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Abstract

The traditional approach for estimating the exit gradient due to seepay
downstream of water retaining structures is to proceed deterministically,
haps using flow-net techniques, and to incorporate large safety factors o
least 5 or 6. In comparison to the safety factor usually adopted in other a
of geotechnical design these values are exceptionally high (e.g. slope sta
ity factors of safety are of the order of 1.3). The reason for this conserval
approach is twofold. Firstly, the consequence of piping and erosion brot
about by i, approaching i. is very severe, leading to complete and rapi
ure of civil engineering structures with little advance warning. Secon
high safety factors reflect the designer’s uncertainty in local variations
properties at the exit points and elsewhere within the flow domain.

This paper presents an alternative to the safety factor approach
pressing exit gradient predictions in the context of Reliability-B.
sign. Random field theory and finite element techniques are comb
Monte-Carlo simulations to study the statistics of exit gradient pre
as a function of soil permeability variance and spatial correlation in
seepage 2-d boundary value problem. The approach enables conclu
be drawn about the probability of critical conditions being appr
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hence failure at a given site. Such a reliability-based approach represents a
more rational methodology for tackling predictions of exit gradients for de-
sign purposes.

Introduction

This work presented in this paper brings together Finite Element Anal-
ysis and Random Field Theory in the study of a simple boundary value
problem of steady seepage. The aim of the investigation is to observe the
influence of soil variability on the exit gradient 7, at the downstream side
of a water retaining structure in two-dimensions. Smith and Freeze (1979,
Pts. 1 and 2) were among the first to study the problem of confined flow
through a stochastic medium using finite differences, in which examples of
flow between parallel plates and beneath a single sheet-pile were presented.
Other workers, including the present authors (see e.g. Griffiths and Fenton
1993) have further considered the probabilistic seepage problem using finite
element methods for a range of boundary value problems.

In addition to defining the soil mass as having a randomly distributed
permeability & (defined here in the classical geotechnical sense as having
units of length/time), the current study also includes the ability to vary the
spatial correlation of the field as this has been shown to have a significant
influence. The importance of the spatial correlation was highlighted in a re-
cent. conference on probabilistic methods in geotechnical engineering (Li and
L0 1993). For example Mostyn and Lj (1993) emphasised the importance
of taking account of the spatial correlation of soil properties in probabilistic
analyses. It was pointed out that the “vast majority of existing models do
ot do this”, and although their particular application was the analysis of
ope stability in which the random soil properties in question were the shear
strength parameters, the same arguments could be applied to soil permeabil-
Iy in a seepage problem. White (1993) also described how early probabilistic
yses typically represented soil property uncertainty by the use of a single
erfectly correlated’ random variable which was varied from one realization
10 the next.

The use of random fields (Vanmarcke 1984, Fenton and Vanmarcke 1990)
Was considered to be an important refinement, in that the soil property at
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each location within the soil mass was itself considered to be a random vapj.
able. An important feature of the random field approach is that it appro-
priately takes into account the positive correlation that is observed betweep
soi] properties measured at locations that are ‘close’ together.

In previous studies of seepage through random soil, the seepage quantity
@ has tended to be the focus of the investigations, and although results yo.
lating to the exit gradient i, were presented, no serious interpretation wag
attempted. This was partly due to the added complexity of interpreting the
first derivative of the total head (or “potential”), itself a random variable.
with respect to length at the exit points. In this paper the exit gradients are
studied in more detail for a range of parametric variations of the input p_e;j%
meability statistics. For the purposes of this initial study, a simple boundapy
value problem has been considered — that of two-dimensional seepagelg
neath a single sheet pile wall penetrating to half the depth of a soil laye
This problem has been chosen because it is well understood and a numh
of theoretical solutions exist for computing flow rates and exit gradients".i

the deterministic (constant permeability) case (see e.g. Harr 1962, Verryj
1970).

Brief Description of the Finite Element Model

In this paper a random field generator called the Local Average Su
vision Method (LAS) (Fenton 1990} is combined with the Finite Eler
Method which is naturally suited for modeling spatially varying soil prc

ties. i
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Figure 1: Finite element mesh used for seepage analyses. \
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Figure 2: Flow net for deterministic analysis.

0. =2m. and CV, =1.

The finite element mesh and dimensions used in the present study is
shown in Figure 1. Figure 2 shows the classical smooth flow net corresponding
to a constant permeability field, and Figure 3 shows a typical case in which
_permeability is randomly distributed in space. In the particular case
wn by F igure 3, it appears that the permeability to the right of the wall
enerally lower than that to the left.
The finite element program used for the solutions of Laplace’s equation
ted in this paper is published in full in the text by Smith and Griffiths
88). As shown in F igure 1, all analyses used a uniform mesh of 4-node
ents with 64 elements in the z-direction (32 on each side of the wall)
6 elements in the y-direction. All ele

ments are square with a side
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length of 0.2 m. The wall length corresponds to 8 elements in the vertjca]
direction and penetrates to half the soil layer depth. A time-saving feature of
square (or rectangular) elements is that their conductivity matrices are easily
computed explicitly without the need for numerical integration. In this cage
assuming the permeability of the i** element is k;, the symmetrical element
conductivity matrix is given by:

§ ol o =l

k; £ =] 8 .

k=g 4 (1)
4

During assembly of the global conductivity matrix, a ‘skyline’ storage
strategy was used together with a Cholesky factonzataon approach to solve
the simultaneous equations (see e.g. Griffiths and Smith 1991). The skylipe
approach runs faster than conventional (constant band-width) methods ag
well as giving substantial savings on memory requirements.

The exit gradient against the downstream side of the wall was computed
using a four-point backward difference numerical differentiation scheme (s
e.g. Griffiths and Smith 1991). The gradient was computed adjacent tot
wall since this location will record the highest values on average. In all an:
yses, the head difference across the wall, H, was set equal to unity beca
this is just a linear scaling factor on the computed exit gradient. '

Brief Description of the of the Random Field Model

Field measurements of permeability have indicated an approximately]
normal distribution (see e.g. Hoeksema and Kitanidis 1985, and Suc
1986). The same distribution has therefore been adopted for the simu
generated in this paper.

Essentially, the permeability field is obtained through the transfor

ki = exp{pime + Omk 9i}

in which k; is the permeability assigned to the i** element, g; is th
average of a standard Gaussian random field, g, over the domain
th element, and py,x and o, are the mean and standard deviation of
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logarithm of & (obtained from the ‘point’ mean and standard deviation I
and o).

The LAS technique (Fenton 1990, Fenton and Vanmarcke 1990) generates
realizations of the local averages g; which are derived from the random field
g having zero mean, unit variance, and a spatial correlation controlled by the
scale of fluctuation, 8. As the scale of fluctuation goes to infinity, ¢; becomes
equal to g; for all elements ¢ and j - that is the field of permeabilities tends
to become uniform on each realization. At the other extreme, as the scale
of fluctuation goes to zero, g; and g; become independent for all ¢ # j — the
soil permeability changes rapidly from point to point.

In the two dimensional analyses presented in this paper, the scales of
fluctuation in the vertical and horizontal directions are taken to be equal
(isotropic) for simplicity. It should be noted that for a layered soil mass the
horizontal scale of fluctuation, 8 is generally larger than the vertical scale,
8, due to the natural stratification of many soil deposits. This anisotropy
can be transformed to a problem with isotropic scales of fluctuation through
a simple shrinking of the horizontal dimensions by the ratio of the vertical to
horizontal scales of fluctuation, that is by scaling the horizontal coordinate by
0,/0r. Such a scaling is strictly only valid for so-called ellipsoidal correlation
structures, but is a reasonable approximation in any case. Thus the assump-
tion of isotropy employed herein is not a serious limitation. However, the
actual spatial correlation structure of soil deposits is not usually well known,
especially in the horizontal direction, hence in this paper a parametric ap-
proach has been employed to study the influence of 8: (see e.g. DeGroot and
Baecher 1993, Marsily 1985, Asaoka and Grivas 198 ). '

The input to the random field mode] therefore comprises of the three pa-
rameters (ug, o, ;). Based on these underlying statistics, each of the 1024
elements in the mesh is assigned a permeability from a realization of the
permeability random field. A series of realizations are generated, each with
the same underlying statistics, but each having quite different spatial distri-
butions of permeability. The analysis of sequential realizations and the ac-
cumulation of results comprises a Monte-Carlo process. In the current study
2000 realizations were performed for each parametric combination enabling
statistical information to be computed on the output quantity of interest—in
this case the exit gradient i,.

The 2-d model used herein implies that the out-of-plane scale of fluctu-
ation is infinite — soil properties are constant in this direction — which is
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equivalent to specifying that the streamlines remain in the plane of the ang).
ysis. This is clearly a deficiency of the present model, however it is belieyeq
that useful information regarding the variability of exit gradients can stj]]
be obtained from the 2-d model. Three-dimensional analyses form part of 5
continuing study of this problem (Griffiths and Fenton 1995 ) -

Summary of Results from the Seepage Analyses
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Figure 4: Exit gradient mean (m;,) vs. Coefficient of vari
permeability (CV,) '

The deterministic analysis of this seepage problem, in which the
ability everywhere is taken equal to p, indicated an exit gradient
tdet = 0.193 which agrees closely with the analytical solution for this
(see e.g. Lancellotta 1993) . :
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Figure 5: Exit gradient standard deviation (8i.) vs. Coefficient of
variation of permeability (CV;)

Given that the critical exit gradient 7. (i.e. the value that would injtiate
piping) for a typical soil is approximately equal to unity, this deterministic
eimplies a factor of safety of around 5 - a conservative value not untypical
[ those used in design of water retaining structures (see e.g. Holtz and
Kovacs 1984).

- When incorporating a random field analysis, a number of parametric runs
te performed using the program rflow2d developed by the authors. The
int mean permeability was fixed at #k =1 x 107° m/s while the point
andard deviation and spatial correlation of permeability were varied in the
€s: 0.03125 < o /px < 32.0 and 0.5 < 8 < 16.0 m. For each of these
tametric combinations the Monte-Carlo process led to estimated values of
€ mean and standard deviation of the exit gradient given by m;, and S,
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Graphs of m;, and s;, against CV; (= oy/ux) for a range of B)-valyes
have been plotted in Figures 4 and 5 respectively. Figure 4 shows ths 3
the coefficient of variation of the input permeability tends to ze10, the meay
exit gradient tends, as expected, to the deterministic value of 0.193 p.
small scales of fluctuation the mean exit gradient remains constant or e
falls slightly as the coefficient of variation is increased, however the amo
by which the mean exit gradient increases is dependent on 6, and a.ppé |
to reach a maximum when #; =~ 2. This is shown more clearly in Figurj
where the same results have been plotted the other way round with 0y al

the abscissa.
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Figure 6: Exit gradient mean (m;,) vs. Scale of fluctua

The return to deterministic values as §; increases is to be e
thinks of the limiting case where ), = co. In this case each re
have a constant permeability, thus the deterministic exit gradient
obtained. The ragged nature of the results in Figure 4 as the
variation is increased suggests the need for a greater number of
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than the 2000 conducted in this study. Reproducibilty studies to address
this question have been performed and will be published separately.
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han others. Again the plot against 6 shown in Figure 7 shows this
clearly, the peak in the standard deviation results again occur-
ound 6, = 2.0. It would appear that there is a ‘worst-case’ value of
rresponds to the maximum mean and standard deviation of the
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Reliability-Based Design Interpretation

A Factor of Safety applied to a deterministic prediction is intended tq
eliminate any serious possibility of failure but without any objective attempt
to quantify the risk. Reliability-Based Design attempts to quantify risk by
seeking answers to the following questions:

1. “What is the probability that the actual exit gradient will exceed th
deterministic prediction?”. 4

2. “What is the probability that the actual exit gradient will exceed th

critical value, resulting in failure?”.

—————  Frequency Count
" Mgy =-1.7508,0, ;= 0.6404

Normalized Frequency

T
] 02 04 0.6 08
Exit Gradient

Figure 8: Histogram of exit gradient values following 2000
tions for the case 8, =2m. and CV, =1.

The Monte-Carlo scheme described in this paper enables prob
statements to be made. For example, if out of 2000 realizations, 100 ga
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exit gradient 4, > 1, it could be concluded that the probability of piping or
erosion was of the order of 100/2000, or 5%. In general though, a histogram
can be plotted and the probabilities computed via standard tables of the area
beneath a normal curve.

A typical histogram of exit gradient values corresponding to §; = 2m. and
CVi = 1 is shown in Figure 8. The ragged line comes from the frequency
count (unit-area normalized) obtained over the realizations and the smooth
dotted line is based on a lognormal fit to that data, The good agreement
suggests that the actual distribution of exit gradients is indeed lognormal,
The mean and standard deviation of the underlying normal distribution of
Ini, is also printed on the figure. It should be noted that the relationships
between the statistics of Inz, and 1c are given by:

1
Wi, = exp {#Lm'e + 5011;5} (3)

%% = k. {exp(f,;,) 1) (4)

Since Figure 8 shows a fitted lognormal probability density function, prob-

abilities can be deduced directly. For example, in the particular case shown

in Figure 8, the probability that the actual exit gradient will exceed the
deterministic value of 0.193 is approximated by:

0.6404 (5)

where ®(.) is the cumulative normal distribution function.

In this case ©(0.17) = 0.568, thus:

P> 0193 =1 & (ln0.193 + 1.7508)

Pli, > 0.193] = 0.43 (6)

and there is a 43% probability that the deterministic prediction of 4., = 0.193
15 unconservative.

A similar calculation has been performed for all the parametric variations
considered in this study. In each case the following probability was calculated:

Pli, > otige) (7)

Where o is a simple scaling factor on the deterministic exit gradient. When
@=1 (as in equation 5), the result is just the probability that the actual exit
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gradient will exceed the deterministic value. Larger values of o are interesting
for design purposes where a prediction of the probability of failure is required.
In the current example, the deterministic exit gradient is approximately equa|
to 0.2, so it would be of interest to know the probability of the actual exit
gradient exceeding the critical hydraulic gradient i, /2 1. For this comparison
therefore o would be set equal to 5. '

Although a full range of probability values have been computed in this
study, the one corresponding to 6 = 2 is presented here in Figure 9. Thfig_g
value was chosen because the variability of the exit gradient appeared to be
a maximum in this range as shown in Figure 7.
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Figure 9: Probability that i, exceeds aig: vs. CV, for the
6;, =2m.

It should be noted that irrespective of the ; or C'Vi, the probabi
that the actual exit gradient exceeds the deterministic value is always
than 50%. This is a reassuring result from a design standpoint. In |
the probabilities which approach 50% correspond to a very low C'V; and a
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somewhat misleading in that the computed exit gradients have a very low
variance and are approaching the deterministic value, The 50% merely refers
to an equal likelihood of the actual exit gradient lying on either side of an
essentially normal distribution with a very small variance. For small CW,
this is shown clearly by the sudden reduction to zero of the probability that
i exceeds tge; scaled up by a small factor (say 10% as indicated by a = 1.1),

As a is increased further, the probability consistently falls, although each
curve exhibits a maximum probability corresponding to a different value of
CVe. This interesting observation implies that there is a ‘worst-case’ combi-
nation of 6 and C'V; that gives the greatest likelihood of ¢, exceeding 1,,,.

In consideration of failure conditions, the value of Pli. > 1], as indicated
by the curve corresponding to o« = 3, is small but not insignificant, with
probabilities approaching 10% for the highest C'V; cases considered. In view
of this result, it is not surprising that for highly variable soils a Factor of
Safety against piping of up to 10 has been suggested by some commentators
(see e.g. Harr 1987) .

Concluding Remarks

The paper has presented results which form part of a broad study con-
ducted by the authors into the influence of random soil properties on geotech-
nical design. In this paper, random field methodology has been combined
with the finite element method to study the exit gradient due to steady seep-
age beneath a single sheet-pile wall embedded in a layer of random soil. The
influence of spatial correlation of soil properties has been fully incorporated
through a scale of fluctuation parameter 6.

The spatial correlation and the coefficient of variation (CV}) of the input
permeability were varied over a wide range of values. For each parametric
combination, 2000 realizations of a Monte-Carlo process were performed. A
backward difference numerical differentiation formula was used to calculate
the exit gradient just to the right of the sheet, pile wall.

Generally speaking the computed variance of the exit gradient was con-
siderably higher than other quantities of interest in the flow problem such
as the flow rate. This is hardly surprising when one considers that the exit
gradient involves differentiation of the computed total head with respect to
distance at the exit point. An interesting result was that the computed exit



532 UNCERTAINTY IN GEOLOGIC ENVIRONMENT

gradient was found to reach a maximum for a particular value of the scale
of fluctuation given by ) ~ 2m. The significance of this value in relation 4o
the dimensions of the particular boundary value problem used in this study
is still under consideration.

When the results were interpreted in the context of Reliability-Bageq
Design, conclusions could be reached about the probability of exit gradient
values exceeding the deterministic value, or even reaching levels at Which
stability and piping could occur. For the particular case of 8, = 2m and fOI* .|
certain values of CV, it was found that the probability of the actua] exj"ﬁ
gradient being at least 10% higher than the traditional deterministic vajye
could be as high as 40%. The probability of an unconservative determinjst
prediction was generally found to exhibit a maximum point correspondip
to a particular combination of §; and C'Vi. From a design point of vie
this could be considered a ‘worst-case’ scenario corresponding to maximy n
uncertainty in the prediction of exit gradients. -

With regard to the possibility of piping, erosion and eventual failur
the system, a relationship was established between the traditional Facto
Safety and the “Probability of Failure”. For the particular case mentig
above, and assuming that the critical exit gradient is of the order i, v |
Factor of Safety of 5 could still imply a probability of failure as high as 1
the soil permeability variance is also high. This result suggests that F:
of Safety as high as 10 might be needed for critical structures found
highly variable soil. b

Further studies are continuing on the exit gradient problem with the s
of distilling results into a form that will help designers of water reta
structures and lend objectivity to the assessment of risk.
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