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Abstract

The purpose of this paper is to introduce how phenomena in geophysical fluid dynamics arise

from treating the earth as a rotating reference frame and to provide a classically developed

mathematical description for them. Some topics will include the Coriolis force, geostrophic

balance, and thermal wind. Examples of applications where these subjects arise will also be

discussed, including hurricane dynamics and wind-driven coastal upwelling.

1. Introduction

First, a classical treatment of a rotating reference frame is presented along with how it

differs from an inertial frame. The transformation will be worked in detail. As observers

on the earth, we effectively live and make measurements in a rotating reference frame. The

surfaces and boundaries of earth’s oceans are also rotating. Characterizing the motion of this

global system in an absolute inertial frame presents challenges. When writing the equations of

motion, it is necessary to consider the inherent rotation of our reference frame. The fictitious

Coriolis force arises from the inertial frame. The conditions under which Coriolis effects need

to be considered in modeling assumptions are discussed along with a few examples. We will

principally be concerned with fluid mechanics.

When the system warrants using Coriolis force, we find that a number of other considera-

tions arise like geostrophic balance and thermal wind. Combining geostrophic balance with

hydrostatic requirements result in thermal wind balance, which we derive. Finally, some

applications of the theory developed in this paper are mentioned, including water draining

down sinks, hurricanes, and the oceanic phenomenon of coastal upwelling.
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2. Rotating Frame Transformation

We will follow a treatment of vectors in a rotating frame using the notation of Pedlosky

in Geophysical Fluid Dynamics who uses a method similar to the class text by Fetter and

Walecka. [Ped79] [FW03].

Intermediate steps left to the reader in both texts are completed in the following derivation.

Suppose an inertial observer sees a vector, ~A, with a constant magnitude that is rotating

around an azimuthal axis with angular velocity ~Ω at an angle γ as in figure 1. In a small

A
r

Ω
r

γ

Figure 1. A vector ~A rotates about a vertical axis with angular velocity ~Ω
at angle γ. [Ped79]

time ∆t, ~A rotates through an polar angle ∆θ. See figure 2. This angle is given by the

equation

(1) ∆θ = |Ω|∆t.

How does the position of ~A change as it rotates? Referring to geometric relationships in

figure 2, we find,

(2) ~A(t+ ∆t)− ~A(t) = ∆ ~A = ~n |A| sin γ∆θ +O((∆θ)2).
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Figure 2. The vector ~A of constant magnitude seen by an inertial observer. It
rotates through a small polar angle ∆θ about its rotation axis. The azimuthal
angle is unchanged. [Ped79]

Here, ~n, is the unit vector normal of the change of ~A as it rotates about the axis of ~Ω. It is

perpendicular to both ~A and ~Ω. The last term is very small and negligible. Define ~n as,

(3) ~n =
~Ω× ~A∣∣∣~Ω× ~A

∣∣∣
We would like to know how ~A changes in time so apply the definition of the derivative;

(4) lim
∆t→0

∆ ~A

∆t
=
d ~A

dt
= |A| sin γ dθ

dt

~Ω× ~A∣∣∣~Ω× ~A
∣∣∣ .

We can clearly see that ~Ω× ~A = |A| |Ω| sin γ. Using this and (1), (4) reduces to

(5)
d ~A

dt
= ~Ω× ~A.

This derivation is for an inertial observer. An observer also rotating about ~Ω finds that

d ~A
dt

= 0.

Now suppose we have a second rotating vector, ~B that rotates along with its coordinate

frame at an angular velocity of ~Ω. In this rotating cartesian frame, express ~B as,

(6) ~B = Bxx̂+Byŷ +Bz ẑ.
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As expected, in this rotating frame, the velocity is given by

(7)

(
d ~B

dt

)
R

=
dBx

dt
x̂+

dBy

dt
ŷ +

dBz

dt
ẑ,

where the unit vectors have no time dependence. However, suppose we wish to consider an

inertial frame. An inertial observer will see the unit vectors in the rotating coordinate frame

as having a time dependence. In the inertial frame, take the derivative of ~B to obtain,

(8)

(
d ~B

dt

)
I

=
dBx

dt
x̂+

dBy

dt
ŷ +

dBz

dt
ẑ +

dx̂

dt
Bx +

dŷ

dt
By +

dẑ

dt
Bz.

Notice that the first term is identical to the rotating frame. This equation can be simplified

a good deal by noticing that our result in (5) can be applied here to the unit vectors. For

example, dx̂
dt

= ~Ω× x̂. Rewriting the second group of terms,

dx̂

dt
Bx +

dŷ

dt
By +

dẑ

dt
Bz = Bx

~Ω× x̂+By
~Ω× ŷ +Bz

~Ω× ẑ

= ~Ω× (Bxx̂+Byŷ +Bz ẑ)

= ~Ω× ~B,

where we can put in the definition for ~B from (6). Using this result and (7), equation (8)

becomes,

(9)

(
d ~B

dt

)
I

=

(
d ~B

dt

)
R

+ ~Ω× ~B.

Thus, we have expressed the rate of change of ~B in an inertial reference frame. These

derivations are considered because the earth is a rotating reference frame so it is easier

characterize the fluid dynamics in this frame. However, consideration of the inertial frame

can lead to insights about large systems rotating fluid systems like the ocean.
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3. Effects on Equation of Motion

Consider an Eulerian fluid parcel. Let the position vector of some fluid parcel in the ocean

be ~r. We want to describe the motion of this parcel in terms of quantities from the rotating

frame, since that is the frame most intuitive to the earthbound observer. The vector ~r can

be described by (9),

(10)

(
d~r

dt

)
I

=

(
d~r

dt

)
R

+ ~Ω× ~r.

Let d~r
dt

= ~uR in the rotating frame. Thus, (10) becomes,

(11) ~uI = ~uR + ~Ω× ~r

where uI is the inertial frame. This is important because now we can apply Newton’s second

law. We can also use the relationship in (9) to get

(12)

(
d ~uI
dt

)
I

=

(
d ~uI
dt

)
R

+ ~Ω× ~uI .

Using (11), we can eliminate the inertial terms on the right hand side of this equation so it

is in terms of things we can measure in the rotating frame. Take the time derivative of (11),(
~uI
dt

)
=

(
~uR
dt

)
R

+
d

dt
(~Ω× ~uI)

=
(uR
dt

)
R

+
d~Ω

dt
× ~r + ~Ω×

(
d~r

dt

)
By substituting this equation and (11) directly into (12) we obtain our resulting equation in

terms of ~uR and ~r,

(uI
dt

)
I

=
(uR
dt

)
R

+
d~Ω

dt
× ~r + ~Ω×

(
d~r

dt

)
+ ~Ω× (uR + ~Ω× ~r)(13)

=
(uR
dt

)
R

+ 2~Ω× ~uR + ~Ω× (~Ω× ~r) +
dΩ

dt
× r.(14)
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What do all these terms mean? Well, we know that the term ~Ω× (~Ω× ~r) is the centripetal

acceleration and that 2~Ω × ~uR is the acceleration associated with the Coriolis force. Thus,

we have shown that because earth is rotating, it is a non-inertial frame so extra terms arise

when we write the equations of motion. Now we will consider how these terms work and

specifically how they affect geophysical fluids.

4. The Coriolis Force

The Coriolis force is dependent on velocity of the fluid parcel. By rearranging (14) , the

acceleration 2~Ω×~uR becomes the form of the Coriolis force, −2~Ω×~uR. It acts perpendicularly

to the velocity vector. A particle in the Northern Hemisphere is turned to its right by the

Coriolis force. It is turned to its left in the Southern Hemisphere. It is important in situations

where a particle is moving very quickly or it is moving over a long period of time, allowing

the Coriolis force to have a significant effect. [Ped78] In some cases, it is not necessary to

complicate a simple fluid system by including the Coriolis effects. To determine if the term is

needed, consider the length and time scale of the system. Coriolis effects are most prevalent

in systems with long time scales.

Figure 3. Illustration of the Coriolis force. The fluid parcel approaching on
the left is drawn from a high pressure region into the low pressure center, as
indicated by the red arrows. Since it undergoes an acceleration during this
process, the Coriolis force arises, shown in this figure with black arrows. The
fluid parcel is pushed to its right by the Coriolis force. This process continues,
resulting in the parcel being rotated about the low pressure center.
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Often, it is appropriate to consider the Coriolis force parameter f. It arises from ~Ω, earth

rotation vector. Let,

(15) ~Ω = |Ω| sin θẑ

where θ is the azimuthal coordinate to the latitude. This equation tells us that for a fluid

parcel anywhere on earth, we are interested in the vertical portion of the earth’s rotation.

Now suppose a force is applied to the parcel and it is moved to some small angle θ0 is per the

treatment by McWilliams in Fundamentals of Geophysics Fluid Dynamics. Now we Taylor

expand (15) about (θ − θ0), we get

~Ω = |Ω| (sin [θ0] + cos [θ − θ0] + ...(16)

=
1

2
(f + β0(θ − θ0) + ...).(17)

Thus, we find that the Coriolis force parameter for an arbitrary fluid parcel is given by

(18) f = 2 |Ω| sin θ0

and β0 is the frequency which is not relevant to our introductory discussion. [McW06]. As

an aside, ~Ω is a known quantity and for earth is Ω = 2π day d−1 ≈ 7.29× 10−5 s−1. [FW03]

When physical oceanographers approach a problem, they consider the system they are trying

to model to see if they need to include Coriolis effects. One way to do this is by considering

the Rossby number. The Rossby number is given by equation (19),

(19) R0 =
u

fL
.

Here, u is the velocity of a fluid parcel, f is the Coriolis parameter, and L is a length

scale. If the Rossby number is small, we can neglect acceleration terms in the equations of

motions before any modeling assumptions are made. As an example to show what is meant

by “small”, consider this table of values from Introduction to Geophysical Fluid Dynamics



Dana Duke 8Dana Duke 8Dana Duke 8

by Cushman-Roisin. As a concrete example, emtying a L = 1 m bathtub where u ≈ 1 mm/s

Length Scale Velocity of Parcel

L = 1 m u ≤ 0.012 mm/s
L = 10 m u ≤ 0.12 mm/s
L = 100 m u ≤ 1.2 mm/s
L = 1 km u ≤ 1.2 cm/s
L = 10 km u ≤ 12 cm/s
L = 100 km u ≤ 1.2 m/s
L = 1000 km u ≤ 12 m/s

L =Earth’s Radius= 6371km u ≤ 74 m/s

Table 1. Length and Velocity Scales of Motions in Which Rotation Effects
are Important. If a model has conditions that satisfy the ones outlined in this
table, it is important to take non-inertial effects into consideration. [CRB10]

is not a system where rotation forces need to be considered since it does not satisfy the

inequality, but you do if you would like to describe an oceanic current over a scale of L = 10

km with u = 10 cm/s. Contrary to the poular urban legend that water swirls down the sink

in opposite directions depending on what hemisphere it is in, it is much more dependent on

the shape of the bowl than on Coriolis force.

Now suppose we have a geophsical fluid system where we need to consider non-intertial

effects. We will now provide a more qualitative discussion of some other phenomena that

arise.

5. Geostrophic Balance and Thermal Wind

Thermal wind balance accounts for geostrophic and hydrostatic balance. A system is in

hydrostatic balance when the pressure on a fluid parcel is equal to the weight of the fluid

above it. This can be displayed by the equation

(20)
∂p

∂z
= −ρg,

where p is pressure, z is the depth, ρ is density and g is acceleration due to gravity. This

is an intuitive idea that can easily be observed by mixing oil and water. Perhaps a more
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Figure 4. Hydrostatic balance is illustrated. Imagine we have a large con-
tainer with two regions of fluid with different densities. Suppose ρa > ρb. The
container on the left is out of equilibrium. The fluids will orient themselves so
that the denser fluid is on the bottom of the container.

familiar form of the equation is when we integrate with respect to z, yielding

(21) −g
∫
ρdz = p.

Equation (20) holds when the fluid is static or in a system slowly approaching equilibrium.

See Figure 4. It is a good approximation for slow moving fluid and works for physical

processes in most oceanic models.

To see how combination of geostrophic and hydrostatic balance work together, see Figure

5.

Geostrophic balance is equilibrium between the Coriolis force and the pressure gradient.

For example, fluid tends to rush into a low pressure center, but in doing so, experiences an

acceleration due to the Coriolis force pushing it to its right. Thus, the fluid is pushed around

the low pressure center in a circular motion. A hurricane is an example of this behavior. This

concept is illustrated in Figure 3. To see how combination of geostrophic and hydrostatic

balance work together, see Figure 5.
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Figure 5. Geostrophic balance and thermal wind are illustrated. Imagine
we have a large container with two regions of fluid with different densities,
similar to Figure 4, but incorporating Coriolis effects. Suppose ρa > ρb. As
the system approaches equilibrium, a fluid parcel in region A with a velocity to
the right will experience a Coriolis force that turns it to its right, into the page.
Similarly, a fluid parcel from region B with velocity to the left will experience
a force to its right, out of the page.

Geostrophic balance is given by equations (22) and (23),

fv =
1

ρ

∂p

∂x
(22)

fu =
−1

ρ

∂p

∂y
.(23)

Here, v is the velocity into the page, and f is a parameter describing the Coriolis force, which

is treated as a constant. The variable x represents the cross-shore direction (east-west) and

y is alongshore distance (north-sourth). The ocean may be treated as a large scale system

where the fluid tends towards geostrophic balance on time scales longer than a day.

It is appropriate to consider the Rossby number from 19 when determining if a system is

in geostrophic balance. Then the system is considered to be in geostrophic balance. [Ped78]

The Rossby number is commonly used by physical oceanographers and has to do with the

nondimensionalization of the equations of motion.

To get thermal wind balance, we differentiate p with respect to x in (20) and with respect

to z in (22). For a non-dimensional model, f and g are scaled to 1. Equating mixed partials,
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we arrive at the thermal wind relation,

(24)
∂v

∂z
= −∂ρ

∂x
.

The important thing to take away from this discussion is that thermal wind is not a literal

breeze. It is a mathematical relationship between density and velocity that accounts for

modeling assumptions of geostrophic and hydrostatic balance.

6. Applications

How are the quantities we have just investigated used to describe the behavior of physical

systems? An easy application of the Coriolis force is seen in hurricanes, which essentially

follows the dynamics shown in figure 3. In 2004, Hurricane Francis’ windspeed of 200 km/hr

and diameter of 830 km clearly fits the criteria in table 1. [CRB10]

Another common application of the discussed principles is wind-driven coastal upwelling.

The prevailing winds off the United State’s west coast and west North African coast blow

predominately southward during the summer months. [CSA05] Due to the Coriolis force, the

water along the surface of the ocean turns to its right, away from shore. This net offshore

displacement causes deeper water to swell upward and replace the coastal surface layer in

a phenomenon known as upwelling. The process of upwelling brings vital nutrients from

the ocean floor to coastal ecosystems. These nutrients consist of decaying plant and animal

materials that are drawn up with the fluid to higher depths inhabited by most sea life.

Understanding upwelling is important to the fishing industry and to improve climate change

models.

7. Conclusion

We have shown that the earth is a non-inertial frame. To accurately describe geophysical

fluid dynamics, it is necessary to make the appropriate transformations into the inertial

frame. We have examined the mechanics of the Coriolis force and its effect on fluid models.

The secondary phenomena of geostrophic balance and hydrostatic balance lead to thermal
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wind. It is these sort of principles that must be considered when building the framework for

any geophysical fluid dynamic model.
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