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Modelling of Backward Erosion Piping in Two-
and Three- Dimensional Domains

Bryant A. Robbins1(&) and D. V. Griffiths2

1 U.S. Army Engineer Research and Development Centre, Vicksburg, MS, USA
bryant.a.robbins@usace.army.mil

2 Colorado School of Mines, Golden, CO, USA

Abstract. Backward erosion piping is a highly three-dimensional process
responsible for the failure of many embankment dams and levees. Unfortu-
nately, the majority of numerical models developed for predicting piping are
two-dimensional. This study presents finite element models for backward ero-
sion piping computations in both two- and three-dimensional domains. Analyses
results indicate that the degree of concentration of flow in three-dimensional
models is much more severe than in two dimensions, resulting in higher esti-
mates of the hydraulic gradient near the upstream end of the erosion channel.

Keywords: Backward erosion piping � Finite element model � Dams
Levees

1 Introduction

Backward erosion piping (BEP) is an internal erosion mechanism by which foundation
soil is gradually removed from beneath a water retaining structure such as a dam or
levee as shown in Fig. 1. Erosion typically initiates near the downstream embankment
toe due to the vertical hydraulic gradient being highest at this location and progresses in
the upstream direction along the interface between the sand and a cohesive cover layer.
As the erosion channel progresses, groundwater concentrates towards the pipe resulting
in a highly three-dimensional flow pattern. Unfortunately, the majority of models
developed for predicting BEP are two-dimensional. This paper presents results from
both two- and three-dimensional finite element models to examine the impact of this
restriction on modelling of erosion progression.

2 Previous Studies

Previous research on BEP (de Wit et al. 1981; Hanses 1985; Townsend and Shiau
1986; Schmertmann 2000; van Beek 2015) has provided a general understanding of the
physics of the process. Referring to Fig. 1, the process includes (1) Darcian flow;
(2) exit related hydraulic conditions, such as orifice flow, pipe flow, or constant head
boundary conditions; (3) liquefaction or fluidization at the pipe head due to concen-
trated flow leading to (4) occasional bursts of high suspension solids into the pipe;
(5) laminar flow conditions in the open pipe that cause (6) sediment transport along the
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bottom of the pipe. The concentrated flow at the pipe tip has been shown to control pipe
progression (van Beek 2015; Robbins et al. 2018). As the head loss in the pipe
influences the hydraulic gradients near the pipe tip, the pipe hydraulics must be
accurately accounted for. As such, models for BEP must include features to accurately
and independently describe the erosion at the pipe tip, the hydraulic resistance in the
pipe, and the groundwater flow.

Numerous investigators have numerically modelled BEP. Wang et al. (2014)
classified these models into three broad categories in terms of how the piping process is
represented, i.e., (1) models that simply increase pipe zone permeability within a
routine seepage analysis (e.g., Vandenboer et al. 2013; Van Esch et al. 2013), (2) multi-
phase soil models in which the erosion and transport of eroded particles are explicitly
accounted for (e.g., Wang et al. 2014; Fujisawa et al. 2010; Rotunno et al. 2017), and
(3) Discrete Element Method (DEM) simulations, typically coupled to a continuum
description of fluid flow (e.g., Lominé et al. 2013; Zou et al. 2013; Tran et al. 2017).
For analysis of BEP, it is desired to predict ultimate pipe progression limits at the
structural scale (i.e. how far will the pipe progress through the foundation?). This
question can be conservatively answered using Category 1 models. Given that Cate-
gory 1 models are also the simplest of the three model categories, this approach was
selected for investigating BEP in both two and three dimensions in the following
sections.

3 Model Descriptions

Custom finite element models for simulating BEP were developed by adapting the
steady state groundwater program documented in Smith and Griffiths (2004). Two
dimensional models were developed for conducting BEP analysis in both plan view
and elevation view (i.e., profile or cross-sectional view). Additionally, a three-
dimensional program was developed. The following sections describe the model

Fig. 1. Illustration of the physics of backwards erosion piping.
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formulations, first for elevation analysis followed by brief descriptions of the various
modifications required for plan view and three-dimensional analysis.

3.1 Two-Dimensional Model: Elevation View Analysis

Consider the elevation view of a simple BEP model shown in Fig. 2. The entire domain
is constructed of quadrilateral elements, with the pipe domain (Xp) being represented
by a single row of quadrilateral “pipe” elements and the soil domain (Xs) consisting of
remaining elements. The flow in the soil (Xs) is governed by the Laplace equation
which can be solved by finite elements as an equivalent matrix problem given by (e.g.,
Smith and Griffiths 2004)

Ke½ � Hf g ¼ Qf g ð1Þ

where Hf g and Qf g are vectors of the total head and net flow at the FEM nodes, and
Ke½ � is the assembly of element conductivity matrices given by

ke½ � ¼
Z

kx
@Ni

@x
@Nj

@x
þ ky

@Ni

@y
@Nj

@y
dXs ð2Þ

with kx and ky denoting the hydraulic conductivity in the coordinate directions and Ni

denoting the finite element shape functions. The flow in the eroded pipe is assumed to
be similar to that of 1D laminar flow passing through two parallel plates. This
assumption is deemed suitable due to (1) the shallow depth and large width of the
erosion channels (Muller-Kirchenbauer et al. 1993) and (2) the laminar flow conditions
observed in BEP pipes at the laboratory scale (Robbins et al. 2018). Restricting the
model for now to only horizontal pipe progression, the flow through the pipe is related
to the hydraulic gradient by

qp ¼ � a3qg
12l

dH
dx

ð3Þ

(Sellmeijer 1988) where a denotes the depth of the eroded pipe, g is the acceleration of
gravity, and l and q represent the dynamic viscosity and density of water, respectively.
From continuity,

dqp
dx

þ S ¼ 0 ð4Þ

where S is a sink/source term due to flow along the pipe. Substitution of Eq. 3 into
Eq. 4 yields the differential equation governing the pipe flow in Xp.

a3qg
12l

d2H
dx2

¼ S ð5Þ
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Robbins and Griffiths (2018) demonstrated that Eq. 5 is satisfied in the quadrilateral
pipe elements (Xp) by assembling the pipe elements into Eq. 1 using Eq. 2 with an
equivalent hydraulic conductivity (kpipe) substituted for kx and ky where

kpipe ¼ a3qg
12lDy

ð6Þ

with Dy denoting the height of the pipe element as shown in Fig. 2 and a denoting the
depth of the erosion pipe within each element. This approximation was demonstrated to
provide an adequate solution provided the element size used was sufficiently small
(0.25 m elements gave essentially the same solution as representing the pipe using 1D
rod elements). For complete details, see Robbins and Griffiths (2018).

In addition to satisfying the pipe hydraulics given by Eq. 5, the sand grains in the
bottom of the erosion pipe must be in equilibrium. If equilibrium conditions do not
prevail, the pipe would deepen further resulting in a different hydraulic solution. The
hydraulic shear stress at the bottom of the pipe is determined from force equilibrium to
be

s ¼ aqg
2

dH
dx

ð7Þ

The equilibrium condition that must be satisfied is simply given by s < sc where sc
denotes the critical shear stress for incipient motion of the soil being eroded. The
critical shear stress for cohesionless soils can readily be determined from the Shields
diagram (Yalin and Karahan 1979). As the pipe depths required for equilibrium are
unknown, Picard iterations over the pipe depth, a, are conducted to arrive at a satis-
factory hydraulic solution satisfying grain equilibrium, pipe hydraulics, and the
groundwater flow for a given erosion pipe location. In this study, the pipe depth was
incremented by one half of the mean grain diameter (d) of the sand each iteration.

Once a hydraulic solution is obtained for a fixed pipe location, the potential for
progression of the erosion pipe must be assessed. The pipe progresses further if

Fig. 2. Finite element discretization of BEP
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@H
@x

[ icrit ð8Þ

in the element immediately upstream of the pipe where icrit is the critical horizontal
gradient of the soil being eroded. If Eq. 8 is satisfied in the element immediately
upstream of the pipe, the element is switched to a pipe element, and the hydraulic
solution must be iteratively solved once again with the new pipe geometry. This
process is repeated to evaluate the potential for a pipe to progress through the domain
of interest.

3.2 Two-Dimensional Model: Plan View Analysis

A plan view analysis only considers the hydraulics of the foundation sand layer. For
simplicity, the model assumes a completely horizontal plane, and the pipe can readily
progress in any direction in the plane, depending solely on the gradient field for a given
problem. Further, it is assumed that no flow passes beneath the pipe elements (all flow
in the pipe domain is in the pipe itself). With these assumptions, the equivalent
hydraulic conductivity of the pipe (kpipe) for plan view analyses is determined to be
(following Robbins and Griffiths 2018)

kpipe ¼ a3qg
12l

ð9Þ

Additionally, as the x-y plane is now in the horizontal plane, the x-y gradient must
be used to assess pipe progression resulting in a progression criterion of

jrHðx; yÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@H
@x

2

þ @H
@y

2
s

[ icrit ð10Þ

for elements immediately upstream of the pipe. Except for these two changes, the plan
view model is identical to the cross-sectional model.

3.3 Three-Dimensional Model

In the three-dimensional model, the element height is in the z-direction, and the pipe
progression was restricted to the x-y plane for simplicity. As such, the equivalent
hydraulic conductivity for the pipe elements is now given by

kpipe ¼ a3qg
12lDz

ð11Þ

where Dz designates the height of the element in the z-direction, and the pipe width is
determined by the element width. The criterion for pipe progression is once again given
by Eq. 10 as the pipe is allowed to progress horizontally in the x-y plane.
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4 Analyses Results

The simple test case illustrated in Fig. 3 was used to perform an initial model com-
parison. The problem consists of a 10-m soil cube with constant head upstream and
downstream boundary conditions. All other boundaries are no-flow boundaries. The
pipe is initiated at the top-centre location on the downstream face by changing a single
element to a pipe element. An element size of 0.25 m was used in the analysis.
Illustrations of the corresponding finite element meshes are shown in Fig. 4 with the
pipe progressed 6 m into the domain. All material properties used for the analyses are
provided in Table 1. The value of icrit was arbitrarily set to 0.1 (a value less than the
average gradient of 0.2) to ensure that the pipe would progress completely through the
domain. This was done as the focus of the investigation was on comparing the dif-
ferences in the hydraulic solutions obtained from the three model formulations.

The pipe was allowed to progress through the domain entirely. For each progres-
sion step, the head profile, nodal hydraulic gradients, and calculated pipe depth profile
were examined. The step at which the pipe had progressed 6 m through the domain was
chosen for comparison purposes as the pipe was sufficiently developed to see differ-
ences in the pipe hydraulic computations, but enough soil remained upstream to be able
to examine upstream flow patterns. The flow nets for the 2D analyses are illustrated in
Fig. 5. The head profiles and pipe depth profiles along the centreline of the pipe are
illustrated in Fig. 6. It is readily observed that the head profiles in the pipe are quite
similar for all three models. However, the head profile upstream of the pipe is much
more non-linear in the three-dimensional model. This is due to the flow concentration
that is able to be captured in three dimensions, which results in higher hydraulic
gradients.

Fig. 3. Simple test problem for model comparison.
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As the criterion for pipe progression is the horizontal gradient, a closer examination
of the difference in hydraulic gradients upstream of the pipe was needed to fully
understand the impacts of the model differences on analyses of pipe progression. To
quantify this difference, a concentration factor was defined as

FC ¼ ih�3D=ih�2D ð12Þ

with ih−3D and ih−2D designating the horizontal gradient in the element immediately
upstream of the pipe from the three-dimensional analyses and two dimensional anal-
ysis, respectively. A concentration factor was computed for both the cross-sectional

Fig. 4. Meshes with pipe progressed 6 m shown for cross-sectional analyses, plan view
analyses, and three dimensional analyses (from left to right).

Table 1. Material properties and boundary condition for BEP analyses.

d (mm) k (m/s) sc (Pa) l (Ns/m2) icrit DH (m)

0.2 1� 10�5 0.33 1� 10�3 0.10 2

Fig. 5. Flow nets with pipe progressed 6 m for cross-sectional analyses and plan view analyses.

Modelling of Backward Erosion Piping 155



analyses and the plan view analysis. The results are shown in Fig. 7. When the pipe
location is furthest downstream, the value of FC is 1.0 due to no flow concentration
occurring into the pipe. As the pipe progresses upstream, the value of FC increases due
to the increasing amount of flow concentration. This indicates that the two-dimensional
analyses are not able to fully capture the degree of concentration observed in the 3D
model. This is also readily seen in Fig. 6.

5 Discussion

This study compared the results of two- and three-dimensional finite element models
for piping. While the results indicate that 2D models are not able to fully capture the
magnitude of hydraulic gradients upstream of the pipe, this study has been very limited
in scope, and further research must be conducted into the relative merits of all three
models before firm conclusions may be drawn about the utility of each model. In
particular, the following points should be carefully considered.

Fig. 6. Head profile and pipe depth profile for all three models with the pipe progressed 6 m.
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– The value of FC increased as the pipe progressed. This may have in part been due to
the constant head boundary conditions and small model domain.

– The FC values presented should not be used until further research into the con-
centration factors is conducted for full scale levees at critical piping conditions.
After further investigation, FC values may be able to be used to correct 2D models
to the equivalent 3D situation.

– Two-dimensional models calibrated to three-dimensional data may inherently
include all necessary adjustments.

– The current models do not include widening of the pipe. This may also impact the
concentration factors as it will allow more flow to pass through the pipe at the same
gradient in both 3D and plan view analysis.

– Underprediction of the upstream gradient as observed in the 2D models may
unconservatively predict BEP equilibrium.

Future research must be conducted to better understand the behaviour of the models
over a broad range of conditions. Additionally, model validation is required through
hindcasting of both experiments and case histories.

6 Conclusions

Finite element models for analyses of backward erosion piping were developed in both
two and three dimensions. Two-dimensional modelling capabilities were developed for
cross sectional analyses and plan view analyses. A simple comparison of the three
types of models indicates that the hydraulic gradients upstream of the erosion pipe are
much higher in the three-dimensional model than the two-dimensional models.
A concentration factor was defined for correcting two-dimensional models. While the
direction of this research holds much promise for better understanding of BEP, more
research is required before these concepts can be applied in practice.

Fig. 7. Gradient concentration factors as a function of pipe location.
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