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ABSTRACT: This paper describes a hydro-mechanical coupled model for hydraulic 

fractures using the eXtended Finite Element Method (XFEM). To analyze the non-

linear coupling behavior of hydraulic fractures, the XFEM uses local enrichment 

functions within a regular finite element framework. Thus, the mechanical behavior 

of a domain with fractures can be efficiently estimated by the method without 

explicitly meshing the discontinuities as would be necessary in other numerical 

techniques. The governing equations and coupling algorithms are presented as well as 

the required assumptions for hydraulic fractures. The 2D coupled XFEM program is 

validated by a numerical example study and shows coupled flows and their influence 

on stresses and fracture deformations.  

 

INTRODUCTION 
 

The role of hydraulic fracturing for enhanced recovery of unconventional oil and 

gas has grown dramatically in recent years. Realistic modeling of fracture and fluid 

flow in these systems is sought in order to improve physical understanding and 

efficiency. Such modeling remains highly challenging however, due to a number of 

factors including material heterogeneity, complex fracture propagation mechanisms, 

coupled behavior of rock stresses and fluid pressure, and interactions between pre-

existing natural and artificially initiated hydraulic fractures.  

For the numerical analysis of the hydraulic fractures, the discrete fracture network 

model (DFN) has been widely used (e.g. Xu and Dowd, 2010; Azadi and Khoei, 

2011). However the numerical technique is computationally expensive to consider the 

moving boundary of the fracture propagation, since the fractures must be explicitly 

modeled as additional finite meshes. Therefore when the fractures and its geometry 

evolve, the entire model must be re-meshed and the global matrices reassembled and 

factorized in standard FE schemes. 

A relatively new technique for finite element modeling of fractures without re-

meshing developed by Belytschko and Black (1999)  and Moës et al. (1999) has great 

promise and is explored in this paper. This technique named the eXtended Finite 
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Element Method (XFEM) involves a standard displacement-based approximation, 

enriched near a fracture and a tip. Discontinuous basis functions are added to standard 

shape functions for nodes that belong to the enriched elements. A major advantage of 

the XFEM is that the finite element mesh does not need to be updated to track the 

discontinuous path. The addition of a discontinuous field allows for the entire fracture 

geometry to be modeled independently of the mesh, and completely avoids the need 

to re-mesh as the fracture propagates.  

XFEM has been successfully applied in various branches of engineering regarding 

fractures. The method was further developed by incorporating extensions known as 

weak and strong discontinuities which represent the continuous and discontinuous 

strain distribution along fracture boundaries (e.g. Sukumar and Prevost 2003) and by 

considering cohesive fracture propagation, where the non-linear behavior of fracture 

is caused by increased strength of material and dissipation of energy at the fracture tip 

(e.g. Bellec and Dolbow 2003). XFEM has also been adopted for modeling plasticity 

and large deformation (e.g. Fagerström and Larsson 2006), composite materials (e.g. 

Ashari and Mohammadi 2011), and fatigue fracture elongation and failure (e.g. Pais 

et al. 2012). 

The main objective of this paper is to present the advanced coupled finite element 

program for hydraulic fractures. An XFEM scheme is developed based on the public 

domain software of Smith and Griffiths (2004) allowing for representation of 

fractures without any need for re-meshing. The 2D XFEM studies examine the 

fractured system can be deformed and coupled flows and their influence on stresses 

and fracture deformations. Since the surrounding rock is assumed to be very tight, 

fluid flow may only get through the fracture, and fluid leak off to the surrounding 

rock is neglected. 

 

MECHANICAL BEHAVIOR OF FRACTURE USING THE XFEM  
 

The XFEM uses local enrichment functions to enhance the traditional finite 

element shape functions, making the approximated displacement field and its 

derivatives discontinuous within an element. Once the fracture geometry and location 

are defined, different enrichment terms are selectively applied to the different element 

groups, namely elements divided by a fracture, or elements containing a fracture tip 

(See Fig. 1). 

 

 
  (a) Element divided by a fracture               (b) Element containing a fracture tip 

 

FIG. 1. Example of enriched elements 
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The enrichment functions include modified Heaviside and Branch functions that 

represent normal displacement of the fracture surfaces and the fracture tip asymptotic 

fields based on the Westergaard solution (Moës et al., 1999), respectively. The 

Heaviside function is first applied to elements entirely cut by a fracture and is given 

as below in Eq. (1). 

 

      
            

            
                                                      

 

where      is the signed distance function normal to the fracture. Branch functions 

are used to enrich elements that contain fracture tips and are given as in below. 

 

          
 

       
 

 
      

 

 
          

 

 
          

 

 
                

 

where   and   are the polar coordinates of the point   in the coordinate system 

centered at the tip of the fracture with the x-axis aligned to the fracture direction. The 

sum of the Heaviside and Branch enrichment terms results in the following 

displacement field within a discontinuous domain: 

 

            
   

                          
     

                  

                        

 

         

 

 

COUPLING ALGOLITM FOR A FRACTURE 
 

For coupling purposes, a 1D fluid flow model is added to the XFEM program, and 

a sequential coupling scheme as suggested by Yew (1997) and Dahi (2009) using 

Picard iteration is applied. For the simplification of the model, an incompressible 

Newtonian fluid is assumed, and fluid leak off to the surround rock mass and fracture 

propagation are not considered. Those assumptions are reasonable when the 

surrounding rock has very small pore size and thus has almost zero permeability. 

The weak form of the fluid mass balance equation (e.g. Rungamornrat et al. 2005; 

Segura and Carol 2008; Chen 2013) is applied to calculate the hydraulic pressure to 

the fracture and is presented as Eq. (4).  

 

 
  

  
       

 

 

              

 

 

 
 

   
 

 

  
   

  

  
        

 

 

               

 

Although    is the fluid leak-off rate along the fracture surface, it is neglected due 

to the assumption that the surrounding rock is nearly impermeable. Boundary 

conditions are applied at each end of the fracture, for fluid injection at the wellbore 
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and zero fracture opening at the fracture tip. The boundary conditions are 

summarized in Eqs. (5) and (6). 

 

  

   
   

  

  
       

    

                                                   

                                                                           
 

Once the fluid pressure along the fracture is estimated, it is then applied to the 

global force vector, and the modified force vector is used by the XFEM program to 

calculating the trial solution of fracture aperture. The explicit fracture opening may 

be estimated using the additional degrees of freedom as suggested by Dahi (2009) 

and Chen (2013) 

 

     

 
 
 

 
         

     

                         

           
      

                        

                           

 

The entire process is repeated for each time step, and the resulting two trial 

solutions (   and       ) for the fracture opening are compared with each other to 

enable an updating as shown in Eq. (8). 

 

                                                                  
 

Convergence is determined by comparing the relative error between    and      

for all elements along the fracture as shown in Eq. (9).  

 

  
          

     
                                                        

 

Iterations stop when the relative error is less than 10
-6

, at which time the fracture 

aperture and fluid pressure are taken as the converged solution.  

 

SIMULATION RESULTS AND VALIDATION 

 

A simple hydraulic fracturing example is presented in this section. The coupled 

fracture model analyzes only the half of the original fracture geometry due to the 

horizontally symmetric fracture shape, and the fracture tip is located at the center of 

the domain. Rollers are used to constrain lateral deformations along the left and right 

edges of the entire domain, and the right bottom corner is fully fixed. The details of 

the example model including the problem mesh, boundary condition, selection of the 

enriched nodal points are presented in Fig. 2. 
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FIG. 2. Finite mesh for the example study 

 

The hydraulic pressure is applied along the fracture and yields additional 

displacements along the enriched elements successfully. The recommended range of 

the Picard iteration coefficient (         ) reported by Yew (1997) and Dahi 

(2009) should be maintained, otherwise convergence may be slowed down or not 

achieved at all. 

 

Table 1.  Input Parameters 

 

Young's modulus 

E 

Poisson's ratio 

v 

Injection rate 

   

Fluid viscosity 

μ 

                                  

 

 

 
 

FIG. 3. Deformed mesh (deformation scale factor=200) 
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Figure 4 presents the fracture aperture convergence in the example study. The 

convergence coefficient is equal to 0.25, and it takes a total of 17 iterations, with the 

final relative error of about 6.30·10
-7

. 

 

 
 

FIG. 4. Convergence of the fracture aperture 

 

For the validation of the current numerical program , the fracture opening at the 

injection point from the simulation is compared to the analytical solution as in Eq. 

(10) given by Geertsma and de Klerk (1969). The simulation results matched quite 

well (the relative error is about 1.62%). 

 

     
         

    

  
   

 

  
 

 
 

 
 
       

   
 

  
 

 
 

 
 
                             

     
                                                                    

 

Figures 5 and 6 show the converged fluid pressure and fracture opening after the 

convergence, respectively.  
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FIG. 5. Converged hydraulic pressure along the fracture 

 

 
 

FIG. 6. Converged fracture aperture distribution 
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CONCLUSIONS 

 

An algorithm for hydro-mechanical sequential coupling has been successfully 

developed, and the simulation results presented. This numerical model yields 

reasonable estimation of the key parameters, fluid pressure and fracture opening 

without compromising computational efficiency which can be easily caused by other 

numerical technique such as DFN. For the examples presented, convergence was 

achieved in a acceptable number of iterations by starting with a reasonable initial 

guess as to the fracture aperture and fluid pressure.  
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NOTATION 

 

  : additional degrees of freedom matched to Heaviside enrichment function 

   : additional degrees of freedom matched to Branch enrichment function 

  and  : Young's modulus and Poisson's ratio 

  : effective Young's modulus 

    : Heaviside enrichment function 

         : order of nodes 

 : fracture domain 

 : number of element in each element 

 : shape function 

 ,     and     : groups of regular, Heaviside enriched and Branch enriched nodes 

 : hydraulic pressure 

  : fluid injection rate at wellbore 

  : fracture surface leak-off rate 

  : fluid injection rate over fracture height 

 : fracture tip distance in polar coordinate system  

 : time 

 : displacement (standard degrees of freedom) 

    : displacement approximation from the XFEM program 

 : fracture aperture 

  : k
th

 trial solution of fracture aperture 

     
    : fracture opening at well bore measured from the analytical solution 

     
    : fracture opening at well bore measured from the XFEM program 

 : 1D coordinate along fracture 

 : Cartesian coordinate vector =       
 : convergence coefficient for Picard iteration 

 : convergence criterion 

 : fracture tip angle in polar coordinate system 
 : fluid dynamic viscosity 
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    : signed distance function normal to the fracture 

     : Branch enrichment function 

 

REFERENCES 

 

Ashari, S.E. and Mohammadi, S. (2011) "Delamination analysis of composites by 

new orthotropic bimaterial extended finite element method." Int. J. Numer. 

Methods Eng., 86 (13): 1507–1543. 

Azadi, H., and Khoei, A. R. (2011) "Numerical simulation of multiple crack growth 

in brittle materials with adaptive remeshing." Int. J. Numer. Methods Eng., 85(8), 

1017–1048. 

Bellec, J. and Dolbow, J.E. (2003) "A note on enrichment functions for modelling 

crack nucleation." Communications Numer. Methods Eng., 19(12):921–932. 

Belytschko, T. and Black. T. (1999) "Elastic crack growth in finite elements with 

minimal remeshing". Int. J. Numer. Methods Eng., 45(5):601–620. 

Chen, Z. (2013) "An ABAQUS implementation of the XFEM for hydraulic fracture 

problems." Effective and Sustainable Hydraulic Fracturing, Dr. R. Jeffrey eds., 

InTech, 725-740 

Dahi, A. (2009) "Analysis of hydraulic fracture propagation in fractured reservoirs : 

an improved model for the interaction between induced and natural fractures." 

PhD thesis, University of Texas at Austin 

Fagerström, M. and Larsson, R. (2006) "Theory and numerics for finite deformation 

fracture modelling using strong discontinuities." Int. J. Numer. Methods Eng., 

66(6): 911–948. 

Geertsma, J. and de Klerk, F. (1969) "A rapid method of predicting width and extent 

of hydraulically induced fractures." J. Petr.Tech., 21:1571-81. 

Moës, N., Dolbow, J., and Belytschko, T. (1999) "A finite element method for crack 

growth without remeshing." Int. J. Numer. Methods Eng., 46(1):131–150. 

Pais, M.J., Yeralan, S.N., Davis, T.A. and Kim, N.-H. (2012) "An exact reanalysis 

algorithm using incremental Cholesky factorization and its application to crack 

growth modeling." Int. J. Numer. Methods Eng., 91(12):1358–1364. 

Rungamornrat, J., Wheeler M., and Mear M. (2005) "A numerical technique for 

simulating non-planar evolution of hydraulic fractures." SPE Annual Technical 

Conf. and Exhibition, Society of Petroleum Engineers, Dallas, TX. 

Segura, J. M., and Carol, I. (2008) "Coupled HM analysis using zero-thickness 

interface elements with double nodes. Part I: Theoretical model." Int. J. Numer. 

Anal. Methods Geomech., 32(18), 2083–2101. 

Smith, I.M. and Griffiths, D.V. (2004) "Programming the Finite Element Method." 

John Wiley & Sons, Inc., Hoboken, NJ USA. 

Sukumar, N. and Prévost, J.-H. (2003) "Modeling quasi-static crack growth with the 

extended finite element method Part I: Computer implementation." Int. J. Solids 

Struct., 40(26):7513–7537. 

Xu, C., and Dowd, P. (2010) "A new computer code for discrete fracture network 

modelling." Computers & Geosciences, 36(3), 292–301. 

Yew, C. H. (1997) "Mechanics of Hydraulic Fracturing." Gulf Professional 

Publishing, Houston, TX. 


