
1 
 

 

 

 

 

 

 

Module 1 and 2 (4 weeks): Basics 

 

 

BY 

SUSANTA K. SARKAR 

  



2 
 

1.1 Brief overview of thermodynamics and statistical mechanics 

Thermodynamics 

Thermodynamics is primarily about determining how much energy we can get out of a reaction or 

a process and how much of that energy can be used to perform useful work (work could be driving 

a car, sending a rocket, exploding a bomb or creating spatial and temporal asymmetries needed to 

rectify biomolecular diffusion to enable biological processes). Depending on the experimental 

situation, we define different measures of free energy. One such measure is the internal energy, E

, which is the sum of kinetic and potential energies of constituent particles (remember that particles 

do not necessarily mean atoms and molecules, and can be quasi-particles as well). Potential energy 

could come from interactions among particles themselves and/or with electric and magnetic fields. 

Any distortion also takes energy (such as bending, sheering, rotating, and compressing a spring) 

that can be recovered later, and should be included in the energy calculation. For a gaseous system, 

a volume change might occur that can be used to push a piston, and the first law of thermodynamics 

(conservation of energy) dictates that we include the resulting work into our energy calculation in 

such cases by defining a new measure of energy, enthalpy, H E PV  . For exothermic reactions 

(producing heat) with or without volume change H may be sufficient. However, for endothermic 

reactions (taking heat from the environment), we are forced to make our energy definition more 

inclusive and invoke the concept of entropy, S , and the second law of thermodynamics to define 

a general measure of free energy, Gibbs free energy, G E PV TS   . For solids and liquids, for 

measurements of calorie values (free energy) of food and explosive research using a bomb 

calorimeter at a constant volume, it is often sufficient a define Helmholtz free energy, F E TS 

. F  is also readily derived from partition function Z  in statistical mechanics. All four measures 

of free energy are related by thermodynamic transformations. However, in practice in a biophysical 

lab, one can just focus on Gibbs free energy and proceed to measure G H T S     . If H takes 

a dominate role to make the reaction spontaneous by making 0G  , the reaction is called 

enthalpy driven. If S takes a dominate role to make the reaction spontaneous by making 0G 

, the reaction is called entropy driven. However, it is possible that both  0H  and  0S 

favor a reaction.  



3 
 

Consider a reaction, 
FORWARD

BACKWARD

k

k

aA bB cC dD  , where a ,b , c , and d  are the 

coefficients for a balanced chemical equation that defines the order of the reaction and determines 

the stoichiometry and cooperative binding. Two questions are usually asked: 1) is the reaction 

spontaneous? and 2) how fast does the reaction proceed?  

 

To answer the first question, calculate the change in Gibbs free energy (G  ), 

        0 0ln / ln
c d a b

G H T S G RT C D A B G RT Q            

where H  is the change in enthalpy ( H ) , S  is the change in entropy ( S ), 0G  is the standard 

state free energy change in equilibrium, R  is the universal gas constant, T  is the temperature in 

Kelvin, [ ] is the concentration, Q  is the reaction quotient that approaches the equilibrium 

association constant 1/FORWARD
eq D

BACKWARD

k
K K

k
  , DK  is the equilibrium dissociation constant or 

binding affinity. A reaction is spontaneous (non-spontaneous) in the direction as written if 

 0 0G G    and can be made spontaneous (non-spontaneous) by changing temperature and/or 

concentrations (law of mass action). At equilibrium (no net flow of energy and/or molecules and 

no change in concentrations, but still dynamic), 0G  . A calorimeter (an isothermal calorimeter 

such as MicroCal iTC200 is more common in biology laboratories) can be used to measure DK , 

S , H , and stoichiometry. G determines the ratio of reactants (A and B above) and products 

(C and D above) and does not depend on the pathway to reach the products (it could be one-step 

reaction or a multi-step reaction). 

 

However, Gibbs free energy does not tell us how fast the reaction occurs. Spontaneity does 

not mean fast. Transition state theory is the most successful approach to reaction kinetics that 

postulates that there is a higher energy transition state (barrier) that needs to be crossed as reactants 

become products. The height of this barrier is called activation energy and is the determining factor 

of reaction rates. The higher the barrier, the slower the reaction. It is possible to write coupled 

equations for concentrations of products and reactants, solve analytically and/or numerically to get 

the reaction rates. Stopped flow and rapid quenching are two popular ensemble techniques to 
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measure kinetic rates. If the modeled kinetic pathway does not reproduce measured kinetic rate, 

there may be hidden steps that may lead to Gamma distribution. 

 

Even though temperature can affect both the spontaneity and the rate of a reaction, in 

biology, the spontaneity is usually affected by concentrations and the rate is usually affected by 

enzymes. Also, at the molecular level, the inertial force is insignificant compared to the viscous 

force (imagine swimming in a pool of thick molasses instead of water), i.e., Reynold’s number is 

very low. Therefore, at this regime, the only ways to get biological processes done are to use 

conformational dynamics and diffusion that can also be used to physically couple and drive non-

spontaneous reactions. Hydrolysis of ATP (gasoline of biology) is essential to facilitate 

conformational dynamics and to create spatial and temporal asymmetry to rectify biomolecular 

diffusion. 

 

In a related note, it is extremely important to identify appropriate reaction coordinate to 

determine the states, free energies, and activation energy. Wrong identification of reaction 

coordinates can lead to wrong interpretation of experimental results. Single molecule experiments 

can both complement and confirm thermodynamic and kinetic information obtained from 

ensemble experiments such as absorption/fluorescence (states), calorimetry (thermodynamic 

quantities), and stopped flow/rapid quenching (kinetic rates). It should also be noted that while 

thermodynamic quantities are best defined at equilibrium, it does not mean that we cannot get 

energy out at non-equilibrium situations. Idealized conditions of reversible process and 

equilibrium just allow to properly account for energy and work, and allow us to calculate a limit. 

This is the reason for doing calorimetric experiments slowly and carefully (proper use of pH, salt, 

and solution conditions) so that the measurements only account for things that we understand. In 

reality, however, true equilibrium does not exist in biology and many experiments can be done 

non-equilibrium conditions (like pulling DNA). Determination of equilibrium thermodynamic 

quantities from non-equilibrium experiments can be done using fluctuation theorems such as 

Crooks fluctuation theorem. Jarzynski equality, / /F kT W kTe e   , k  is the Boltzmann constant, can 

be derived from Crooks fluctuation theorem and relates the free energy difference F or G  to 

the work W  along an ensemble of trajectories between the initial and final states. Moreover, 

biological processes often involve one or few biomolecules well below the thermodynamic limit 
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and the second law of thermodynamics can be transiently violated. These transient violations can 

possibly modeled as Poisson processes to calculate their effects on measurable quantities. 

 

While thermodynamics is very well established, its microscopic connection is still debated. 

Three basic pillars of the microscopic statistical connection to thermodynamics are ergodicity, 

arrow of time, and state counting. These basic assumptions are areas of interest that are likely to 

benefit from single molecule studies. Even though statistical mechanics as taught in a graduate 

statistical mechanics course is usually not needed in a biophysical laboratory, a brief overview is 

given next. 

 

1.2. Brief overview of statistical mechanics 

Step 1: Define the particle 

Depending on the experimental data, one needs to define a system of particles. The particle can be 

electron, phonon, photon, polaron, exciton, atom, molecule, magnon, and so on. 

Step 2: Define Hamiltonian and solve for either classical mechanics or quantum mechanics 

Write down the Hamiltonian for the system of particles: 

 1 2 3 1 2 3( , ) ( , ,... ; , ,... ; )N NH q p H q q q p p p x   

where x  denotes the external parameters. To get the quantum version of the Hamiltonian, replace 

p i   and q q  . Solve for the energy eigenvalues i  . 

Step 3: Calculate the density of states 

Now imagine that you have a handheld energy meter with which you are going to each point in 

phase space, measure the total energy E , and make a list. You make an area normalized histogram 

of E which is nothing but the probability density of states ( )E . Mathematically, ( )E can be 

calculated as: 

  1 3 1 33

1
( ) ... ... ( , )

! N NN
E dq dq dp dp E H q p

h N
      

where the delta function   acts as our energy meter, the integration limits are / 2E  and 

/ 2E    with   being the bin size of the histogram, h  is the Planck’s constant, and N is the total 

number of particles in the system. While the factor 3Nh  arises due to the inherent uncertainties in 
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measuring q  and p , the factor !N  arises due to indistinguishability of particles and resolves the 

Gibbs’ paradox. The total number of states in an energy interval   is ( )E  .   

Step 4: Connect density of states to thermodynamics 

At this point, we can connect the statistics, ( )E , to the thermodynamics through the entropy, S ,  

by defining entropy as ln ( )S k E   . This definition of entropy originates from the assumption 

that a system of particles distributes a given total energy among its allowed states to maximize 

( )E . Once you know S , you can determine other thermodynamic quantities by using various 

thermodynamic relations. You can also write partition function, Z , which is the Laplace transform 

of the ( )E  : 

 
0

( )

0 0

( ), for microcanonicalensemble

( ) , for canonicalensemble

( ) , for grand canonicalensemble

E

E N

N

Z E

Z dE E e

Z dE E e



 





 



 

 

 



 

  

 Step 5: Calculate experimentally measured quantities 

 

Connection of statistical mechanics and thermodynamics 

Consider a system of particles with the number of particles SYSN , the volume SYSV , and the energy 

SYSE is in contact with a large reservoir with the number of particles RESN , the volume RESV , and 

the energy RESE . The number of microstates for the combined system is the product of individual 

number of microstates, i.e.,  

  ( )* ( ) ( )* ( ) ( , )SYS SYS RES RES SYS SYS RES TOTAL SYS TOTAL TOTAL SYSE E E E E E E          

If the system and the reservoir can exchange energy,  SYSE  will change. We assume that  SYSE will continue 

to  change  until  it  reaches  a  value  for which  the  number  of microstates  for  the  combined  system  is 

maximum. Mathematically, this means / 0TOTAL SYSE    which can be rewritten as 

  * ( ) ( )* * 0
EQUIL EQUIL

SYS RESSYS RES

EQUIL EQUILSYS RES RES
RES RES SYS SYS

SYS RES SYSE E E E

E
E E

E E E
 

    
         

  

Since the total energy of the combined system is fixed,  RES SYSE E   . This leads to 
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  * ( ) ( )*
EQUIL EQUIL

SYS RESSYS RES

EQUIL EQUILSYS RES
RES RES SYS SYS

SYS RESE E E E

E E
E E

 

   
        

  

 

1 1
*

( ) ( )

ln ln

EQUIL EQUIL
SYS RESSYS RES

EQUIL EQUIL
SYS RESSYS RES

SYS RES
EQUIL EQUIL

SYS SYS SYS RES RES RESE E E E

SYS RES

SYS RESE E E E

E E E E

E E

 

 

   
         

     
       

  

By comparing the last equation with the thermodynamic formula / 1/S E T   , one can make 
the connection that the entropy, ln ( )S E  . Max Planck came up with the exact expression 

 ln ( )S k E    

where k is the Planck’s constant. 

 

Second law of thermodynamics and the consequence on the change in free energy 

According to the second law, the change in entropy for the universe is / 0universedS dQ T   for a 

spontaneous irreversible process and 0universedS  for a reversible process. However, it is 

impractical to consider the whole universe and it is convenient to separate the entropy change of 

the system from that of the reservoir: 

 /UNIV SYS RES RESdS dS dQ T    

At equilibrium, RES SYST T  and RES SYSdQ dQ  . Therefore, the above equation for UNIVdS  can be 

written as 

 /UNIV SYS SYS SYSdS dS dQ T    

Applying the second law as stated above, / 0UNIV SYS SYS SYSdS dS dQ T   . This conveniently 

depends only on the system. If we consider an isobaric process, dQ dH ;where H  is enthalpy, 

we get / 0SYS SYS SYSdS dH T  . Using the definition of change in Gibbs free energy 

  dG dH TdS   , 

we get the condition that for spontaneous process, 0dG  . For a isothermal process at constant 

volume, one can derive the condition as 0dF  , where F  is the Helmholtz Free Energy. 
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Liouville’s theorem 

 

 

1.3. Transient violations of second law 

Violations of the second law of thermodynamics for small systems well below the thermodynamic 

limit has already been experimentally observed. However, the effects of such violations on 

experimentally measurable quantities have not been studied in detail. Here we report the effect of 

transient violations, i.e., spontaneous transfer of heat from cold to hot objects, on heat transfer in 

silicon nanowire by modeling the violations as a Poisson process. Our modeling and simulations 

show that it is increasingly difficult to cool down the nanoscale objects to the bath temperature, 

there is a transition from power law to exponential behavior, and the fluctuations have inverse 

square law dependence on number of sites. 

 

Both basic and applied research have seen enormous growth at nanoscale, where the system 

of interest is either single molecules or small systems of few molecules well below the 

thermodynamic limit. For example, single-molecule electronics [1-3], microelectronics with node 

size well below 20 nm [4], artificial molecular motors [5-7], biological molecular motors [8], and 

driven quantum transport [9] are all related to systems where fluctuations can influence the 

thermodynamic properties. In addition, most biochemical processes in living systems involve one 

or few copy numbers of biomolecules. Due to such a broad range of applications, stochastic 

thermodynamics for small systems have been extensively studied both theoretically and 

experimentally [10-15]. If X is an extensive quantity proportional to the number of particles N or 

to the volume of the systemV , and also if different measurements of X  are Poisson distributed, 

the relative fluctuations of X is given by  2 1/2 1/2/ 1 / ~ 1 /X X X X N   or 1/2~ 1 /V . For small 

systems, the relative fluctuations can be large whether or not the system is in equilibrium (no net 

transfer of energy or particle) and the fluctuations are Poisson distributed. Due to large relative 

fluctuations, the probability of transient (not on average) violations of second law, i.e., 

spontaneous energy transfer from cold to hot objects, becomes high and experimentally 

measurable [16, 17]. 

 

1.3. Outlook in the context of single molecule biophysics 
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Three important areas where single molecule techniques will likely play deciding roles are: 

1) establishing the microscopic connection to the second law of thermodynamics, 2) roles of 

binding and motion on enzyme activities on extended substrates, and 3) self-assembly driven 

by fluctuations. The relative fluctuations of an experimentally measurable quantity scale as 

1/ N , where N  is the number of particles. The fluctuations become insignificant for large 

number of particles where traditional results of thermodynamics are valid. However, 

biochemical reactions in the living world are subjected significant fluctuations due to low 

copy numbers of biomolecules and due to interactions with their surroundings. Such intrinsic 

noise in biological processes can influence biological functions [18]. In addition, living 

systems must consume energy to form and maintain the order (low entropy). This energy flow 

means that the biological processes are inherently out of equilibrium. In other words, biology 

is both inherently noisy and out of equilibrium. As a consequence, the basic assumptions of 

thermodynamics such as ergodicity and the arrow of time (the second law) may not hold true. 

However, it is possible to extract useful thermodynamic quantities from nonequilibrium 

experiments [19, 20], and the statistical properties of fluctuating thermodynamic quantities 

are related by relations, collectively known as fluctuation theorems[19, 21-29].  

The roles of binding and motion on enzyme activity are often difficult to study using ensemble 

techniques. Binding, motion, and actual biochemistry are all important aspects of enzyme 

activity. This is particularly important for extended substrates such as DNA/RNA, 

membranes, and collagen fibrils. On these substrates, proteins may bind nonspecifically with 

strong affinities at sites other than the active sites where enzymes perform biological 

functions. This makes ensemble biochemical studies very difficult and the canonical 

Michaelis-Menten equation cannot be used without drastic assumptions. Single molecule 

techniques provide powerful approaches to study such biological processes. 

Random nature of biological processes lead to DNA mutation leading to antibiotic resistant 

bacteria, cellular decision making [30, 31], and the self-assembly of biological structures. Even 

though self-assembly involves many molecules, our ability to manipulate and observe single 

molecules may reveal the interactions and dynamics of the processes leading to the self-assembly. 

It is likely that our ability to study fluctuations and self-assembly at single molecule resolution 

will provide better and quantitatively understanding of many biophysical processes. 
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1.4. Conclusion 

Nature is fundamentally noisy and noise is an important player in nanoscale physics. In 

particular, biological processes including protein folding are influenced by noise; random 

diffusion rectified by spatial and temporal asymmetry created as a result of biochemical 

reactions is an essential ingredient of life. Different processes can be simulated as Poisson 

processes. Simulated data can be used to validate the methods used for experimental data 

analysis [32].  In general, for single molecule data, the noise may be identified and quantified 

by pairwise difference distribution and first point of MSD; the states may be identified by 

methods such as drift corrected histogram, wavelet transform, and Hidden Markov Modeling 

(HMM); the kinetic rates may be determined by dwell time analysis after t-test step fitting, 

HMM, and Matrix plot analysis [32]. The standards and error analysis are two important 

aspects that should be kept in mind. Experimentally measured quantities have different types: 

a quantity with a known theoretical equation (e.g. velocity of light), a quantity from inherently 

noisy data (e.g. diffusion constant), a quantity with an unknown underlying equation (e.g. 

cellular response), and an array of numbers with either known or unknown equations (e.g. 

patterns). Standards defines accuracy and repeatability defines precision. For well-defined 

equation, it is possible to perform error propagation calculations and error bars. Lack of 

standards (e.g. for cellular response) makes it difficult to define what is accurate, but the 

precision can still be calculated by repeating the experiments in same conditions. The 

goodness of fit of a model to the data can be quantified by calculating the reduced chi square,

 2

/2
2

1

1
i in
data sim fit

i i

x x

n m Error







 
 as a function of number of data points; where m  is the number 

of parameters; n  is the number of data points. Errors can be either the standard deviation from 

repeated measurements or the square roots of the counts in each bin in an experimental 

histogram. The self-consistent circular approach of combining experiments, analyses, and 

simulations can help to design better experiments. This chapter focuses on the simplicity of 

the Poisson process approach to statistical mechanics and applies it to problems from diverse 

fields of research. 
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