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The Hubbert and Willis (1957) [1] [racture criterion has been widely adopted to predict longitudinal
fracture initiation in vertical or horizontal wellbores, Current transverse fracture criteria predict
fracture by comparing the axial stress in the wellbore wall with the tensile strength of rock. It is shown
in this paper that the axial stress is not a good predictor of transverse fracture initiation, because it
remains constant during hydraulic pressurization. The magnitude of the most tensile principal stress in
the wellbore wall should always be compared with the tensile strength of the rock to predict hydraulic
fracture initiation based on elastic theory. Special cases have been found in which the most tensile
principal stress reaches the tensile strength of the rock simultanecusly at all point on the circumference
of the wellbore, It is proposed that transverse fractures are initiated in those cases.

2 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Gas production of low permeability reservoirs is becoming
increasingly important as conventional gas resources become
depleted. The productivity of tight gas reservoirs is frequently
enhanced artificially by the application of hydraulic pressure in
the wellbore to cause fracturing of the surrounding rock. In the
search for less accessible hydrocarbon resources, wells are typi-
cally going deeper and may also be deliberately inclined to the
vertical (including horizontal wells). Successful completion of
these deeper and inclined wells presents new challenges for the
industry that must be faced on a daily basis. As new drilling
techniques enable the exploitation of more complex and uncon-
ventional reservoirs, the theories that underlie the completion
technologies must also advance, in order to optimize the stimula-
tion and recovery of hydrocarbons through fracture initiation at
multiple stages along the wellbore,

Hydraulic fracturing is one of the most popular well completion
methods used to increase or restore the rate at which fluids, such as
oil, gas or water, can be produced from a desired formation. The
concept is quite simple because the creation of fractures increases
the surface area of the reservoir exposed to the wellbore, Hydraulic
fracturing is also used to estimate the in-situ stress in the surround-
ing rock (e.g., [2-5]).
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A fundamental understanding of fracture initiation in arbitra-
rily inclined wellbores under various in-situ initial stress condi-
tions is essential for the efficient and effective design of hydraulic
fracture systems. For example, in thin, highly permeable forma-
tions, longitudinally fractured horizontal wells perform better
than fractured vertical wells. Reservoirs, which possess natural
fractures or create large differential stresses across horizontal
sections, are more suitable for the successful placement of
transverse fractures in horizontal wellbores.

Hubbert and Willis [1] developed the first realistic model
relating the hydraulic fracturing test variables to the in-situ state
of stress in rock. To avoid the need for determining tensile
strength of rock, one of the most ambiguous rock mechanical
properties (e.g. [G]), Bredehoeft et al. [7] suggested replacing the
breakdown pressure with the fracture reopening pressure,
obtained in subsequent pressurization cycles, Haimson and Fair-
hurst (8] invoked the theory of poroelasticity to incorporate the
effect of the injection fluid permeation on the stress distribution
around the wellbore.

Laboratory observations [9,10] and field observations [11]
have demonstrated the initiation of transverse fractures and
Fairhurst [12] has described the possibility of a fracture initiating
as transverse and in the longitudinal direction. Weijers et al. [11]
were unable to correlate the transverse fracture initiation pres-
sure with that predicted by the Hubbert and Willis [1] criterion,
which is valid only for predicting longitudinal fracture initiation
in a vertical or horizontal well.

Ljunggren and Amadei [13] and Soliman [10] applied Hoek
and Brown's [14] failure criterion to predict transverse fracture
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initiation: however, the Hoek-Brown criterion gives no informa-
tion about fracture orientation. Another criterion of transverse
fracture initiation (e.g., [15,16]) assumes that the axial stress on
the wellbore wall exceeds the tensile strength of rock. The process
of hydraulic fracturing consists essentially of injecting a fluid
inside the wellbore and pressurizing it until the induced stresses
exceeds the strength of the formation along some critical plane.
Since axial stress remains constant during this process, it seems
unlikely that it would be the cause of transverse fracture.

The basic equations describing the stress distribution around a
horizontal, vertical and inclined wellbore may be derived from
the solutions developed by Kirsch [17], Fairhurst [12] and Bradley
[18], respectively. It is general believed that a fracture initiates
when the maximum tensile stress induced at any peint around
the wellbore exceeds the tensile strength of the formation at that
point. When this occurs, the resulting fracture on the wellbore
wall will have an orientation that is perpendicular to the direction
of the most tensile principal stress. The angle between the
wellbore generatrix and the fracture orientation on the wellbore
wall is called the trace angle (e.g., [19,20]), which can be observed
by high-resolution electrical imaging technologies (e.g., [21]). It
can also be used for inverse analysis in order to find the
magnitude and orientation of in-situ stresses (e.g., [22,23]).

In this paper, elastic hydraulic fracturing theory is reviewed. It
is shown that to predict facture initiation, the most tensile
principal stress in the wellbore wall should always be compared
with the tensile strength of the rock. For a vertical wellbore, this
criterion reduces to the relation between brealkdown pressure
and in situ stress obtained by Hubbert and Willis [1]. A thorough
investigation is conducted into the fracture initiation pressure
and the resulting trace angle and angular position of the fracture
on the wellbore circumference for arbitrarily inclined wellbores.
Solutions cover normal faulting, reverse faulting and strike-slip
faulting stress regions. It is found that fracture trace angles never
reach ninety degrees. Special cases in which the most tensile
principal stress reaches the tensile strength of rock at all peint on
the circumference of the wellbore have been found. It is proposed
that transverse fractures are initiated in those cases

2. Theoretical development for stresses and hydraulic
fracturing

Hydraulic fracturing consists of sealing off a short segment
(typically 0.5-2 m) of a wellbore or borehole at the desired depth,
injecting fluid into it at a rate sufficient to raise the hydraulic
pressure quite rapidly (typically 0.1-1.0 MPa/s), and bringing
about hydraulic fracturing. The latter is achieved when the bore-
hole fluid pressure reaches a critical level called breakdown
pressure. At breakdown, the rock fractures in tension causing
borehole fluid loss and hence a drop in pressure. When pumping
is stopped, the hydraulic line to the testing interval remains in
place. Following fracture, the pressure immediately decays, at
first very quickly as the fluid chases the still extending fracturing
tip, and then more slowly as the fracture closes, after which the
only remaining fluid loss is due to seepage into the rock through
the borehole wall. The "shut-in pressure” occurs at the transition
between the fast and slow pressure decay and signifies the
closure of the fracture.

In this section, elastic hydraulic fracturing theory is reviewed.
The in situ principal stresses are assumed to be vertical and
horizontal. The rock is assumed to be isotropic, homogeneous and
linearly elastic. The ambient pore pressure in the rock is assumed
to remain constant during the test. However, the method pre-
sented can easily be extended to cases where fluid penetrates into
surrounding rock, in which case poro-elastic theory must be

adopted. Aadnoy and Belayneh [24] showed that elastic model
under-predicted the fracture pressure for non-penetrating cases.
For more accurate modeling, an elastoplastic model should be
used (e.g., [25]).

Referring to Fig. 1 and assuming a compression positive
convention, let ¢,, oy and o, (oy > oy) be the initial in situ
vertical and horizontal principal stresses, respectively (oy is the
most compressive horizontal principal stress). Let the origin of
the principal stress axes lie at the center of the top of the inclined
wellbore shown in the figure. Consider the local coordinates of
the wellbore (x,y,z) with the same origin, where the x-axis passes
through the highest point of the circumference and the z-axis
passes down the longitudinal axis. The wellbore azimuth ¢ is the
horizontal angle between the vertical plane containing the gp-axis
and the vertical plane containing the x-axis, measured counter-
clockwise as viewed down the ¢,-axis looking towards the origin,
The wellbore inclination y is the angle between the ¢,-axis and
the z-axis measured clockwise as viewed down the y-axis looking
towards the origin.

The geometry of fractures initiated along an arbitrarily
inclined wellbore is strongly dependent on in situ stresses (o,
oy and gy), wellbore azimuth (¢) and inclination (7). The fracture
trace angle f between the fracture trace and wellbore generatrix
is measured in a clockwise direction when looking outwards from
the wellbore axis.

For an arbitrarily oriented wellbore, the rotation of the stress
tensor from the in situ coordinate system to a local wellbore
coordinate system (Fig. 1) is given by

Ox cos? g cos?y sin® pcos?y sin?y
oy sin? cos? ¢ 0
o | cos? ¢psin?y sin? @sin®y cos?y Zh
Txy —singcospcosy  singcos@cosy 0 c:
Tyz singcosgsiny  —singcosgsiny 0
Tax —cos? gsinycosy —sin? gsinycosy sinycosy

)]

Let 0 be the angle measured counterclockwise starting at /=0
on the x-axis as viewed down the z-axis looking towards the
origin.

Stresses at the wellbore wall are (e.g., [18])
or =Py
Oy = Ox + Oy —2(0x—0y)C0s(20)— 41y, SiN(20)—Py,

0; = 02 —0{2(0x—0y)cos(20) + 474, 5in(20))

Tg=0
Tor = —2Txz SINO+ 27z CO50
T.;r=0 (2)

where P, is the compressive applied wellbore pressure, and v is
Poisson’s ratio.

The highest point

Fig. 1. Wellbore configuration,
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Thus the effective stress tensor is

¢ 0 0
o=|0 o5 Ty 3)
0 Tog G’E

where g} = 6,-Py, ¢}y =0ad9—Po, 0”: =0;—Pp, and Py is the pore
pressure.

The effective principal stresses at the wellbore can be found as
the eigenvalues of the effective stress tensor, thus

,
oy =0,

L _@ron+fop-aptean
2 —

2

_(op+ah)—/(gp=a})? +4T

ol 5 )
with corresponding eigenvectors given as
1
/
c,=10
0
0
Zal 1
B L — Ta;
2 ‘ 132 2 N
(@p=02)" +4Ty \ _(a~03)
0
gam—— | W (5)
(og—03)" +41, —(0h—0%)

Assuming that o3 is the smallest, and hence the most tensile
principal stress, tensile failure occurs when

oy =0y (6)

where ¢, is the tensile strength of rock.
Since o,=P,, is one of the principal stresses, we get

ZTgv
tan(2f) = —— ()
0y—0}
Furthermore
oy _
= =0 (8)
where
oy 1780, @a,\ 1., 4 2 \-(172
3 = [ 2 ) (g =0 ) + 412"/
20 2(@0 + 20 )~ 3 (Coo +4Th)
gy (200 2% i 0%
"(2("9 "’!’(aﬁ 0 ) T8
6;? = 4(0x—0y)sin(20)~ 81y, cos(20)
ao’
'éﬁ = 4v(ox—0y)sin(20)—8utyy, cos(20)
0Ty ¥
60& = —27, COs0—2Ty,5ind
For ¢ to be a minimum
P
ool
>0 €)
80*

and by solving Eq. (8), the circumferential angle 0, where fracture
is initiated can be cobtained.

It should be noted that § depends on the signs of 7y and
oy—o and Table 1 shows how to determine £ from Eq. (7).

Table 1
Fracture trace angle determination,

Tag > 0,07 = 0% 07 < f < 45°

To; < 0,0, ~ 0} -45° < 1< 0"
To: > 0,05 <0 45” < f1 < 90°
Toy < 0.0y <o} -90° < ff <. —45°
tg; = 0,05 > at f=0°

Ty =0,0p <o} f=90

3. Observations on hydraulic fracture criteria

Knowing in-situ stresses ¢ and oy, wellbore inclination y and
azimuth ¢, breakdown pressure P,, and the circumferential angle
8, the location of fracture initiation can be obtained by solving
simultaneous nonlinear Eqgs. (1)-(4), (6) and {8). Any conventional
numerical nonlinear equation solver (e.g. Newton-Raphson) can
be used. Note that Eq. (9} should be satisfied to ensure o3 is a
minimum.

For a vertical wellbore (y = 0°), explicit analytical solutions can
be obtained. Substitution of y = 0° into Eq. (1) gives

Gy = ), COS2 (p+ oy 5in’ @
ay = o sin? @ + oy cos? @

O;=0y

Txy = (O —0p)SIN @ COS

Tyz =0

Tx=0 (10y
and substitution of Eq. (10) into Egs. (2} and (3) gives

a =PW—P()

0y = On+0p—2(0n—0)Cos(2@)cos(28)
—2(op—0p)sinN(2)sin(2N—Py,—Py

g} = ay—v{2(0—0y)CoS(2@)cos(28)

+2(ay—0op)sin(2p)sin(20)}—-Py

Tp=0
'Eg\' =
T;,—:U (11)

It can be seen from Eq. (11) that all shear stresses on the
wellbore wall are zero since 7,0, and o7, are principal stresses, It
can also be noted that o} is independent of P,,. As P,, increases, o}
remains constant, but ¢}, decreases. It follows that o7, will always
be smaller than o} when hydraulic fractures are initiated and will
be the most tensile principal stress (o} = a}).

The circumferential angle 0,, where fracture is initiated can be
obtained by solving

pos %

0 (12)
where from Eq. (11)

% = 4oy —a)cos(2@)sin(20) +4(ap—on)sin(2g)cos(20) (13)

Substituting Eq. (13) into Eq. (12) gives
tan(20m) = —tan(2¢) (14)

or 8m=— ¢, which is one of the conditions that a}{ = %) reaches a
minimum. Another condition that needs to be checked is inequal-
ity (9). Taking the derivative of Eq. (13), Eq. (9) can be written as

sin(2¢)sin(20y) > cos(2g)cos(20m,) (15)

Since 0°< ¢ <90° then sin{2¢)sin(20m)<0 and cos(2¢)
cos(20r,) = 0. The only two solutions that satisfy Eq. (14) and
inequality (15) are ¢ =90°, 0 =0° and ¢ =0°, @ =90°. For both
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these cases, fracture is initiated in the direction of oy as shown in
Fig. 1.

Substitution of ¢ =90° and &, = 0° or ¢ = 0” and 8, = 90° into
Eq. (11) gives

U})=3U;,—JHﬁPW7P0 (16)
Since g% = o}, from Egs. (6) and (16),
Py =30,—0y—Py+0; a7

Eq. (17) is the hydraulic fracture initiation criterion for vertical
wellbore obtained by Hubbert and Willis [1].

Because 7g;=0 and g < o7, it can been seen from Table 1 that
hydraulic fractures are always vertical and f=0 for vertical
wellbores.

Some investigators (e.g., Hossain et al. [15], Nelson et al. [16])
have checked whether o} exceeds the tensile strength of rock and
the following two criteria must be met to facilitate formation of a
transverse hydraulic fracture:

1. The axial wellbore stress must be smaller than or equal to
tensile strength of rock (¢} < o¢) permitting the development
of transverse fractures.

2. The axial wellbore stress must be smaller than or equal to the
circumferential stress (g < o};) precluding the formation of a
longitudinal fracture (assuming transverse fractures do not co-
exist with the longitudinal fractures).

Ljunggren and Amadei {13] and Soliman [10] applied Hoek and
Brown's [14| failure criterion to predict transverse fracture
initiation. The following two conditions were assumed

oy <0y <0y (18)

and

0, =0} +,/maco} + o} (19)

where m is an empirical constant that depends on the properties
of the rock type.

Since axial stress ¢} remains constant during hydraulic pres-
surization, the condition ¢. < ¢} cannot be satisfied. Moreover,
the Hoek and Brown [14] ?ailure criterion gives no information
about fracture orientation and thus cannot be used for the
determination of whether a transverse fracture is initiated.

It can be shown however, that transverse fracture can be
initiated if ¢ at all points on the circumference of the wellbore
reach g, at the same time. For a vertical wellbore, if oy=0y, from

Eq. (11)

J;, =PW—P0

oy =204—Pw—Po =204—Py—Py

g, =0v=Po

’E,y:O

Tg: =0

Tor = 0 (20)

It can be seen from Eq. (20), ¢}, is the most tensile principal
stress and independent of @ in this case. As P, increases, oy
reaches o, and a transverse fracture will be initiated. The break-
down pressure is then given by P,=20y—Py+0+

For deviated wellbores, under certain in situ stress conditions,
there may be some cases that the most tensile principal stress is
independent of 0 to facilitate transverse hydraulic fractures.
Unfortunately, simultaneous nonlinear Egs. (1)-(4), (6) and (8)
need to be solved for deviated wellbores to obtain the most
tensile principal stress distributions along the circumference of
wellbore. To investigate breakdown pressure, location and orien-
tation of hydraulic fracture initiation of deviated wellbores,

thorough parametric studies are conducted in the following
section.

4. Parametric studies of hydraulic fracturing

With known in-situ stress conditions, and by changing the
wellbore inclination in the range 0° <+ < 90°, Egs. (1)-(4), (6) and
(8) can be used to give the angular position of fracture #,, , and
the breakdown pressure P,,. Finally, the fracture trace angle ff can
then be determined by Eg. (7).

The results from this study are presented in the form of non-
dimensional charts in Figs. 2-21, The breakdown pressure P,, is
normalized with respect to ¢, and the ratios of in-situ stresses
oulo, and opfo,, are varied to cover normal faulting
(0y>0oy>ay,) , reverse faulting (oy>a,>0,) and strike-slip
faulting (oy > 0, > o). For simplicity, Po=0, ¢,=0.0 and v=0.0.

Hossain et al. [15] has previously presented parametric studies
of breakdown pressure and the orientation and location of
fractures on the wellbore wall. The present parametric studies
closely follow those presented by Hossain et al. [15], however, but
go further, to give additional solutions for the angular location
(8,) and trace angle () of fracture initiation on the wellbore wall.
The charts were obtained using one degree increment of y. The
charts were drawn without smoothing to show clearly the
optimum wellbore orientation as observed by Hossain et al.
[15], which requires minimum fluid pressure for fracture

16
1.4 /0510
caee q”',‘rrh=1725
174 —— -~ =
g,5=15 {
] - e 0".'nn=‘!.?5
- m=2.0
27084 T e, a, 5,72.25
''''''''''''''' - AT, ‘q,=2.5 '
06 fliaad T . S
o “a— . TTTsienee @ /o 075
i X ——
————
02 T e .
0.0 +——v——ry — g .
0 15 30 45 60 75 20

Fig. 2. Fracture initiation pressure P, for wellbore deviation ¢ =90° and different
inclination y under moderate normal faulting stress condition. (The corresponding
angular position of fracture 0y, and fracture trace angle g are all zero and not
presented.)

35-

Fig. 3. Fracture initiation pressure P,, for wellbore deviation ¢ =90° and different
inclination y under reverse faulting and strike slip faulting stress condition.
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Fig. 4. Angular position of fracture #,, for wellbore deviation @ =90° and different
inclination y under reverse faulting and strike slip faulting stress condition.

Fig. 5. Fracture trace angle [ for wellbare deviation ¢=90° and different
inclination 3 under reverse faulting and strike slip faulting stress condition.

Y v R T |
0 15 30 45 o (& 20
1

Fig. 6. Fracture initiation pressure P,, for wellbore deviation ¢ =90° and different
inclination y under reverse faulting stress condition,

initiation. Moreover, analytical relations between breakdown
pressure and in situ stress are provided whenever possible (e.g.,
Egs. (22), (23), (29), (30), (32), (34)) in the following. Yew and Li
[26] presented similar charts for a particular in situ stress
condition. The charts presented in this paper cover all in-situ
stress conditions and are useful for the design of hydraulic
fracture systems such as perforation, and give guidance as to
whether a hydraulic fracture will be deviated, longitudinal or
transverse. Based on elasticity theory, Huang et al. [23] proposed

90- . ~r
oo T :
i : : ¢ w=1.0
75 4 i H
E : ! o g =1.25
i : : -6 9,=15
60 4 : : ; —C-‘E.1=1‘75
i J : ; o ‘0,=2.0
- 45 i ; “eeg ', =2.25
i | i ; -G =25 !
30 - 1 i v H o a0 o
! | : i o g, 25
; H : v
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[ ! |
1 : :
o ] 1 bovomr e
T T T T T ]
0 15 30 45 60 75 90
P

Fig. 7. Angular position of fracture #l,,, for wellbore deviation p=90° and different
inclination y under reverse faulting stress condition.

. y ey
15 30 45 60 75 90

Fig. 8. Fracture trace angle f for wellbore deviation @=90° and different
inclination y under reverse faulting stress condition.

80

Fig. 9. Fracture initiation pressure P,, for wellbore deviation ¢ =45° and different
inclination y under reverse faulting and strike slip faulting stress condition.

a method to determine in situ stress from inversion of hydraulic
fracturing data, The charts presented are also useful for determin-
ing an initial guess to use with the method by Huang et al. [23].

4.1. Wellbore azimuth ¢ = 90°

In this special case Eq. (2) can be written in terms of the in-situ
stress

or =Py
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-F 454
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Fig. 10. Angular position of fracture #,, for wellbore deviation ¢=45° and
different inclination y under reverse faulting and strike slip faulting stress
condition.
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Fig. 11. Fracture trace angle f for wellbore deviation @=45" and different
inclination y under reverse faulting and strike slip faulting stress condition.
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Fig. 12. Fracture initiation pressure P,, for wellbore deviation ¢ =0° and different
inclination y under moderate normal faulting stress conditien,
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Fig. 13. Angular position of fracture 8,, for wellbore deviation ¢ =0° and different
inclination y under moderate normal faulting stress condition.
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Fig. 14. Fracture trace angle f for wellbore deviation ¢=0° and different
inclination y under moderate normal faulting stress condition.

30

2.5

B3 B o o e

Fig. 15. Fracture initiation pressure P,, for wellbore deviation ¢ =0° and different
inclination ¥ under reverse faulting and strike-slip stress condition. (The corre-
sponding angular position of fracture ., are 90 degrees and not presented,),

T;’r=0 (2])

The shear stress 7y vanishes when =0 or 0=180° which
implies that gy at these points is a principal stress, Assuming
op=0¢ and Oy =0° or 180°, Haimson [4] suggested using the
following equation to obtain gy

_ 30y—0,5in°y—Pw

OH= _—COST]:_M (22)
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Fig. 16. Fracture trace angle f for wellbore deviarion =0° and different
inclination y under reverse faulting and strike-slip stress condition.

e T
[ 15 30 45 80 75 30

@

Fig. 17. Fracture initiation pressure P, for horizontal wellbore and different
azimuth ¢ under normal faulting and strike slip stress conditions, (The corre-
sponding angular position of fracture (},, is zero and not presented.).
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Fig. 18. Fracture trace angle f8 for horizontal wellbore and different azimuth ¢
under normal faulting and strike slip stress conditions.

Although o, becomes a principal stress at #=0° or =180°, it
is not necessarily the most tensile principal stress compared with
other locations around the circumference from 0=0° to 360°
Based on the results shown in Figs. 2-8, under normal faulting
stress condition, the angular position of fracture 0, is zero.
However, for reverse faulting and strike slip faulting stress
conditions, the angular position of fracture 8, could be at
90° (Figs. 4 and 7) when the wellbore inclination is high, The
relation between the breakdown pressure and gy is nonlinear as

0 15 0 45 80 75 90

Fig. 19. Fracture initiation pressure P, for horizontal wellbore and different
azimuth ¢ under reverse faulting and strike slip stress conditions.
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Fig. 20. Angular position of fracture 0,, for horizontal wellbore and different
azimuth ¢ under reverse faulting and strike slip stress conditions.
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Fig. 21. Fracture trace angle fi for horizontal wellbore and different azimuth ¢
under reverse faulting and strike slip stress conditions.
indicated by

4o, —oy)? cos?ysiny
oysin’y+a,cos?y

Py = 304082y +30, sin’ y—oj— (23)

Under reverse faulting and strike slip faulting stress condition
when the wellbore inclination is high, Eq. (23) must be used for
inversion of gy from breakdown pressure. The fracture trace angle
f is not zero and independent of a;, (Figs. 5 and 8) when 0,, = 90~
By setting # =90, v=0.0 and ¢,=0.0 in Eq. (21) and solving for
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P.., Eq. (7) gives the following equation:
2((0y—0,)c08? y—ay)oy—0oy)siny cosy
(o1 5in*y+ 0, 082 9)? —2(0y—Gy)siny cosy

tanf = (24)
which demonstrates that the fracture trace angle f is independent
of op.

It can be seen from Figs. 3 and 6 that under reverse faulting
stress condition, there is a critical inclination at which the
breakdown pressure is maximum. This is because the most tensile
principal stress initially remains constant at the value of tensile
strength of rock while the intermediate principal stress increases
with inclination. At a critical point, the two principal stress are
both equal to o With further rotation, the intermediate principal
stress decreases and the most tensile principal stress remains
constant at the value of o,. Details can be found in [26].

4.2. Wellbore azimuth axis ¢ =45°

This is the most general case for which no analytical solutions
can be obtained. A special case has been found when transverse
fracture is initiated in a horizontal wellbore occurs when, oyf
a,=1.5 and ayfo,=2 (referring to Figs. 9-11).

Assume o0,=1.0, solving Eqgs. (1)-(4), (6) and (8) gives
Py=1.875.

According to Eq. (2)

gy =0.25+0.25c0s(20)

oy =1.125

Tp: = 0.75cos 0 (25)
From Eq. (25)

ap0; = 0.28125(1 +cos(20)) = 0.5625 cos* § (26)

thus

0p0; = Th; (27)

Substituting Eq. (27) into Eq. (4) indicates that ¢ remains zero
regardless of the value of .

Although oy, o; and toy, are all functions of 0, the most tensile
principal stress remains zero everywhere along the circumference
of wellbore so a transverse fracture will be initiated.

4.3, Wellbore azimuth ¢ = 0°

In this special case Eq. (2) can be represented in terms of the
in-situ stress

gr =Py
0p = 04 OS2y +a,5in* y+ay

—2(cpcos?y 46y siny—op)cos(20) =Py,
¢y = opsin®y +0y cos?y

—2u(ocos?y+ay, sin®y—&)cos(26)

Ty =0
Typ; = 2(0y—0ap)cosysinysind
Tor = 0 (28J

Based on the results presented in Figs. 12-16, for reverse
faulting and strike slip faulting stress condition, the angular
position of fracture 0y, is always 90",

Assuming v=0, ¢,=0 and Pp=0

= 2 2a5in2 v
4(ay -Gzh) cos*ysin }BO'RCOS

opSin° Y+ 0y c0os2y
+3ousin2}'—Pw (29)

o1 = 30,082y + 30, sin’ y— 2

Eq. (29) can be used to estimate g, when gy, has been estimated
by a “leak-off" test in a vertical wellbore of the same field. It should

be noted that Eq. (29) does not imply that ¢y is the most tensile
principal stress since 74 does not vanish at 8 =90°. Fig. 16 confirms
that the fracture trace angles are not equal to zero.

It should be emphasized that Eq. (29) is applicable only to
reverse faulting and strike slip faulting stress conditions. Under
normal faulting stress condition, the angular position of fracture
0 could be 0° (Fig. 13) when the wellbore inclination is high. The
brealkdown pressure can be obtained from

Pw=36x—0yc05%y—a,sin’y (30)

As before, there is a critical inclination at which the break-
down pressure reaches a maximum (Fig. 12). The explanation is
the same as the previous case when the wellbore axis lay along
the oy-axis under reverse faulting stress condition,

4.4, Horizontal wells (y =90°)

For horizontal wells, Eq. (2) can be represented in terms of the
in-situ stress

or =Py
0y = 0y cos? @+ 0y, sin” @+ o,

—2(6y—0yC0s% Q—ay, sin? @)cos(20)—Py,
67 =0psin’ p+o,cos? @

—20(gy— 0 C0S% —a Sin® @ —a)cos(20)

T =0
Ty, = 2(0p—0y)COSPSsingcosd
T‘:r=0 {31)

Figs. 17-21 present breakdown pressures P, angular position
of fracture 0, and fracture trace angle § of horizontal wellbores
with different values of azimuth ¢ under different in-situ stress
conditions.

The corresponding angular positions of fracture 8, for Fig. 17
are all zero and not presented. Substituting 6 = 0° into Eq. (31),
the breakdown pressure can be explicitly expressed as

4{a,—oy)* cos? psin? ¢
oy sin® ¢ + oy, c0s% ¢

P =30yc0s? p+30,sin’ p—0,— (32)
It can be seen from Fig. 17 that the breakdown pressure
decreases as ¢ increases under normal faulting stress conditions.
A wellbore oriented along ¢, under normal faulting stress condi-
tion requires the maximum pressure for fracture initiation.
This pressure can be found analytically by substituting ¢ =0°
into Eq. (32):
Py =30y—0y (33)
which is independent of a),.
Similarly a wellbore along oy under normal faulting stress

condition requires the minimum pressure for fracture initiation,
which can be found by

Py =30,—0y (34)
It can be seen from Fig. 20 that the corresponding angular

position of fracture 8, for reverse faulting stress condition are all

ninety degrees. Substituting § = 90° into Eq. (31), the breakdown

pressure can be explicitly written as

P = 30y — 01 COS2 -0 5in’ @ (35)

It can be seen from Fig. 19 that a wellbore oriented along
g under reverse faulting stress condition requires the minimum
pressure for fracture initiation. This pressure can be found
analytically by substituting ¢ = 0° into Eq. (35):

Pw=30y,—0oy (36)

which is independent of ap.
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Similarly a wellbore along oy under reverse faulting stress
condition requires the maximum pressure for fracture initiation,
which can be found by

Promnsay 37)

It can be seen from Fig. 19 that in a strike-slip stress regime,
there is a critical deviation that requires the highest pressure for
fracture initiation. When ¢ is less than the critical deviation, the
angular position of fracture 8, = 90° and the breakdown pressure
is expressed by Eq. (35). When ¢ is larger than the critical
deviation, the angular position of fracture 0, = 0° and the break-
down pressure is expressed by Eq, (32).

Considering all the three stress regimes covered in Figs. 2-21, it
can be seen that the fracture trace angle never reaches 90 . The
condition ¢} < g}, was never satisfied to initiate transverse fractures.
However, special cases have been found in which the most tensile
principal stress is independent of @ to facilitate transverse fractures.

5. Concluding remarks

Based on tensile strength criterion (¢ =0;), there are two
possible conditions under which a transverse fracture can be
initiated. (i) The direction of the most tensile principal stress is
along the wellbore axis (the fracture trace angle equals ninety
degrees). (ii) The most tensile principal stress at breakdown is
independent of the circumference of wellbore. It has been shown
that the circumferential stress (o) will always be smaller than
the axial stress (o)) in the wellbore wall when hydraulic fractures
are initiated. The fracture trace angle never reaches ninety
degrees as shown in Table 1. By thorough parametric studies,
special cases have been found where the most tensile principal
stress at breakdown is independent of the circumference of
wellbore, It is observed that transverse fractures can be initiated
in those cases.

The results of a thorough investigation of wellbore fracture
characteristics have been presented in the form of comprehensive
series of dimensionless charts. The charts provide information
relating the wellbore fracture initiation pressure, to the angular
position and trace angle of fractures in inclined wellbores under
in-situ stress conditions corresponding to normal, reverse, and
strike-slip faulting. The charts can be used for well completion
and fracture system design as well as inverse analysis of in-situ
stress from fracturing data. Analytical relations between break-
down pressure and in situ stress are provided whenever possible.
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