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1. Introduction 

The gravitational three-body problem is one of the oldest problems in mathematical physics. The 

goal is to determine the trajectories of three interacting particles. Historically, the system 

involving the Moon, the Earth and the Sun was the first three-body problem that received 

extended study. Since the time of Newton, physicist and mathematicians have applied significant 

efforts to solve this problem. To this day, it has no known general solution. This paper starts by 

solving the gravitational two-body problem and determining its general solution. Then, the 

difficulty of the three-body problem is shown followed by some special cases of three-body 

problem where we can get general solutions. 

2. Two-Body Problem 

Examples of two-body problem are a satellite orbiting a planet, a planet orbiting a star and two 

stars orbiting each other. The goal here is to determine the motion of the isolated two particles 

that interact solely with each other. To achieve this let’s consider a system of two particles with 

masses  and  and position vectors and  respectively. Using Newton’s second law, the 

equations of motion can be written as 

 

 

Where  is the force applied on particle 1 by particle 2 and is the force applied on particle 2 

by particle 1. Newton’s third law states that these two forces are equal in magnitude and opposite 

in direction, that is, 

 

Adding equation (1) and (2) yields 
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Figure1: Variables for two-body problem 

 

 

 

where the vector R equals  which is the center of mass 

 of the system as shown in Fig.1.  

 

 

 

Equation (3) describes the motion of center of mass and implies that its velocity  is constant. 

Now, subtracting equation (2) from (1) yields 

 

 

 

where  which is called the reduced mass and  as shown in Fig.1. The 

force  depends only on the separation   between the two particles. For the gravitational two-

body problem ( ), equations (3) and (4) can be solved completely by finding four constants 

of motion: the center of mass velocities and initial positions, the angular momentum and total 

energy. By this,  and  are determined. Now, using the two equations that define  and 

, the original trajectories  and  can be determined from  and  according to 

these equations which involve motion in elliptic, parabolic and hyperbolic orbits 
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To summarize, the two-body problem equation (1) and (2) were reduced into two independent 

one-body problem equation (3) and (4). However, when adding a third particle to the system, the 

problem becomes very complicated. This problem will be discussed in the next section. 

3. The Newtonian Three-body Problem 

The problem is to determine the motion of three masses; ,  and  where the interactions 

between them are described by “Newton’s Law of Gravitation”. For N particles, the equations of 

motion can be written in this form  

 

For i, j = 1,2,…,N. For three particles equation (5) becomes 

 

 

 

where the gravitational constant G was absorbed into the definition of the mass. Equations (6) 
are three coupled nonlinear differential equations of order 18 since it consists of three vector 
equations of order two. Therefore, we need 18 scalar parameters or, equivalently six vector 
parameters to determine the general solution of this system. When choosing the center of mass at 
the origin, the position vectors are related by 
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This reduced the order of equations to be . By using the conservation of linear 
momentum which is given by: 

 

The equations become of order . Since the angular momentum is constant of motion, 

the order can be reduced to . Also, the total energy is constant of motion because the 
gravitational force is conservative. This reduced the order to 8. Beside these, there will be no 
other constants of motion in the Cartesian coordinates as proved by Bruns and Poincare in 1897. 
To tackle this problem successfully, we need to find out a way that reduces it to two-body 
problem. To do so, the relative position vectors, ,  are defined by 

 

 

 

Then, the relations between these vectors is clearly given by 

 

 

Figure 2: Position vectors for the three-body problem 

Using equations (7) and (8) the vectors, ,  can written as 
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where 

 

Equations (10) can be used to relate to  . The equations of motion can be written in terms 

of position vectors  by substituting equations (8) into equations (6) 

 

 

 

where  and  

 

The equations written in the symmetric form (12) are coupled and cannot be solved in general. 

However, the only exact solutions were found by Lagrange and Euler for two special cases. 

These solutions are discussed in the following sections. 

3.1 The Triangular Solutions 

In this case, the equations (12) are decoupled by assuming . This can only occur if 

 which means that the three particles are at the vertices of an equilateral triangle. 

Now, equations (12) can be written as 

 

 

 

Therefore, the problem reduces to the two-body since we can express two sides of the triangle in 

term of the third by 
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where  is the unit bivector for the plane of the triangle. Equations (14) imply that the triangle 

may change in size and orientation as the particles move. By substitute equations (14) into (10), 

the particles orbits is given by 

 

 

 

This equilateral triangle solution was discovered by Lagrange. Fig.3 shows the orbits for 

elliptical motion. 

 

Figure 3; Lagrange’s equilateral solution for masses in the ratio  
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3.2 The Collinear Solutions 

Another exact solution for the three-body problem was found by Euler when he assumed that the 

mass  lies on straight line between the other two masses with a separation of fixed ratio. In 

this case, the vectors ,  and  are collinear as shown in Fig.4. Then, the condition in 

equation (9) yields 

 

 

where  is a positive scalar to be determined.  

 

Figure 4: Euler assumption to solve three-body problem 

Using equation (12), the vector  can be written as 

 

Substituting this into equations (12) yields 

 

 

Now, we can eliminate and by plugging equations (16) into (18) to get 
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Dividing these two equations by each other give 

 

Writing this equation in standard form give the following fifth degree polynomial 

 

This polynomial has only one positive real solution. Therefore, the ratio of the distances of the 

mass to the other masses is a unique real solution. A solution for the elliptic case is shown in 

fig.5 

 

Figure 5: Euler’s collinear solution for masses in the ratio  

The Lagrange and Euler solutions can be generalized for systems with more than three particles. 

In all these solutions the particles remain in a permanent configuration as in the three particles 

case. 

 

 

 

 

 



10 
 

 

 

 

 

 

4. References 

1. David Hestens. (1999). “New Foundations for Classical Mechanics”. New York: 

Kluwer Academic Publishers.  

2. Goldstein Poole & Safko. (2002). “Classical Mechanics”. San Francisco: Addison-

Wesley Pub. Co.  

3. M.C. Gutzwiller, Moon–Earth–Sun: the oldest three-body problem. Rev. Modern 

Phys.,  70 2 (1998) 


