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Solitons are non-dispersive wave packets which travel at constant velocity. Solitons are formed

via non-linear interaction e↵ects with media. Solitons are among the very few analytic solutions

to non-linear partial di↵erential equations making them a vital tool for researching the math-

ematics and physics of nonlinear wave phenomena. This paper will address the discovery and

history of solitons, physical models using the Korteweg-de Vries Equation and the sine-Gordon

equation, and previous research on solitons in Sulu Sea.

I. DISCOVERY OF SOLITONS

These non-dispersive waves were first observed

in 18341 in the shallow water of Great Britain

canals. A young scottish naval engineer John

Scott Russell was attempting to understand how

to best design a canal against turbulence and de-

terioration when noticing a persistent wave that

would traverse great distances down the canal.

The boats were pulled into the canals with rope

and horses alongside the shore; as the boat came

to rest a wave would emerge from the churning

water and propagate at what seemed a constant

speed without loosing it’s shape. A wave he called

a ’wave of translation’, or nowadays a Scott Rus-

sell solitary wave or soliton. He followed the waves

on horseback and calculated the waves’ speed to

be approximately 8 miles/hour. Russell would fol-

lowed the waves of translation for approximately

2 miles before loosing them in the twist and turn

of the channel. He soon built a water wave guide

and experimentally characterized the water waves

of translation by the following qualities:

• The waves are stable, and can travel over
very large distances (normal waves would
tend to either flatten out, or steepen and
topple over)

• The speed depends on the size of the wave,
and its width on the depth of water

• Unlike normal waves they will never merge
so a small wave is overtaken by a large one,
rather than the two combining

• If a wave is too big for the depth of water,
it splits into two, one big and one small

As is not uncommon with discovery, Russell’s ob-

servations were not welcomed by the whole of the

science. His observations could not be reproduced

using the current wave theories of Newton and

Bernoulli. In the 1870’s Lord Rayleigh wrote a pa-

per reconciling Russell’s observations with a math-

ematical model. In 1895 Korteweg and de Vries
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FIG. 1. wave of translation cascading down a chain
of small waterfalls in a canal at the Israel Museum,
Jerusalem October 2000

published their famous result for modeling waves

of translation with a nonlinear partial di↵erential

equation called the kdV equation2.
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In the early 1970’s a lot of interest was aroused

in understand soliton solutions to the sine-Gordon

equation which is useful in describing bound states

of waves via stationary solitons, analogous to a

standing wave for a linear system, that is com-

posed of a soliton-anti-soliton pair.
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The sine-Gordon equation was originally used in

the study of di↵erential geometries to model hy-

perbolically curved surfaces; a soliton solution

was found that had non-dispersive standing modes

called ’breathers’, along with already observed

wave of translation (the conventional soliton).

II. SOME CURRENT IDEAS AND RESEARCH

USING SOLITONS

Now, with our ever improved computing ca-

pabilities, we have the means to solve many in-

tractable nonlinear equations. That in mind, in-

sight into the phenomena governed by these non-

linear equations is still elusive to further inves-

tigation due our lack of intuition regarding the

mathematical link to the physical system. Solitons

have a widespread ability to solve many nonlinear

systems making them of great use to theoretical

and computational research. A soliton is a non-

dispersive wave, whose shape is una↵ected after an

interacting with another soliton; this concept has

enticed theoretical physicist to model particle as

solitons. The interaction of particles in quantum

field theory has this idea in mind exactly. The

nonlinear Schrödinger equation4 is used in non-

relativistic quantum mechanics to model the evo-

lution of particle states via the following equation
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The nonlinear Schrödinger equation has a soliton

solution of the following form

 (x, t) = A sech(At� (x� x0))e
⌦t+i�

,

where A, ⌦, and � are complex constants and  is

the quantum state in time and position. In plasma

physics, the Vlasov equation describes the evolu-

tion of the distribution of plasma taking into ac-

count the long-range electromagnetic interaction3
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where F is the classical Lorentz force and f
↵

is the

distribution function for the charged particles (the

plasma). It has sech and tanh soliton solutions of

the following form
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Nonlinear optics is a huge field of research where

we have an increasing ability to experimentally

measure both soliton behavior and the predic-

tive ability/regimes of nonlinear models describ-

ing light-matter interactions. The mathematical

description of self-action e↵ects, specifically, self-

focusing, is described by the nonlinear partial dif-

ferential equation
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where A is the transverse magnitude of the wave

vector of incident light incident on nonlinear media

as a function of x and z where sin(✓) = x

z

where

✓ is the scattering angle form normal incidence5.

The soliton solution to this equation is

A(x, z) = A0 sech(x/x0) e
i�z

,

where {x0, �} ! {x0(A0), �(A0)}

III. THE KORTEWEG-DE VRIES EQUATION

The Korteweg-de Vries Equation (KdV) was

originally formulated as a description of the dy-

namics of shallow water waves like the waves of

translation first observed and studied by Russell in

the channels of Great Britain; however Korteweg

and de Vries did not acknowledge the work and ob-

servation of the Russell when they published their

work in the 1895. The KdV equation is perhaps

the most well known nonlinear partial di↵erential

equation that is solved by solitons; later we’ll in

this report we’ll take look at research done on soli-

tons in the sea.
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The kdV equation is generalized to 5th order in

the following form
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via a the isospectral integrability condition for

pairs of linear operators called lax pairs7. The

KdV equation can be reformulated as the Lax

equation where the previous structure is reduced

to operators

FIG. 2. A soliton collision via the KdV equation; No-
tice how the amplitude and direction of the waves is
the same before and after the collision, but phase shift
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The KdV equation is generally solved via inverse

scattering techniques which are exactly the same

as those used in solving quantum mechanical sys-

tems. This method begins by rewrite the KdV in

integro-di↵erential8
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Where the dispersion relation is contained in K

where K(x) is the fourier transform of the of

c(k) = !(k)/k
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using experimental data they found the dispersion

relation of the phase velocity square to vary hyper-

bolically as

c

2(k) =
g

k

tanh(k h)

FIG. 3. This is the same calculation as in figure 2.
Notice how the amplitudes of the solitons does con-
structively interfere as with linear waves. An unbound
anti-kinked and a kinked soliton solution of the sine-
Gordon equation at di↵erent slices of time

where h is the height of the channel and g is

earths’ gravity. Taylor expanding c(k) we get the

following
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Then they calculated the Fourier transform of this
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approximate c(k)
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Now we can calculate out the integral in the the

integer-di↵erential form of the KdV equation
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transforming the integro-di↵erential equation into

an equation with only di↵erential operators.
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moving to a coordinate system x

0 ! x+ vt where

v = �
p
gh and non-dimensionalizing t

0 ! h

2
vt/6

and u

0 ! u/(h2
v) retrieves the original form of

the KdV equation. As noted earlier, initial value

problems can be solved using inverse scattering

techniques. The KdV equation can be solved using

Sturm-Liouville theory where the potential term is

u0 = V0 sech(x)2 where V0 = n(n+1) and n is an

integer is the famous Pöschel-Teller potential. The

Pöschel-Teller potential is a special class of poten-

tials that can be solved using special function; for

the 1D Shrödinger equation the solution are Leg-

edre polynomials. The Sturm-Liouville problem

becomes
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The n=1 soliton solution to the KdV equation is

u(x, t) = �h sech

2(x� vt)

where, again, h is the height of the soliton and v is

the velocity. Notice that the soliton solution to the

KdV equations has the same functional form as

the potential. The KdV equation has many other

conventional forms due to it’s wide range of uses.

Beyond small water waves, the KdV equation is

also used to models long deep water waves the

propagate along stratus boundaries far beneath

the ocean surface. KdV also models ion-acoustic

waves in plasma system and acoustic waves in in

crystals.

IV. THE SINE-GORDON EQUATION

The sine-Gordon equation is used to describe

lots of physical phenomena including application

in quantum field theory, Josephson junctions, and

mechanical transmission lines. The sine-Gordon

equation is thought to be a play on words in re-

gards to the connection with the Kline-Gordon

equation in quantum field theory which describes

the evolution of relativistic spinless particle states.
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FIG. 4. A soliton-anti-soliton pair, a breather solution
to the sine-Gordon equation

The Kline-Gordon equation is a simplification of

the sine-Gordon equaiton in the limit of small

u(x, t), where sin(u) ⇡ u(x, t) becomes

FIG. 5. An unbound anti-kinked and a kinked soliton
solution of the sine-Gordon equation at di↵erent slices
of time
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has the following soliton solutions6
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called kinked, anti-kinked, and breather modes re-

spectively. The kinked and anti -kinked solitons

are traveling wave solitons whereas the breather

is thought of as a bound kinked anti -kinked pair

mode that oscillate about a stationary point. In

figure 4 we see two orientations of the same calcu-

lation; an unbound right-traveling kinked soliton

passing right through a anti-kinked left-traveling

soliton in time; characteristically of solitons we see

that they have not a↵ected one another shape or

direction of propagation. Figure 5 shows the pe-

riodic the nature of the breather soliton solution

of the sine-gordon equation; I suppose the name

breather comes form the periodic nature of the

wave.
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V. SULU SEA SOLITONS

In the early 1980’s research was done to observe

and model solitons that were propagating along

the surface of the Sulu Sea9 between the Philip-

pines and Borneo. Using the KdV equation the

scientists attempted to account for, and charac-

terize soliton behavior due to vertical shear via

variations in salinity density and striation, vari-

able ocean floor topography, radial spreading, and

dissipation. The solitons propagated northward

over 400km across the Sulu Sea at a speed of ap-

proximately 9 km per hour. The solitons peaks

are approximately 100km apart and radiate from

a group of islands such that the solitons fan out

radially. 17 solitons were studied in the Sulu Sea

research.

A. Sea Soliton formation

striations in water density are crucial in order

to be modeled well by the KdV equation; there

must be at least two layer of di↵ering density i.e.

one boundary such that the waves will be ”shal-

low” enough for solitons. Solitons tend to form

near submarine structures like a deep ocean sill or

a continental shelf. Solitons are generated by dis-

ruptions to the current flow over a large submerged

structure. The waves are thought to be initiated

by tidal water current. The solitons of the Sulu

Sea have a 14 day cycle thought to coincide with

daily tides.

FIG. 6. Spot 2 quick-look image (image size: 60 km
x 120 km) of partly the same ocean area as visible on
the previous ERS SAR images. At the bottom of this
image are visible the islands Bankoran and San Migel.
The curved bright stripes of 1.5 - 2 km width are sea
surface manifestations of internal solitary waves. The
imaged area lies outside the sunglint area. Thus bands
of increased sea surface roughness (and possibly in-
creased foam coverage) are imaged as bright bands.

B. Measurement of the Sulu Sea Solitons

The hunt for sea solitons can begin with satellite

imagery. Satellites images o↵er little ability assess

properties of the solitons, but have the wide view

needed to seek out new sources of sea solitons to
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FIG. 7. Sea surface manifestations of three packets of
nonlinear internal waves shortly after they were gener-
ated by tidal flow over (1) the saddlelike sill spanning
the passage between Pearl Bank and Doc Can Island
east of Pearl Bank and (2) over topographic features
west of Pearl Bank. Pearl Bank is visible in the lower
right-hand section of the image as a dark circular fea-
ture. A bathymetric map of the generation region east
of Pearl Bank and two depth profiles along and across
the sill axis are depicted in the figures below (repro-
duced from Apel et al., 1985). The propagation direc-
tion of the eastern packet is about 345, of the central
packet 330, and of the western packet 315. From the
shape of the circular patterns we conclude that the
eastern packet was generated earlier than the other
ones.

be studied. Satellite altimetry can measure the

changes in height of the sea surface to within a

few centimeters; however the speed with which

they pass over a wave is very fast and not frequent

enough to detected soliton trajectories that are not

optimally aligned with orbit of the satellite. Ship-

board radar is a highly accurate way to measure

the soliton speed and shape. Current meters and

current profilers were critical to the measurements

done in the Sulu Sea.

FIG. 8. Current profile of a soliton in the Sulu Sea10,11.
The horizontal axis is the time of day UTC

The Sulu Sea solitons are in wave groups of

approximately 10 individual solitons. Th ampli-

tude of each individual soliton is smaller than the

soliton ahead of itself. The current of the soli-

ton is strongest near the surface layer and re-

verses direction in the bottom layer. Acoustic echo

sounders, strain gauges, and visual observation

also were/are taken into account when studying

sea soliton. Solitons have been, and are currently,

studied throughout the South China Sea’s. Soli-

tons have been observed around the Luzon Strait

to the Hainan Island, from the Hainan Island to

Taiwan, Vietnam, and the Sulu Sea. The sea soli-

tons are well described by the KdV equation and

continue to be investigated by oceanographers.

VI. COMMENTS ON SOLITONS WITH

REGARD TO CLASSICAL MECHANICS

Classical Mechanics is the foundation for all

physical theories. It’s connection with the our in-
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tuition is most familiar and readily available to

our daily experience. One doesn’t have to stray

to quantum mechanics or relativity to find in-

tractable calculation; nonlinearity and chaos have

been fundamentally laced into the fabric that is

our classical theory of physics. Solitons have the,

seemingly, innate ability to solve nonlinear system,

much like a traveling plane wave seems to solve all

the linear ones :)
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