Profiles of Steady-State Suction Stress in Unsaturated Soils
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Abstract: Application of the effective stress principle in unsaturated geotechnical engineering problems often requires explicit knowl-
edge of the stress acting on the soil skeleton due to suction pore water pressure. This stress is defined herein as the suction stress. A
theoretical formulation of suction stress profiles, based on the soil water characteristics curve, the soil permeability characteristic curve,
and previous shear strength experimental verification, is developed. The theory provides a gencral quantitative way to calculate vertical
suction stress profiles in various unsaturated soils under steady flow rate in the form of infiltration or evaporation,
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Introduction

Since the development of the principle of effective stress by
Terzaghi (1925, 1943), the effective stress concept has been
widely used in soil mechanics problems, particularly under satu-
rated soil conditions. This stress has been shown to play the major
role in a soil’s ability or to resist external stress or load under
static or dynamic and drained or undraihed conditions.

The power of using effective stress in geotechnical analysis
lies in its fundamental contribution to the mechanical properties
of so0il. Although the effective stress cannot be measured directly,
total stress, in the form of externally applied loads or self-weight
is usually known, and the pore pressure in saturated soil can usu-
ally be measured.

In principle, the effective stress principle can be applied to
unsaturated soils (e.g., Bishop 1959; Blight 1961; Donald 1961).
In reality, two practical difficulties hinder the direct application of
the effective stress principle in unsaturated soils. First, the pore
pressure is tensional and is not as easily measured or calculated as
when soil is saturated. This limitation has been alleviated to some
extent in the past 2 decades or so owing to advancements in soil
suction measurement and theories in unsaturated soil hydrology.
For example, a tensiometer can be used to measure soil suction or
matric suction (#,~u,,) up to 100 kPa, which is important for soil
water retention in sandy soil. A thermo-psychrometer has shown
to be accurate for soil suctions ranging from 100 to 8,000 kPa,
which can be an important suction range for water retention in
silty soil. Nevertheless, all the current techniques are limited to
certain suction ranges and are subjected to many environmental
limitations such as temperature and humidity. Improved soil suc-
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tion measurement techniques for different types of soils are still
needed, and to date no single technique has been developed that
can be reliably used to measure suctions in all soils ranging from
sand to clay. The second difficulty lies in the fact that, in contrast
to saturated soil, not all of the pore water pressure contributes to
effective stress. It is well documented that a reduced proportion of
the pore water pressure contributes to effective stress, which in
this paper will be referred to as the suction stress.

In many unsaturated geotechnical engineering problems such
as retaining walls, slope stability, and landfill cap design (e.g.,
Krahn et al. 1989; Rahardjo and Leong 1997) the profile of effec-
tive stress is an important quantity for assessing the integrity of
these structures. Thus knowledge of the profile of suction stress
becomes important because it directly influences the effective
stress. By applying current theories relating to suction, this paper
focuses on the development of a general theory to predict profiles
of suction stress in unsaturated soils, taking full account of soil
type and evaporative/infilirative conditions. The theory developed
will also be amenable to implementation in other analysis tools,
such as the finite element method, as applied to practical geotech-
nical problems involving unsaturated soils.

Coefficient of Effective Stress x

The relationship between the pore water pressure and the suction
stress depends on the degree of soil saturation. It is generally
assumed that when a soil is saturated, the pore water pressure is
compressive and equals the difference between the total and ef-
fective stress. When a soil is essentially dry, however, the remain-
ing water in the voids may sustain highly tensional pore pres-
sures, however, its influence on effective stress is negligible, and
total and effective stress are taken to be equal. To account for this
range of behavior, Terzaghi's effective stress principle, modified
to account for unsaturated soils, can be written in the following
form (Bishop 1959):

o' = (o —u,) + x(u,— u,) ()

where o' =effective stress; o=total stress; u,=pore air pressure;
u,,=water pressure, the quantity (u,—u,,) is called matric suction;
and x is called the coefficient of effective stress and is a consti-
tutive property of soil that depends on the degree of saturation.
For saturated soil, the air pressure is zero, the water pressure is
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compressive or positive, and y is equal to one. Therefore the
effective stress is the difference between total stress and pore
water pressure. For a completely dry soil, x is equal to zero, and
the effective stress is the difference between total stress and air
pressure. For partially saturated soil, x is between zero and one,
and reflects the propertion of matric suction (u,—u,,) that contrib-
utes to effective stress. The parameter x will be referred to as the
coefficient of effective stress hereafter.

Role of Coefficient of Effective Stress x

Understanding the dependency of the coefficient of effective
stress ¥ on the degree of saturation for various soils has been a
challenging task from both experimental and theoretical perspec-
tives. The theoretical investigations have mainly focused on geo-
metric consideration of spherical sand particles due to capillary
suction mechanisms (e.g., Fisher 1926; Blight 1961; Sparks 1961,
Iwata and Tabuchi 1988; Cho and Santamarina 2001). These stud-
ies considered the geometry of the water lens between spherical
particles and employed the Young-Laplace equation to connect
water lens geometry and size (saturation) to the matric suction. So
far, only pendulur states (discontinuous water film) has been
quantitatively analyzed. For ideal uniform spherical particles with
simple cubic or closest packing, the pendular state represents a
degree of saturation of less than 25%. In general, when the degree
of saturation of sand is low, the variation of the x parameter has
been observed by Escario and Juca (1989) to be concave upward
with respect to the degree of saturation, as shown in Fig. 1(a). For
higher degrees of saturation, no analytical relation between the x
parameter and the degree of saturation has been reported owning
to the complex geometry of water film interactions among par-
ticles. Some experimental results, however, depicted the relation-
ship between x and degree of saturation in the high saturation
range for various types of soils (e.g., Donald 1961; Blight 1961)
as also shown in Fig. 1(a).

In principle as shown in Eq. (1), if the suction stress and ma-
tric suction could be measured independently, the coefficient of
effective stress x would follow. Although the matric suction can
be measured with some confidence, it is not possible at the
present time to directly measure the suction stress, thus no direct
measurement of x is available. An alternative way to obtain the ¥
parameter proposed by Bishop (1954) was based on the stresses
occurring in a soil specimen at failure. In order to represent fail-
ure conditions in an unsaturated soil specimen, a Coloumb crite-
rion was used

7=c'+o'tand’ @

which, after substitution of the effective stress expression from
Eq. (1), leads to

7r=c' o= ug) p+ XAy~ w)ltan &' ®3)

where 7,=shear strength; ¢’ and ¢’ =effective shear strength pa-
rameters; and the subscript f represents the parameter or stress
variables at the state of failure.

In a typical direct shear test, the net total stress (p—u,) is
known, and the net effective stress can be deduced from the shear
stress at failure. Hence, by measuring the matric suction
(u,~u,,), the coefficient of effective stress x can be deduced.
Since the matric suction at failure can define the degree of satu-
ration by way of the soil water characteristics curve (SWCC), a
one-to-one relationship between x and the degree of saturation
can be established. Fig. 1(a) also shows some previous experi-

mental data from shear tests on soils with relatively high degrees
of saturation (or low suction), where the coefficient of effective
stress x displays a concave downward nature with respect to the
degree of saturation.

Possible Practical Forms for Coefficient of Effective
Stress x

Based on the failure experiments, Bishop proposed a slightly non-
linear form of ¥, as shown in Fig. 1(b). Several other mathemati-
cal forms of x have also been proposed for unsaturated soils. In
some cases, the coefficient of effective stress x is expressed as a
function of the degree of saturation [e.g., Vanapalli et al. 1996;
and Oberg and Sallfors 1997, as shown in Fig. 1(b)], and others
considered the coefficient of effective stress x as a function of
effective stress (e.g., Khalili and Khabbaz 1998; Bao et al. 1998).
Both these approaches are fundamentally the same, since the ma-
tric suction and degree of saturation are related through the
SWCC.

The validity of several recently proposed forms of x was ex-
amined by Vanapalli and Fredlund (2000), where a series of shear
strength test results on clay, silt, and sand by Escario and Juca
(1989} were used. For a suction range between 0 and 15,000 kPa,
the following two forms showed a good fit to the experimental

results:
(B (%) s )
X 0, v, )

and

X = )

where the right-hand side of Eq. (5) is called the effective degree
of saturation; 6,=volumetric water content; 6,=saturated volu-
metric water content; 0,=residual volumetric water content; k
=fitting parameter; ¥,=volume of water; ¥,=volume of voids;
S=degree of saturation; and S,=residual degree of saturation that
appears in many SWCC models. The nature of Egs. (4) and (5) is
illustrated in Fig. 1(b). The residual degree of saturation can be
defined conceptually as the degree of saturation at which any
further increase in matric suction will not result in a significant
change in the degree of saturation.

Comparing Figs. 1(a and b), it is evident that the power form
[Eq. (4)] provides some flexibility to fit y between the measured
and predicted values. However, it does not predict the concave
downward behavior in the high degree of saturation range. By
incorporating the residual saturation (horizontal line for the de-
gree of saturation less than §,) Eq. (5) also can reflect concave
upward behavior near the low degree of saturation. Since this
equation does not involve the extra fitting parameter i, it will be
used in this study. With this form of the coefficient of effective
stress ¥ in conjunction with Eq. (1), it will be possible to analyze
unsaturated soil stress problems in a consistent effective stress
framework, in which classical saturated soil analysis simply be-
comes a special case. The effective stress profiles in unsaturated
soil will be obtained by application of Eq. (5), and the Coulomb
criterion from Eg. (3) can then be used to assess the stability of
unsaturated soils.
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Fig. 1. Coefficient of effective stress: (a) some previous experimental
Vanapalli et al. (1996) and Vanapalli and Fredlund (2000)
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and theoretical results, and (b) experimentally validated forms proposed by

Soil Water Characteristic Curve

The SWCC describes the relationship between matric suction and
soil water content or the degree of saturation. The SWCC varies
widely for different soil types as shown in Fig. 2 for three differ-
ent soils: sand, silt, and clay, where o and » are pore size param-
eters (e.g., Gardner 1958; Van Genuchten 1980; Singh 1997). The
physical interpretation of the SWCC lies in a soil’s ability to
sustain a particular degree of saturation under a given matric suc-
tion. For example, at a soil suction of 1,000 kPa, sand can only
sustain a degree of saturation of a few percent, for silt this value
increases to about 10%, whereas in clay, it increases further to

several tens of percent. At higher matric suctions, the degree of
saturation tends to a low constant value called the residual degree
of saturation, §,. At lower matric suctions, the curve is quitc flat
and insensitive to the degree of saturation. The point at which the
degree of saturation starts to become sensitive to the matric suc-
tion 1s when air starts to enter pore space. The suction value
corresponding to this transition point is often called the air entry
pressure.

The air entry pressure and the residual saturation concepts
have been used in many mathematical models of SWCC as
benchmark values for different soils (e.g., Brooks and Corey
1964; Van Genuchten 1980; Fredlund and Xing 1994, among
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Fig. 2. Illustration of the representative solid water characteristics
curve and x functions for (a) sand, (b) silt, and (c) clay

Table 1. Range of Soil Parameters for Various Soils

n @ S, kg
Soil type (dimensionless) (kPa™") (%) (m/s)
Sand 4-85 0.1-0.5 5-10 1072-107°
Silt 2-4 0.01-0.1 8-15 10761077
Clay 1.1-25 0.001-0.01 10--20 1079-1071

many others). The Van Genuchten’s model is used in this study
due to its ability to facilitate closed form analytical solutions for
suction stress profiles, with a minimum number of parameters.

In the Van Genuchten’s model, the effective degree of satura-
tion is expressed as a function of matric suction

S_S, ( 1 1=/
1-8, A1+ [ee(u, u,‘.)]") ©)

where o and n=pore size parameters. The parameter # has been
shown (e.g., Van Genuchten 1980; Singh 1997) to lie in the range
1.1<<n<<8.5. The parameter o is the inverse of the air entry pres-
sure and lies in the range 0 <« <<0.5 kPa™'. Typical values of the
unsaturated soil parameters are given in Table 1. For reference,
the range of typical values of the saturated hydraulic conductivity
k, is also listed in Table 1.
Substituting Eq. (6) into Eq. (5) yields

( 1 1=1/n
X= 1+[afu, - u“.}]") @)

Values of the coefficient of effective stress x for different soil
types have been included on the top horizontal axis of the SWCC
curves in Fig. 2.

Vertical Profiles of Matric Suction

The vertical distribution of matric suction in a horizontally lay-
ered unsaturated soil generally depends on several factors: in par-
ticular, the soil properties as given by the SWCC and the soil
permeability characteristic curve (SPCC), environmental factors
including infiltration due to precipitation or evaporation rates, and
boundary drainage conditions including the location of the water
table. The combination of these factors results in different matric
suction profiles as shown in Fig. 3,

The vertical profile of matric suction, and how it is influenced
by infiltration or evaporation, has been an important area of study

L

T > -
° *':\;: \ \‘fr seasonal unsteady zone (1 - 3 m)
evaporation__g"\ :
suction b i
profile AL
hydrostatic “\ steady zone (3 - 100 m)
suction AV
profile N
——3 A
- infitration
suction
profile saturated zone

Fig. 3. Conceptual model of suction in horizontally layered unsatur-
ated soil profiles under various surface flux boundary conditions
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Fig. 4. Suction profiles and the coefficient of effective stress profiles
in various representative soils: (a) sand, (b) silt, and (c) clay

for many researchers (e.g., Bear 1975; Yeh 1989; Wilson 1997).
Although matric suction profile within the seasonal unsteady state
zone could be important to the stability of many shallow geotech-
nical structures (e.g., Rahardjo and Leong 1997; Totoev and Kl-
eeman 1998; Fredlund et al. 2001), the present work focuses on
developing the matric suction and suction stress profiles within
the steady zone (Fig. 3). Such an approach is theoretically desir-
able and practically attractive since it is consistent with many

Tahle 2. Range of Infiltration (~) and Evaporation (+) Rates

Flux (m/s) Flux (mm/d) Flux (mfy)
-3.14x 1078 -2.73 —-1.000
-3.14x107? —0.273 ~0.100

0 (hydrostatic) 0 0
1.15x107° 0.1 0.0365
1.15%1078 1.0 0.365

classical earth pressure analyses such as horizontal stress profile
at rest, Rankine’s active and passive lateral earth pressure profiles,
etc. Thus the theoretical framework presented in this paper is
ready for direct application to expand the classical limit analysis
to unsaturated soil environments, The mathematical prediction of
matric suction profiles can be established by solving the govern-
ing flow equation with appropriate initial and boundary condi-
tions. For steady-state profiles, Darcy’s law can describe the ver-
tical unsaturated flow rate as

g=— k(M + 1) (8)
Viwtlz
where k=unsaturated hydraulic conductivity dependent on matric
suction; and v,,=unit weight of water.
To describe the characteristic of unsaturated hydraulic conduc-
tivity, Gardner’s model (1958) is used

k= ke o) (9

where k,=saturated hydraulic conductivity (m/s); and
a=inverse of the air entry pressure (kPa™) as defined previously.
Gardner’s permeability model has been widely used to obtain
many analytical solutions of unsaturated flow problems (e.g.,
Phillips 1987).

With Egs. (8) and (9), and the boundary condition of zero
suction at the water table (z=0) and a steady-state flow rate g
(negative for downward infiltration and positive for upward
evaporation), we can arrive at an analytical solution for the suc-
tion head as follows (see derivation in Appendix I):

-1
(y—u,)= - In[(1 + g/k)e ™" — gik,] (10a)

The above equation can be rewritten in terms of dimensionless
matric suction a(u,~u,), depth vz, and flow ratio gl/k, as

afu,— u,)=—In[(1 +g/k)e *" ~ g/k,] (108)

Profiles of matric suction for various soils and flow ratio are
illustrated in Fig. 4. The typical parameters for different soils are
listed in Table 1, and a range of common infiltration and evapo-
ration rates are listed in Table 2. It is shown in Fig. 4(a), for
example, that in a sandy soil, different steady flow rates only start
to have an influence on the matric suction at heights of about 8 m
or more above the water table. The matric suction at 10 m above
the water varies by about 20 kPa, ranging from maximum matric
suction for evaporation to minimum matric suction for infiltration.

For a typical silty soil behavior as shown in Fig. 4(b), the
steady flow rate has a greater influence on the matric suction
profile. In this case, the matric suction change zone reaches the
water table and the maximum change occurs at the highest infil-
tration rate. The trend continues for even finer grained soils such
as clay, as shown in Fig. 4(c). In this case, the maximum matric
suction change can reach about 60 kPa under the highest infiltra-
tion rate. The high changes in the matric suction profile in fine-
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Fig. 5. Coefficient of effective stress profiles under various surface
flux boundary conditions in various representative soils: (a) sand, (b)
silt, and (c) clay

grained soils predicted by this model are consistent with physical
reasoning and previous field and laboratory observations.

It may be noted that in all cases shown in Fig. 4, the matric
suction distribution corresponding to zero infiltration is predicted
by Eq. (10a) to be a simple linear extrapolation of the hydrostatic
pressure.

Profiles of Effective Stress Coefficient x

The vertical profile of the coefficient of effective stress as a func-
tion of the dimensionless depth vy, «z and flow ratio ¢/k, can be
derived by substituting Eq. (106) into Eq. (7)

1 1=1/n
X= ( 1+ (- Inl(1 + gli)e v qffc,J}") b

The patterns of the vertical profiles for various values of the
dimensionless depth v,«z and flow ratio g/k, are illustrated in
Fig. 5. It is clear from Fig. 5(a) that the coefficient of effective
stress for sandy soil is insensitive to flow rates and falls quite
rapidly above the water table, reaching zero at a height of about
4 m. The reduction in the coefficient of effective stress in silt and
clay is much less pronounced, as shown in Figs. 5(b and c). Clay
has the smallest variation in the coefficient of effective stress,
with a less than 20% reduction within 10 m of the water table. In
all cases, the coefficient of effective stress reduces with height
above the water table, however, the reduction is greatest with
evaporation and least with infiltration.

Profiles of Suction Stress and Its Solution Regimes

The suction stress that directly contributes to the effective stress
in a soil as described in Eq. (1) can be obtained by combining
Eqgs. (108) and (11) as follows:

-1 In[(1 + g/k,)e ™ — g/k,]

X(ua - uw) = L;_ (1 @ {ﬁ ln[(l s q/ks)e—ywo(z - q';ks]}n)(lrl)fﬁ

(12)

or in a dimensionless form

_ —In[(1 +g/k)e ™ — g/k,]
(1+{=I[(1 + g/k)e e = g/kJy) = m
(13)

Eq. (13) provides a general analytical way to calculate steady
vertical suction stress profiles in unsaturated soils. There are only
three soil parameters involved; o, #, and k,. These three param-
eters define the SWCC and SPCC. The dimensionless flow ratio
varies in the range —1<{q/k,. Although Eq. (13) is a smooth and
continuous function, it has some distinct characteristics in terms
of its shape, maxima, and asymptotes. These characteristics are
analyzed in detail in Appendix II, however, the solution of Eq.
(13) can be conveniently subdivided into four solution regimes as
shown in Fig. 6. A description of the properties and physical
implications of each regime are summarized in the following sec-
tions.

X(ug = uy e

Regime I: 0=gql ks and n>2.0

This is the steady evaporation case. Profiles of suction stress ex-
hibit a constant maximum value for all normalized flow rates g/k;
that depends only on the parameter n as follows:

(}1 _ 2)(:172)/11

(=) (14)

x(u, - uw)a]max =

The maximum suction stress occurs at the following depth:
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i ie(n ’e 2)'11‘:4

After passing the maximum value, the suction stress decreases
and tends to zero as the normalized depth avy,z approaches to
In(1+k/g). For ay,z>1In(1+k/g), the solution to Eq. (10a) is
undefined (see Appendix I). The normalized suction profiles for
various normalized flow ratios are illustrated in Fig. 7(a).

A limiting case is the so-called “hydrostatic” case, when
q/k;=0. The suction stress profile has a maximum value ex-
pressed by Eq. (14), and the location of the maximum suction
stress can be obtained by imposing the zero value of the flow ratio
on Eq. (15), hence

(Y2 = (1 —2)71" (16)

After passing the maxium value, the suction stress decreases and
tends to zero as the normalized depth ay,.z tends to infinity (see
Appendix II). The normalized suction profiles in the “hydrostatic”
case for various values of the soil parameter a are illustrated in
Fig. 7(b).

Regime ll: ~e~=2"""c g/ k <0

This is the “small” steady infiltration case. The suction stress
reaches the same maximum at the same depth as it did in Regime
I

(n __ 2)(n—2)ln
(aXtty ) max = o) (17)

and the maximum suction stress occurs at the following distance
above the water table:

-3
-]
n=50
0.8 =1.0
(a)

10

8 -

6 n=21

YUy

(b}

Fig. 7. Suction stress profiles in Regime I: (a) for various evapora-
tion rates, and (b) for various soil parameter n

]
(1+qlk)el" =2
(03 2) gy = I =———— (18)
1+ ge(” ~ylin
£3
An interesting and unique behavior of this regime is that, after
passing the maximum value, the suction stress decreases and as-

ymptotically approaches the following value that is dependent on
both the soil parameter » and the flow ratio g/k,:

_m(_z)
k,
n | (#=1)n
H[_l (z)}
k,

The normalized suction profiles for various infiltration ratio g/,
are illustrated in Fig. 8(a). The normalized suction profiles for
various #n values are shown in Fig, 8(b)

(19)

[ax(ua T uw)]my“z-m: =
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41 @K=0.2

n=4.0
0.8 -1.0
axu,
@
5
n=225

o,

®)

Fig. 8. Suction stress profiles in Regime 11: (a) for various infiltration
rates, and (b) for various soil parameter n

Regime lll: -1<qlk,<-e~"2""" n=2: qlk,<0,
1.1<n<2
This is the “large” steady infiltration case. The suction stress in-

creases as the distance above the water table increases, and ap-
proaches asymptotically to the following value:

. m( 3)
ks
(oot = 1)y, 5= N
1+ [ ln(u —)}
k,

which is equal to the asymptotic value of postmaximum suction
stress in Regime II [Eq. (19)]. The normalized suction profiles for
various values of infiltration ratio ¢/k, are illustrated in Fig. 9(a)
for the case of n=1.1.

(20)

wkaas
1 quﬂs
4-
] qm,-us
3] 0.8
] /K= 0.0
2-
1-
1 n=11
0 e T .
1.0 o 1.0 2.0 30 -4.0 5.0
oy Uy
(2)
5
1 / n=3.1
n=41
4: n'21 n= -1
3-
§
2-
1
] gk, = 0.4
(] ——r—t
0.0 -1‘.0
Ly
(b)

Fig. 9. Suction stress profiles in Regime 11I; (&) for various infiltra-
tion rates, and (b) for various soil parameter n

o . =y 1/ :
A limiting case is g/k=—¢ "2 " where suction stress pro-

files become varying monotonically with the distance from the
water table. The suction stress increases as the distance from the
water table increases and approaches asymptotically to the fol-
lowing value:

(n — 2)(n—2);’n
(?‘1 _ 1)(:1-1).#1

which is equal to the maximum suction stress value in Regime 11
[Eg. (17)]. Under this limiting case, the maximum suction stress
is no longer a function of the normalized flow ratio, but is solely
a function of the soil parameter n. The normalized suction profiles
for various soil parameter n values are illustrated in Fig. 9(b). A
smooth transition between Regimes II and III is also illustrated in
Fig. 9(b) for the flow ratio of —0.434, where n=4.1 is in Regime
II with a maximum matric suction ey(u,—u,)=0.622 at avy,z

[o0x(ty— )y e = @)
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Fig. 10. Suction stress profiles in Regime IV: (a) for various soil
parameter n, and (b) for various infiltration rates

=2.2. In Fig. 9(a), g/k,=0 is also plotted to illustrate the transi-
tion from Regime III to Regime IV.

Regime IV: 0=<qlk, and 1.1<n<=2.0

This is the “dry clayey soil” evaporation case. The maximum
suction stress [Eq. (14)] always occurs at ey, z=In(1+4,/4) [Fig.
10(a)]. After passing the maximum suction stress point, the suc-
tion stress quickly approaches to infinity as avy,z— In(1+k,/q).
For n=2, the dimensionless suction stress tends to 1 as o,z
—In(1+k,/q). For ay,z=1In(1+k,/q)}, the solution of the suction
stress is undefined (Appendixes I and II). Another feature of the
suction stress profile in this regime is that it is very sensitive to
the evaporation rate as shown in Fig. 10(b). This feature is due to
the high dependency of the suction profile on the evaporation rate
[Eq. (105)], and this feature has been pointed out in previous
works (e.g., Bear 1975; Marshall and Holmes 1988; Stephens
1995).

Assessment of Profiles of Suction Stress
in Representative Unsaturated Soils

Application of the analytical solution given by Eq. (13) to repre-
sentative soils of sand, silt, and clay is presented here to illustrate
the magnitude and general patterns of the suction stress profiles in
unsaturated soils. Typical ranges of steady infiltration and evapo-
ration are listed in Table 2. Representative soil parameters are
listed in Table 1. Soil saturation and suction stress profiles under
the hydrostatic condition of zero flow rate are first examined. The
hydrostatic suction stress profiles follow the characteristics of Re-
gimes I and II for sand and silt but follow the characteristics of
Regime III for clay as described in the previous section. The
suction profile, despite types of soil, follows the linear distribu-
tion predicted by Eq. (10a). Soil saturation profiles can then be
calculated by using Eq. (6) (Fig. 2) and the suction stress profiles
by employing Eq. (13) (Fig. 11) for various soil parameters.

It can be seen (Fig. 11) that the o parameter strongly controls
the shape of the soil saturation profiles and the magnitude and
shape of the suction stress profiles. Large o values represent large
pore sizes, thus a short influence distance of water retention above
the water table and hence small suction stresses.

It can also be observed [Fig. 2(a)] that in unsaturated sand,
water retention becomes insignificant at a distance of about 2 m
above the water table. The maximum suction stress could reach
6.4 kPa at about 1.2 m above the water table [Fig. 12(a)]. In an
unsaturated silt layer [Fig. 2(b)], the significant distance for water
retention extends to about 20 m, and the maximum suction stress
could reach 64 kPa at 9 m above the water table. Evaporation
causes a downward shift of the location of the maximum suction
stress. In an unsaturated clay layer, the significant distance for
water retention could be greater than 100 m [Fig. 2(c)], and the
maximum suction stress could reach 700 kPa. Under the steady
infiltration condition most clay soils follow the characteristics of
Regime III (1.0<<n<2.0), and the suction stress increases nearly
linearly as the distance is away from the water table [Fig. 12(c)].
Under the steady evaporation condition most clay soils follow the
characteristics of Regime IV. Since clay soils have very small
values of « typically between 0.01 and 0.001 kPa™!, the value of
ay,z is very small for a soil layer less than 10 m thick. The small
value of ay,z leads to the suction stress varying nearly linearly in
the vertical direction as shown in Fig. 12(c).

The fact that a maximum suction stress can occur within an
unsaturated soil layer of sand or silt implies that the effective
stress could also reach a maximum. It can also be concluded (see
Fig. 12) that in an unsaturated soil layer 10 m thick, for example,
the maximum suction stress could reach 110 kPa in clay, 60 kPa
in silt, and 6 kPa in sand. This magnitude of suction stress rang-
ing from 6 to 110 kPa can be important in many foundation
analyses, such as retaining wall design, bearing capacity, and
slope stability.

It can also be concluded that for an unsaturated sand layer
10 m thick, suction stresses will modify the effective stress profile
mostly near the water table, whereas in finer grained soils such as
silt or clay, the suctions can have a significant influence on the
effective stresses throughout the entire layer. Under the steady
state flow rates, including both downward infiltration and upward
evaporation, all four characteristic regimes can occur in real soils.

Summary and Conclusions

Rigorous application of the effective stress principle to unsatur-
ated geotechnical engineering problems requires an explicit
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© knowledge of the contribution to effective stress due to tensile

pore water pressures above the water table. This stress has been
referred to throughout this paper as the suction stress. The suction
stress depends on the matric suction (1,~u,,) and the matric suc-
tion coefficient .

The matric suction coefficient is expressed in terms of the
equivalent degree of saturation, based on some recent cxperimen-
tal verification. The commonly available unsaturated soil charac-

Fig. 11. Suction stress profiles in representative soils under hydro-
static condition: (a) sand, (b) silt, and (c) clay
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teristic curves, namely the SWCC and SPCC, are formally
adapted to produce a closed form expression for the suction stress
profile for different soil types and steady state flow rate condi-
tions. The SWCC is used to better represent the coefficient of
cffective stress, and the SPCC is used to arrive at a general suc-
tion profile. The general characteristics of the suction stress pro-
file are highly dependent on soil type and steady flow rate, and are
illustrated in four distinct regimes using the dimensionless dis-
tance and suction stress.

The likely patterns and magnitude of the profiles of matric
suction and suction stress in typical soils of sand, silt, and clay are
analyzed under several possible flow rate ranges of infiltration
and evaporation. In a sandy layer 10 m thick, the impact of steady
infiltration and evaporation is limited to near the ground surface.
The maximum matric suction decrease, compared to the hydro-
static condition, is about 20 kPa for a steady evaporation rate of
1 mm/day, and about 10 kPa for a steady infiltration of
2.73 mm/day. The corresponding changes in the suction stress
are hardly seen in the suction stress profile. The maximum suction
stress occurs at about 1.2 m above the water table and is about
6 kPa.

In a silty layer, the maximum matric suction decrease due to
the 1 mm/day evaporation rate is about 20 kPa, about the same in
the sandy layer. However, the changes in the matric suction pro-
file extend throughout the entire layer thickness. The maximum
matric suction increase due to the infiltration rate of 2.73 mm/day
reaches about 40 kPa, compared to the hydrostatic condition, and
extends over the entire layer thickness. The corresponding suction
stress profiles give a maximum suction stress of about 60 kPa,
with the maximum occurring 6—8 m above the water table.

In a clayey layer 10 m thick, the matric suction profiles are
greatly affected by the steady flow rate, with a maximum suction
change exceeding 65 kPa for an infiltration rate of 2.73 mm/day.
The suction stress profiles vary nearly linearly in the vertical di-
rection, with the maximum suction stress change of 60 kPa for an
infiltration rate of 2.73 mm/day.

In conclusion, the theory provides a general quantitative way
to calculate vertical suction stress profiles in various unsaturated
soils under steady flow rate conditions, once the soil’s SWCC and
SPCC are known. The theory is consistent in the form of stress
profile with the classical limit analysis such as Rankine’s active
and passive lateral earth pressure profiles. The theory retains the
simplicity and generality of the principle of effective stress, and
thus in conjunction with other analysis tools, can be directly ap-
plied to the study of classical geotechnical problems such as earth
pressures, slope stability, bearing capacity, and waste containment
systems.

Appendix I. Derivation of Steady-State Matric
Suction Profile

Under the coordinate system of upward positive, the vertical spe-
cific discharge ¢ (in m/s) can be described by Darcy’s law as

q=—k(@+l) (22)

dz

where k=hydraulic conductivity depending on suction head ¥
[W=—(u,~u,)/V,, in m].

To describe the characteristic of unsaturated hydraulic conduc-
tivity, Gardner’s model (1958) is used

k= kse(ﬁ‘b] (23)

where k;=saturated hydraulic conductivity in m/s, and B=pore
size distribution parameter equal to -y, describing the rate of
reduction in hydraulic conductivity. :
With Egs. (22) and (23), and the boundary condition of zero
suction at the water table (z=0), we can arrive at an analytical
solution for the suction profile as follows.
Substituting Eq. (23) into Eq. (22) leads to

[ db
q=—k¢~em(z+ [)

= fdz = ePYa + eBVgz (24)
_ ey 1d(eP+qik)
ePV + glk, B P+ gk,

dz=

Integrating the above equation and imposing the zero suction at
the water table z=0 leads to

= 1 (¥ d(eP¥+ q/k,)
i ey
0 BJy (e™+qlk)
ePV+ gk
—Bz=|p——=
- P (25)
1 5
= Eln[(l +qfks)e 7q/k:]
or in terms of matric suction (x,—,) and the parameter o
—1
(g —u,) = —In[(1 + g/k;)e v — g/k] (26)
o

By mathematical definition, the quantity in the bracket of the
logarithm should be greater than zero. By physical constrain, the
quantity in the bracket of the logarithm should be less than or
equal to 1.0 to ensure the suction is negative or zero, i.e.

0 < (1+glk)e e —glk,< 1.0

The requirement of less than or equal to 1.0 leads to the con-
straint that the downward infiltration flux ¢ should be less than or
equal to the saturated hydraulic conductivity, reasoned as follows:

(1 +glk)e™w—glk, < 1.0

1 — ¢ e

k= ————=—
9 Sy~ (27)

=k
Now let us go back to the constraint that the quantity in the
bracket of the logarithm in Eq. (26) should be greater than zero,
i.e.
0 < (1 +glk)e W=~ glk,
When 1.0=g/k,>0 the above condition leads to
k,
v0z<ln|1+-= (28)
q

For the analytical solution (26) to be valid, the above inequality
has to be satisfied. When the above condition is not satisfied, the
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permissible solution for Eq. (25) or Eq. (24) is a trivial one
(1, —1,)=0 (29)

For the hydrostatic condition of g=0, Eq. (25) becomes the linear
suction distribution:

(”a - uw) TZYw (30)

Appendix Il. Delineation of Suction Stress Regimes

From Egs. (5) and (6}, the suction stress coefficient y is
_ I
{1+ [o(aty = 1, JH

and from Appendix I, the matric suction (u,—u,,) is

X

1@ =lax(ua—u))’
9

[ou(ee, = 10,)]{1 + [eelee, — 22, ) 0102 — ln[(l + ;) s — ki

£

==

=i
Uy — U, = —ln[(l + i)eﬂfw‘”— 4
o k, k

§

From Eq. (1), the suction stress is

q\ . q
~ln| {1+ %] L
-1 [( ks)e ks]

Uq— uw = :
X( a ) o {l +[— (x(ua_uw)]n}(nﬁl),,, (3])
or in a dimensionless form
oo
ks k,
Slz)=oxu, =)= : : (32)

{1+ [~ e, — ) ]ryn= i

The maxima can be found by setting f"(z)=0, i.e.

] (n ; 1 ){1 + [a(ua = uw)]"}‘-lﬂ'ﬂ(mn) [Ol(lt,,— u“_)]nﬁl (u” ~u)

'S

{1 4 {Dt(ua _ uw)]n}(an?.).’n

{14 [ (ug = )10 = In[(1 + glk)e ™ — gl J(n — 11 + [ee(uy — )Y "o, — 10,,)]"!

LT+ [ee(otg = 20,)]") = In[(1 + gk )e ™ — glk](n — D (g — 1,) 1"

[1+ o (e, — )]
(n—Dlo(u,—u,)"™

E.l o+ [a(ua == uw)]nJ

(n = Dnl(1 + glk e — glk ]

{1+ [o(otg — w0, )17}

=In[(1 + gik;)e™¥»% — glk,]

(1= n){—In[(1 +g/k;)e % — g/l ]}

{1+ [, — u, )1} = (n = 1I{=In[(1 + g/k,)e " — gl I}

1 {~ In[(1 + g/h)e ™= = gik,J}" = (n— 1}~ In[(1 + glkJe ™ - g/kJ)"

™
(n=2)

For the above equation to be true, or to have solutions for real
number z, the left side of the equation has to be greater than zero,
ie.

n>2 (34)

Therefore, for 2 less than or equal to 2, the stress function (31)
is a monotonic function of z. The regime of 0<g/k; and n<2
represents the monotonic evaporation regime and is defined as
Regime IV. ;

For n>2, Eq. (33) becomes

=
——ym = In[(1 + glk)e™* - glk ]
()]

={~ In[(1 + g/k)e™™* — glkJ}"

(33)
=In[(1 + g/k,)e ™ — glk,]
=In[(1 + glk,)e ™ — g/k,]
g V- 2 (1+ grk)e ™ — g/k, (35)
Vtglk,  ©
efl,f(n' - 2)”" e q/ks
e YO Zmax (36)

1+glkg

The above equation may also be written conveniently as
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1+ glk, 1+g/k, 1(n - 2V
Y0 = I v =In e )

e-].”(u-*Z) n+q/k; 1+q/kself(n~2) '

@37

1 1+ gk,
OZp = +In 4 (38)
Y max > I/n

(n=2) 1+ Lm0

5

Inequality (34) provides one constraint for the monotonic be-
havior of the stress function (31). Furthermore, for Eq. (36) to be
mathematically equivalent to Eq. (35), we need

P Y N
(39)
q/k - e_”(n s 2]1!11
s

Inequality (39) provides another constraint for g/k, as a
function of parameter ». Regimes defined by Egs. (34) and (39)
can be subdivided into two regimes. For evaporation
(0=g/k; and n>2), it is defined as Regime . For small infil-
tration (*e’(”’z’_lf"<q/.lqv<0), it is defined as Regime II.

If inequality (39) is not satisfied, the stress function (31) will
behave as a function of z monotonically. A limiting case is when
Eq. (39) is becoming an equation, i.e.

qlk, —— g Y-t
(40)

~ glk,= V=2

The above condition leads Eg. (36) becoming

Inp—=— YwlZmay — — F

qlk;

Zmax — %

Eg. (40) provides a relationship between the flow ratio g/k,
and parameter n at the boundary of monotonic and maximum
regime (Regime 1I) for the suction stress (31). For monotonic
infiltration (—1 <q/ksé—e'(""zrh'f;q/ks<O; n>1.0) it is de-
fined as Regime III.

Since Regimes I and II satisfy Eq. (39), there exists a maxi-
mum suction stress. Substituting Eq. (36) back into Eq, (31) in the
following manner provides a way to find the maximum suction
stress:

e—ll(n —-)lin i f]/k;

T Ywema; =1
R e

V=t alk,
1+ q/k,

e Yw™%max =

Iin

(1 + glk)e V¥ mon — gl = ¢~V = 2)

= ]
In[(1 + glk ) e Inomax — g/ | = i 0t~ Uy}

Therefore
1 1
(=27 {1+ [y~ ) T
(41)

X(.’T _ 2)”” = XOL(LI“ = uw)max =

1
xﬂ'(uu - uw)mnx =
(n = 2)3.:1 {1 4 [OL([t" - Hw}]n}(n—l}.’ri
1 1
(TI s 2) lén 1 n | (n=1)n
1+ ———
(f[ o 2) Iin
1 1
X(X(H“_ uw)max— (r[—Z}”" ) (n=1)fn
1+
n—2

1 1

= (H ,2)]1’:1 (n_ 1 )(n—l)/’n
n—2

B 1 (?‘1 - 2)(}1-I].’n _ (ﬂ — 2)(:1-2}.’:1
XDL(H" - uw)max7 (n - 2}1.’11 (.’1 _ 1)(n—l]n - (P“I _ 1)(1)-]].’:1

In summary, the maximum suction stress in Regimes [ and II
can be calculated analytically by Eq. (41), and its location can be
calculated analytically by Eq. (36) or Eq. (37). If inequalities (34)
and (39) are not satisfied, the stress function (31) behaves mono-
tonically with the maximum suction stress followed by Eq. (31)
and occurred at a distance of infinity or the boundary of the upper
soil layer (Regime III for infiltration and Regime IV for evapora-
tion).
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