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ABSTRACT: This paper brings together advanced random field generation and finite element tech-
niques to model steady seepage through a problem of interest to civil engineers. The application 1s
a classical problem of seepage beneath a water retaining structure in which probabilistic issues relat-
ing to flow rates are examined. The influence of three-dimensionality is given particular emphasis and
contrasted with results that are obtained using an idealized two-dimensional model.

The analyses treat the soil permeability as a spatially random property with specified mean, variance and
spatial correlation length. The influence of the spatial correlation or ‘scale of fluctuation’ is given special
consideration, since this aspect is not always included in probabilistic geotechnical analysis. Monte-Carlo
simulations are performed to establish statistics relating to the output quantities of interest.

The tool of analysis is the finite element method, which is naturally suited to analyzing materials with
properties varying over space. The value of permeability assigned to each element comes from a lognor-
mally distributed random field derived from local averages of a normally distributed random field. The
local averaging allows the element dimensions to be rationally accounted for on a statistical basis. For
the computationally intensive 3-d studies, strategies are described for optimizing the efficiency of the
code in relation to memory and CPU requirements.

1 INTRODUCTION nical engineering (Ii and Lo 1993) highlighted

) . ) some of the recent advances in this field. For ex-
This work presented in this paper brings together  ,pple Mostyn and Li (1993) emphasised the im-
Finite Element Analysis and Random Field The-

ory in the study of a three-dimensional bound-
ary value problem of steady seepage. The aim
of the investigation is to observe the influence of
soil variability on the expected value of ‘output’
quantities such as the flow rate and exit gradi-

portance of taking account of the spatial correla-
tion of soil properties in probabilistic analyses. It
was pointed out that the “vast majority of existing
models do not do this”, and although their partic-
ular application was the analysis of slope stability
2 in which the random soil properties in question
ent. Smith and Freeze (1979, Pts. 1 and 2) were  yere the shear strength parameters, the same ar-
among the first to study the problem of confined guments could be applied to soil permeability in

flow through a stochastic medium using finite dif- 5 geepage problem. White (1993) also described
ferences, in which 2-d examples of flow between

parallel plates and beneath a single sheet-pile were
presented. Recent developments in random field
and finite element methodology have led to fur-
ther studies of steady seepage problems for a range
of other two-dimensional boundary value problems
(Fenton and Griffiths 1993, Griffiths and Fenton
1993, Griffiths et al 1994).

how early probabilistic analyses typically repre-
sented soil property uncertainty by the use of a
single random variable which was varied from one
realization to the next.

The use of random fields (Vanmarcke 1984, Fen-
ton and Vanmarcke 1990) was considered to be an
important refinement, in that the soil property at
A conference on probabilistic methods in geotech-  each location within the soil mass was itself consid-
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ered to be a random variable. An important fea-
ture of the random field approach is that it appro-
priately takes into account the positive correlation
that is observed between soil properties measured
at locations that are ‘close’ together.

The work presented herein extends the previ-
ous work of the authors to encompass three-
dimensional analysis. The earlier two dimensional
model rested on the assumption of perfect corre-
lation in the out-of-plane direction, an assump-
tion no longer necessary with a three-dimensional
model.

2 BRIEF DESCRIPTION OF THE FINITE EL-
EMENT MODEL

In this paper a random field generator known as
the Local Average Subdivision Method (LAS) de-
vised by Fenton (1990) is combined with the power
of the Finite Element Method for modeling spa-
tially varying soil properties. The problem chosen
for study is a simple boundary value problem of
steady seepage beneath a single sheet pile wall pen-
etrating a layer of soil. The variable soil property
in this case is the soil permeability K.

The overall dimensions of the problem to be solved
are shogn in Figures la, 1b and lc. Figure 1a
shows an isometric view of the 3-d flow regime,
and Figures 1b and lc show elevation and plan
views respectively. The two-dimensional studies
published previously by the authors (Griffiths et
al 1994) correspond to the boundary value prob-
lem indicated in Figure 1b. In all results pre-
sented in this paper, the dimensions L, and L,
were held constant while the third dimension Ly
was gradually increased to monitor the effects of
three-dimensionality.

The finite element program used for the solutions
of Laplace’s equation presented in this paper was
obtained by combining Programs 5.9 and 7.0 from
the modular code published in the text by Smith
and Griffiths (1988). 1In all analyses presented
here, a uniform mesh of cubic 8-node brick ele-
ments with a side length of 0.2 was used with 32
elementsin the z-direction (Ly = 6.4), 16 elements
n the y-direction (L, = 3.2) and up to 16 ele-
ments in the z-direction (L, = 0.8,1.6 and 3.2).
A time-saving feature of ‘brick’ elements (ie all
sides meet at 90° to each other) such as those used
in the present study, is that their conductivity ma-
trices are easily computed explicitly without the
need for numerical integration.
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Within each mesh, the freedoms were numbered
to minimize bandwidths of the global conductiv-
ity matrix together with a ‘skyline’ storage strat-
egy. Cholesky factorization was used to solve the
simultaneous equations (see e.g. Criffiths and
Smith 1991). The skyline approach was found
to run faster than conventional (constant band-
width) methods as well as giving substantial sav-
ings on memory requirement; a particularly impor-
tant consideration in 3-d analysis .

3 BRIEF DESCRIPTION OF THE RANDOM
FIELD MODEL

Field measurements of permeability have indicated
an approximately lognormal distribution (see e.g.
Hoeksema and Kitanidis 1985, and Sudicky 1986).
‘The same distribution has therefore been adopted
for the simulations generated in this paper.

Essentially, the permeability field is obtained
through the transformation

K = exp{pinr + oms Gy} (1)

in which K, is the permeability assigned to the
i element, (% is the local average of a standard
Gaussian random field, @, over the domain of the
i** element, and fink and on; are the mean and
standard deviation of the logarithm of K (obtained
from the ‘target’ mean and standard deviation [k
and o).

The LAS technique (Fenton 1990, Fenton and Van-
marcke 1990) generates realizations of the local av-
erages G; which are derived from the random field
G having zero mean, unit variance, and a Gauss-
Markov spatial correlation function

plr) = exp {~ i} )

where 7 is the distance between points in the field
and 8y is called the scale of fluctuation. Loosely
speaking, the scale of fluctuation is the distance
over which points in the field are significantly cor-
related. As the scale of fluctuation goes to infinity,
G becomes equal to & for all elements i and j —
that is the field of permeabilities tends to become
uniform on each realization (but each realization
can still be quite different). At the other extreme,
as the scale of fluctuation goes to zero, G; and G;
become independent for all ¢ # j - the soil perme-
ability changes rapidly from point to point.

In the three-dimensional analyses presented in this
paper, the scales of fluctuation in all dire.ct_mns are
taken to be equal (isotropic) for simph(_:lty. Al-
though beyond the scope of this paper, it shox11d
be noted that for a layered soil mass the horizon-
tal scales of fluctuation are generally larger than
the vertical scale due to the natural stratification
of many scil deposits. A limitation of the 2-d
models considered previously was that the out-
of-plane scale of fluctuation was ass.ume-d iuﬁnite
~ soil properties are constant in this direction -
which is equivalent to specifying that the streanll—
lines must remain in the plane of the analysis. This
was clearly a deficiency and motivated the present
work in which no such assumptions are made.

4 SUMMARY OF THE RESULTS FROM SEEP-
AGE ANALYSES

A Monte-Carlo approach to the seepage problem
was adopted in which, for each set of input statis-
tics (pr, ok, 0x) and mesh geometry (L), 1000 re-
alizations were performed. Experience from 2-
d analyses and other reproducibility studies per-
formed by Paice (1994), have indicated that 1000
will usually be a sufficient number of realizations
to obtain meaningful output statistics for steady
seepage problems with moderate input variance.
The main output quantities of interest from each
realization in this problem are the total flow rate
through the system @ and the exit gradient ¢.. The
rather more complicated issues relating to analy-
sis of the exit gradient are beyond the scope of
the present work and will be discussed in a future
publication.

In this paper therefore we focus on the flow rate.
Following Monte-Carlo simulations, the mean and
standard deviation of ¢ were computed and pre-
sented in non-dimensional form by representing it
in terms of a normalized flow rate () thus:

Q@=Q/(HuxL.) (3)

where H is the total head loss across the wall, typ-
ically set to unity. Division by L, has the effet.:t of
expressing the average flow rate over one unit of
thickness in the z-direction enabling a direct com-
parison to be made with the 2-d results. ‘

The following parametric variations were imple-
mented for fixed gz = 1 x 1073, L, = 6.4, and
L,=32

o fuy = 0.125,0.25,0.51,2,4 and 8

# =1,2,4,8 and co(analytical)
L,=0.8,1.6 and 3.2

and a selection of results will be presented here.

As the coefficient of variation of the input perme-
ability (CVi = o/ pr) was increased, a consiste_nt
fall in the expected value of the flow rate from its
deterministic value of Qe & 0.46 was observed as
shown in Figure 2(a) for the case where L, /L, = 1.
This was especially true for small values of the
scale of fluctuation #;, however as f is increased
the value of g is tending towards the determin-
istic result that would be expected for a strongly
correlated permeability field (8 — oo).

Figure 2(b) shows the standard deviation of the
normalized flow rate g for the same geomelry.
For small 8 very little variation in () was observed,
even for high coefficients of variation. This is un-
derstandable if one thinks of the total flow through
the domain as effectively an averaging process —
high flow rates in some regions are offset by lower
flow rates in other regions. It is well known in
statistics that the variance of an average decreases
linearly with the number of independent samples
used in the average. In the random field context,
the ‘effective’ number of independent samples in-
creases as the scale of fluctuation decreases, thus
the decrease in variance in flow rate is to be ex-
pected. Conversely, when the scale of ﬂuctua.tion
is large, the variance in the flow rate is alst? ex-
pected to be larger — there is less ‘averaging’ W'.lthln
each realization. The maximum flow rate variance
is obtained when the field becomes completely cor-
related, 8, = oo, as given by

gg = %@det (4)

By the same reasoning, the variance of the es.;ti—
mate of o will increase as the scale of fluctuation
increases. This can be seen in both Figures 2(a)
and 2(b) where the curves for larger C'V; and 0y
shows some erratic behaviour. In these cases, more
than 1000 realizations may be required to obtain
accurate results.

Figures 3(a) and 3(b) show the influence of thrée-
dimensionality on the mean and standard devia-
tion of @ by comparing results with gradually in-
creasing numbers of elements in the z-direction.
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Figure 1(a) Isometric view of 3-d seepage problem, (b) Elevation (¢) Plan

Also included in these figures is the 2-d result
which implies an infinite scale of fluctuation in the
z-direction and allows no flow out of the plane of
the analysis. The particular cases shown corre-
spond to a fixed scale of fluctuation 8 = 1.

Compared with two-dimensional analysis, three-
dimensions allows the flow greater freedom to
‘avoid’ the low permeability zones. This results
in a less steep reduction in the expected flow
rate with increasing C'Vj as shown in Figure 3(a).
There is also a corresponding reduction in the vari-
ance of the expected flow rate as the 3rd dimension
is elongated as shown in Figure 3(b). In summary,
the effect of allowing flow in three-dimensions is
to increase the averaging effect discussed above
within each realization. The difference between
the two-and three-dimensional results are not that
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great, and it could be argued that a 2-d analysis
Is a reasonable first approximation to the ‘true’
behavior. It should be noted however, that the
2-d approximation will tend to underestimate the
expected flow through the system which is an un-
conservative result from the point of view of engi-
neering design.

41 Comment on computer timings

The results presented in this paper were run on a
DEC 3000 Model 400 workstation. A summary of
the total CPU time consumed by the various anal-
yses is presented in the table below. The ‘Timing’
column is expresses in non-dimensional form with
respect to an equivalent 2-d analysis with the same
mesh density in the zy-plane.

0.4

{normalized)
3

1.2

GIS
g

I, (normailzed)
1
|
~

-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75
logw(C'Vk)

log,, (CV,)

Figure 2: Influence of 8, on statistics of normalized flow rate (L./L, = 1),

(a) mean (b) standard deviation

3
|

o

1

0.2

B, (normalized)

0

G, (normalized)
1

log(CV,)

T T T
1 -1 -0.7% -0.5 -0.25 0 0.25 0.5 0.75 1
log,, (CV,)

Figure 3: Influence of L,/L, on statistics of normalized flow rate (6 = 1),

(a) mean (b) standard deviation

Table 1. Comparison of timings from 2-d and 3-d

analyses
Dimension | Timing
2-d 1
L./L, = 0.25 49
L./L, =050 239
L./L, =1.00 1463

5 CONCLUDING REMARKS

The paper has presented results which form part
of a broad study conducted by the authors into

the influence of random soil properties on geotech-
nical design. In this paper, three-dimensional ran-
dom field and finite element methods have been
combined in the study of steady seepage beneath
a single sheet-pile wall embedded in a layer of ran-
dom soil. A quite extensive parametric study has
been performed in which the coefficient of varia-
tion and the spatial correlation of soil permeabil-
ity has been systematically varied to observe their
influence on the mean and standard deviation of
the flow rate through the system. In addition, the
influence of three-dimensionality has been inves-
tigated by gradually increasing the width of the
model in the direction of the wall. In all cases,
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results were compared with those that would have
been obtained using a two-dimensional analysis.
For moderate values of the scale of fluctuation, the
expected value of the flow rate was found to fall
consistently as the coefficient of variation of the
input permeability was increased. For higher val-
ues of the scale of fluctuation, the normalized flow
rate mean tends to the deterministic value. The
standard deviation of the flow rate was shown to
consistently increase with the scale of fluctuation,
but within the bounds defined analytically for the
limiting case of perfect correlation.

The influence of three-dimensionality was to re-
duce the overall ‘randomness’ of the results ob-
served from one realization to the next. This had
the effect of increasing the expected flow rate and
reducing the variance of the flow rate over those
values observed from a two-dimensional analysis
with the same input statistics. Although uncon-
servative in the estimation of flow rates, there was
not a great difference between the two- and three-
dimensional results presented suggesting that the
simpler and less expensive two-dimensional ap-
proach may give acceptable accuracy for engineer-
ing purposes.

The #nfluence of three-dimensionality will continue
to be investigated as part of this program of re-
search. One of the main objectives will be to
present results in a general form that enables the
statistics of flow relating to a range of boundary
value problems to be investigated without resort
to a specific analysis in each case.
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ered to be a random variable. An important fea-
ture of the random field approach is that it appro-
priately takes into account the positive correlation
that is observed between soil properties measured
at locations that are ‘close’ together.

The work presented herein extends the previ-
ous work of the authors to encompass three-
dimensional analysis. The earlier two dimensional
model rested on the assumption of perfect corre-
lation in the out-of-plane direction, an assump-
tion no longer necessary with a three-dimensional
model.

2 BRIEF DESCRIPTION OF THE FINITE EL-
EMENT MODEL

In this paper a random field generator known as
the Local Average Subdivision Method (LAS) de-
vised by Fenton (1990) is combined with the power
of the Pinite Element Method for modeling spa-
tially varying soil properties. The problem chosen
for study is a simple boundary value problem of
steady seepage beneath a single sheet pile wall pen-
etrating a layer of soil. The variable soil property
in this case is the soil permeability K.

The overall dimensions of the problem to be solved
are shogn in Figures la, 1b and lc. Figure 1a
shows an isometric view of the 3-d flow regime,
and Figures 1b and lc show elevation and plan
views respectively. The two-dimensional studies
published previously by the authors (Griffiths et
al 1994) correspond to the boundary value prob-
lem indicated in Figure 1b. In all results pre-
sented in this paper, the dimensions L, and L,
were held constant while the third dimension Ly
was gradually increased to monitor the effects of
three-dimensionality.

The finite element program used for the solutions
of Laplace’s equation presented in this paper was
obtained by combining Programs 5.9 and 7.0 from
the modular code published in the text by Smith
and Griffiths (1988). In all analyses presented
here, a uniform mesh of cubic 8 node brick ele-
ments with a side length of 0.2 was used with 32
elementsin the z-direction (Ly = 6.4), 16 elements
n the y-direction (L, = 3.2) and up to 16 ele-
ments in the z-direction (L, = 0.8,1.6 and 3.2).
A time-saving feature of ‘brick’ elements (i.e. all
sides meet at 90° to each other) such as those used
in the present study, is that their conductivity ma-
trices are easily computed explicitly without the
need for numerical integration.
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Within each mesh, the freedoms were numbered
to minimize bandwidths of the global conductiv-
ity matrix together with a ‘skyline’ storage strat-
egy. Cholesky factorization was used to solve the
simultaneous equations (see e.g. Criffiths and
Smith 1991). The skyline approach was found
to run faster than conventional (constant band-
width) methods as well as giving substantial sav-
ings on memory requirement; a particularly impor-
tant consideration in 3-d analysis .

3 BRIEF DESCRIPTION OF THE RANDOM
FIELD MODEL

Field measurements of permeability have indicated
an approximately lognormal distribution (see e.g.
Hoeksema and Kitanidis 1985, and Sudicky 1986).
‘The same distribution has therefore been adopted
for the simulations generated in this paper.

Essentially, the permeability field is obtained
through the transformation

Ki = exp{tnr + oms Gi} (1)
in which K, is the permeability assigned to the
i element, (% is the local average of a standard
Gaussian random field, @, over the domain of the
i** element, and fink and on; are the mean and
standard deviation of the logarithm of K (obtained
from the ‘target’ mean and standard deviation [k
and o).

The LAS technique (Fenton 1990, Fenton and Van-
marcke 1990) generates realizations of the local av-
erages G; which are derived from the random field
G having zero mean, unit variance, and a Gauss-
Markov spatial correlation function

pr) = exp {~Zir|} e
&

where 7 is the distance between points in the field
and 8y is called the scale of fluctuation. Loosely
speaking, the scale of fluctuation is the distance
over which points in the field are significantly cor-
related. As the scale of fluctuation goes to infinity,
G becomes equal to & for all elements i and j —
that is the field of permeabilities tends to become
uniform on each realization (but each realization
can still be quite different). At the other extreme,
as the scale of fluctuation goes to zero, G; and G;
become independent for all ¢ # j - the soil perme-
ability changes rapidly from point to point.
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Figure 1(a) Isometric view of 3-d seepage problem, (b) Elevation (¢) Plan

Also included in these figures is the 2-d result
which implies an infinite scale of fluctuation in the
z-direction and allows no flow out of the plane of
the analysis. The particular cases shown corre-
spond to a fixed scale of fluctuation 8 = 1.

Compared with two-dimensional analysis, three-
dimensions allows the flow greater freedom to
‘avoid’ the low permeability zones. This results
in a less steep reduction in the expected flow
rate with increasing C'Vj as shown in Figure 3(a).
There is also a corresponding reduction in the vari-
ance of the expected flow rate as the 3rd dimension
is elongated as shown in Figure 3(b). In summary,
the effect of allowing flow in three-dimensions is
to increase the averaging effect discussed above
within each realization. The difference between
the two-and three-dimensional results are not that
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great, and it could be argued that a 2-d analysis
Is a reasonable first approximation to the ‘true’
behavior. It should be noted however, that the
2-d approximation will tend to underestimate the
expected flow through the system which is an un-
conservative result from the point of view of engi-
neering design.

41 Comment on computer timings

The results presented in this paper were run on a
DEC 3000 Model 400 workstation. A summary of
the total CPU time consumed by the various anal-
yses is presented in the table below. The ‘Timing’
column is expresses in non-dimensional form with
respect to an equivalent 2-d analysis with the same
mesh density in the zy-plane.
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Table 1. Comparison of timings from 2-d and 3-d

analyses
Dimension | Timing
2-d 1
L./L, = 0.25 49
L./L, =050 239
L./L, =1.00 1463

5 CONCLUDING REMARKS

The paper has presented results which form part
of a broad study conducted by the authors into

the influence of random soil properties on geotech-
nical design. In this paper, three-dimensional ran-
dom field and finite element methods have been
combined in the study of steady seepage beneath
a single sheet-pile wall embedded in a layer of ran-
dom soil. A quite extensive parametric study has
been performed in which the coefficient of varia-
tion and the spatial correlation of soil permeabil-
ity has been systematically varied to observe their
influence on the mean and standard deviation of
the flow rate through the system. In addition, the
influence of three-dimensionality has been inves-
tigated by gradually increasing the width of the
model in the direction of the wall. In all cases,
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results were compared with those that would have
been obtained using a two-dimensional analysis.
For moderate values of the scale of fluctuation, the
expected value of the flow rate was found to fall
consistently as the coefficient of variation of the
input permeability was increased. For higher val-
ues of the scale of fluctuation, the normalized flow
rate mean tends to the deterministic value. The
standard deviation of the flow rate was shown to
consistently increase with the scale of fluctuation,
but within the bounds defined analytically for the
limiting case of perfect correlation.

The influence of three-dimensionality was to re-
duce the overall ‘randomness’ of the results ob-
served from one realization to the next. This had
the effect of increasing the expected flow rate and
reducing the variance of the flow rate over those
values observed from a two-dimensional analysis
with the same input statistics. Although uncon-
servative in the estimation of flow rates, there was
not a great difference between the two- and three-
dimensional results presented suggesting that the
simpler and less expensive two-dimensional ap-
proach may give acceptable accuracy for engineer-
ing purposes.

The #nfluence of three-dimensionality will continue
to be investigated as part of this program of re-
search. One of the main objectives will be to
present results in a general form that enables the
statistics of flow relating to a range of boundary
value problems to be investigated without resort
to a specific analysis in each case.
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In the three-dimensional analyses presented in this
paper, the scales of fluctnation in all directions are
taken to be equal (isotropic) for simplicity. Al-
though beyond the scope of this paper, it should
be noted that for a layered soil mass the horizon-
tal scales of fluctuation are generally larger than
the vertical scale due to the natural stratification
of many scil deposits. A limitation of the 2-d
models considered previously was that the out-
of-plane scale of fluctuation was assumed infinite
~ soil properties are constant in this direction -
which is equivalent to specifying that the stream-
lines must remain in the plane of the analysis. This
was clearly a deficiency and motivated the present
work in which no such assumptions are made.

4 SUMMARY OF THE RESULTS FROM SEEP-
AGE ANALYSES

A Monte-Carlo approach to the seepage problem
was adopted in which, for each set of input statis-
tics (pr, ok, 0x) and mesh geometry (L), 1000 re-
alizations were performed. Experience from 2-
d analyses and other reproducibility studies per-
formed by Paice (1994), have indicated that 1000
will usually be a sufficient number of realizations
to obtain meaningful output statistics for steady
seepage problems with moderate input variance.
The main output quantities of interest from each
realization in this problem are the total flow rate
through the system @ and the exit gradient ¢.. The
rather more complicated issues relating to analy-
sis of the exit gradient are beyond the scope of
the present work and will be discussed in a future
publication.

In this paper therefore we focus on the flow rate.
Following Monte-Carlo simulations, the mean and
standard deviation of ¢ were computed and pre-
sented in non-dimensional form by representing it
in terms of a normalized flow rate @ thus:

Q= Q/(HuL:) (3)

where H is the total head loss across the wall, typ-
ically set to unity. Division by L, has the effect of
expressing the average flow rate over one unit of
thickness in the z-direction enabling a direct com-
parison to be made with the 2-d results.

The following parametric variations were imple-
mented for fixed gz = 1 x 1073, L, = 6.4, and
L,=32
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o /ps = 0.125,0.25,0.51,2,4 and 8

6 =1,2,4,8 and co(analytical)
L,=0.8,1.6 and 3.2

and a selection of results will be presented here.

As the coefficient of variation of the input perme-
ability (CVj = ox/ps) was increased, a consistent
fall in the expected value of the flow rate from its
deterministic value of Qe & 0.46 was observed as
shown in Figure 2(a) for the case where L, /L, = 1.
This was especially true for small values of the
scale of fluctuation @, however as f is increased
the value of ug is tending towards the determin-
istic result that would be expected for a strongly
correlated permeability field (6 — oo).

Figure 2(b) shows the standard deviation of the
normalized flow rate o5 for the same geometry.
For small §), very little variation in () was observed,
even for high coefficients of variation. This is un-
derstandable if one thinks of the total flow through
the domain as effectively an averaging process —
high flow rates in some regions are offset by lower
flow rates in other regions. It is well known in
statistics that the variance of an average decreases
linearly with the number of independent samples
used in the average. In the random field context,
the ‘effective’ number of independent samples in-
creases as the scale of fluctuation decreases, thus
the decrease in variance in flow rate is to be ex-
pected. Conversely, when the scale of fluctuation
is large, the variance in the flow rate is also ex-
pected to be larger — there is less ‘averaging’ within
each realization. The maximum flow rate variance
is obtained when the field becomes completely cor-
related, 8 = oo, as given by

0q = 2 Qu ()
P

By the same reasoning, the variance of the esti-
mate of o will increase as the scale of fluctuation
increases. This can be seen in both Figures 2(a)
and 2(b) where the curves for larger C'V; and 9y
shows some erratic behaviour. In these cases, more
than 1000 realizations may be required to obtain
accurate results.

Figures 3(a) and 3(b) show the influence of three-
dimensionality on the mean and standard devia-
tion of @ by comparing results with gradually in-
creasing numbers of elements in the z-direction.
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Figure 1(a) Isometric view of 3-d seepage problem, (b) Elevation (¢) Plan

Also included in these figures is the 2-d result
which implies an infinite scale of fluctuation in the
z-direction and allows no flow out of the plane of
the analysis. The particular cases shown corre-
spond to a fixed scale of fluctuation 8 = 1.

Compared with two-dimensional analysis, three-
dimensions allows the flow greater freedom to
‘avoid’ the low permeability zones. This results
in a less steep reduction in the expected flow
rate with increasing C'Vj as shown in Figure 3(a).
There is also a corresponding reduction in the vari-
ance of the expected flow rate as the 3rd dimension
is elongated as shown in Figure 3(b). In summary,
the effect of allowing flow in three-dimensions is
to increase the averaging effect discussed above
within each realization. The difference between
the two-and three-dimensional results are not that
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great, and it could be argued that a 2-d analysis
Is a reasonable first approximation to the ‘true’
behavior. It should be noted however, that the
2-d approximation will tend to underestimate the
expected flow through the system which is an un-
conservative result from the point of view of engi-
neering design.

41 Comment on computer timings

The results presented in this paper were run on a
DEC 3000 Model 400 workstation. A summary of
the total CPU time consumed by the various anal-
yses is presented in the table below. The ‘Timing’
column is expresses in non-dimensional form with
respect to an equivalent 2-d analysis with the same
mesh density in the zy-plane.
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Table 1. Comparison of timings from 2-d and 3-d

analyses
Dimension | Timing
2-d 1
L./L, = 0.25 49
L./L, =050 239
L./L, =1.00 1463

5 CONCLUDING REMARKS

The paper has presented results which form part
of a broad study conducted by the authors into

the influence of random soil properties on geotech-
nical design. In this paper, three-dimensional ran-
dom field and finite element methods have been
combined in the study of steady seepage beneath
a single sheet-pile wall embedded in a layer of ran-
dom soil. A quite extensive parametric study has
been performed in which the coefficient of varia-
tion and the spatial correlation of soil permeabil-
ity has been systematically varied to observe their
influence on the mean and standard deviation of
the flow rate through the system. In addition, the
influence of three-dimensionality has been inves-
tigated by gradually increasing the width of the
model in the direction of the wall. In all cases,
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results were compared with those that would have
been obtained using a two-dimensional analysis.
For moderate values of the scale of fluctuation, the
expected value of the flow rate was found to fall
consistently as the coefficient of variation of the
input permeability was increased. For higher val-
ues of the scale of fluctuation, the normalized flow
rate mean tends to the deterministic value. The
standard deviation of the flow rate was shown to
consistently increase with the scale of fluctuation,
but within the bounds defined analytically for the
limiting case of perfect correlation.

The influence of three-dimensionality was to re-
duce the overall ‘randomness’ of the results ob-
served from one realization to the next. This had
the effect of increasing the expected flow rate and
reducing the variance of the flow rate over those
values observed from a two-dimensional analysis
with the same input statistics. Although uncon-
servative in the estimation of flow rates, there was
not a great difference between the two- and three-
dimensional results presented suggesting that the
simpler and less expensive two-dimensional ap-
proach may give acceptable accuracy for engineer-
ing purposes.

The #nfluence of three-dimensionality will continue
to be investigated as part of this program of re-
search. One of the main objectives will be to
present results in a general form that enables the
statistics of flow relating to a range of boundary
value problems to be investigated without resort
to a specific analysis in each case.
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Also included in these figures is the 2-d result
which implies an infinite scale of fluctuation in the
z-direction and allows no flow out of the plane of
the analysis. The particular cases shown corre-
spond to a fixed scale of fluctuation 8 = 1.

Compared with two-dimensional analysis, three-
dimensions allows the flow greater freedom to
‘avoid’ the low permeability zones. This results
in a less steep reduction in the expected flow
rate with increasing C'Vi as shown in Figure 3(a).
There is also a corresponding reduction in the vari-
ance of the expected flow rate as the 3rd dimension
is elongated as shown in Figure 3(b). In summary,
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to increase the averaging effect discussed above
within each realization. The difference between
the two-and three-dimensional results are not that
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great, and it could be argued that a 2-d analysis
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behavior. It should be noted however, that the
2-d approximation will tend to underestimate the
expected flow through the system which is an un-
conservative result from the point of view of engi-
neering design.

41 Comment on computer timings

The results presented in this paper were run on a
DEC 3000 Model 400 workstation. A summary of
the total CPU time consumed by the various anal-
yses is presented in the table below. The ‘Timing’
column is expresses in non-dimensional form with
respect to an equivalent 2-d analysis with the same
mesh density in the zy-plane.



results were compared with those that would have
been obtained using a two-dimensional analysis.
For moderate values of the scale of fluctuation, the
expected value of the flow rate was found to fall
consistently as the coefficient of variation of the
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rate mean tends to the deterministic value. The
standard deviation of the flow rate was shown to
consistently increase with the scale of fluctuation,
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L./L, =025 49
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5 CONCLUDING REMARKS

The paper has presented results which form part
of a broad study conducted by the authors into
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the influence of random soil properties on geotech-
nical design. In this paper, three-dimensional ran-
dom field and finite element methods have been
combined in the study of steady seepage beneath
a single sheet-pile wall embedded in a layer of ran-
dom soil. A quite extensive parametric study has
been performed in which the coeflicient of varia-
tion and the spatial correlation of soil permeabil-
ity has been systematically varied to observe their
influence on the mean and standard deviation of
the flow rate through the system. In addition, the
influence of three-dimensionality has been inves-
tigated by gradually increasing the width of the
model in the direction of the wall. In all cases,



results were compared with those that would have
been obtained using a two-dimensional analysis.
For moderate values of the scale of fluctuation, the
expected value of the flow rate was found to fall
consistently as the coefficient of variation of the
input permeability was increased. For higher val-
ues of the scale of fluctuation, the normalized flow
rate mean tends to the deterministic value. The
standard deviation of the flow rate was shown to
consistently increase with the scale of fluctuation,
but within the bounds defined analytically for the
limiting case of perfect correlation.

The influence of three-dimensionality was to re-
duce the overall ‘randomness’ of the results ob-
served from one realization to the next. This had
the effect of increasing the expected flow rate and
reducing the variance of the flow rate over those
values observed from a two-dimensional analysis
with the same input statistics. Although uncon-
servative in the estimation of flow rates, there was
not a great difference between the two- and three-
dimensional results presented suggesting that the
simpler and less expensive two-dimensional ap-
proach may give acceptable accuracy for engineer-
ing purposes.

The #nfluence of three-dimensionality will continue
to be investigated as part of this program of re-
search. One of the main objectives will be to
present results in a general form that enables the
statistics of flow relating to a range of boundary
value problems to be investigated without resort
to a specific analysis in each case.
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results were compared with those that would have
been obtained using a two-dimensional analysis.
For moderate values of the scale of fluctuation, the
expected value of the flow rate was found to fall
consistently as the coefficient of variation of the
input permeability was increased. For higher val-
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rate mean tends to the deterministic value. The
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