular receiver, the symbol ‘‘∗’’ implies temporal convolution, and x specifies the location of
the grid point in the field of view (FOV), see Fig. 1. G(x, xi, t) corresponds to the Green’s function between receiver i and
the location x in the FOV. Notice that although we use a focusing function which corresponds to unweighted time-reversal,
one may use other focusing functions. Following Francia [29] and Rogers and Zheludev [34] we only optimize the focusing
in the FOV.

We use the following convention for the Inverse Fourier Transform

f (t) =

∫
+∞

−∞

F (ω)e−iωtdω. (2)

For a point impulsive source, assuming perfect sampling in space and time (i.e., a continuous cavity and infinite
bandwidth), a full aperture (i.e, all possible illumination angles), and a wave field whose focusing is not diffraction limited,
the time-reversal operation leads to perfect focusing, namely∑

i

fi(x, xi, t) = δ(x − x0)δ(t). (3)

This corresponds in the frequency domain to∑
i

Fi(x, xi, ω) = δ(x − x0). (4)

Recall that Eq. (4) only holds for a wave field which is not diffraction-limited and that is fully sampled in space and
ime. In the real world we deal with imperfect sampling geometries and diffraction-limited focusing. In order to enhance
ocusing we use frequency-dependent complex weights σi which improve the localization of the time-reversed wave field,
eplacing Eq. (4) by∑

i

σi(xi, ω)Fi(x, xi, ω) = δ(x − x0). (5)

Notice that we want to achieve spatial focusing for each frequency under consideration. To construct a delta function
iven a finite set of measurements we use a modified version of the Backus–Gilbert (BG) method [43], in which we
inimize the following objective function for every angular frequency ω

J(x, x0, ω, σ, λ) =

∑
i

|x − x0|2|σi(xi, ω)Fi(x, xi, ω)|2 + λ

(∑
i

σi(xi, ω)Fi(x, xi, ω) − δ(x − x0)
)

. (6)

We simultaneously minimize the objective function J at discrete points x in the FOV rather than minimizing the integral
f J over FOV (as it is typically done in BG theory). This choice of minimization guarantees that we approach the desired
3
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and-limited delta function in a point-wise fashion. We minimize this objective function in terms of the complex weights
i and a Lagrange multiplier λ. By minimizing the first term of Eq. (6) we force the energy of the weighted TR wave field
o be zero at all points except at the source location. The second term forces the amplitude of the TR wave field to be
on-zero at the source.
Next, we consider the partial derivatives of J with respect to the optimization parameters

∂ J
∂σ ∗

i
=

∑
j

|x − x0|2σj(xj, ω)Fj(x, xj, ω)F∗

i (x, xi, ω) + λF∗

i (x, xi, ω), (7)

∂ J
∂λ

=

∑
j

σj(xj, ω)F∗

j (x, xj, ω) − δ(x − x0), (8)

here the superscript ∗ implies complex conjugation. The subscripts i, j specify receivers from which the incident wave
field is time-reversed.

To minimize the objective function we set the partial derivatives in Eqs. (7) and (8) equal to zero and solve this system
of equations simultaneously for all grid points in FOV. These equations are written as⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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∗1
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...
...

...
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...
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∗k
N F∗k

N
F∗k
1 · · · F∗k

N 0
...

...
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...

|xM − x0|2FM
1 F∗M

1 · · · |xM − x0|2FM
N F∗M

1 F∗M
1
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...
...
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N F∗M
N

F∗M
1 · · · F∗M

N 0
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b

, (9)

here 1 ≤ k ≤ M , k is the grid point x in the field of view where we evaluate Eqs. (7) and (8), M is the number of grid
oints in the field of view, and N is the number of receivers. The superscript in F specifies the corresponding grid point

whereas the subscript specifies the receiver number.
The only non-zero element in the vector on the right-hand side of Eq. (9) corresponds to setting x = x0 in Eq. (8).

Ultimately, we look for solutions to Eq. (9) that minimize ∥Aχ − b∥ in the least-squares sense. The solution vector χ is
found for each frequency independently, and contains the frequency-dependent complex weights σi and the Lagrange
multiplier λ.

3. Focusing in homogeneous media

To simulate a typical seismic scenario, consider Fig. 1. This array illuminates the source at limited angles. We consider
an array far away from the source (about 19 dominant wavelengths). Here we first consider a homogeneous acoustic
medium. We perform the simulation and optimization using the Green’s function G2D(r, r0) which gives the outgoing
wave solutions of the 2-D Helmholtz equation for our choice of Fourier transform convention,

G2D(r, r0) =
−i
4

H1
0 (k|r − r0|),

here H1
0 denotes the first Hankel function of degree zero [56]. We use 101 receivers, placed symmetrically above the

ource between −1000 and 1000 m, and located at a vertical distance of 1500 m from the source. For the FOV we use
box located from −50 to 50 m in the horizontal direction and 1450 to 1550 m in the vertical direction, with a grid
pacing of 5 m in both directions. We use an acoustic medium with constant velocity v = 1000 m/s, frequency ranging
from 0.32 Hz to 40 Hz with a spacing of 0.32 Hz, and a source wavelet with peak frequency of 12.73 Hz. Throughout this
section and the rest of the paper we refer to pressure amplitude as amplitude.

We expect the weights to amplify the high frequency content of the signal, and correct for incomplete wave field
sampling and illumination angles. To better appreciate the challenges imposed by the geometry we consider the optimal
4
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Fig. 2. Comparison of standard TR (left) and optimal TR images (right) for λ ∼ 80 m at FOV. Notice the improvement of the focusing with the
optimal weights.

and standard time-reversed wave fields with the cross-sections at the focusing level. The weights achieve improved
localization of the source.

To estimate whether we achieve local or global focusing we calculate the weights for the FOV in Fig. 1 and analyze
the standard and optimal time-reversed wave fields in a larger area. Fig. 4 shows the standard and optimal time-reversed
wave fields for an area larger than FOV. The amplitude of the optimal time-reversed wave field inside FOV is masked by the
amplitudes outside FOV. To better illustrate this behavior consider Fig. 5 where we show the cross-section at the source
level of the optimal time-reversed wave field from Fig. 4. Notice that outside the FOV side lobes appear with amplitudes
greater than the wave field inside the FOV, including the source location (x = 0), as pointed out above. This implies that
we are only able to achieve local focusing in the vicinity of the source rather than everywhere in the medium. One could
potentially increase the size of FOV to achieve a more global focusing at the expense of computational power (i.e., more
data would be involved in the computation of the optimal weights assuming the grid spacing remains the same).

This finding regarding local focusing is not new. Francia [29] showed that it is possible to increase the resolution at the
focal spot at the expense of large amplitudes at other locations in the imaging area. More recently, Rogers and Zheludev
[34] showed that super-oscillatory lenses, which are developed to achieve optimal focusing, allow for imaging beyond the
diffraction limit but produce adjacent side-bands as the field of view is increased, a consequence of super-oscillations.
These oscillations arise when the wave field oscillates faster than its fastest Fourier component, and typically occur in
regions where the wave field takes on small values [57].

To visualize super-oscillations we plot the natural logarithm of the absolute value of the time-reversed wave field as a
function of space. Fig. 6 shows the magnitude plot in decibels (dB) of the cross-section in Fig. 5. Notice that regardless of
how large we make our imaging area, the optimal wave field oscillates most rapidly in the vicinity of the source. Near the
source location, where the optimization takes place, the optimal wave field oscillates faster than the smallest wavelength.
These fast oscillations have a high frequency content that ultimately allows us to improve the resolution of the focal spot,
indicating a connection between temporal and spatial resolution.

Now we consider the optimal and standard time-domain wave forms to visualize the optimal and standard signals.
Fig. 7 shows the optimized time-reversed signal that is sent back from a receiver located at x = 1000 m. Notice the
enrichment of high frequencies, which results in sharper focusing. However, this is not the only mechanism by which
our algorithm improves the resolution of the focal spot. As we show in Section 5, the focusing is also improved when
the algorithm is applied to monochromatic data, indicating that the resolution is improved at all frequencies. Periodic
oscillations appear before and after the direct pulse at t = −1.8 s, with different temporal spacing at different receivers.
Only oscillations within one dominant period around the direct arrival are necessary for focusing at the source location and
focusing time t = 0. For earlier and later times the reverberations do not contribute to focusing at t = 0 and are a result
f imposing spatio-temporal focusing instead of only spatial focusing. To validate this reasoning we consider the temporal
ompression of the optimal time-reversed wave field at the source location for different sizes of the time-window used
f the signals that are sent into the medium. The left panel of Fig. 8 shows the amplitude of the time-reversed wave field
t the source location as a function of time for different window sizes around the direct arrival at t = −1.8 s, where the
ominant period is 0.075 s. Notice that as we decrease the size of the window around the direct arrival the temporal
elta function is distorted (there are now nonzero amplitudes at t ̸= 0). This observation implies that we need these
everberations to achieve temporal focusing. The right panel of Fig. 8 shows cross sections at the source level for the wave

ield focused with the signals radiated from the different window sizes. Notice that as we decrease the window size the

5
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Fig. 3. Cross section at source level for standard and optimal focusing. Optimal half-width (red line) is below half the dominant wavelength ∼40 m.
tandard half-width (green line) is about 3/4 of the dominant wavelength. The two headed black arrow indicates one full dominant wave length.

Fig. 4. Comparison of standard TR (left) and optimal TR images (right) for λ ∼ 80 m for a region larger than FOV. The red box indicates the FOV
hich corresponds to the same dimensions as Fig. 2. The green arrow indicates the location of the focal spot.

Fig. 5. Cross section at source level of optimal focusing using an imaging area with horizontal size of 400 m around the source location (−200 to
00 m).
6
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Fig. 6. Magnitude plot of the cross-section in Fig. 5. The orange arrows indicate areas of super-oscillations.

Fig. 7. Comparison of original (i.e., G(xi, −t0, x0, −t) ∗ S(−t)) and optimal (i.e., σi(xi, t) ∗ G(xi, −t0, x0, −t) ∗ S(−t)) signals for receiver at x=1000 m
ith normal view (left) and zoom-in view (right). The focusing time at the source location corresponds to t = 0.

Fig. 8. Amplitude at source location as a function of time for different window sizes around the direct arrival in Fig. 7 (left). Cross-section at source
level for different window sizes around the direct arrival in Fig. 7 (right).

spatial focusing at time t = 0 remains mostly unaffected (i.e., no significant change in the focal spot). The reverberations
outside the windows do not affect the amplitude of time-reversed wave field at the source location at t = 0 but distort
he amplitude of the wave field at other times for the same location. This means that these reverberations are necessary
o maintain the temporal focusing but do not affect spatial focusing.
7
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Fig. 9. Optimal time-reversed images for different levels of velocity perturbation. The blue star indicates the true source location.

4. Sensitivity analyses

To investigate the robustness of the optimal focusing we consider variations in the background velocity and source
ocation, as well as the effect of adding band-limited noise to the recorded signal before time-reversal.

.1. Velocity perturbation

First, we calculate the weights for the true velocity of the medium. We then perform the back-propagation using a
erturbed velocity. Denoting γ as the percentage variation of the true velocity, we consider γ = 0.5, 1.0, 2.0, and 5.0%.

Fig. 9 shows that the quality of focusing degrades with increasing velocity perturbation. An erroneous velocity gives the
wrong source location and increases the width of the focal spot. This means that if one wants to achieve accurate focusing
(both in terms of location and size of the focal spot), one needs to know the velocity of the medium with great accuracy.
For our experimental set-up we need to know the velocity of the medium within a 1% error such that the focal spot is
shifted but not degraded. This sensitivity to velocity errors is similar in the unweighted time-reversed wave field.

4.2. Source location

Now suppose that the tested and reference source locations are different. To study this scenario we first calculate the
weights corresponding to a fixed source location (center of the FOV). Using those weights we perform the time-reversal
process for waves which originate from other locations within the field of view. Fig. 10 shows that the optimal weights
allow for focusing of events at locations different than the reference location for which the weights were calculated.
Artifacts on the boundary of FOV arise when the distance between the new and original source location increases. Notice
that the imaging is more sensitive to horizontal than vertical changes of the source location. This is due to the fact that
a horizontal shift induces a relative phase shift among receivers, whereas a vertical shift in source location induces a
constant phase shift across all receivers because of the symmetry of the experiment.
8
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Fig. 10. Optimal time-reversed images for different source locations using the weights corresponding to the reference source location (x0, z0)=(0,1500).
The orange arrow provides a measure of the distance between the reference location used to compute the weights and the tested source location.

4.3. Noisy inversion

Let us consider the effect of noisy recorded data. To this end we add band-limited (0.32 to 40 Hz) uncorrelated random
noise to the recorded signal, defined as mean(|noise|)

mean(|signal|) × 100 = noise %. We then perform optimal imaging using the weights
calculated for data without noise. One would expect the weights to amplify the noise, and consequently the optimal TR
image to be degraded. Figs. 11 and 12 show that noise degrades the quality of focusing. We can introduce up to 5% noise
without distorting the focal spot significantly. Our algorithm is sensitive to noise, especially if the noise has high frequency
content. This occurs because we are amplifying higher frequencies. To make optimal imaging more robust to noise one
could filter out the highest frequencies at the expense of resolution improvement.

5. Resolution analyses

We make use of the full-width half-maximum (FWHM) to measure the resolution improvement. For simplicity we
make the resolution comparisons in terms of amplitudes rather than intensities. As we discussed in Section 3 (Fig. 3), the
standard focusing gives a FWHM of 62 m whereas the optimal focusing gives a FWHM of 29 m, a resolution improvement
of more than a factor of 2. To avoid ambiguity in dealing with the resolution of a polychromatic wave field we show
the cross-section at the source level of the TR wave field for several frequencies in Fig. 13. This way of analyzing
resolution allows us to understand how well our algorithm improves the resolution at the focal spot (i.e., considering
a monochromatic rather than a polychromatic wave field), and confirms that rather than just boosting the high frequency
content of the signal, we improve the resolution at all frequencies by the used weighting. Fig. 13 shows the resolution
improvement at different individual frequencies. Even for each single frequency the focusing is improved. Notice that the
improvement is most pronounced at low frequencies, where the resolution is poor. At higher frequencies there is still an
improvement in the compression of the focal spot but not as significant as for lower frequencies. The way our algorithm is
constructed (i.e., frequency by frequency) allows us to improve the resolution at every single frequency, with the amount
of improvement varying across the frequency spectrum.

Alternatively, there are two other ways in which we can empirically study resolution improvement. The first approach
consists of using a horizontal dipole source in generating the source–receiver data rather than an impulse monopole
9
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Fig. 11. Optimal time-reversed wavefield for different noise.

Fig. 12. Cross sections of optimal time-reversed wave fields from Fig. 11.

ource, and perform the time-reversal operation using the optimal weights calculated for the spatio-temporal delta
unction. Assuming infinite resolution, we should obtain a mathematical dipole (i.e., infinitesimally small) after performing
he TR operation. However, since resolution is limited, we can use the horizontal separation between the positive and
egative ends of the dipole to measure resolution. Fig. 14 shows the standard and optimal TR wave fields for a horizontal
ipole source, and their corresponding horizontal cross-sections at the source level. Standard imaging shows a separation
f 70 m between minimum and maximum, whereas optimal imaging shows a separation of just 30 m. This corresponds
o improving the resolution by a factor of 2.3. Notice also that the optimal time-reversed wave field shows improvement
10
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i
o

Fig. 13. Cross-sections of time-reversed wave fields for standard and optimal wave fields at the source level at focusing time for different frequencies.

of the vertical resolution. The second approach consists of increasing the upper end of the frequency bandwidth as well as
the peak frequency of the source wavelet until the cross-section of the standard TR wave field at the source level matches
most closely that of the optimal wave field computed with the initial frequency bandwidth. Fig. 15 shows that for the
optimal and standard waveforms to match we need to increment the maximum and the peak frequency in the standard
TR experiment. Notice that for the focal spots to match we need to go beyond the original maximum frequency of 40 Hz.

6. Variation of optimal weights

6.1. Frequency variation of the optimal weights

We begin by considering how the magnitude of the weights change with frequency for several spatial locations. This
s useful to understand the effect of the weights in the improved resolution of the time-reversed wave field as a function
f frequency. For illustrative purposes we only consider receivers located at x = 200, 500, 800, 1000 m. Fig. 16 shows the

natural logarithm of the frequency spectrum of the weights at four different locations. Despite their seemingly complicated
nature the high frequencies are amplified but the signal at lower frequencies is modulated, as previous explained in
Section 5. At all frequencies the resolution is improved which ultimately allows us to significantly reduce the size of the
focal spot of the time-reversed wave field.

6.2. Spatial variation of the optimal weights

To appreciate the contribution of the different receivers to the improved resolution of the time-reversed wave field
we show in Fig. 17 the spatial variation of the real part of the weights across the receiver array for different frequencies.
We omit the imaginary part since it has amplitudes much smaller than its real counterpart (≃5%). First, notice that the
weights are symmetric around the source position (x = 0). This is expected from the symmetric array geometry. The
weights are oscillatory in space with a fairly constant wavelength across the array with a weak amplitude modulation,
except near the end points of the array. Furthermore, the weights oscillate faster in space as the temporal frequency f
increases. Fig. 17 also shows that the highest amplitude across the array increases with frequency. This means that the
11
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(
o

f

Fig. 14. Time-reversed standard (upper left) and optimal (upper right) wave fields for a horizontal dipole source, and their corresponding standard
lower left) and optimal (lower right) horizontal cross-sections at the source level. The black horizontal line marks the source level and the location
f the cross sections in the lower panels. The negative and positive signs indicate minimum and maximum, respectively.

Fig. 15. Cross section at source level for standard and optimal focusing. The standard focusing waveform is computed using the source wavelet in the
lower right panel (fpeak = fmax = 60.47 Hz). The optimal waveform is computed using the source wavelet in the upper right panel (fpeak = 12.73 Hz,
max = 40 Hz).
12
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Fig. 16. Natural logarithm of the frequency spectrum of the weights at four different locations.

algorithm boosts the higher frequencies, which together with the modulation of all other frequencies results in resolution
improvement of the focal spot for broadband waveforms.

As mentioned previously, the imaginary part of the weights is much smaller than the real part at all frequencies.
This implies that rather than applying sophisticated phase changes, it is only necessary to multiply each receiver data
by real weights with a variable sign. Francia [29] showed that it is possible to improve the resolution of a focal spot by
superimposing different ring apertures. To superimpose the different ring apertures he assigns real coefficients, which
signify aperture transparency, to each of the rings. The similarity between his and our results suggests that, as mentioned
before, multiplying the receiver data by real weights with a variable sign suffices to achieve improved resolution. In
addition, the weights shown in Fig. 17 resemble the Tchebyscheff polynomials widely used in beam forming [58]. As
mentioned above, the weights retrieved by our algorithm are almost real, which is in agreement with the work of Dolph
[58]. The fact that our algorithm produces these weights in the case of a homogeneous medium and a uniform line array
establishes a connection with the optimal weights derived by Dolph [58] for a regular array in a homogeneous medium.
Our algorithm, which converges to the Tchebyscheff polynomials in our set-up, can also be applied to irregular arrays, as
opposed to using the Tchebyscheff polynomials for beam forming. Gallaudet and de Moustier [59] show an example of
the modifications that one must perform when doing beam forming via Tchebyscheff polynomials with irregular arrays.

7. Focusing in scattering media

To test the robustness and flexibility of our algorithm we now consider an inhomogeneous medium which contains
scatterers and an irregular receiver line. We remind the reader that rather than comparing the size of the focal spot to
the results obtained in Section 3, the aim of this section is to demonstrate that our algorithm improves the resolution
of the focal spot even when the medium is complicated and the receiver line is irregular. We illustrate the geometrical
set-up in Fig. 18. We place 50 isotropic scatterers randomly between 400 and 1400 m in the vertical direction and −200
o 200 m in the horizontal direction. The location of the source and the coordinates of FOV as well as the grid spacing are
he same as in the experiments in Section 3. We place 30 receivers at random locations along a horizontal line at z = 0
etween −300 and 300 m, which allows us to investigate focusing with irregular line arrays. We compute the wave field
13
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Fig. 17. Spatial variation of the real part of weights across the receiver array for different frequencies.

Fig. 18. Illustration of the geometrical set-up for focusing with embedded scatterers and an irregular receiver array. The blue star indicates the
location of the source, the red box the field of view, the blue dots the locations of the point scatterers, and the black triangles the receiver array
elements.

that propagates from the source to the receivers using the multiple isotropic point scattering (MIPS) solution [60]. This
approximation is based on Foldy’s method [61], and consists of describing the total wave field in the frequency domain
as a sum of the direct wave and the scattered wave field from a set of scatterers

Ψ (r) = Ψ0(r) +

n∑
G(0)(r, ri)AiΨ (ri), (10)
i=1

14
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Fig. 19. Comparison of standard TR (left) and optimal TR images (right) for λ ∼ 80m at FOV in the presence of scatterers. The blue star indicates
the source location.

where n is the number of scatterers, Ai is the ith scattering amplitude which is a complex number in the frequency domain,
and G(0)(r, ri) is the 2-D Green’s function used in Section 3. For details regarding the numerical computations of the total
wave field under the MIPS approximation see the appendix in Groenenboom and Snieder [60]. We choose |Ai| = 3.0
for all scatterers, and compute the imaginary and real components of the scattering amplitude as ℑ(Ai) = −|Ai|

2/4 and
ℜ(Ai) =

√
−ℑ(Ai)(4 + ℑ(Ai)), respectively. The velocity of the background medium, the frequency parameters and the

source signal are the same as in Section 3.
The procedure for computing the standard and optimal time-reversed wave fields is the same as before, which

facilitates the optimization.
Fig. 19 shows both standard (left-panel) and optimal (right-panel) focusing in the presence of embedded scatterers. As

for the examples in Section 3 for a homogeneous medium and a regularly spaced receiver array, our algorithm improves
the resolution of the focal spot. We attain resolution enhancement both along the vertical and horizontal directions. Our
algorithm thus performs well in both homogeneous and inhomogeneous media, and we are able to reduce the size of the
focal spot in both cases. In addition, our algorithm is able to handle irregular arrays without any modifications. Contrary
to focusing in a homogeneous medium with a uniform line array, the optimal weights do not resemble Tchebyscheff
polynomials, instead they have a complicated oscillatory structure which we refrain from showing here.

8. Discussion

The focusing method we propose allows us to improve the resolution of focusing in a time-reversal numerical
simulation, and may be extended to other focusing functions and source distributions. The extent to which the resolution
is improved will ultimately depend on the Green function which describes the propagation of the wave field to be time
reversed and the type of model that we use (strongly vs weakly scattering media). The optimization of the focal spot
is confined to the field of view, as shown in Section 3, Fig. 4. Outside of the field of view the amplitude of the optimal
time-reversed wave field is significantly larger than inside the FOV and masks the focal spot. This is related to the concept
of super-gain antennas with which it is possible to increase the resolution of the focal spot in a given FOV at the expense
of larger amplitudes outside FOV [29]. Section 4 addresses the applicability of our method. Firstly, we point out that we are
able to handle weak velocity errors, as illustrated in Fig. 9. We are also able to obtain good focusing in test locations within
FOV different to the reference source location (Fig. 10). For the used geometry our method is able to handle band-limited
noise up to 5% (Fig. 11). One could filter out the highest frequencies at the expense of resolution improvement to make
the optimal imaging more robust to noise. Our resolution analyses show that we do not only boost high frequencies but
also improve the resolution at all frequencies (Fig. 13). We are also able to obtain a significant resolution improvement for
a horizontal dipole source which is very promising for applications that involve complex sources (Fig. 14). We find that
for standard TR to closely match optimal TR we have to increase the upper end of the frequency bandwidth as well as
the peak frequency of the source wavelet by a significant amount (Fig. 15). The frequency spectra of the optimal weights
change in a complicated manner but illustrate that we do not just boost high frequencies; we improve the focusing at
each individual frequency (Fig. 16). Lastly, we show that the weights oscillate faster in space as the temporal frequency
increases, providing a link between spatial and temporal frequency improvement. For a homogeneous medium and a
uniform line array we find that for a given frequency the weights have a fairly constant wavelength across the array with
weak amplitude modulation (Fig. 17). In this set-up the optimal weights resemble the Tchebyscheff polynomials used
in earlier beam forming. Our algorithm does not require any extra modifications when dealing with irregular arrays or

inhomogeneous media, as shown in Section 7.
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. Conclusions

We have shown that it is possible to locally improve the resolution of the TR wave field in both homogeneous and
eterogeneous media, even at very large distances from the source (19 dominant wavelengths) by applying a complex
ilter to the signal before time-reversal. In practice this is similar to techniques such as beam forming, spatial light
odulation or antenna focusing [62], where some type of spatial filtering is applied. Our technique is directly applicable

o polychromatic wave fields as opposed to the techniques mentioned above and the focusing is achieved in space and
ime. In this paper we optimize the signal to be time-reversed rather than asking for an arbitrarily optimal signal that
llows focusing after propagation of the wave field through an imaging system. To calculate the optimal weights we use a
odified Backus–Gilbert approach which guarantees the focal spot to be localized at the source. Neither evanescent waves
or resonant multiples are needed to achieve enhanced focusing if we know how the original signal must be modulated.
e find artifacts remain in the optimal TR images. The weights partially compensate for the limited geometry and the

ncomplete wave field sampling by modifying the frequency spectrum of the signal that is time-reversed. Optimal imaging
s robust to errors in the source location. This is important because we do not always know the exact source location.
he fact that we obtain proper focusing in locations different from the reference source implies that if we have full
nformation of a control point in the field of view we can achieve focusing in other points within the FOV. To achieve
roper focusing we also need to know the velocity of the medium accurately, this drawback arises from the nature of
ime-reversal. Additive noise degrades the quality of focusing, in particular when the noise has high frequency content.
n addition, we find that even with optimization techniques, only local focusing is possible. Regardless of the metric used
o study resolution enhancement the optimal weights improve the localization of the focal spot by several factors. We
howed that the algorithm does not only boost the highest frequencies but that it also increases the resolution of the focal
pot for monochromatic waves. The optimal weights oscillate faster across the receiver array as the temporal frequency
ncreases. In addition, the amplitude of the weights increase with frequency, resulting in higher resolution. In the case
f a homogeneous medium and a uniform line array our algorithm retrieves weights that resemble the Tchebyscheff
olynomials widely used in beam forming. Our proposed method also shows focusing improvement in inhomogeneous
edia, and no extra modifications are needed when dealing with irregular arrays.
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